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THE UNSOLVABILITY OF INVERSE ALGEBRAIC
-+ “EIGENVALUL PROBLEMS ALMOST
~~ EVERYWHERE®
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. This paper rovises the definition for i;hﬁ pnsolvability of inverss algebraic ’eiganvalua problems
almost everywhere (a.e.) given by 8hapiro. (5], and gives some sufficient and necessary conditions
such that the inverse algebraic i penvalue problems are unsolvable &,6. -

§ 1. Introduction

The general inverse algebraic eigenvalue problems are the following problems:
Problem G-1. Given m-+1 real mxn symmetric matrices 4, Ai, <=+, Am k
non-zero real numbers A, oo A and k41 nonnegabive imtegers ro, 1, s
satisfying --‘J'o+']'1+“'+4'k=‘%(k;3'1), find & real m—dimensignal vector c={(01, **

Cm)T Such that the matlrix A+g c;4; has zero eigenvalue of muiﬁﬁlicity ro and

eigenvalues As, -+, Ax Of multiplicity r1, -, T3 Tespectively (see [2], [8], [71)-
Problem A-1. GivenaTealaXmn gymmetric matrix A, k non—zero real numbers
Ag, -5 A and k-1 nonnegative infegers fo, T1,°°%» T satisfying ro-+rit-er+ ="
(k>1), find a real n—dimensional veclor o= (e1, =**; ¢,)* such that the matrix
A+diag(ey, *, c,) has zero eigenvalue of muliiplicity 7o and eigenvalues Aq, ***, Ak
" of muliiplicity 71, ==*» 7% respectively -(see (21, 81)-- |
Problem G-2. Given m+1 real nxn matrices Ao, 41, *** A, k non-zero real
numbers Ay, =+*, A and k-+1 nonnegabive infegers e, 1, ***» ry satisfying rotritere
+r,=n(k>1), find a real - _dimensional vector = (C1, =**; On)” SUcCh That the matrix

A+ i c.A; is dia gonalizable and has zero eigenvalue of muliiplicity 4% and

 eigenvalues Ay, ***, M of multiplicity r1, = r, respectively (ref. 21).

Problem A-3. Given areal nXn medrix A, b nop-zero real numbers Ay, *-, A
and k-1 nonnegative integers q'.;r, 15 .o« , 1y satisfying ro-}fr;-!f_iiﬁ#ﬁ-,,un (k>1), find
a resl n-dimensional vector 6= (oy, ---, )" such thak tho matrix A-+disg(ey, =5 On)
ig diagonalizable and bas ZeTo __9igeﬁ*vﬂ.1na of 'mulﬁpl'iqify o and éigeﬂvﬂuas y R
of multiplicity 1, == r+ Tespoctively (ref. 21, 81).
~ Problems A-1and A-2 are additive inverse oigenvalue problems. Problems G-1
and G-2 are general mvarsa?elgenvalueprohlem Some of these problems arise often
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i applied mathematics, and are Et‘ﬂ.ﬂled by many a.uthorﬂ (see [2]——[5] g [7] and the

references contained therein). .
Recently A.. Shapiro [b] has deﬁned the unaolva.bﬂlty of Problem G-1 almc:st

everywhere (a.e. ), and has given a suflicient condition such that Problem G-1 is

unsolvable a.e. By [6] Froblem G-1 ig said to be unsolvable a.e. if the set of matrices

A (in the vector space of nXw symmetric matrices) at which it is solvable has -

measure zero. Shapiro [b] has proved the fo]lowmg conclusion.
~ qheorem 1.1. Problem G-1 is unsolvable a.e., if
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Undoubtedly, the study of the unsolvabﬂl’ﬁy of inverge eigenvalue problems s.e.

g important. But it seems that the abiove mentioned definition given by Shapiro [D]
ig not enough o clarify .the concept: .of unsolvability a.e. and .condition (1. 1) looks
00 girong. In this paper we giveia more. reagsonable definition for the nnsulvabﬂlty
of inverse eigenvalue problems a.e., and, give some gufficient and necessary conditions
guch that Problems G-1, A-1, G-2 and A-2 are unsolvable a.e. respectively.

~ This paper uses the following nnta:bmn The S}'mbol R""‘“ denotes the set of real
m X n matrices, R =R and R=R!, J® is the aXn 1dant1ty ma.tm, and O is the

‘pull matrix. The superscript 7' is for transpose, and . #
© SRV {AERV™: A=A}, @**‘*-—-{A ERY™: ATA=I }, |
SR.;,"‘"=-{A=(&:;) C SR gy =0, 1<i<n}, g -
. = {4 = (ay) ER™™: au=0, 1<é<n}.
Besides, for A= {(ay) € R“"“" we write

4] =(lau]), b <A>=max(;;|aﬂ|)
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Now we deﬁne ’she u;nsolvablhty of inv erse e1genvalue prnblems a.e.

Definition 1.1. Problem G-1. 28 sm-d to be mmtmbk almost everywhere (u.s.6.0.)
if the set of matrices A, Ay, = AmESR""" and ooctors A CR" at ‘which- ¢t és solvable
has MEAsUre oro in the pq'odwt womr space SR""x--- X SR™" % R,

m+1

Definition 1.2. Probl&m A1 is said to benc.s.tm if the set of matrices A€ SR
and vectors AER® ait which &t @sso!wblﬂ has: mmm zero ¢ the product vector space
.S’R"“" x R®, |

-Definition 1.8. Pa-oblam G—Z 4 said: toube . &-ﬂi.’sﬂ @f w¢he . 86t .of - mﬁwﬂs
A Ay, +* Aﬁeﬁ““'mdwotmﬁ.ew.mtwh@&#u 0 baamama momﬂw

wbdw‘v‘ MW spdoe RA*® 3¢ e R"“":(’R" o hwﬂﬂﬁ%&" Sty m ity
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Deﬂmtmn 1.4, Problem A-2ds &z@d to . : f tko set . ,f e m A E R‘“‘"
md wators‘*?uGR" ‘@b wimh it 48 m!mbh”‘hm SaRIRPRoN0!
R‘R" x Rhi h Ii‘* 5" : , :: : t:.-.. uE- ,?,} -_; .: .'. ._j.
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