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Abstract. In this paper, we show that new modified double cosine trigonometric sums
introduced in [1] are inappropriate, the class of double sequences Jd introduced there
is unusable for such sums and consequently the results obtained in it are completely
incorrect. We here introduce appropriate modified double cosine trigonometric sums
making the class Jd usable considering a particular double cosine trigonometric series.
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1 Introduction and auxiliary statements

For a function f (x,y) with two independent variables x and y we write f ∈L1(T2) if

‖ f‖=
∫∫

T2
| f (x,y)|dxdy<+∞,

where T2 :=[0,π]×[0,π].
Let

f (x,y)=
∞

∑
j=0

∞

∑
k=0

λjλkaj,k cos jxcosky (1.1)

be a double cosine series on the positive quadrant T2 := [0,π]×[0,π] of the two dimen-
sional torus, where λ0 = 1/2 and λi = 1 for i= 1,2,··· , and {aj,k} is a double sequence of
real numbers.
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Let us denote by

Sm,n(x,y) :=
m

∑
j=0

n

∑
k=0

λjλkaj,k cos jxcosky, m,n≥0,

the partial sums of the series (1.1) and

f (x,y)= lim
m+n→∞

Sm,n(x,y).

In 2011, J. Kaur and S. S. Bhatia [1] introduced some new modified double cosine
trigonometric sums as follows

gm,n(x,y)=
a0,0

2
+

m

∑
j=1

n

∑
k=1

( m

∑
i=j

n

∑
ℓ=k

∆11

(
ai,ℓcosixcosℓy

))
.

Also, they defined the following class of numerical sequences.

Definition 1.1. A double null sequence {aj,k} of positive numbers is said to belong to the
class Jd if there exists a double sequence {Aj,k} such that

Aj,k ↓0, j+k→∞, (1.2a)
∞

∑
j=1

∞

∑
k=1

jkAj,k <∞, (1.2b)

and ∣∣∣∆p,q

( aj,k

jk

)∣∣∣≤
Aj,k

jk
, 1≤ p+q≤2, (1.3)

for any nonnegative integers p,q and j,k∈{1,2,3,··· }.

Moreover, they have presented the following results:

Theorem 1.1 (see [1]). If a double sequence {aj,k} belongs to the class Jd, then ‖gm,n− f‖→ 0
as j+k→∞.

Corollary 1.1 (see [1]). Under condition of Theorem 1.1, the sum-function f of the series
(1.1) is an integrable function and (1.1) is the Fourier series of f .

Corollary 1.2 (see [1]). If a double sequence {aj,k} belongs to the class Jd, then ‖Sm,n− f‖→
0 as j+k→∞.

Unfortunately, the sums gm,n(x) are not appropriate so that Theorem 1.1, Corollary
1.1 and Corollary 1.2 will be true. Indeed, after some elementary calculations the authors


