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Abstract. We consider a second order, two-point, singularly perturbed bound-
ary value problem, of reaction-convection-diffusion type with two small pa-
rameters, and we obtain analytic regularity results for its solution, under the
assumption of analytic input data. First, we establish classical differentiability
bounds that are explicit in the order of differentiation and the singular pertur-
bation parameters. Next, for small values of these parameters we show that
the solution can be decomposed into a smooth part, boundary layers at the two
endpoints, and a negligible remainder. Derivative estimates are obtained for
each component of the solution, which again are explicit in the differentiation
order and the singular perturbation parameters.
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1 Introduction

Singularly perturbed problems and the numerical approximation of their solu-
tion have been studied extensively over the last few decades (see, e.g., the books
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[8,9,12] and the references therein). As is well known, a main difficulty in these
problems is the presence of boundary layers in the solution, which appear due to
fact that the limiting problem (i.e. when the singular perturbation parameter(s)
tend to 0), is of different order than the original one, and the (‘extra’) boundary
conditions can only be satisfied if the solution varies rapidly in the vicinity of the
boundary — hence the name boundary layers.

In most numerical methods, high order derivatives of the solution appear in
the error estimates, hence one should have a clear picture of how these deriva-
tives grow with respect to the singular perturbation parameter(s). For low or-
der numerical methods, such as finite differences (FD) or the h version of the
finite element method (FEM), derivatives up to order 3 are usually sufficient.
For high order methods such as the hp version of the FEM, derivatives of ar-
bitrary order are needed, thus knowing how these behave with respect to the
singular perturbation parameter(s) as well as the differentiation order, is nec-
essary. Usually problems of convection-diffusion or reaction-diffusion type are
studied separately and several researchers have proposed and analyzed numeri-
cal schemes for the robust approximation of their solution (see, e.g., [12] and the
references therein). When there are two singular perturbation parameters present
in the differential equation, the problem becomes reaction-convection-diffusion
and the relationship between the parameters determines the ‘regime” we are in
(as shown in Table 1 ahead). In [3], the numerical solution to this problem was
addressed, using the h version of the FEM as well as appropriate finite differ-
ences (see also [1,2,4,11,13,16,17]). Our interest in is high order hp FEM, hence
we require information on all derivatives of the solution. In the present article we
obtain information about the analytic regularity of the solution, using the method
of asymptotic expansions (see also [6]), thus providing the tools for an hp FEM
for the approximation of such problems.

The rest of the paper is organized as follows: in Section 2 we present the model
problem and the regularity of its solution in terms of classical differentiability.
Section 3 contains the asymptotic expansion for the solution, under the assump-
tion that the singular perturbation parameters are small enough. We consider
all possible relationships between the singular perturbation parameters, and es-
tablish derivative bounds which are explicit in the differentiation order as well
as the singular perturbation parameters. We also comment on the transition be-
tween the regimes, in the final subsection of Section 3. Finally, in Section 4 we
summarize our conclusions.

With I C R an open, bounded interval with boundary dI and measure |I|,
we will denote by C*(I) the space of continuous functions on I with continuous
derivatives up to order k. We will use the usual Sobolev spaces W5 () of func-
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tions on I with 0,1,2,...,k generalized derivatives in L"(I), equipped with the
norm and seminorm ||| ,, ; and |- |k ,, 1, respectively. When m =2, we will write
H*(I) instead of W*2(I), and for the norm and seminorm, we will write ||-||x s
and ||y, respectively. The usual L?(I) inner product will be denoted by (-,-),
with the subscript omitted when there is no confusion. We will also use the space

H&(I):{ueHl(l): u|aI:0}.

The norm of the space L*(I) of essentially bounded functions is denoted by
||||,1- Finally, the notation “a Sb” means “a<Cb” with C being a generic positive
constant, independent of any discretization or singular perturbation parameters.

2 The model problem and its regularity

We consider the following model problem (cf. [10]): Find u such that

—equ” (x)+eab(x)u’ (x)+c(x)u(x)=f(x), xel=(0,1), (2.1)
u(0)=u(1)=0, (2.2)

where 0<¢q, £ <1 are given parameters that can approach zero, and the functions
b,c,f are given and sufficiently smooth. In particular, we assume that they are

analytic functions satisfying, for some positive constants vy FrYer Vb independent
of €1,€2,

£

In addition, we assume that there exist constants §,7,p, independent of 1, ¢,
such that for any x € [ =[0,1] there holds

ool ST Hc(”)]wllgn!’y?, Hb(”)Hngn!’yZ, Vn=0,1,2,.... (2.3)

b(x)>B>0, c(x)>7>0, c(x)—%zb’(x)zp>0. (2.4)
The solution to (2.1), (2.2) satisfies (see, e.g. [3])
<1. (2.5)

00,1~

il

We would like to obtain a similar estimate for #’. This is achieved in the following
lemma.

Lemma 2.1. Let u be the solution of (2.1), (2.2) and assume (2.3), (2.4) hold. Then

-1

[ lleo,r S
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Proof. The proof follows [7]. Let

A(x):e—z/lb(t)dt,

&1 Jx

and note that A(1) =0 and A’(x) = —(e2/&;)b(x). Multiplying (2.1) by eA*) and
integrating fromxto1l gives

1
—equt' (1) 41040 +/ dt:/ AW £(1)dt.
X
Multiplying by el_le_A(x) yields
1 /1 1
W (x)=e AWy (1) - = / A=A (Hu(t)dt+— [ AOANf(HdE  (2.6)
&1 Jx €1 Jx
Integrating from 0 to 1, we further get
0=u'(1) / Vdx—— / / c(Hu(t)— f(B)]dtdx.  (2.7)

Since we wish to first estimate u'(1), we need upper and lower bounds for the
integral f e~ 4 dx. From (2.4) we have

/1e_A(x)dx < /16—(82/61)[5(1—3()613( < 8_1 (2.8)
0 —Jo T ep

Similarly,

/1e—A(x)dx> /1e—<sz/e1>|b|m,1<1—x>dx: J— (1—e@/lr) - 29)
0 = o €2[bllco 1

Also, to estimate the remaining terms in (2.7), we consider

// ) dtdx = — // A Q=) gy gy
&

for some { between t and x. Hence,

// ) tdy < — // ~(e2/e1) (1 x)dtdx<1+ .
| 2
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Using (2.7)-(2.9), we get

\u’(l)\é(/ole—/“x)dx)_l [( c )<%+i—%>]

-1
<o, 1Pl (1-eea/enlles) ™ [ L1 <ot

Inserting this bound in (2.6) gives
1
wi) [
/ 1e (ea/e1)B(t=2) 4y

1
' (x)| ,Ssl_l—i—s—( c
1
11
Ser o (el

1 e
<grl L) <et
~fT <€25)N v

as desired. O

Using an inductive argument we are able to prove the following.

Theorem 2.1. Let u be the solution of (2.1), (2.2), and assume €1 <e5. Then, there exist
positive constants C,K independent of €1, €3 and u such that for n=0,1,2,...

(A

7

n
< CK”max{n,sl_l} )

Proof. The proof is by induction on 7 and follows [6]. Eq. (2.5) and Lemma 2.1
give the result for n=0,1, so we assume it holds for 0 <v <n+1 and show that it
holds for n+2. Differentiating (2.1) n times gives

—equt2) = £1) ¢, (bu) ") _ (cuy™

n

0y G) (e2b Wl 1=0) 4 ) 1),

v=0

By the induction hypothesis we have

n —
e S | e
, ey

Vo =V -\
+7:.V'K max{n—v,e1 } ]
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Using the estimates below (which follow by standard considerations)

n 1 n+l-v 1 n+1
y v!max{n-l—l—v,el_ } gmax{n-i—l,sl_ } ,

n R Rt 1 n+1
1/!max{n—1/,s1 } gmax{n—l—l,s1 } ,
v

Hf(”) HOO’I <Cypn!< C'y]’imax{n—l—l,sl_l}nﬂ,
we obtain

€ Hu(””) HOO,I < C’yj’,’max{n—l—l,sl_l}nJrl

FCK 2max 41,7 }Hzﬁ(%) +%<%)}
11 11 }

Sttt |,
K2 K(1—7,/K) K2%(1—7./K)
where we choose a constant K > max{l,’yf,'yb,’yc} such that the expression in
brackets above is bounded by 1. Thus

+1
< CK"?max {n—|— 1,51_1 }n l

slHu(””‘)HwIgCK”+2max{n+1,sl_1}n+1, (2.10)

and dividing by ¢; gives the desired result. O

Remark 2.1. The above result only treats the case &1 < g3, since if & is much
smaller than €7, then we have a ‘regular perturbation” of reaction-diffusion type.
If one considers the limiting case €2 =0, then one sees that there are two boundary
layers, one at each endpoint, of width O(el/?). Hence, the result of Theorem 2.1
should read
u®]
oo,]

’

n
< CK”max{n,sl_l/z} )

More details arise if one studies the structure of the solution to (2.1), which
depends on the roots of the characteristic equation associated with the differential
operator. For this reason, we let Ag(x), A1 (x) be the solutions of the characteristic
equation and set

=— Ao(x), = A 2.11
Ho=— max o(x), m= xrél[ér}] 1(x), (211)
or equivalently,
_ Feab(x —|—\/ x)+4erc(x)
‘110,12 min

x€[0,1]
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with the minus sign associated with ¢ and the plus sign with 4. The following
hold true [13,16]:

( €2 1/2
l<u<m, —zSeamsl g2 mst
82—|—€1

max{}lgl,ﬁm}ﬁﬁ +e)/?, e Se1p, (2.12)

L —1/2 1
for 5%281.51 / §y1§£1 ,
/2

2 L—1/2 -1
(fores <ej:e] /S Se

The values of g, 1 determine the width of the boundary layers and since t|Ag(x)]
<|A1(x)| the layer at x =1 is stronger than the layer at x=0. Essentially, there are
three regimes [3]:

Table 1: Different regimes based on the relationship between €1 and ¢; [3].

Ho M1
convection-diffusion g <Ke=1 1 sl_l
convection-reaction-diffusion | &1 <« s% <1 851 e/€1
reaction-diffusion 1>e> E% e;l/ 2 e;l/ 2

It was shown in [3] (see also [13]) that under the assumptions b, ¢, f € C7(I) for
some q>1 and €q||V'||co,1/2 S (1—¢) for some ¢ € (0,1), the solution u to (2.1),
(2.2) can be decomposed into a smooth part S, a boundary layer part at the left
endpoint Ep and a boundary layer part at the right endpoint E;, viz.

u=S+Ey+E; (2.13)
with
S $1 [ )| Super, B @) Spte MO @i

for all x €I and for n= 0,1,2,...,q. This regularity result is sufficient for proving
convergence of a fixed order i FEM, but not for an hp FEM - a more refined
regularity result is needed for the smooth part that shows how the derivatives
grow, with respect to the differentiation order (cf. Eq. (3.19) ahead).

The above considerations suggest the following: If &1 is small compared to €5,
then it is instructive to consider the limiting case 1 =0. There is an exponential
layer (of width O(ey)) at the left endpoint. The homogeneous equation (with
constant coefficients) suggests that the different regimes are £ < s%, €1~ s% and
&> e‘%, as discussed below:
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(1) In the regime &1 < €3, we have pp=O(e; ') and y3 = O(ez¢; ). Hence, py
is much larger than o and the boundary layer in the vicinity of x =1 is
stronger. Consequently, there is a layer of width O(e;) at the left endpoint
(the one that arises from the analysis of the case ¢; =0) and additionally,
there is another layer at the right endpoint, of width O(e;/¢3).

(2) In tlll/ezregime €1 ~ ¢5 there are layers at both endpoints of width O(e;) =
O(e/?).

(3) Inthe regime £3<¢1 <1, there are layers at both endpoints of width O (s%/ 2).

The above information will be utilized in obtaining regularity estimates for
the solution in all three regimes.

3 The asymptotic expansion

We elaborate on (1)-(3) above, and choose an appropriate asymptotic expansion
for u, in what follows.

The proofs of each result in the subsequent sections are very similar, hence
we will provide the details for Section 3.1 and omit certain proofs in Sections 3.2
and 3.3.

3.1 The regime ¢; <& <1

In this case we anticipate a layer of width O(ey) at the left endpoint and a layer of
width O(e1/e2) at the right endpoint. To deal with this we define the stretched
variables ¥=x/¢; and £=(1—x)¢p /€1, in order for the differentiation operator to
produce the necessary powers of g1, €5, that yield a balanced (in €1, €) equation.

Since we wish to stay along the lines of (2.13), we want the solution to be
comprised of a smooth part (in the slow variable x), and two boundary layers (in
the fast variables %, £). Hence, we make the formal ansatz

i [ €1 ~BL/=\ | ~BL/a

u~y Y e <—2> (u,-,]-(x)—l—uff(x)+uij(x)> (3.1)
i=0j=0 \ %2

with ui,j,ﬁf].L,ﬁE]L to be determined. Substituting (3.1) into (2.1), separating the

slow and fast variables, and equating like powers of €1 and €, we get (see [14] for

the details)
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'uoo(x)—j:(—;f)),

_ b(x)
uzo(x)—_m”z—m(x)' 121, (3.2)
ug,j(x) =uq,j(x) =0, =1

/ " ! /
7 #BL ~ ~BL _ ( #BL 7 ( ~BL B
bO ui,j +C0ui,j = l,]—l) — Z (bk (ui—k,]) +Cku1—k]) P 12 1, ]Z 1,
\ k=1
(3.3)
4 BL 1 ~ BL / .
(”i,o ) +bo (”i,o ) =0, i>0,
1 /
ABL ? (#BL\ _ A nBL .
(”0,;’) + by (”0,;’) =Cotly;_q, i>1,
"o / R /
(a88) " +bo (aF) =eonlh—by (a2t i>1,
1 /
ABL ? (#BL\ _ A nBL i (A~BL A B
(”1,]') +bo (”1,]') =Colly; 1 —b1 (”o,j 1) +ally , ]22,
1 / !/
ABL ? (~BLY _Aa nBL _ 7 (nBL (3.4)
©f o !
+ {_bk (uz—k,]—k) +Ckuz—k,]—k—1}' 122, j=2,...,
k=1
~BL\" 7 (+BL\' _ A ~BL
(”i,j ) + by (”i,j = Cotly;” 4
i /
2 ( ABL A ABL
\ k=1

where the notation by (%) = #b(®)(0) /k!, by (%) = (—=1)*£k6%) (1) /! is used, and
analogously for the other terms. (We also adopt the convention that empty sums
are 0.) The BVPs (3.3)-(3.4) are supplemented with the following boundary con-
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ditions (in order for (2.2) to be satisfied) for all 7,j > 0:

APk (0) = —u;;(0), lim afl ()=

iy (0)=—u;;(1), hmu,]()

0, (3.5)
0. (3.6)

Next, we describe the regularity of the functions u; , B]L 1BL, defined by (3.2)-

(3.5) above. We begin with u; ;, and we have the following.

Lemma 3.1. Let u; ; be defined by (3.2) and assume (2.3) holds. Then there exist positive
constants C,K and a complex neighborhood G of I such that the complex extension of u
(denoted again by u) satisfies

|u; j(z)| <CO'K'i, VzE€Gy={z€G:dist(z,0G)>4}.

Proof. The proof is by induction on i. The case i =0 holds trivially, so assume the
result holds for i and establish it for i+1. Let k€ (0,1) and let K>0 be a constant so
that [2/K?+1/K] <1. We have by (3.2), the induction hypothesis with G;3_,); D
Gs, and Cauchy’s integral theorem for derivatives (we take as contour a circle of
radius «d about zy € Gy),

()| < C{ g1 ()] 4] 2)] |
gc{(’fT)z(a—K)(s) _H—lKi_l(i—l)i_l—Fﬁ((1—K)(5) _iKiii}

1 1 2 i—1\!
<C5 i— 1K1+1 1 i+1 '
D" i ea— T it

+%(ii1)x(1l—x)i <Hl—1)}

2 1
‘ui—&—l,j(z)‘ <C(5 i— 1K1+1(Z+1)1+1 {K2+K]

Choose k=1/(i+1). Then we get

so by the choice of K the expression in brackets is bounded by 1 and this com-
pletes the proof. O

Lemma 3.2. Let u; ; be defined by (3.2) and assume (2.3) holds. Then there exist positive
constants Ky, Ky such that

()
;i

I§n!K§li!Ki, VneN.

o,
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Proof. This follows immediately from Lemma 3.1 and Cauchy’s integral theorem
for derivatives |
’ u(n) < n
U oo, 1™ (n41)"

WithKlze,KzzK/é. ]

oKl <n!KYiKS

7BL A»BL

In order to treat the layer terms i, 17", we will develop some auxiliary re-

sults. The following one will be used in the proof of Lemma 3.4, and is an analog
of [6, Lemma 7.3.6] (see also Proposition 3.1 ahead).

Lemma 3.3. Let A,y €C with Re(A) >0,Re(y) >0, and let a1, a0 €R™. Suppose F is
an entire function satisfying, for some Cr >0, i,j €N,

|F(2)| < Cpy e ReO2) (it anj+ |2 )Y, vzeC,
and let vy € C. Then, the solution v:(0,00) — C, of the problem
v'+Av=F on (0,00), ©v(0)=1
can be extended to an entire function (denoted again by v), which satisfies
Cr 7
< |-t
PN W iy 1)

Proof. Using an integrating factor we find

v(z)=e "M {vo%—/OZ'e)‘SF(s)ds} ,

aqi+api+ |z )T g | e~ Re(AD) - e,
J

from which we get

2]
o(a)| <0 o+ [ \eRg(AﬂP(s)\ds}

e {lvmﬂlﬂ iz o) s,

where we used the assumption on F. The result follows. O

Lemma 3.4. The functions u L which satisfy (3.3), (3.5), are entire and there exist posi-
tive constants C,% such that

(5}) @] =
whereﬁzéo/f?o.

o

(2i+j+|z[)* e PRE), zeC, Re(z)>0, (3.7)
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Proof. We recall that

I /(7 (1) I 2 OX (1
bk(x):T()/ Ck(x):T()'

Consequently, there exist positive constants C;, 7, C¢, e, depending solely on b, ¢
such that
|bi(2)| <Cpvglzl®,  [ex(2)] < Cevklzl" (3.8)

Then, with K; the constant from Lemma 3.2, and 3, ¢ given by (3.8), we choose
4 >max{Ky,7;,7¢} so that

Y5/ Ye/§

< - | <L 3.9
1=7/7  1=7e/7 (59)

Next, we note that from (3.3) we may calculate
5 5(z) = —tio (0)e~ /%)%

Thus, using Lemma 3.2 to bound the term |19 0(0)|, we get

aff(z)| < Ce™ @/l < cemPReta), - g 2_2'

thus the claim holds for i,j =0. For j=0,i >0, we proceed with induction on i,
while keeping j fixed at 0. We have shown the desired result for the case i =0, so
we assume it holds for i >0 and we will establish it for i4+1. The function ﬁﬂl,o

satisfies
> (L BL (o oL ! BL
bo (“i+1,o> +eofli0="—)_ (bk (”i+1—k,o> +Ckui+1—k,o> =:G1,
k=1

as well as ﬁﬂl,o (0) =—u;1+1,0(0). In order to use Lemma 3.3, we bound the right

hand side above as follows:

L BL "I 151 |~BL
Gi(z)|< )] [|bk|’ (ui+1—k,0> ’+|Ck| ui+1—k,0”
k=1
i+1
<CY Izl (vh+ak) | afh o).
k=1
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where we used (3.8) and Cauchy’s integral theorem for derivatives. The induc-
tion hypothesis yields

i+1 ~i+1—k

— . 2(i+1—k
61 ()] <C Y oe PROLel (9f49%) (g (20 1R+ 1al) ™
k=1 )
~i+1 ANk
<cepre@ T i a5 [( ) +<v_)
it e AN v
1+1 )
<Ce™ BRe(z ) (2i+|z|)21+1l

i!

since the geometric series converges to a quantity bounded by 1, by the choice
of 4, see Eq. (3.9). Then, Lemma 3.3 yields

; 2i42
ZBL it —pRe(z) [ (2(i+1)+]z]) |1i11,0(0)]
z+10( )’ SC’)’ e < (i—l—l)! r7i+1 ’

Lemma 3.2, the choice of §, and Stirling’s formula, further give

~BL ( )‘Sc,yi—}-le—/%RE(Z) <(2(1+1)+|Z|) (+1) _|_(i_|_1)i—|—1>

Uit1,0\2 (l+1).
< C5itlemBRe(z) (2(i+1)+ |z])20+D (i4-1)20+1)
N (i+1)! (2(i+1) +z])2+1)
il 2(i41) + |22+
< CHitle /SRe(z)(
== (it 1)

This completes the induction on i >0 with j=0.
We next consider the case i =0, j >0. Assuming

L (2)] <CH (j+ 2] e PR,

we will establish it for j+1. The function uﬁ? . 1(z) satisfies for j >0,

/
7 ~BL ~ ~BL ~BL
bo (831 +0ofty ) = (”0]) '

By Cauchy’s integral theorem for derivatives and the induction hypothesis, we
have

14 . .
(2) | < CAGHlalye P,
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and by Lemmata 3.2, 3.3,

i i+ |zt |ug g
‘(”g§+1 ))}SCWJe 5Re(z){(] ],|+|1) + 7]]+ }

< C,7j+1e—[3Re(z) (j+1+ |Z|)j+1

g5 LN S
FE+HD G+ A+ 14z
< C,?]'-Fle—ﬁRe(Z) (]+1 + |Z| )]'-Fl.
This establishes the result for i=0,j>0.
We finally show the case i,j > 0. We perform induction on i >0, while keeping

j fixed (but arbitrary) We assume (3.7) holds for i > 1 and show it for i4+1. We

note that by (3 3), ul +1 J satisfies

i+1

b "+eonbl, = (bl "—Z b "+ eyt =:G
0 H—l] 0Mit1,; = \ Mit1,j-1 k 1+1 k,j kK%it1—k,j | =2/
—1

as well as i} j(0)=—1i41,(0). We bound G, using Cauchy’s integral theorem
for derivatives, (3.9), and the induction hypothesis

1+1 k ]’ }
+

i+1

(a8t 0)” [ {1 () |

(i+1)+j-1
< CePRe(2) it (2(i41) +j—14]z)?+VH~
(i+1)!
—k+j k k
+ ComFRe(2) 1+1+]‘+21 (i+ 1K) +j+ 2> DT 5\ * (e
(i+1—k)! ¥ ¥
(2) i1 (21+1+]+ 2]
T i
where we argued in a similar fashion as we did for G;. Lemmata 3.2, 3.3 give

fBL }<Ce BRe(z ),Yz+1+]{(2(i+1)+j+|z|)2i+2+j |ui+1,j(0)|}

|G2| <

S Ce—‘BRE’

7

Uiy (i+1)! PECEY
< Cem PREG) I (2(i+1) +j+]z) >0 + (i+1)*1
) (i+1)! P
< CoPRe(a) i1+ L)+ |z 2D
(i+1)!

This completes the proof. O
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BL

For the other layer term #;’7, we have a similar result.

Lemma 3.5. The functions ﬁlB]L which satisfy (3.4), (3.5), are entire and there exist posi-
tive constants C,4 such that

A'_i_]‘
!

](ﬁff)(Z))SC’Y]. (i+2j+]z) P PRE) zeC, Re(z)>0, (3.10)

where = by.

Proof. The proof is very similar to that of Lemma 3.4, utilizing Lemmata 3.2, 3.3,
and Cauchy’s integral theorem for derivatives. The details appear in [14]. O

Using the previous two results, we obtain the following.

Lemma 3.6. Let the functions i}, i’} satisfy (3.3), (3.4) respectively. Then, there exist

positive constants C, C, KK, ¥, 4, depending only on the data, such that Vn €N,
gy (M)

(a}) @
pr\ ()

(#5}) @)

where ,B :ﬁo/f)o,ﬁ: bo.

s (D5 1)\2i+] -
gCK”?*]%e_ﬁRe(z), zeC, Re(z)>0, (3.11)

(o2,
i+ U2 pres) e, Re(z)>0,  (312)

<CK" i

>

Proof. We will prove (3.11), since (3.12) is similar. Cauchy’s integral theorem for
derivatives allows us to infer (3.11) from (3.7) as follows:
P ()| < empreer M i Qi)™
(uf]L) (z)| < CePRe(z) TS\ i+j - e"
o it
Ce—BRe(z) n! ,7i+j (2i+j+n) I o
(n+1)" i!

IN

IN

Observing that

» y 2ij »
(2i+j+n)¥H = (2i+)2 (1+T+j) < (2i+j)*Hen, (3.13)

the result follows. O
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We now define, for some M €N,

and we have the following decomposition:

u:uM—i—ﬁ]lfAL—l—ﬁ%—i—rM.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

As the following theorem shows, the estimates on the smooth part uy in
(3.18), explicitly show the dependence on the differentiation order. Moreover,
(3.19) shows that the smooth part is (real) analytic, hence a high order numerical

method could produce exponential rates of convergence (see, e.g. [6]).

Theorem 3.1. Assume (2.3), (2.4) hold, and that &1 < 875_. Then there exist positive
constants Ky,Kp, K, K, ¥,9, independent of €1,€5, such that the solution u of (2.1)-(2.2)

can be decomposed as in (3.18), with
%
g\ ()
(#5) " ()
g\ (1)
(#5) " ()

72|

&1

&€

oo,al+ ||rM

where M is chosen so that

erP4Mmax{1,Ky, 7,9} <1, —~e24Mmax{1,7,7} <1.
&

2

The constant B is given by p=min{cy/bo,bo}.

<nIK, TN
oo,]
§K”e;”e_5x/82, Vn €Ny,

—n
skn(—) e BU-002/61 n NG,

0,1"'8%/2 HVE\/I HO,I Smax{e_ﬁwglf‘?_ﬁ/q |2

(3.19)
(3.20)

(3.21)

(3.22)
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Proof. We first show (3.19). From (3.14) and Lemma 3.2 we have

H (n)

(1)

MM (e j (
<Z§ el = | llu

— 21 2 i
ol i Zoji=0 \&2 !

]
< ZZ€2< 2) n! KK

i=0j=0 &

Moo\ (M j
Sk Y 'Ky | [ Y| 5
i=0 j=0 \ &2

<n'K1< (szMKz)i> i(
i j=0

<n!K{,

e

0

since both sums are convergent geometric series due to the assumptions e, MK»
<lande/e5<1.
Next we show (3.20): By (3.15) and Lemma 3.6, we have

2 ) ]'
(o)< 3
<ZZ€2< 2) K"y l+](2i++)2i+je_ﬁf

i=0j=0
j
) Fielji

j
0 2

since both sums are convergent geometric series due to the assumptions 49e%Me,
<1, (e1/&3)ye*aM < 1.

Since (2i+j)%*] <e%(2i)%elji (cf. (3.13)), we get

( BML>( )(32) <Rre P <£ ’7i€2i(i2!i)2i8i2> ﬁ(

i=0

NN|

gk

<K FF (i (’)/624M82> )

j
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Similarly, we show (3.21): By (3.16) and Lemma 3.6

(k)" @ <ZZsz< )'(A?})”(ﬁ)

i=0j=0

+2j
sZDa(z) ”ﬂiwf.) e

i=0j=0

00 ) 00 j
<K"e Pt (Z(?eMsﬁ’) Y. (—;’? 24M>
i=0 =0 \ &2
<K"e %,
It remains to show (3.22). To this end, note that

wo)=u0- | £86 (3) (o ittt (2))

i=0j=0

M M j
:_Zzgi E1) 4BL( &2
21 2 b \gs )°
2 1

i=0j=0
By (3.12),
<33 (%) o (2)]
M < bt BL [ =2
i=0j=0 ‘\ & I \e
M M i+2
(e o (2™ peyy
SZZEE <_> i+j Bea/eq
i=0j=0 & jt
) ) )
<e Pea/an (Z(7M682)1> Y. <<—;> ’?624M>
i=0 j=0 2
<e_ﬁ82/51
Similarly,
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% o0 j
<e Pl <Z(’7€2824M)i> ) <<€—2> ’yeM>
i=0 =0 \ \ &2

Se Ple,
Combining the two results, we have
r <max{e Pe2/e1 p=P/e2)
lramlleo01
Now, let

2

d d
L:=— d 2—|—£2bd +cld

with Id the identity operator, and consider

j
L(u—up) ZZ ( 2) Lu; i(x)

i=0j=0

with u; ; satisfying (3.2). After some calculations, we find

J
L(u—up)= —€2+1Z< )

Hence,

M,j

M
€1
1L (=) <31 ) (—2>
2

=

2

M [\

M+1 1 /

Se ), <€_2> il
j=1\*2

Using Lemma 3.2, we further obtain

]
€
1L (u—1um) oo SE HM'KMZ( 1) <ex(eaMKr)Y,

i=1 &

since the finite sum can be bounded by a converging geometric series.

19

We also consider the operator L in the stretched variable %, and we find, after

some calculations,

c BL_ S h €1 j ~BL

543 ot o)
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M+1
€1 T M i (~BL\"”

— 8—2 282 (ui’M> ,
2 i=0

where (3.3) was used. Hence, using (3.11), we have

M+1
N €1
e ez) Eo (o)
’ 2 oo,
M+1
< 1 ~1+M (21+M)21+M
~ il
S _2> €l ~i+M 21(41)1 MMM
€
M+1
< —2'7 M) 2(82’)/624]\/[)
2 =0
M+1
S Z'yeM> .

)

Similarly, in the stretched variable £ we have with the help of (3.4),

i=0j=0 \ %2
M M 2
€1 € ( ~BL €4 (.BL A ~BL
_ 1
=Y Y&l —= (u ,]> - | b (u” ) +Cxily;
i=0j=0 \&2 1 k=0 [ “1
M
M
_[& i (~BL\"
- (—2) Yo (224)
2 =0

and thus

>
=
==
3
~
AN
Y
oM m
NN|>—x
N——
1=
m
o=

M!



I. Sykopetritou and C. Xenophontos / Commun. Math. Res., x (2024), pp. 1-29 21

M
€1 .
< 4 ?\4

by following the exact same steps as above. Therefore,

Lrsles, i =||L (w—rna—iff — )|

0o,]

<ILtanll, Lo+ La ],

M+1 M
€ €
<er (e, MK)M + (—;%M) + (—ﬁeM) .
€ &
Under the assumptions of the theorem, we have shown that the remainder r; has
exponentially small values at the endpoints of I, and Lry; is uniformly bounded
by an arbitrarily small quantity on I. By stability (see, e.g., [3]) we have the de-
sired result. O

The bounds of the previous theorem are of utmost importance in the design
and proof of convergence (independently of €1, €7) of high order numerical meth-
ods, e.g. the hp finite element method (see, e.g. [15]). The bounds on the bound-
ary layers tell us how to design the mesh for the approximation, so that the neg-
ative powers of €1, €7 are eliminated. The bounds on the smooth part, allow us to
prove exponential convergence of the numerical method (see, e.g., [6]).

3.2 The regime ¢; ~¢€3

Now there are layers at both endpoints of width O(e;) and the BVP becomes
reaction-diffusion like the one studied in [5]. So with ¥=x/¢;, x=(1—x)/¢ez, we
make, analogously as in the previous case, the formal ansatz

U~y e (ui(x)w?L(az)wiBL(x)) (3.23)

with ui,ﬁlBL,ﬂfL to be determined. Substituting (3.23) into (2.1), separating the

slow and fast variables, and equating like powers of &1 (~¢3) and ¢, we get (see
[14] for details)

(3.24)
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—(ﬁgL) -I-Eo(ﬁgL) +éoitg- =0,
BL\” | 7 (~BL) BL ~ (= (LY (3.25)
_(111 ) —|—b0(ﬁl )—l—foﬂl :_Z<bk(ﬁi—k> —i—ckul_k), l>1,
k=1
"o /
— (") +Bo (") +aouft =0,
BL\” | 7 (-BL) BL v (7 (-BL\ BL - (3.26)
(ul ) —i—bo(ﬁi >+ani :Z(bk(ai_k> —Ekﬂl-_k), i>1,
k=1

where the notation by (%) = ¥b(*)(0)/k! etc., is used again. The above equa-
tions are supplemented with the following boundary conditions (in order to sat-
isfy (2.2)):

ui(0) + 7 (0) 0,

u;(1)+"(0) =0, (3.27)
lim Pt (¥)=0, lim#Pl(x)=0

X—00 X—r00

We then define, for some M €N,
Ay BL Ay BL BL gy BL
up(x) =Y ehui(x), dpp(%)=) erily (%), Tp (X)=) erti; (),
=0 j
as well as

u:uM—i—ﬁ]lfAL—l—ﬂ]lfAL—i—rM. (3.28)

We have the following theorem.

Theorem 3.2. Assume (2.3), (2.4) hold, and that &1 ~ s%. Then there exist positive
constants K1,Ky, K, K, 6, independent of €1, €5, such that the solution u of (2.1)-(2.2) can
be decomposed as in (3.28), with

(n)

’uM K], Ve Ny,
(n) -

(ﬁ%) (x) SK”sz_”e_ﬁx/EZ, Vne Ny,

(Hf/f)(n) (x)| <K'y e PA=2)/e2 e N,

HVMHoo,aI_i_ HVM||O,I+€2 HV;VIHnge_(S/EZ/

where M is chosen so that egKoM < 1, and B=min{&,/bg,cy/bo}.
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Proof. When g1 ~ s%, the BVP (2.1)-(2.2) becomes

w'(x)+e5 ' b(x)u' (x) ey “c(v)u(x) =3 f(x), x€I=(01),
u(O)—u(l)—O.

Multiplying the differential equation above by e ~Jyer'® !, gives
. (u/(x)e—fo e2b(t) dt) +e—f0xsz_1b (t) dtC(X)M(X) :e—fo e, 'b(t) dtf(x)l

or equivalently,

where . .
ZJ(X) :e—fo sz—lb(t)dtu(x), F(x) =e_fo Sz_lb(t)dtf(x).
The above BVP is in the form considered in [5], with c(x), F(x) analytic — the

analyticity of F(x) follows from the analyticity of b and f. The desired bounds
follow from the results in [5] and the fact that [u("| < [o(")]. O

3.3 The regime &5 < ¢ < 1

We anticipate layers at both endpoints of width O(,/€7). So we define the stret-

ched variables ¥=x/,/¢1 and x = (1—x)/,/¢1 and make the formal ansatz, anal-
ogous to the previous cases,

j
€ v Y N N
a3l (S () 508k ) 6.29)
i=0j=0
with u; j, VB]-L, 1Bl to be determined. Substituting (3.29) into (2.1), separating the

slow and fast Varlables and equating like powers of €1 and &; we get (see [14] for
the details)

( X .
Mo,o={:Lx)), M1,o(x)=uo,j(x)=0, j=1,
1
”zo(x)—m”?_z,o(x)/ 122,
usi1,0(x) :bOI ) i>1, (3.30)
X
M11(X)=—m”60(x)z u1,j(x) =0, j=2,
1
100 = Gy (W20 b0y 1 (), 022, 21
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4 1
~BL x ~BL __
BL " BL l BL
_ (Mi,o ) +Coiipy =— chul_klo, i>1,
k=i
~BL " ~BL L. ( BL ! ;
— (”0,]‘) +Cotly f = —by (”0,]‘—1 , ]=1, (3.31)
BL " BL A BL !
!/
1 ( ~BL v ~BL
—Z {bk (ul_k,] 1) + kul—k,]}’ Z>]~/ ]21/
\ k=1
( BL\" BL
_ (uol()) +C0uolo :O,
BL " BL i BL
_ (Llilo) +C0uilo :—chul_klo, Z>1,
y k=1
~BL s ~BL __ 3, ~BL :
- (“o,j) +Cotlg ;= botlg iy, j=1, (3.32)
BL " BL I, ~BL !
o !
_ Z {bk (ul_k,]._1> Ckuz—k,]}/ i>1, j>1,
\ k=1

where the notation by (¥) = ¥b(X) (0) /k! etc., is used once more. The above equa-
tions are supplemented with the following boundary conditions (in order to sat-
isfy (2.2)):

P (0) = —u;§(0),

P (0)=—u; (1), (3.33)
]

lim #fF(¥) =0, lim &} (3)=0.

X—o00 X—o00

The following result is established in a completely analogous way as in the pre-
vious cases (cf. Section 3.1).

Lemma 3.7. Let u; ; be defined by (3.30) and assume (2.3) holds. Then there exist positive
constants C,Ky,Kjy, independent of €1,€5 such that

||, < CniK}itK), W¥neN.

Next we consider the boundary layers. The following result was shown in [6].
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Proposition 3.1 ([6, Lemma 7.3.6]). Let A € C with Re(A) >0,Re(A)? >0. Let F be
an entire function satisfying, for some Cp >0, j€Ng, q> (j+1/2)/|A| >0,

|F(z)| < Cre R012) (g+12|)/, VzeC.
Let « € C and let v: (0,00) — C, be the solution of the problem
—0"+A%v=F on (0,00), ©v(0)=g, lim v(x)=0.

Then v can be extended to an entire function (denoted again by v), which satisfies
1 i1,
o(z) < {CFW(QHZI)]H(]H) gl |e %19, vzec.
Using the above we may prove the following lemma.

Lemma 3.8. Let ulB]L, uBL be defined by (3.31), (3.32), respectively. Then there exist

positive constants C, 'y,K 'y,K B, depending only on the data such that Vn €N,

(#)"
(229" )

where p=min{¢y,¢o}.

< CH (i) 1K e 2o P/VE, Vi,j >0,

< CyHI(i4j) IR e e PU=X/VEL i i> 0,

Proof. First we show an estimate similar to (3.7), by using induction on i,j and
Proposition 3.1. If n >0, the proof is almost identical to that of Lemma 3.6, utiliz-
ing Cauchy’s integral theorem for derivatives. The details appear in [14]. O

We then define, for some M €N,

ZZe’”( €2 )ju,-,j(x),

ﬂ

i=0j=0
j
v &€ vBL (x
(%) 2251/2< )u (%),
i=0j=0 \/_ g

j
iBL(x) 225/2(\;2_) Pl (z),

i=0j=0
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and we have the following decomposition:

u=up+ibk+all 4ty (3.34)

The theorem that follows is the analog of Theorem 3.1 and its proof is almost
identical. Nevertheless, it is worth commenting on the fact that e, does not appear
in the statement of Theorem 3.3. In the regime e, <¢1, the perturbation in the first
order term is a regular perturbation, and as such benigne. As a result, its lack of
presence in Theorem 3.3 is not an issue.

Theorem 3.3. Assume (2.3), (2.4) hold. Then there exist positive constants Ki,K,K,K;
and 6, independent of €1,€3, such that the solution u of (2.1)-(2.2) can be decomposed as
in (3.34), with

(n)

’uM Sk, Ve Ny,
(n) .

(ﬁﬁ) (x) §K”el_”/ze_/3x/\/a, Vn €Ny,

(ﬁf/f)(n)(x) <Kl "2 PUN/VE Vn €Ny,

1/2 -0
Iraalloopr + lraallo ey 2 | Fhallo s Se /v,

where M is chosen so that /e KoM <1, and p=min{Cy,Co}.

3.4 On the transition between regimes

As a final question, we would like to see what happens when we fix ¢; <1 and
consider ¢, € (0,1]. In Fig. 1 we show the solution of the BVP

—0.005u" (x)+eou/ (x)+u(x)=1, x€(0,1),
u(0)=u(1)=0

for e, €(0,1]. The figure shows that the transition between regimes appears seam-
less, in the following sense: as ¢, takes on values in (0,1], the solution u smoothly
moves from one regime to the other, based on the relationship between e, and
(the fixed, but small) ;. In particular

¢ If e =1, then we have a convection-diffusion problem, and we have a layer
of width O(e;) at the outflow boundary. (This is clearly visible in Fig. 1, on
the right.)
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0 05
k 04 g
B 0.8 1 1

x €2

Figure 1: The solution u(x) as a function of x and &, (different viewing angles).

o If1>e¢p> /¢, then we have a reaction-convection-diffusion problem, with
layers of different width at each endpoint.

* If 0 <ep < /g1, then we have a reaction-diffusion problem, with layers of
width O(,/¢7) at each endpoint. (See Fig. 1, on the left.)

The error bounds of the previous sections allow us to state the following.

Proposition 3.2. Let ¢; < 1 be fixed, and let u be the solution of (2.1)-(2.2) under the
assumption (2.3). Then for any e € (0,1), there exist positive constants Ky,Kp,K3, 6,
independent of €1, €5 such that

U=1Us +u:B!:L+uR-
The smooth part ug, satisfies for any n €N, e, € (0,1),
W@ <Kint
The boundary layer parts ua, satisfy for any n € IN and
o Ver€(0,4/21],x €],
| (ug; ) (x)| S Kntey ™/ 2ePdist (xOD/ Ve
o VEZ € (\/8_11)/ X GT,
{(uL;L)(n) (x)| ,SKgn!sz_"g—ﬁx/sz’

| ()™ | S Kn! (2_1> _ne‘ﬁ(l—x)ez/ﬁ.
2
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The remainder ug, satisfies for any n€IN, e, € (0,1),

-6 )
82/81,6 /82}‘

0,1 Smax{e

1R [|oo,01+ [[R ||0,1 +min{e, /&1 }|ug

4 Conclusions

We considered a two-point, singularly perturbed, reaction-convection-diffusion
problem with analytic input data, and we derived regularity results for its so-
lution. Based on the relationship between the singular perturbation parame-
ters, the problem becomes convection-diffusion, reaction-diffusion or reaction-
convection-diffusion, as shown in Table 1. We provided estimates for all three
cases (regimes), which reveal the analytic nature of the solution and give deriva-
tive bounds which are explicit in the differentiation order as well as the singular
perturbation parameters. Such estimates are necessary for the construction and
analysis of high order numerical methods, such as hp FEM (see, e.g. [15]).
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