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Abstract. This work is devoted to an efficient computation of the nonlinear Dirac (NLD)
equation with perfectly matched layers (PML). When the PML is constructed, the Dirac
operator in NLD equation has variable spatial coefficients. Direct application of the pop-
ular time-splitting Fourier spectral method to the equation with variable coefficients
will cause numerical difficulties and lose the numerical accuracy. We introduce the
time-splitting Fourier-collocation (TSFC) method to solve the problem. The Fourier-
collocation method chooses the Fourier series-based functions as basis but the expansion
coefficients are computed at a set of collocation points. Extensive numerical experimen-
tal results show that the TSFC method with PML can absorb efficiently the reflections
to the edges of the computational region. Furthermore, the novel method is success-
fully applied to simulate the binary collision in one-dimensional NLD equation and to
show the conical diffraction in honeycomb lattices described by two-dimensional NLD
equation.
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1. Introduction

The Dirac equation plays an important role in particle physics and provides a descrip-
tion of the wave function for elementary spin-1/2 massive particles, such as electrons and
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positrons. It is consistent both with the principle of the quantum mechanics and the the-
ory of special relativity [22,23]. Around 1970s and 1980s, the nonlinear Dirac equation
with different self-interactions has been widely concerned in physics and mathematics —
e.g. Thirring model [43], Soler model [42], Gross-Neveu model [29] and Bag model [36].
With the development of two-dimensional materials — e.g., graphene, quite recently, the
Dirac equation has found profoundly new applications in investigating the structures of
graphene [1,6,20,27,28,37]. In honeycomb lattice, in certain cases, the nonlinear Dirac
equation was derived to explore the nonlinear optical beam propagation in photonic crys-
tals [4,24]. Additionally, the nonlinear Dirac equation was used in the study of the dynamics
of topological insulators [2,33].

When the Dirac equation is solved on a truncated domain, we have to avoid introduc-
ing artifacts into it and a regular approach is to use the truncation domain large enough to
stay away from the boundary limits [5,6,12,13,18,19,25,39-41,44-46]. Although these
methods have shown the efficiency and accuracy to one-dimensional NLD equation, it is
challenging to solve high-dimensional problems on the large truncation regions. For exam-
ple, the computation cost is quite expensive — i.e. in two-dimensional numerical compu-
tations [ 14, 26], the computation time & 22 hours on 256 processors on the MAMMOUTH
cluster for achieving a better numerical accuracy. Meanwhile, the same drawback exists in
the numerical simulation of particle movement confined in intense laser fields [25,39]. In
order to overcome the outgoing wave reflected back at the boundary, several other efficient
techniques have emerged in recent years. One efficient way is to introduce the absorbing
boundary conditions to the system, so that we can get an accurate solution on the boundary
of the Dirac equation [9]. Another efficient way is the perfectly matched layer method in-
troduced by Berenger [15]. It shows that an absorbing boundary layer can be constructed
to make the waves do not reflect at the interface when solving Maxwell equation. The PML
method demonstrates superior absorption capabilities and has a low implementation cost
for Maxwell, Schrodinger, and Dirac equations [8, 10, 16,21]. When the PML technique
is applied, the gradient terms in the NLD equation have variable coefficients which are
piecewise-defined functions. Therefore, this equation cannot be efficiently solved by the
popular time-splitting Fourier spectral (TSFS) method [12,13]. To resolve this problem,
Antoine et al. [7,8] used the GMRES method along with a semi-implicit scheme. However,
these methods still have several drawbacks. First, the use of an implicit scheme to treat the
variable spatial coefficients complicates the implementation of the algorithm. Second, the
method may suffer from a loss of accuracy and efficiency from a numerical perspective.

We propose an efficient time-splitting Fourier-collocation method for the Dirac-type
equation with PML. The method employs Fourier series-based functions to make the cor-
responding expansion, with the expansion coefficients computed at selected collocation
points. Numerical experiments show that:

(i) TSFC method has the spectral accuracy in space, whereas TSFS method does not
show spectral convergence in space.

(i) The PML obtained solution can absorb the reflection at the boundaries.
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The paper is structured as follows. In Section 2, we reformulate the Soler model without
electromagnetic interactions as an NLD equation and reduce it to a two-dimensional NLD
equation and one-dimensional NLD equation. In Section 3, we apply the PML technique to
one- and two-dimensional NLD equations. In Section 4, a TSFC method is used to efficiently
discretize one- and two-dimensional NLD equations with PML. Extensive numerical results
are presented in Section 5. Finally, conclusions are drawn in Section 6.

2. The Nonlinear Dirac Equation

In this paper, we pay attention to the NLD equation whose the nonlinearity is scalar
self-interaction of Soler [42] and the model can be written in the following covariant form:

ir"0,¥ —m¥ + 21 (¥¥) ¥ =0, (2.1)

where i is the imaginary unit — i.e. i = ¥/—1, m a rest mass and A € R the interaction
strength. Besides,

740, = Z T"0,%,
p=0,1,2,3

and
dy=09/(cdt), 8;=0/0x;, j=1,2,3

are the covariant derivatives. The complex-valued vector wave function ¥ = (¥, ¥,, ¥s,
)T e ¢4 ¥ is the complex conjugate transpose of ¥, ¥ = ¥’y the adjoint spinor, and
™, u=0,1,2,3 are 4 x 4 matrices defined by

I O . 0 o;
0: ]= J .=
Y (0 I ) Y (_Gj 0 ) =123,

where I and 0 are respectively 2 x 2 unit and null matrices, and

01 0 —i 1 0
1=l 10 ) 927\ o ) 937\ 0 41

are the Pauli matrices.
Multiplying both sides of the Eq. (2.1) by (—i) gives

3
120 =—> 713, —i(m—220"°0) . (2.2)
=1

We note that § = 7'0, a; = 7°7j, j=1,2,3 are the 4 x 4 Dirac matrices defined as

I O 0 o; .
/5=(0 _I), aj=((,, 0 ) j=1,23. 2.3)

J
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Substituting (2.3) into (2.2), we obtain the following NLD equation in three dimension
with ¢ =1 [32,46]:

3
0,0 = —(Z a; axj) v—if (¥pw)py, (2.4)
j=1

where
W =W(x, t) = (W (x, £), Uy (x, £), Uy (x, 1), Uy (x, 1))

is the wave function, t the time variable, and x = (x;, x5, x3) € R are the spatial coor-
dinates. The nonlinearity is controlled by the real-valued function f(s) = m — 2As with
s=vpw,

Making the dimension reduction similar to [11], when the initial data ¥(x,t = 0) is
independent of x5, we formally assume the wave function ¥ is concentrated on the x;x5-
plane, then the three-dimensional (3D) NLD equation (2.4) can be reduced to the NLD
equation in two dimension — i.e.

2
o, = —(Z a; axj) v—if (¢7pw)py, (2.5)
j=1

where
¥ = \Il(xa t) = (\Ill(x) t)) \IIZ(x) t)) \IIS(X) t)) \114(.)(', t))Ta X = (Xl,X2) € RZ'

Similarly, the three-dimensional NLD equation (2.4) can be reduced to the one-dimensional
NLD equation

0% =—010, ¥ —if (|, ]>— |¥y|*)os¥, (2.6)

where
T
b

U =W(xp,t) = () (xp, £), ¥ (x,t)), x;€R.

The NLD equation (2.4) has several good conservative properties, such as the conservation
of the total mass (or the total charge, or the total linear momentum or the total energy).
The more detailed information can be found in [31].

3. Nonlinear Dirac Equation with PML

The NLD equation is often solved on a finite domain with appropriate conditions speci-
fied on the domain boundary. For example, in numerical simulations of semi-conductors, it
is crucial to allow the electron flow across the device and to avoid unphysical reflections at
the boundary of the numerical domain [38]. One way to solve the problem is the using of
PML technique. We apply the same PML approach as in [48] to one- and two-dimensional
NLD equations, and use %, to denote the truncated physical domain.
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3.1. A one-dimensional nonlinear Dirac equation with PML

Based on (2.6), we consider the initial-boundary value problem for the one-dimensional
NLD equation

o = |:_0'1ax1 —if(|‘I’1|2_ |‘I’2|2)0'3]‘I’, X1 € Dppy, O0=<t<T,
W(xy g, ) =¥(x1 8, t), 0<t<T,

\I’(Xht:O):\I’O(Xl)s X1 G_phy'

With the help of PML technique, we are going to solve the following problem:

80 =[—0101(x))0,, —if (1T 12— [y *)o3]®, x;€9, 0<t<T, (3.1
¥ (x;,.t) =¥ (x4 1), 0<t<T, (3.2)
\I’(Xl,t:O):\IlO(Xl), X1 65, (33)

where ¢;(x;) = 1/(14€%15,(x;)) and it is equal to 1 when x; € Dphy- The incidence angle
6, € (0, /2) and the absorbing function &; has the form

kS ES
a(xl,L —xl), Xy <X <Xy,
01(x1) =10, X1, S X1 = XqR,

* *
a(xl — xLR), X1 p <X < X1 g

Here, we add a layer surrounding the physical domain %,,, = (x;;,x;) and consider
a lager domain

9D = Dphy U DpuL = (XT,L’XT,R)’
cf. Fig. 1.
How we can get the one-dimensional NLD equation with PML — i.e. Egs. (3.1)-(3.3)?
Here we briefly introduce the idea. In fact, to avoid the outgoing wave reflected back at the

boundary, typical PML technique adds a layer around the original computational domain
2,1, and applies a complex coordinate transform to the original equation — i.e.

phy
X1 X1
x; — x;+ !0 (J o(s)ds +J a(s) ds) , X1€9.
X1,L X1,R

Here, o(s) is a continuous, positive, non-decreasing function such that o(s) = 0 for s €

PDphy- Then by some mathematical deduction, one may obtain the Egs. (3.1)-(3.3).

| layer | physical domain ! layer |

* *
Y Xy Xipg X

Figure 1: A PML in one-dimensional system.
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3.2. Two-dimensional nonlinear Dirac equation with PML

Similarly, in two-dimensional problems, we add a layer surrounding the physical do-
main %,y,, and the computational domain is chosen as

2= %U DpmL = (XT,L’XT,R) X (X;,L’X;,R)’

cf. Fig. 2, where 9p),; is the blue shaded area.
We consider the following two-dimensional NLD equation with PML [48]:

2
o¥ = ‘(Z ajcj(xj)axj)“"if (¥'p¥)p¥, (xpx)€2, 0<t<T,  (34)
j=1

W(xq,xy,t) is periodic, (x1,X,) €89, 0<t<T, (3.5

W(xq, Xy, t =0) =¥O(xq,x,), (x1,%3) € 2, (3.6)

where ¢;(x;) =1/(1+ eiefﬁj(xj)), j=1,2and it is equal to 1 when x; € (x; 1, x;g). The
incidence angle 6; € (0, 7t/2) and the absorbing function ¢ has the form

cr(x].’L x;), X S X <Xjp,

O'](X]): 0, Xj’LSXjSXj’R, for ]:1,2
— * . . *
o(x;—=xjg), Xjr<X;j<X/p,

In the upcoming section, we will introduce a novel numerical method to solve the Egs. (3.1)-
(3.3) and (3.4)-(3.6).

":::R
. perfect matched layer
2R . A
' 7] 7]
B B
= =
= =,
5 5
= physical domain =
g g
= =
£ £
x 2 2
X, "Ll d
. perfect matched layer
|t:'\ 1 L L
- = E j . =
1 Lo Xy Xz Xz

Figure 2: A PML in two dimensional system.



A Time-Splitting Fourier-Collocation Method 7

4. A Time-Splitting Fourier-Collocation Method

We use a time-splitting method to the NLD equation and hope the equation can be
solved with a lower cost. There are many kinds of time-splitting methods, such as the
first-order Lie-Trotter splitting method, the second-order Strang splitting method and many
other higher-order splitting methods [30, 47]. Under the first-order time-splitting tech-
nique, the NLD equation can be split into two simpler parts: the linear equation and the
nonlinear equation. The former one can be efficiently solved by the Fourier-collocation
(FC) method in space and the nonlinear one can be computed exactly.

4.1. An introduction to the Fourier-collocation method

There are several ways to show the FC method, and here we show how to evaluate
the first-order derivative of a periodic function defined on [0,27] by the FC method. Let
the unknown periodic function u(x) is defined on [0,27], so we choose x; = 2mj/N,
j=0,1,...,N —1 as collocation points. We assume that

N-1

u(x) M uy(x) = > u(x)Li(x), xe[0,2n], (4.1)
j=0

where N > 0 is some known integer. The Lagrangian interpolation function
Li(x)=1/Nsin[N(x —x;)/2]cot[(x — x;)/2]
satisfies the interpolation property

1=k
Lj(xk)-{o, ok 4.2)

Furthermore, we can derive the first-order derivative of uy(x), viz.

N-1

duy(x)/dx = > u(x;)dL;(x)/dx.

j=0

Using the FC method, we approximate the first-order derivative of u(x) at grid points xy,
k=0,...,N—1as

N-—1
Qu(x)/dx | myy ~ duy(0)/dx | o, = D dijulxy),
j=0

where the first-order differentiation matrix D = {d;; }’]2’ ;:10 has the form

1/2(=1) cot[(k— j)n/N], k# ],

dkj:dLj(X)/dX|x=xk :{O k=]

In what follows, we use the time-splitting and FC methods to solve one- and two-dimen-
sional NLD equations with PML.
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4.2. Discretization of one-dimensional nonlinear Dirac equation

According to the Lie-Trotter time-splitting technique, we can split the Eq. (3.1) into two
equations — viz.
0y (x1,t) = —071¢1(x1)0, ¥(xq, t) =1 A U(xq, 1), X1 €9, (4.3)
Oy ¥(xy,t) = —if(|‘1’1|2 - |‘I’2|2)0'3‘I’(X1, t) =: BY(xq,t), x,€9, (4.4)
where .
\Il(xl, t) = (\I"l(xb t)5 \I"Z(Xb t))

is the wave function, 2 = (xiL,xiR) the computational domain, and t € [0, T] the time
variable. Note that ./ is a linear operator and % a nonlinear one. We choose a spatial
mesh size h; = (xiR - xiL)/Nl > 0 and time step At = T/M, where N; and M are
positive integers, and define grid points as

Xl,klzxiL-"_klhl’ k]_:O,l,...,N]_, tn:nAt, n:O,].,...,M.

Ny—1

Let \I/f’k1 ~ Wy (xqx,, tp) and \I/g’k1 ~ Wy(x1 k,» tn), and the solution vector ¥] = {¥7 }k1:0’

1Lk
n_ ¢qpn 1M1
Wy = {¥y, b0

Remark 4.1. While using the Lie-Trotter splitting method for solving the Egs. (3.1)-(3.3)
in time, we can compactly express the approximate solution ¥! as the composition of two
flows, viz.

I _ q3y% o
v _\IJAtO‘IJAt’

where \Ilf . denotes the approximate flow to the linear part (4.3), and \Ilf . is the exact flow
of the nonlinear part (4.4).

4.3. Fourier-collocation discretization of linear equation (4.3) in space

We apply the FC method to discretize the linear part in space. Using the notations of [8],
we diagonalize the Pauli matrix o; = IIAII", where

-1 0 -1 1 . -1 1
A=( 0 1), n=1/«/§( ) 1), n_1/«/§( ) 1).

Taking into account this factorization, we get
;=—1/V2U; +1/V20,, &, =1/V2¥; +1/V/2¥,,
and decouple the Eq. (4.3) as
0;®1 =¢1(x1)0,, @1, G,®y =—c1(x1)9,, P, (4.5)

where &; = ®,(x,,t),®, = ®,(x;,t) are unknown functions.
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Similar to (4.1), we approximate ®,(x,t) and ®,(x;,t) as

N;—1
B, (x1, t) &,y (X1, 0) = > @5 (0L (K1), n=1,2, (4.6)
j1=0
where
X1 =271(x; —xiL)/(xiR — xiL) €[0,2m].
Substituting (4.6) into (4.5), we collocate the obtained equations at the grid points x; =

X1),> k1 =0,1,...,N; —1 and consider the interpolation property (4.2) at the same time.
As a result, we obtain the following discrete ODEs for &; and ®,:

N—1
8@ 1, () =71 (xrp) Y, dijy @15, (0), Ky =0,1,..,N;—1,
Jj1=0
N1 4.7)
0 ®ox, () = —re1(x k) Z di,,j, 82,5, (t), k;=0,1,...,N;—1
Jj1=0
with vy = 27 /(x] R xj ;). Introducing the first derivative matrix D = {dkbj1 }2’11;11:0, we
write (4.7) in the matrix form
0,®1 =yG®,, 0,®,=-yG®, (4.8)

with unknown vectors &, = &,(t) = {<I>1,k1(t)}1]jll;é, @, = &,(t) = {®,(D}}'Z,, and

k,=0°
Nj x Nj coefficient matrix G = CD, where

C =diag (Cl(xl,o)) Cl(xl,l)) cee ;Cl(xl,Nl—l)) .

Since the coefficient matrix G has Nj linearly independent eigenvectors, there exists an
invertible matrix P such that G = PAP~! with A = diag(1y, A4, ..., An,—1)- Therefore,

¢1 \_[ P 1o,
¢ ) \ P&, )
and the Eq. (4.8) can be converted to the following ODEs:

Op1=7A¢1, Or¢p2=—TA¢> (4.9)

for vectors ¢1 = ¢1(t) = {14, ()} 2y, b2 = $a(t) = {2, ()};'Zy. The components of
Eq. (4.9) can be written as

at¢l,k1 ZYA’kl(pl,li kl =0) 1)"')N1_1)

(4.10)
atd)z’kl :—'}’Akld)z’kl, kl :0, 1,...,N1—1.



10 D. Wang, C. Pang, L. Wu and H. Wang

The Egs. (4.10) can be solved exactly for the time from t = ¢, to t = t,,;, so that

¢n+1 erlklm(pn 0<k;<N;—1, 0<n<M-1, 4.11)
¢5J1r<}_€ M"lAtﬁbgkl, 0<kj<N;—1, 0<n<M-1. .

We denote the solution vectors by ¢7+! = {¢ﬁ(11 }k1 o’ o= {¢;J;<11 }2’1;3 . Using the

Egs. (4.5), (4.8), (4.9), and (4.11), we get the numerical solut1on of the Eq. (4.3), viz.

\pn+1 1/1/_P¢n+1+1/1/_P¢n+1,
\I,n+1_1/1/_P¢n+1+1/1/_P¢n+1,

n+1 _ ggn+1yNi—1 n+l _ ggntl Nl—1
where W17 = {\If k1=0 and ¥, = {¥) N

4.4. Exact solution of nonlinear equation (4.4)
From the nonlinear part,
O ¥(xq,t) = _if(|‘I’1|2 - |‘I’2|2)0'3‘I’(X1, t), tE€[ty,thi]
and its complex conjugate
0, W(xy,t) = if(|‘l’1|2 - |‘I’2|2)0'3$(X1, t), te€[ty, thi]
we conclude that
0,1 W(xy, )% = 3, (B(x1, )¥(x1,£)) =0, tE [ty tns1l:

This means that [¥(x,,t)|> = |¥(xq,t,)|? for all t € [t,,t,.1]. Therefore, the nonlinear
equation can be transformed into a simple ODEs, viz.

G ¥(xq,t) = —if(|\111(x1, t)l? — [y (xy, tn)|2)0'3‘1’(xl, t).

The above ODEs on [t,, t,,;] can be solved exactly and obtain the following solutions for
any ky:

+1 _ lf(l‘I’ P—lwy )AL _
vl = b D8 k= 0,1, N -1,
\Iln+1 lf(l‘lll kllz |‘112 kll )At\pn

2,k; 2,k;? k1=0,1,...,N1—1.

We summarize the procedure for solving the one-dimensional equation (3.1) in Algorithm 4.1.

Algorithm 4.1 Time-Splitting Fourier-Collocation Method for 1D System (3.1)

1: Given initial values W9 = {¥; (x; x , 0)}k ¥ = {\Ifz(xl,kl,o)}fll:o.
2: M =T/At, At is the time step.
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3: Let the Pauli matrix o be factorized into IIAII" and find coefficient matrix G = PAP™!
with A = diag(ko, A’l) e, A’Nl—l)'

4: forn=0:M—1do
5. Get

&1 =—1/V207+1/v/29], &1=1/v29"+1/V29]
6:  Calculate

§% =PpertiipTlgl @) =peTAApTlgn,

7. Compute

Ut =—1/V28%5 +1/v285, Wi =1/v28%+1/v28}.

8:  Obtain ¥7*! and ¥2*! from

\II:Il‘Hl;l — e_if(l‘lﬁls,kl|2_|q}§,k1|2)At\I’*

Lkl, k1=O,1,...,N1—1,

n+1 _ lf(l\llrk |2_|\Ilzk |2)At *
Vog =€7 M T

9: end for

Remark 4.2. In order to get a better numerical approximation in time, we may apply the
following second-order time-splitting method:

ol — g?

INT ‘I’X{t oWy

At/2°

The higher-order time-splitting methods can be found in the literatures [30,47].

4.5. Discretization of two-dimensional nonlinear Dirac equation

Using time-splitting technique, the variable coefficient equation (3.4) can be split into
three equations — i.e.

at\P(Xl,Xz, t):—alcl(xl)axl\p:: VQfl\Il(Xl,Xz, t), (X1’X2)€@5 (412)
0¥ (x1, X9, t) = —@2Cy(x2)3,, ¥ =t Ar¥(x1,X2,t), (X1,X2) €D, (4.13)
0, 0(xy, X2, t) = —if (BT E)BY =: BU(x1,x5,t), (x1,X3) €9, (4.14)

where
T
W(xq, X, t) = (‘I’l(xl,xz, t), Wa(x1, Xg, t), W3 (xq, Xg, t), Uy(xq, Xo, t)) , t€[0,T],
and 9 = (x} ;,x7 ) X (x5 ;,x3 p) is the computational domain. Note that the operator ./

is linear in the x;-direction, the operator .«, is linear in the x,-direction, and the operator
% is nonlinear.
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Given two even positive integers Ny, N,, we choose the spatial mesh size hy = (x] ; —
xi ;)/Nj in the x;-direction and hy = (x;,R —x;,L) /N, in the x,-direction. Choose the time
step as At = T /M with a constant M, and consider the grid points
X]_,kIZXTL“Fk]_h]_, k]_:O,l,...,N]_,

X2,y = X;,L +kyhy, ko, =0,1,...,Ny,

thTIAt, Tl=0,1,.,,,M_
Let
\II’:]I,klykz ~ \Il’r)(xl,kla x2,k2) tn)’ n= 1, e, 4’
and o" = {gr PPNy — 1 4 be the solution matrix
K n’kl;kz kl,kzzo > n IEEEE) )

Remark 4.3. If we apply the first-order splitting method to solve Egs. (3.4)-(3.6) in time,
the approximate solution ¥! can be represented as

I _ 3B o .

U= oW, oWy,

where U1 is the approximation solution of the linear equation (4.12), \Ilfi denotes the

At
approximation solution of (4.13) and \Ilft is the exact solution of the nonlinear equa-
tion (4.14).

4.6. Fourier-collocation discretization of the linear equation (4.12) in space

Here, we use the FC method to splve the Eq. (4.12) in space. Note that the Dirac matrix
a; can be factorized as a; = IT; AIl; with

10 0 O 01 1 0

o1 0 o _ 10 0 -1 i =T

A= 00 -1 o0 | M, =1/v2 10 0 1 | I 1
00 0 -1 01 -1 0

Using this matrix factorization gives

$,=1/V2U, +1/vV2¥;, &, =1/V20; +1/vV2¥,,
$y=1/V20;, —1/V20,, &,=—1/vV2¥,+1/v/2W5,

and we arrive at the following decoupled system of PDEs for ®;,®,,®; and ®,:

0% = —Cl(xl)axlq’l, 0%y = —Cl(xl)axlq’z,

(4.15)
0y ®3=0c1(x1)0,, P35, 0,4 =1c1(x1)0, P4

with unknown functions ®, = &, (x,x,t), n =1,...,4.
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Consider the following approximations of the functions &, (x1, x3, t):

@, (x1, X2, t) ) v, (X1, X2, 1)
Ny—1Ny—1
= Z Z @n’jl’jz(t) L]l (Yl)LJZ(EZ)’ n = 1, . .,4, (4.16)

j1=0 j>=0

where

X1 = 271(x; —xi“’L)/(xiR - xiL) €[0,2x],

Xo = 27(Xxo —x;,L)/(x;,R—x;,L) €[0,2m].

Substituting (4.16) into (4.15) and collocating the results at the grid points (x;,x,) =
(X1 k> X2k, ), for every ky = 0,1,...,N; — 1, ky = 0,1,...,N; — 1, we obtain the discrete
system of ordinary differential equations

N—1
O¢®1 ik, (£) = —7116(x 1 1) Z die,,jy 21, k, (6,
j1=0
N—1
0Py ik, (£) = —116(x1 ) Z die,,jy 2., &, (0,
j1=0
N—1
0¢®3 i ke, (£) = T1¢(x1 1) Z die,,j, 23, &, (0,
j1=0
N—1
0P ke, (£) = T1¢(X1 1)) Z dic,,jy 4, jy &, (1)
j1=0

with y; = 27/(x]  — x7 ;). This system can be written in the matrix form as

0;®1 =—11G1®1, 0,®5=—71G1®,,

4.17)
0,®3 =71G1®3, ;P4 =71G1®y,

where &, = &, (t) = {@n,kl,kz(t)}]]j:,zzl’:]\g_l, n =1,2,3,4 is the unknown matrix and G; =

C,D, is Ny x N; coefficient matrix such that

N1

C, = diag (Cl(xl,o)) Cl(xl,l)a cee ’Cl(xl,Nl—l)) , D= {dkl,j1 ky,j1=0 °

Similar to one-dimensional NLD equation with PML, the N; x N; matrix G, can be factorized
as P, }LlPl_l, where A, and P, are diagonal and invertible matrices, respectively. We set

1 Prl®,
¢ |_| Pi'®,
?3 s P
P4 Pi'e,
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and rewrite Eq. (4.17) as

091 =711 91,
0r 93 = 114193,

with unknown matrix ¢,, = ¢, (t) = {¢ i, «,(t)}
can be also written as
O b1y k, =

at¢2,k1,k2 = —Ylll,kl ¢2,k1,k2’
Oc D3 k1 ky = T1 A1 D3k ky»
atfl54,k1,k2 = }’17L1,k1 ¢4,k1,k2,
.+» A1 n,—1)- For any kq, ky, the exact solution of the Eq. (4.18)

Orp2=—7121 92,
Orps=71A194

Ny —1,N,—1

kike—o o M=12,3,4 The latter system

-1 Al,kl ¢1,k1,k2,

(4.18)

where )/1 = diag(kl’o, A’l,l’ .
over [t,, t,,+1] has the form

n+1 — _Ylkl,k At 4 n
¢1,k1:k2 =€ ! ¢1,k1,k2’
n+l  _ 1A At gn
¢2,k1:k2 =€ ! ¢2,k1,k2’
n+l  _ r1dy Ot 4n
Paje, =€ T D3k ke
n+l  _ ridi At 4n
Pajere, =€ T Pk,
: : n+l _ g 4n+tl Ni—LN—1 :
Consequently, using the matrix ¢n = {(1)71’,(1’1(2}1(1’k2:0 ,n=1,2,3,4, we can derive the

following numerical solutions of the system (4.12):

it =1/v2P ¢ +1/V2P 92,
et =1/v2P ¢ —1/V2P 90,
Uit =1/v2P, ¢ +1/v/2P 91,
Uit =1/v2P, 90" —1/v/2P, 951,
N;—1,N,—1
where W71 = {\I’Zj{ikz}kll,kzzoz ,m=1,2,3,4

4.7. Fourier-collocation discretization for the linear part (4.13) in space

In the following, we apply the FC method to solve Eq. (4.13) in space. The Dirac matrix
a, is factorized as 1'[2AH; with the matrices

0 —i —i O 01 i O
_ 1 0 0 1 - i 00 1

M, =1/v2 o o0 i |’ I, =1/v2 i 0 0 —1 |
0 1 -1 0 01 —i 0

and the diagonal matrix A = diag(1,1,—1,—1). Therefore, introducing the functions
@1:1/1/5\1/24‘1/’\/5\1/3, <I>2=l/1/§q11+1/1/§\114,
@321/1/5‘1-’2—1/'\/5\1/4, @4:1/’\/5\1/2—1/‘\/5\1/3,
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we rewrite the Eq. (4.13) as

0% = —Cz(xz)axzq’l, 0%y = —Cz(xz)axzq’z,

(4.19)
0y ®3 =(x2)0,, P35, 0, P4 =ca(x2)0,, P4

with unknown functions ¢, = &, (x;,x,,t), n =1,2,3,4.

Similar to two-dimensional NLD equation with PML in the x;-direction (4.12), we sub-
stitute (4.16) into (4.19) and solve the resulting equations one by one by applying the
matrix factorization technique. Finally, we get the approximate solution of (4.13) over

[tn’ tn+1]~
4.8. Exact solution of nonlinear equation (4.14)
Taking into account the relations
O (xy, x5, t) = —if(|‘l’1|2 + [Ty | — W3] — |‘I’4|2)/5‘I’(X1,X2, t), te€lty,tpl,
8r®(x1,xp,t) = if(|‘l’1|2 + Wy |2 — [Ty)% — |‘I’4|2)/55(X1,X2, t), tE€[tytpml

we get
31 (x1, X9, O)1* = 8,( (1, xg, (1, X5, )) =0, t € [ty, tnysq].

Therefore,
2 2
|\I/(X1,X2, t)' = |‘I’(X1,X2, tn)| ) te [tna tn+1]

and we only have to solve the following ODEs:
atql(xla Xo, t) = _lf (xl) X2, tn)ﬂql(xl) X9, t)’ te [tn) tn+l ]) (420)

where

f(Xl,Xz, tn) = f(l\lll(xl,-xZ, tn)lz + |‘I—’2(X1,X2, tn)lz - |‘I"3(X15X25 tn)|2 - |‘I"4(X15X2s tn)|2)-

Setting fkri,kz ~ f (X1 k> X2k, tn), We determine the exact solution of (4.20) over [t,, t,1],
so that

n+1 — _ifkn k AN n+1 — _ifkn k At on
Lky,ky € . \Ill,kbkz’ \Ijz:kl:kz =€ e \Ijz:kl:kz’
n+l Ul Atgn n+1l il Aten
3.ky,ky T e \Il3,k1,k2’ \114,k1,k2 =e \Il4,k1,k2

for every kq, k.
Finally, the TSFC method to solve two-dimensional Eq. (3.4) is summarized in Algo-
rithm 4.2.

Algorithm 4.2 Time-Splitting Fourier-Collocation Method for 2D System (3.4)

N;—1,N,—1

. o e, 0 _
1: Given initial values v, = {\Iln(xl,xz,O)}kbkFO s

2: M =T/At, At is the time step..
3: Let the Dirac matrix a; = II; Al and @, = I, AIL,

=1,...,4.
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4: Find coefficient matrix G; = P, llPl_l in the x;-direction with
A= diag(kl,O’ A1,1, s Al,Nl—l))
and Gy = Py2,P, " in the x,-direction with
A, =diag(Ag0, A2 155 Ao n—1)-

forn=0:M—1do
Get

AN

@1 =1/V200 +1/v201, &1 =1/V20"+1/v297,
$0 =1/V207—1/v/29], &) =—1/V208+1/v2¥].
7. Calculate
&t =preMApTlel @F =P MAPIIST
&5 =PeMApTISN @ = prenMAplal
8:  Compute
U =1/v285+1/vV28%, Wi =1/v28%—1/v28},
WL =1/v28%5 +1/v28%, ¥ =1/V28;—1/v28}.
9:  Require \fIJ\*; = (\Il*n)T, n=1,2,3,4,
®% = 1/V2W} +i/V2W5, & =i/vV2Wi +1/V2¥;,
& =i/vV2Wi—1/vV2¥;, & =1/v2¥;—i/V2us.
10:  Calculate
@#{* — Pze—}/zletpz—lgi, @Z* — Pze—}/zletpz—lgz,
@?;* — Pze}/zletPZ—lg:;;, @Z* — Pze')/zletpz—lgi‘
11:  Calculate
W = —i /Y285 —i/V28Y, Wy =1/v28% +1/v28%,
W = —i /Y28 +i/V28E, W =1/v285 —1/v28%.

12: Set W = (W), n=1,2,3,4, f* = fU] 1+ 05> — w52 — |25 ).
13:  Obtain ¥}*!, ¥i+! @I+l and ¥I*! from

n+1 — _ifk**’k At ok n+1 — _if:*’k At ok
1ki,ky — € v \Ill,khkz’ \Ilz:kl,kz =¢ v \Ilz,kl,kz’
1l U AL g n+l U A e
Shk, =€ 7 ek Yk, =€ Wk Ky

kl=O,1,...,N1_1,k2=O,1,...,N2_1.
14: end for
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5. Numerical Results

Note that the following absorption functions o(x) have been well studied and success-
fully applied for Dirac equation [7,8]:

Type I: oolx;+ 5]-)2, Type Il:  oo(x;+ 5]-)3,
Type IIl:  —oy/x;, Type IV: Go/xf,
Type V:  —0o/xj—00/6;, Type VL ao/x?—ao/(‘ig,

where o > 0 is the absorption strength, 6; the thickness of the layer, j =1,...,d, and d is
the dimension. We use Type I absorption function in all examples, and in tests we choose
the same coefficients oy = 1e-03 and 6 = 7t/4 for all layers in different directions.

We use Ey, (t) to denote the error measure,

Ey, (6) = |97 () =92, 1) o -

In one-dimensional case, | = 1,2, and two-dimensional case [ = 1,2,3,4. Besides,
\I'lex““(-, t) is the [-component exact solution of the equation, \I/lh A s the [-component
numerical solution obtained by the TSFC method or the TSFS method [8] with the mesh
size h = (hy,...,hy) (d =1,2) and time step At.

5.1. Numerical results in one dimension

In this section, we choose two different initial conditions to study the behavior of the
TSFC scheme proposed in Sections 4.2-4.4 for solving Egs. (3.1)-(3.3).
Firstly, we take initial conditions as

Wy (1, t = 0) = Wy (xxy, £ = 0) = PM1e™

in Table 1-2. We present the spatial-temporal error analysis for the TSFC method and
TSFS method, respectively. We assume the numerical solution with fine mesh size — viz.
h; = 1/16, At =1e-03, is the exact solution. These solution is denoted by W§*@°!, wsXact,
Table 1 shows that the proposed TSFC method has spectral convergence in space, but the
TSFS method does not. In the latter method, the decrease of spatial size does not necessarily

Table 1: Spatial error analysis of two numerical methods to 1D NLD equation with PML, x;, € 9 =
[—4—6,4+6],6=1.

TSFS TSFC

Error hy=1/2 | h,=1/4 | y=1/8 | h,=1/2 | hy=1/4 | h,=1/8
Ey (t =2) [1.0482e-01 | 2.5363e-03 | 1.6087e-03 | 6.7865e-02 | 3.1890e-04 | 1.0978e-08
Ey (t =2) |7.4923e-02 | 2.5516e-03 | 1.6571e-03 | 3.7200e-02 | 3.3529¢-04 | 1.1648e-08
CPU time(s) | 0.056260 | 0.086483 | 0.122132 | 0.130181 | 0.300863 | 1.109481
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Table 2: Temporal error analysis of two numerical methods to 1D NLD equation with PML, x;, € 2 =
[4—5,4+5],6=1.

TSFS TSFC
Error 8At 4At 2At 8At 4At 2At
E\pl(t =2) | 7.7024e-02 | 3.3488e-02 | 1.0734e-02 | 3.0060e-03 | 1.2884e-03 | 4.2949¢-04
E\I,z(t =2) | 7.3025e-02 | 3.1576e-02 | 9.6503e-03 | 3.0084e-03 | 1.2890e-03 | 4.2960e-04
CPU time(s) | 0.041239 0.059873 0.103965 0.423143 0.776008 1.595562

improve the error. Table 2 demonstrates that although both methods have the first-order
numerical error in time, the TSFC method converges faster.
Next, we consider the one-dimensional NLD equation (2.6) with the exact solution

V(y + (A =A2)(1 + A) cosh(v1 — A2y (x; — vt))
14 Acosh(2v1 — A2y (x; — vt))
iv/(y —1)(1—A2)(1 — A)sinh(v'1—A2y(x; — vt)) ) v
14 Acosh(2v1 —A2y(x; — vt)) ’

Wy, 1) = (

+sign(v)

i/ (y + DA —A2)(1 — A)sinh(v1— A2y(x; — vt))
1+ Acosh(2v1 —A2y(x; — vt))
V=11 =A2)(1 + A) cosh(v'1 — A2y (x; — vt))
14 Acosh(2v1 — A2y (x; — vt))

Wy, 1) = (

+sign(v) ) o iAT(t=vx1)

with A = 0.75,y = 1/v1—v2 and v € R. We choose the following initial conditions for
one-dimensional system (3.1)-(3.3):

\Ill(xl,t:O):\I’fxaCt(Xl,t:O), \Pz(xl,t:O)ZngaCt(Xl,tZO). (51)

Figs. 3-4 demonstrate interaction dynamics — e.g. the movement of a single traveling
solitary wave and the collision of multiple Dirac solitary waves on the domain 2 = [—8 —
61,8+ 6], 6; = 3. Fig. 3 reflects different choice of v in the initial condition (5.1) and
shows the absolute value function |¥; (x4, t)| at different time. Note that if v < 0, the wave
travels from right to left, and no boundary reflections are observed due to the PML. If v > 0,
the wave propagates from left to right, and the numerical results again show no boundary
reflections.

In Fig. 4, we display the results in the case of the initial conditions

Wy(x,t =0) =W (x; +5,t =0) + ¥ (x; —5,t = 0),
Wy(xq,t =0)=W5¥ (x; +5,t =0) + ¥5**(x; —5,t = 0).
In the simulation, the collision of two Dirac solitary waves has been shown. After t = 15,

the numerical solution obtained without PML is reflected at the boundaries, while solutions
obtained with PML can avoid boundary reflections at a large time.
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exact

t)| without PML | t)| with PML
. 06 06
04 04
. 02 02
Xl Xl X1
@
|, (x| without PML T )| (%, with PML
0.6 06
04 0.4
0.2 02
X X1 X1
(b)

Figure 3: Time evolution of [¥;(x,,t)|. Left: Solution without PML. Middle: Exact solution. Right:
Solution with PML. (a) Wave function travels from right to left, ¥ = —0.5. (b) Wave function travels
from left to right, »=0.5.

|\Ifl(x1,t)| without PML |\Ifl(x1,t)| with PML

1.2 1.2

15 1 15 1
0.8 0.8

10 06 «~ 10 0.6

5 0.4 5 0.4
0.2 0.2

0 0

-5 0 5 -5 0 5
X1 X1

Figure 4: Simulation of collision of two traveling solitons: solution without PML (left) and solution with
PML (right).

5.2. Numerical tests in two dimension

Consider the two-dimensional NLD equation with PML (3.4)-(3.6) with the Gaussian-
like initial conditions

U (xq,x9,t =0)= ei3xle_(x%+x§), [=1,...,4

and apply the TSFC method of Sections 4.5-4.8 on the domain 2 = [-3—5,3+61%, 6 = 1.
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Tables 3 and 4 demonstrate spatial-temporal errors of TSFC and TSFS methods. We let
\Iflexa“ , 1 =1,2,3,4, obtained by a numerical method with a very fine mesh and time step
—viz. hy = hy, = h =1/16, At =1e-03, be exact solution. Note that the TSFC method
shows better convergence rate in space.

Fig. 5 shows the absorption capability of PML. In the computation, we define the exact
solution as WI*4T(x,, x,, t) which is obtained with a fine mesh on domain [—15,15]%.
With the time evolution of the function |¥;(x,0, t)|, we find that the numerical solution
obtained without PML is reflected at the boundaries when time t > 1.5, while the solution
with PML can absorb the boundary reflections.

Table 3: Spatial error analysis of two numerical methods for two-dimensional NLD equation with PML.

TSFS TSEC
Error h=1/2 h=1/4 h=1/8 h=1/2 h=1/4 h=1/8
E\pl(t =3) | 9.985%9¢-02 | 3.0511e-03 | 1.8773e-03 | 1.4348e-02 | 3.4481e-06 | 7.2895e-07
E\pz(t =3) | 1.0057e-01 | 3.0511e-03 | 1.8773e-03 | 1.4348e-02 | 3.4481e-06 | 7.2895e-07
E%(t =3) | 7.0462e-02 | 2.9421e-03 | 1.8796e-03 | 1.5272e-02 | 3.3986e-06 | 7.1236e-07
E%(t =3) | 7.1536e-02 | 2.9422e-03 | 1.8796e-03 | 1.5272e-02 | 3.3986e-06 | 7.1236e-07
CPU time(s) | 2.280472 6.119786 | 20.009574 | 2.040567 6.63113 19.830190

Table 4: Temporal error analysis of two numerical methods for two-dimensional NLD equation with

PML.
TSFS TSFC
Error 8At 4At 2At 8At 4At 2At
E\pl(t =3) [9.3030e-02 | 4.1991e-02 | 1.4375e-02 | 2.0165e-03 | 8.7196e-04 | 2.9195e-04
E\pz(t =3) [9.3030e-02 | 4.1991e-02 | 1.4375e-02 | 2.0165e-03 | 8.7196e-04 | 2.9195e-04
E\p3(f =3) | 8.8677e-02 | 4.0476e-02 | 1.3936e-02 | 2.2443e-03 | 9.6881e-04 | 3.2412e-04
E%(t =3) | 8.8677e-02 | 4.0476e-02 | 1.3936e-02 | 2.2443e-03 | 9.6881e-04 | 3.2412e-04
CPU time(s) | 9.494281 | 19.120353 | 37.701974 | 8.852391 | 17.372556 | 35.140449

|\Ifl(xl,0,t)| without PML

EXACT
[wEAT (x 0.0

W, (x,,0,)] with PML

0.8
0.6
0.4
0.2

Figure 5: Time evolution of the function |¥;(x;,0,t)|: solution without PML (left), exact solution
(middle) and solution with PML (right).
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5.3. Simulation of conical diffraction

Conical diffraction originally arises in nonlinear Schrédinger equation (NLSE) with hon-
eycomb lattice potentials [3,34]. In the tight-binding limit, one can obtain the evolution
equations for the envelopes of two sublattice Bloch modes near the diabolical points. In
other words, a Dirac equation is derived directly from the NLSE with the honeycomb lat-
tice. Here, such Dirac equations are used for simulation of the conical diffraction phenom-
ena [3,34],

0,® =(—0,0,, +0,0,,)® +i(®'®)I%,

where ;
¢ = ‘p(xl:XZ’ t) = ((I)l(xl’xz’ t)’ <I>2(x1,x2’ t)) > (xl,XZ) € Rz

is unknown wave function. With the dimension reduction of the NLD equation and the
proper assumptions on the initial data, we consider a simplified representation of the two-
dimensional NLD equation on the x; x,-coordinates directly [19,44], i.e. & = (¥, %,)" (or
@ = (Ty,¥3)").

In the numerical simulation, we choose the following two sets of initial conditions:

Case A. &,(x;, Xy, t =0)=e 2513 &,(x;,x,,t =0)=0.
Cbse B. ¢1(X1,X2, t= 0) = @2(X1,X2, t= 0) = e_z(x%“‘%).

In Fig. 6, initially, ®;(x1,x9,t) is a Gaussian and ®,(x1, x4, t) is zero — i.e. Case A.
Fig. 6 shows that an initial bell-shaped structure transforms into a ring structure after
some distance. The ring structures contain two bright rings, and the outer ring is higher
than the inner one. In particular, Poggendorff’s dark ring exists between the two bright

(b)

Figure 6: Case A. From left to right. Density functions at time t = 1,2,3,4. (a) |®;(x,x,,t).
(b) |<I>2(XI,X2, t)|2
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(a)

(b)

Figure 7: Case B. From left to right: Density functions at time t = 1,2,3,4. (a) |®;(x,x,, )%,
(b) |<I>2(X1,X2, t)|2'

rings [17]. Moreover, we find an interesting result that the intensities of both &;(x, x5, t)
and ®,(x;, x,, t) are two perfect rings and the width of the rings does not change.

In Fig. 7, initially, both ®(x;, x5, t) and ®,(x;, x,, t) are Gaussian — i.e. Case B. Note
that a spot becomes two bright rings, but the rings are not complete rings and they have
notches at the bottom. The ring structures with notches are termed ‘half turn of polarization
around the ring’, which has been predicted by Hamilton and been observed by Lloyd [35].

Figs. 6 and 7 show that the same evolution patterns as in lattice NLSE [3,34], i.e. the
rings expand radially with the same width of the ring under propagation with decreasing
intensity. From them, we again illustrate that the tight-binding limit contains the underlying
mechanism of conical diffraction in honeycomb lattices, and we can use the NLD system to
describe the interesting phenomenon.

6. Conclusion

In this paper, we introduce the PML technique to the nonlinear Dirac equation, and pro-
pose a time-splitting Fourier-collocation method to solve the initial-boundary value problem
for the nonlinear Dirac equation with PML. Coupled with the PML technique, the applied
numerical method can absorb efficiently the reflections when the wave goes to the edges
of the computational region. Moreover, with the help of our novel numerical method, the
one-dimensional NLD equation with PML has been applied to simulate the dynamics of
the soliton and the two-dimensional NLD equation with PML has been used to study the
dynamical conical diffraction in honeycomb lattices. In the future, we plan to analyze the
stability and convergence of the proposed numerical method.
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