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Abstract

In this paper we show that, if a problem of (0,1, --,m — 2, m)-interpolation on
the zeros of the Jacobi polynomials ples }(m) (a, 3 > —1)} has infinite solutions,
then the general form of the solutions is fo(x) + C f(z) with an arbitrary constant
C, where fo(z) and f(z) are fixed polynomials of degree < mn — 1. Moreover, the
explicit fnr;n of f(z) is given. A necessary and sufficient condition of quadrature
regularity of the interpolation in a manageable form is also established.

1. Introduction and Main Results

Let us consider a system A of nodes
l:jxl?iz}'**}:ﬂﬂz—l, n > 2. (1.1)

Let P, be the set of polynomials of degree at most n and let m > 2 be a fixed integer.
The problem of (0,1, ---,m — 2, m)-interpolation is, given a set of numbers

Yk kEN:z{]—:g:"':ﬂ}} jEM:: {0,1,,"',??1*2,?71}, (12)
to determine a polynomial R,,,_1(z; A) € Ppn—1 (if any) such that
RY) _(zk;A) =y, VkEN, Vi€ M. (1.3)

If for an arbitrary set of numbers y; there exists a unique polynomial Ry,-1(xz; A) €
Pran—1 satisfying (1.3), then we say that the problem of (0, 1, - -, m—2, m)-interpolation
on A is regular (otherwise, is singular) and R,.,—1(x; A) can be uniquely written as

Roym—1(z; A) = Z YkiThi(T; A) - (1.4)
ke N
jEM
where ri; € Py satisty

Tg;)(:ﬂy) = 6ku6jp: k,b’ e N, .?:u#’ € M. (15)

* Received April 8, 1992.
B The Project Supported by National Natural Science Foundation of China.



330 | SHI YING-GUANG

In particular, for convenience of use we set

Pl ) i=ln ), R= 1D vy (1.6)

On the problem of (0, 2)-interpolation Turan raises in [5] an open problem as follows.
Problem 29. Find all Jacobi matrices P(a, 3), a # 8, for which (0, 2)-interpolation

problem does have a unique solution.
By a Jacobi matrix P(a,(3), Turdn means the triangular matrix whose nth row

consists of the zeros of the nth Jacobi polynomial P?E,a‘ﬁ )(::r:) (a, 32 —1).
Chak, Sharma, and Szabados [1] have given a necessary and sufficient condition of
regularity of (0, 2)-interpolation in a manageable form on all Jacobi matrices P(e, 3).
Recently, the author generalized in [3] their important result and proved the follow-
ing theorem, in which

yi=gm=1)a+1), &= _(m-1)B+1) (1.7)
Sk:=2_n(:'ii)(n;€)? k:{]#l:"'an' (18)

Theorem A. The problem of (0,1,---,m — 2, m)-interpolation on the zeros of
P,E‘*"’BJ () (e, 8 > —1) is reqular if and only if

Dy(a,B) # 0 (1.9)

where

gﬂ (—D*@) (a2 ) s

() |

Du{a, B) = (m+1)(i)—(m—1)(n+ﬁ+é), a#—l, 3> —1, (1.10)

n
(—1)"Dn(—1, a), a>-—1, §=-1,
14+ (-1)", = = =1,
In particular, when a = -1, 3 > —1 or a > —1, 8 = —1, the problem is always
reqular; when o = 3 = —1, the problem is regular for even n and singular for odd n.

Remark. In [3] we also gave the explicit forms for the fundamental polynomials,
which are very complicated and omitted.

If the problem of (0,1, ---,m — 2, m)-interpolation on A is not regular, then for a
given set of numbers y;; either there is no polynomial R,,,_1(z) satisfying (1.3) or
there is an infinity of polynomials with the property (1.3). The possibility of an infinity
of solutions raises the question on the dimensionality of their number. The first result
concerning this question, to the best of the author’s knowledge, is given by Suranyi and
Turan in [4, Sections 6 and 11| for « = 8 = —1: in the case of infinitely many solutions
for n > 3 the general form of the solutions is

1(z) = fo(®@) + Crin()[Pa-s(z) — 3



