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Abstract. A time-fractional diffusion equation with an interface problem caused by dis-
continuous coefficients is considered. To solve it, in the temporal direction Alikhanov’s
L2-1, method with graded mesh is presented to deal with the weak singularity at t =0,
while in the spatial direction a finite element method with uniform mesh is employed to
handle the discontinuous coefficients. Then, with the help of discrete fractional Gron-
wall inequality and the robustness theory of @ — 17, we show that the method has stable
error bounds at a — 17, the fully discrete schemes L2(Q) norm and H'(2) semi-norm
are unconditionally stable, and the optimal convergence order is @(h? + N~ ™min{ra.2}h)
and @(h + N~™ntra2h) respectively, where, h, N, a, r is the total number of spatial pa-
rameter, the time-fractional order coefficient, and the time grid constant. Finally, three
numerical examples are provided to illustrate our theoretical results.
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1. Introduction

Since fractional order derivatives have spatial heterogeneity and non-local nature, a lar-
ge number of researchers apply them to complex models in various fields, including eco-
nomics, chemistry, and biology [3,11,16]. Some models with fractional order derivatives
can be found in interface problems. For example, transport in fractured reservoir [ 28], melt-
ing and solidification processes [31], and anomalous diffusion models of drug release [27].

In this paper, we deal with the following model problem. Let 2 be a bounded convex
polygonal domain in R? with the boundary 9. Assume that Q contains two subdomains
Q; € Q,i =1,2 divided by a smooth interface T, cf. Fig. 1.
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Figure 1: The domain and the interface.

Then, we consider the following initial boundary value problem for the time-fractional
diffusion problems:

Ofu—=v-(Bvu)=f(x,t) in QUQ,, T=t>0,
u(x,t)=0 on 99, T=Zt>0, (1.1)
u(x,0) =uy in Q x {0}

with the jump conditions

[u]lp :=uplr—uslr =0
[BVu-n]|p = p,Vu; -nlp —B,Vuy -nlp =g,

where a € (0,1) is time-fractional order coefficient, n is the unit normal vector to the
interface T', u; and u, are the restriction of u on ©; and Q,, respectively. Assume that the
coefficient function 8 = B(x) : © — R?*? is symmetric and piecewise constant on each
subdomain, i.e.

(1.2)

Bx) = {[51 for xeQ,,

By for xeQ,,
and f8 € L°°(Q) satisfies
m|§|2<§T[5(x)£<M|£|2 forall £eR? xe 1.3)

with constants m, M > 0.
In (1.1), the Caputo fractional derivative at“u(x, t) is defined by

3 au(x s) ‘ | du(x,s)
o u= F(l—a)J (t— —=ds —JO Wi_g(t—5) PR ds, (1.4)

where w,(t) := t%=1/T(u) and T is the Gamma function. Note that

f w,(s)ds = w41 (1), w;(t) =w,1(t), t>0.
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