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Abstract. We study a Riemannian gradient method for the L2-Wasserstein least squares

problem of Gaussian measures under the affine-invariant geometry. The variable of L2-

Wasserstein least squares problem lies in the set of positive definite matrices, which,

equipped with the affine-invariant metric, forms a Hadamard manifold. The same set

with usual Euclidean metric is also a Hadamard manifold, with constant sectional cur-

vature equal to 0. Hence, the gradient descent method proposed in [S. Kum, S. Yun,

J. Korean Math Soc. 56 (2019)] can be considered as a Riemannian gradient method

with respect to usual Euclidean inner product. This method is known to have a sub-

linear convergence rate and requires a singular value decomposition at each iteration,

which is computationally expensive. In this paper, we adapt the Riemannian gradient

method under the affine-invariant geometry for solving the L2-Wasserstein least squares

and prove its local linear convergence. This method does not require a singular value

decomposition. We numerically show that the proposed method is more efficient than

the gradient descent method mentioned.
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1. Introduction

The minimization problem

inf
ρ∈
∏
(µ,ν)

∫

Rm×Rm

‖x − y‖dρ(x , y),

where
∏
(µ,ν) is the set of transport plans between the probability measures µ and ν, is the

Monge-Kantorovich problem for probability measures on Rm with finite second moments.
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The multimarginal optimal transport problem is expressed as

min
σ∈
∏
(µ1 ,...,µn)

∫

(Rm)n

 
n∑

i=1

wi





x i −
n∑

j=1

w j x j






2
!

dσ(x1, . . . , xn),

where each µi is a probability measure on Rm with a finite second moment, (w1, . . . , wn)
T

is a probability vector in Rn, and
∏
(µ1, . . . ,µn) denotes the set of probability measures on

(Rm)n with marginals µ1, . . . ,µn.

This problem is closely related to the following minimization problem:

min
µ

n∑

i=1

wid
2
W
(µ,µ j), (1.1)

where dW denotes the Wasserstein distance. The problem (1.1) has been studied inten-

sively. Agueh and Carlier [2] proved the existence and uniqueness of a minimizer of the

problem (1.1) under the absolutely continuity of some µ j.

The Wasserstein distance between zero mean Gaussian measures µ and ν is given by

dW (X ,S) =
Æ

tr(X + S)− 2 tr(X 1/2SX 1/2)1/2,

where X and S are the covariance matrices of µ and ν, respectively [9]. The Wasserstein

barycenter problem of Gaussian measures is an important problem for various applications

such as quantum information, statistics, and optimal transport [6, 8, 10, 16]. This prob-

lem can be formulated as the following minimization problem — i.e. L2-Wasserstein least

squares problem:

min
X≻0

f (X ) :=

n∑

j=1

1

2
w jd

2
W
(X ,S j), (1.2)

where the weights satisfy
∑n

j=1 w j = 1 with w j ≥ 0, and each S j is an m×m positive definite

matrix. This problem is also known as the n-coupling problem. We denote the set of m×m

positive definite matrices by S m
++ and the set of m×m symmetric matrices by S m.

Kum and Yun [11] proposed a gradient projection method and an accelerated gradient

projection method to solve the problem (1.2). They proved that the O (1/k) sublinear con-

vergence rate for the gradient projection method and the O (1/k2) sublinear convergence

rate for the accelerated version.

The variable of the problem (1.2) is a positive definite matrix. The set of positive definite

matrices with usual Euclidean metric — i.e. 〈U , V 〉 = tr(UV ) for U , V ∈ S m, is a Hadamard

manifold. The same set with the affine-invariant metric — i.e. 〈U , V 〉ai,X = tr(X−1UX−1V )

for U , V ∈ S m, is also a Hadamard manifold. The gradient projection methods in [11] can

be considered as a Riemannian gradient method in which the retraction is implemented by

the projection operator. However, these methods require a singular value decomposition

(SVD) at each iteration, and the computational cost of this SVD is expensive.

In this paper, we propose a Riemannian gradient method under the affine-invariant

metric to solve the problem (1.2). The method uses the exponential map as a retraction


