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Abstract. Let H
n be the Heisenberg group and Q=2n+2 be its homogeneous dimen-

sion. In this paper, we consider the Schrödinger operator −∆Hn +V, where ∆Hn is
the sub-Laplacian and V is the nonnegative potential belonging to the reverse Hölder
class Bq1 for q1 ≥ Q/2. We show that the operators T1 = V(−∆Hn +V)−1 and T2 =

V1/2(−∆Hn +V)−1/2 are both bounded from H1
L(H

n) into L1(Hn). Our results are
also valid on the stratified Lie group.
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1 Introduction

Let L = −∆Hn+V be a Schrödinger operator, where ∆Hn is the sub-Laplacian on the
Heisenberg group H

n and V the nonnegative potential belonging to the reverse Hölder
class Bq1

for some q
1
≥ Q/2 and Q> 5. In this paper we consider the Riesz transforms

associated with the Schrödinger operator L

T1=V(−∆Hn+V)−1, T2=V1/2(−∆Hn+V)−1/2, T3=∇Hn(−∆Hn +V)−1/2.

We are interested in the Hardy type estimates for the Riesz transform Ti, i=1,2,3. In recent
years, some problems related to Schrödinger operators and Schrödinger type operators
on the Heisenberg group and other nilpotent Lie group have been investigated by a num-
ber of scholars (see [2,3,5–10,12]). Among these papers the core problem is the research of
estimates for Riesz transforms associated with the Schrödinger operator L. As we know,
C. C. Lin, H. P. Liu and Y. Liu have proved that the operator T3=∇Hn(−∆Hn +V)−1/2 is
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bounded from H1
L(H

n) to L1(Hn) in [5]. In this paper we will show that the other two
operators T1 and T2 are also bounded from H1

L(H
n) to L1(Hn). At the last section, we

simply state the results on the stratified Lie group.
In what follows we recall some basic facts for the Heisenberg group H

n (cf. [11]). The
Heisenberg group H

n is a lie group with the underlying manifold R
n×R

n×R, and the
multiplication

(x,y,t)(x′,y′,t′)=(x+x′,y+y′,t+t′+2x′y−2xy′).

A basis for the Lie algebra of left-invariant vector fields on H
n is given by

Xj =
∂

∂xj
+2yj

∂

∂t
,Yj=

∂

∂yj
+2xj

∂

∂t
,T=

∂

∂t
, j=1,2,··· ,n.

All non-trivial commutation relations are given by [Xj,Yj]=−4T, j= 1,2,··· ,n. Then the

sub-Laplacian ∆Hn is defined by ∆Hn =∑
n
j=1(Xj

2+Yj
2) and the gradient operator ∇Hn is

defined by

∇Hn =(X1,··· ,Xn,Y1,··· ,Yn).

The dilations on H
n have the form δλ(x,y,t)= (λx,λy,λ2t),λ> 0. The Haar measure on

H
n coincides with the Lebesgue measure on R

n×R
n×R. We denote the measure of any

measurable set E by |E|. Then |δλE|=λQ|E|, where Q=2n+2 is called the homogeneous
dimension of H

n.
We define a homogeneous norm function on H

n by

|g|=((|x|2+|y|2)2+|t|2)
1
4 , g=(x,y,t)∈H

n .

This norm satisfies the triangular inequality and leads to a left-invariant distant function
d(g,h)= |g−1h|. Then the ball of radius r centered at g is given by

B(g,r)={h∈H
n : |g−1h|< r}.

The ball B(g,r) is the left translation by g of B(0,r) and we have |B(g,r)|= α1rQ, where
α1= |B(0,1)|, but it is not important for us.

A nonnegative locally Lq integrable function V on H
n is said to belong to Bq (1<q<∞)

if there exists C>0 such that the reverse Hölder inequality

( 1

|B|

∫

B
V(g)q

dg
)

1
q
≤

C

|B|

∫

B
V(g)dg

holds for every ball B in H
n.

It is obvious that Bq2 ⊂ Bq1
where q2 > q1. From [3] we know that the Bq class has a

property of ”self improvement”; that is, if V∈Bq, then V∈Bq+ε for some ε>0.
Assume that V∈Bq1

for some q1>Q/2. The definition of the auxiliary function m(g,V)
is given as follows.


