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Abstract. In this paper, we present a linearized compact difference scheme for one-
dimensional time-space fractional nonlinear diffusion-wave equations with initial
boundary value conditions. The initial singularity of the solution is considered, which
often generates a singular source and increases the difficulty of numerically solving
the equation. The Crank-Nicolson technique, combined with the midpoint formula
and the second-order convolution quadrature formula, is used for the time discretiza-
tion. To increase the spatial accuracy, a fourth-order compact difference approxima-
tion, which is constructed by two compact difference operators, is adopted for spa-
tial discretization. Then, the unconditional stability and convergence of the proposed
scheme are strictly established with superlinear convergence accuracy in time and
fourth-order accuracy in space. Finally, numerical experiments are given to support
our theoretical results.
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1 Introduction

In this paper, the following time-space fractional nonlinear diffusion-wave equation with
initial boundary value conditions will be considered

02 9P
SDYu(x,t) = <W+W>u(x,t)+g(u)+f(x,t), (1.1a)

*Corresponding author.
Email: jthuang@lsec.cc.ac.cn (J. Huang)

http:/ /www.global-sci.org/aamm 146 (©2024 Global Science Press



E. Elmahdi, S. Arshad and J. Huang / Adv. Appl. Math. Mech., 16 (2024), pp. 146-163 147

u(x,0)=0, u(x,0)=0, 0<x<L, (1.1b)
u(0,t)=u(L,t)=0, 0<t<T, (1.10)

where 1 <w,B <2, g(u) is a nonlinear function of u that fulfills the Lipschitz condition
with ¢(0)=0, f(x,t) is a known function, and § D¥u(x,t) is the temporal Caputo fractional
derivative of order a defined as
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And aﬂa’{ifét) is the Riesz fractional derivative of order B defined as
oPu(x,t) 1 RLpyB RL B
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where gLDf?u(x,t) and §LDfu(x,t) are the left and right Riemann-Liouville fractional
derivatives of order B defined as
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and
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ﬁLDfu(x,t):r(z_ﬁ)axz/x (z—x) " Pu(z,t)dz,
respectively.

Remark 1.1. In the case of nonhomogeneous initial conditions, such as u(x,0) = ¢(x) #
0 and u¢(x,0) = (x) #0. To homogenize the initial value conditions, we can use the
following transformation

ﬁ(x,t) = u(x,t) - q)(x) - tl[](x).
Clearly, the nonhomogeneous boundary conditions can be similarly homogenized.

The time-space fractional diffusion-wave equation (1.1) can be considered as inter-
mediate between parabolic diffusion equations and hyperbolic wave equations. It has
been widely applied in the modeling of oxygen delivery through capillaries and anoma-
lous relaxation in magnetic resonance imaging signal magnitude [1-3]. However, us-
ing currently available analytical methods, it is impossible to find an exact solution to
Eq. (1.1) [4-6]. As aresult, if Eq. (1.1) is to be used in practical modeling, effective numeri-
cal methods for solving it in the corresponding numerical simulations must be developed
(see [7-11] for examples).



