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Abstract. This work is devoted to an efficient computation of the nonlinear Dirac (NLD)
equation with perfectly matched layers (PML). When the PML is constructed, the Dirac
operator in NLD equation has variable spatial coefficients. Direct application of the pop-
ular time-splitting Fourier spectral method to the equation with variable coefficients
will cause numerical difficulties and lose the numerical accuracy. We introduce the
time-splitting Fourier-collocation (TSFC) method to solve the problem. The Fourier-
collocation method chooses the Fourier series-based functions as basis but the expansion
coefficients are computed at a set of collocation points. Extensive numerical experimen-
tal results show that the TSFC method with PML can absorb efficiently the reflections
to the edges of the computational region. Furthermore, the novel method is success-
fully applied to simulate the binary collision in one-dimensional NLD equation and to
show the conical diffraction in honeycomb lattices described by two-dimensional NLD
equation.
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1. Introduction

The Dirac equation plays an important role in particle physics and provides a descrip-
tion of the wave function for elementary spin-1/2 massive particles, such as electrons and
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positrons. It is consistent both with the principle of the quantum mechanics and the the-
ory of special relativity [22, 23]. Around 1970s and 1980s, the nonlinear Dirac equation
with different self-interactions has been widely concerned in physics and mathematics —
e.g. Thirring model [43], Soler model [42], Gross-Neveu model [29] and Bag model [36].
With the development of two-dimensional materials — e.g., graphene, quite recently, the
Dirac equation has found profoundly new applications in investigating the structures of
graphene [1, 6, 20, 27, 28, 37]. In honeycomb lattice, in certain cases, the nonlinear Dirac
equation was derived to explore the nonlinear optical beam propagation in photonic crys-
tals [4,24]. Additionally, the nonlinear Dirac equation was used in the study of the dynamics
of topological insulators [2,33].

When the Dirac equation is solved on a truncated domain, we have to avoid introduc-
ing artifacts into it and a regular approach is to use the truncation domain large enough to
stay away from the boundary limits [5,6,12,13,18,19,25,39–41,44–46]. Although these
methods have shown the efficiency and accuracy to one-dimensional NLD equation, it is
challenging to solve high-dimensional problems on the large truncation regions. For exam-
ple, the computation cost is quite expensive — i.e. in two-dimensional numerical compu-
tations [14,26], the computation time ≈ 22 hours on 256 processors on the MAMMOUTH
cluster for achieving a better numerical accuracy. Meanwhile, the same drawback exists in
the numerical simulation of particle movement confined in intense laser fields [25,39]. In
order to overcome the outgoing wave reflected back at the boundary, several other efficient
techniques have emerged in recent years. One efficient way is to introduce the absorbing
boundary conditions to the system, so that we can get an accurate solution on the boundary
of the Dirac equation [9]. Another efficient way is the perfectly matched layer method in-
troduced by Berenger [15]. It shows that an absorbing boundary layer can be constructed
to make the waves do not reflect at the interface when solving Maxwell equation. The PML
method demonstrates superior absorption capabilities and has a low implementation cost
for Maxwell, Schrödinger, and Dirac equations [8, 10, 16, 21]. When the PML technique
is applied, the gradient terms in the NLD equation have variable coefficients which are
piecewise-defined functions. Therefore, this equation cannot be efficiently solved by the
popular time-splitting Fourier spectral (TSFS) method [12, 13]. To resolve this problem,
Antoine et al. [7,8] used the GMRES method along with a semi-implicit scheme. However,
these methods still have several drawbacks. First, the use of an implicit scheme to treat the
variable spatial coefficients complicates the implementation of the algorithm. Second, the
method may suffer from a loss of accuracy and efficiency from a numerical perspective.

We propose an efficient time-splitting Fourier-collocation method for the Dirac-type
equation with PML. The method employs Fourier series-based functions to make the cor-
responding expansion, with the expansion coefficients computed at selected collocation
points. Numerical experiments show that:

(i) TSFC method has the spectral accuracy in space, whereas TSFS method does not
show spectral convergence in space.

(ii) The PML obtained solution can absorb the reflection at the boundaries.
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The paper is structured as follows. In Section 2, we reformulate the Soler model without
electromagnetic interactions as an NLD equation and reduce it to a two-dimensional NLD
equation and one-dimensional NLD equation. In Section 3, we apply the PML technique to
one- and two-dimensional NLD equations. In Section 4, a TSFC method is used to efficiently
discretize one- and two-dimensional NLD equations with PML. Extensive numerical results
are presented in Section 5. Finally, conclusions are drawn in Section 6.

2. The Nonlinear Dirac Equation

In this paper, we pay attention to the NLD equation whose the nonlinearity is scalar
self-interaction of Soler [42] and the model can be written in the following covariant form:

iγµ∂µΨ−mΨ+ 2λ
�eΨΨ

�
Ψ = 0, (2.1)

where i is the imaginary unit — i.e. i =
p
−1, m a rest mass and λ ∈ R the interaction

strength. Besides,

γµ∂µΨ =
∑

µ=0,1,2,3

γµ∂µΨ,

and
∂0 = ∂ /(c∂ t), ∂ j = ∂ /∂ x j, j = 1,2,3

are the covariant derivatives. The complex-valued vector wave function Ψ = (Ψ1,Ψ2,Ψ3,
Ψ4)

T ∈ C4, Ψ† is the complex conjugate transpose of Ψ, eΨ = Ψ†γ0 the adjoint spinor, and
γµ, µ = 0,1,2,3 are 4× 4 matrices defined by

γ0 =

�
I 0

0 −I

�
, γ j =

�
0 σ j

−σ j 0

�
, j = 1,2,3,

where I and 0 are respectively 2× 2 unit and null matrices, and

σ1 =

�
0 1
1 0

�
, σ2 =

�
0 −i

i 0

�
, σ3 =

�
1 0
0 −1

�

are the Pauli matrices.
Multiplying both sides of the Eq. (2.1) by (−i) gives

γ0∂0Ψ = −
3∑

j=1

γ j∂ jΨ− i
�
m− 2λΨ†γ0

Ψ

�
Ψ. (2.2)

We note that β = γ0, α j = γ
0γ j , j = 1,2,3 are the 4× 4 Dirac matrices defined as

β =

�
I 0

0 −I

�
, α j =

�
0 σ j

σ j 0

�
, j = 1,2,3. (2.3)
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Substituting (2.3) into (2.2), we obtain the following NLD equation in three dimension
with c = 1 [32,46]:

∂tΨ= −
 

3∑

j=1

α j ∂x j

!
Ψ− i f

�
Ψ

†βΨ
�
βΨ, (2.4)

where

Ψ = Ψ(x , t) =
�
Ψ1(x , t),Ψ2(x , t),Ψ3(x , t),Ψ4(x , t)

�T

is the wave function, t the time variable, and x = (x1, x2, x3) ∈ R3 are the spatial coor-
dinates. The nonlinearity is controlled by the real-valued function f (s) = m − 2λs with
s = Ψ†βΨ.

Making the dimension reduction similar to [11], when the initial data Ψ(x , t = 0) is
independent of x3, we formally assume the wave function Ψ is concentrated on the x1 x2-
plane, then the three-dimensional (3D) NLD equation (2.4) can be reduced to the NLD
equation in two dimension — i.e.

∂tΨ= −
 

2∑

j=1

α j ∂x j

!
Ψ− i f

�
Ψ

†βΨ
�
βΨ, (2.5)

where

Ψ = Ψ(x , t) =
�
Ψ1(x , t),Ψ2(x , t),Ψ3(x , t),Ψ4(x , t)

�T
, x = (x1, x2) ∈ R2.

Similarly, the three-dimensional NLD equation (2.4) can be reduced to the one-dimensional
NLD equation

∂tΨ = −σ1∂x1
Ψ− i f

�
|Ψ1|2 − |Ψ2|2

�
σ3Ψ, (2.6)

where

Ψ = Ψ(x1, t) =
�
Ψ1(x1, t),Ψ2(x1, t)

�T
, x1 ∈ R.

The NLD equation (2.4) has several good conservative properties, such as the conservation
of the total mass (or the total charge, or the total linear momentum or the total energy).
The more detailed information can be found in [31].

3. Nonlinear Dirac Equation with PML

The NLD equation is often solved on a finite domain with appropriate conditions speci-
fied on the domain boundary. For example, in numerical simulations of semi-conductors, it
is crucial to allow the electron flow across the device and to avoid unphysical reflections at
the boundary of the numerical domain [38]. One way to solve the problem is the using of
PML technique. We apply the same PML approach as in [48] to one- and two-dimensional
NLD equations, and use Dphy to denote the truncated physical domain.
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3.1. A one-dimensional nonlinear Dirac equation with PML

Based on (2.6), we consider the initial-boundary value problem for the one-dimensional
NLD equation

∂tΨ =
�
−σ1∂x1

− i f
�
|Ψ1|2 − |Ψ2|2

�
σ3

�
Ψ, x1 ∈ Dphy , 0≤ t ≤ T,

Ψ(x1,L, t) = Ψ(x1,R, t), 0≤ t ≤ T,

Ψ(x1, t = 0) = Ψ0(x1), x1 ∈ Dphy .

With the help of PML technique, we are going to solve the following problem:

∂tΨ =
�
−σ1c1(x1)∂x1

− i f
�
|Ψ1|2 − |Ψ2|2

�
σ3

�
Ψ, x1 ∈ D, 0≤ t ≤ T, (3.1)

Ψ

�
x∗1,L, t

�
= Ψ

�
x∗1,R, t

�
, 0≤ t ≤ T, (3.2)

Ψ(x1, t = 0) = Ψ0(x1), x1 ∈ D, (3.3)

where c1(x1) = 1/(1+eiθ1 eσ1(x1)) and it is equal to 1 when x1 ∈ Dphy . The incidence angle
θ1 ∈ (0,π/2) and the absorbing function eσ1 has the form

eσ1(x1) =





σ
�
x∗1,L − x1

�
, x∗1,L ≤ x1 < x1,L,

0, x1,L ≤ x1 ≤ x1,R,

σ
�
x1 − x∗1,R

�
, x1,R < x1 ≤ x∗1,R.

Here, we add a layer surrounding the physical domain Dphy = (x1,L, x1,R) and consider
a lager domain

D = Dphy

⋃
DPM L =

�
x∗1,L, x∗1,R

�
,

cf. Fig. 1.
How we can get the one-dimensional NLD equation with PML — i.e. Eqs. (3.1)-(3.3)?

Here we briefly introduce the idea. In fact, to avoid the outgoing wave reflected back at the
boundary, typical PML technique adds a layer around the original computational domain
Dphy and applies a complex coordinate transform to the original equation — i.e.

x1 → x1 + eiθ1

�∫ x1

x1,L

σ(s) ds +

∫ x1

x1,R

σ(s) ds

�
, x1 ∈ D.

Here, σ(s) is a continuous, positive, non-decreasing function such that σ(s) = 0 for s ∈
Dphy . Then by some mathematical deduction, one may obtain the Eqs. (3.1)-(3.3).

Figure 1: A PML in one-dimensional system.



6 D. Wang, C. Pang, L. Wu and H. Wang

3.2. Two-dimensional nonlinear Dirac equation with PML

Similarly, in two-dimensional problems, we add a layer surrounding the physical do-
main Dphy , and the computational domain is chosen as

D = Dphy

⋃
DPM L =

�
x∗1,L, x∗1,R

�
×
�
x∗2,L, x∗2,R

�
,

cf. Fig. 2, where DPM L is the blue shaded area.
We consider the following two-dimensional NLD equation with PML [48]:

∂tΨ = −
 

2∑

j=1

α j c j(x j)∂x j

!
Ψ − i f

�
Ψ

†βΨ
�
βΨ, (x1, x2) ∈ D, 0≤ t ≤ T, (3.4)

Ψ(x1, x2, t) is periodic, (x1, x2) ∈ ∂D, 0≤ t ≤ T, (3.5)

Ψ(x1, x2, t = 0) = Ψ0(x1, x2), (x1, x2) ∈ D, (3.6)

where c j(x j) = 1/(1+ eiθ j eσ j(x j)), j = 1,2 and it is equal to 1 when x j ∈ (x j,L, x j,R). The
incidence angle θ j ∈ (0,π/2) and the absorbing function eσ has the form

eσ j(x j) =





σ(x∗
j,L − x j), x∗

j,L ≤ x j < x j,L,

0, x j,L ≤ x j ≤ x j,R,

σ(x j − x∗
j,R), x j,R < x j ≤ x∗

j,R,

for j = 1,2.

In the upcoming section, we will introduce a novel numerical method to solve the Eqs. (3.1)-
(3.3) and (3.4)-(3.6).

Figure 2: A PML in two dimensional system.
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4. A Time-Splitting Fourier-Collocation Method

We use a time-splitting method to the NLD equation and hope the equation can be
solved with a lower cost. There are many kinds of time-splitting methods, such as the
first-order Lie-Trotter splitting method, the second-order Strang splitting method and many
other higher-order splitting methods [30, 47]. Under the first-order time-splitting tech-
nique, the NLD equation can be split into two simpler parts: the linear equation and the
nonlinear equation. The former one can be efficiently solved by the Fourier-collocation
(FC) method in space and the nonlinear one can be computed exactly.

4.1. An introduction to the Fourier-collocation method

There are several ways to show the FC method, and here we show how to evaluate
the first-order derivative of a periodic function defined on [0,2π] by the FC method. Let
the unknown periodic function u(x) is defined on [0,2π], so we choose x j = 2π j/N ,
j = 0,1, . . . , N − 1 as collocation points. We assume that

u(x)≈ uN (x) =

N−1∑

j=0

u(x j)L j(x), x ∈ [0,2π], (4.1)

where N > 0 is some known integer. The Lagrangian interpolation function

L j(x) = 1/N sin[N (x − x j)/2]cot[(x − x j)/2]

satisfies the interpolation property

L j(xk) =

¨
1, j = k,

0, j 6= k.
(4.2)

Furthermore, we can derive the first-order derivative of uN (x), viz.

duN (x)/d x =

N−1∑

j=0

u(x j) d L j(x)/d x .

Using the FC method, we approximate the first-order derivative of u(x) at grid points xk,
k = 0, . . . , N − 1 as

du(x)/d x
��
x=xk
≈ duN (x)/d x

��
x=xk

=

N−1∑

j=0

dk, j u(x j),

where the first-order differentiation matrix D = {dk j}N−1
k, j=0 has the form

dk j = d L j(x)/d x
��
x=xk

=

¨
1/2(−1)k+ j cot[(k − j)π/N], k 6= j,

0, k = j.

In what follows, we use the time-splitting and FC methods to solve one- and two-dimen-
sional NLD equations with PML.
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4.2. Discretization of one-dimensional nonlinear Dirac equation

According to the Lie-Trotter time-splitting technique, we can split the Eq. (3.1) into two
equations — viz.

∂tΨ(x1, t) = −σ1c1(x1)∂x1
Ψ(x1, t) =:AΨ(x1, t), x1 ∈ D, (4.3)

∂tΨ(x1, t) = −i f
�
|Ψ1|2 − |Ψ2|2

�
σ3Ψ(x1, t) =:BΨ(x1, t), x1 ∈ D, (4.4)

where
Ψ(x1, t) =

�
Ψ1(x1, t),Ψ2(x1, t)

�T

is the wave function, D = (x∗1,L, x∗1,R) the computational domain, and t ∈ [0, T ] the time
variable. Note that A is a linear operator and B a nonlinear one. We choose a spatial
mesh size h1 = (x

∗
1,R − x∗1,L)/N1 > 0 and time step △t = T/M , where N1 and M are

positive integers, and define grid points as

x1,k1
= x∗1,L + k1h1, k1 = 0,1, . . . , N1, tn = n△t, n= 0,1, . . . , M .

Let Ψn
1,k1
≈ Ψ1(x1,k1

, tn) and Ψn
2,k1
≈ Ψ2(x1,k1

, tn), and the solution vector Ψn
1
= {Ψn

1,k1
}N1−1

k1=0 ,

Ψ
n
2 = {Ψn

2,k1
}N1−1

k1=0 .

Remark 4.1. While using the Lie-Trotter splitting method for solving the Eqs. (3.1)-(3.3)
in time, we can compactly express the approximate solution Ψ I as the composition of two
flows, viz.

Ψ
I = ΨB△t

◦ΨA△t
,

where ΨA△t
denotes the approximate flow to the linear part (4.3), and ΨB△t

is the exact flow
of the nonlinear part (4.4).

4.3. Fourier-collocation discretization of linear equation (4.3) in space

We apply the FC method to discretize the linear part in space. Using the notations of [8],
we diagonalize the Pauli matrix σ1 = ΠΛΠ

†, where

Λ=

�
−1 0
0 1

�
, Π = 1/

p
2

�
−1 1
1 1

�
, Π

† = 1/
p

2

�
−1 1
1 1

�
.

Taking into account this factorization, we get

Φ1 = −1/
p

2Ψ1 + 1/
p

2Ψ2, Φ2 = 1/
p

2Ψ1 + 1/
p

2Ψ2,

and decouple the Eq. (4.3) as

∂tΦ1 = c1(x1)∂x1
Φ1, ∂tΦ2 = −c1(x1)∂x1

Φ2, (4.5)

where Φ1 = Φ1(x1, t),Φ2 = Φ2(x1, t) are unknown functions.
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Similar to (4.1), we approximate Φ1(x1, t) and Φ2(x1, t) as

Φη(x1, t) ≈ Φη,N1
(x1, t) =

N1−1∑

j1=0

Φη, j1(t) L j1
(x1), η = 1,2, (4.6)

where
x1 = 2π(x1 − x∗1,L)/(x

∗
1,R − x∗1,L) ∈ [0,2π].

Substituting (4.6) into (4.5), we collocate the obtained equations at the grid points x1 =

x1,k1
, k1 = 0,1, . . . , N1 − 1 and consider the interpolation property (4.2) at the same time.

As a result, we obtain the following discrete ODEs for Φ1 and Φ2:

∂tΦ1,k1
(t) = γc1(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ1, j1(t), k1 = 0,1, . . . , N1 − 1,

∂tΦ2,k1
(t) = −γc1(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ2, j1(t), k1 = 0,1, . . . , N1 − 1

(4.7)

with γ = 2π/(x∗1,R − x∗1,L). Introducing the first derivative matrix D = {dk1, j1}
N1−1
k1, j1=0, we

write (4.7) in the matrix form

∂tΦ1 = γGΦ1, ∂tΦ2 = −γGΦ2 (4.8)

with unknown vectors Φ1 = Φ1(t) = {Φ1,k1
(t)}N1−1

k1=0 , Φ2 = Φ2(t) = {Φ2,k1
(t)}N1−1

k1=0 , and
N1 × N1 coefficient matrix G = CD, where

C = diag
�
c1(x1,0), c1(x1,1), . . . , c1(x1,N1−1)

�
.

Since the coefficient matrix G has N1 linearly independent eigenvectors, there exists an
invertible matrix P such that G = PλP−1 with λ= diag(λ0,λ1, . . . ,λN1−1). Therefore,

�
φ1

φ2

�
=

�
P−1
Φ1

P−1
Φ2

�
,

and the Eq. (4.8) can be converted to the following ODEs:

∂tφ1 = γλφ1, ∂tφ2 = −γλφ2 (4.9)

for vectors φ1 = φ1(t) = {φ1,k1
(t)}N1−1

k1=0 , φ2 = φ2(t) = {φ2,k1
(t)}N1−1

k1=0 . The components of
Eq. (4.9) can be written as

∂tφ1,k1
= γλk1

φ1,k1
, k1 = 0,1, . . . , N1 − 1,

∂tφ2,k1
= −γλk1

φ2,k1
, k1 = 0,1, . . . , N1 − 1.

(4.10)
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The Eqs. (4.10) can be solved exactly for the time from t = tn to t = tn+1, so that

φn+1
1,k1
= eγλk1

△tφn
1,k1

, 0≤ k1 ≤ N1 − 1, 0≤ n≤ M − 1,

φn+1
2,k1
= e−γλk1

△tφn
2,k1

, 0≤ k1 ≤ N1 − 1, 0≤ n≤ M − 1.
(4.11)

We denote the solution vectors by φn+1
1
= {φn+1

1,k1
}N1−1

k1=0 , φn+1
2
= {φn+1

2,k1
}N1−1

k1=0 . Using the
Eqs. (4.5), (4.8), (4.9), and (4.11), we get the numerical solution of the Eq. (4.3), viz.

Ψ
n+1
1 = −1/

p
2Pφn+1

1 + 1/
p

2Pφn+1
2 ,

Ψ
n+1
2 = 1/

p
2Pφn+1

1 + 1/
p

2Pφn+1
2 ,

where Ψn+1
1
= {Ψn+1

1,k1
}N1−1

k1=0 and Ψn+1
2
= {Ψn+1

2,k1
}N1−1

k1=0 .

4.4. Exact solution of nonlinear equation (4.4)

From the nonlinear part,

∂tΨ(x1, t) = −i f
�
|Ψ1|2 − |Ψ2|2

�
σ3Ψ(x1, t), t ∈ [tn, tn+1]

and its complex conjugate

∂tΨ(x1, t) = i f
�
|Ψ1|2 − |Ψ2|2

�
σ3Ψ(x1, t), t ∈ [tn, tn+1]

we conclude that

∂t |Ψ(x1, t)|2 = ∂t

�
Ψ(x1, t)Ψ(x1, t)

�
= 0, t ∈ [tn, tn+1].

This means that |Ψ(x1, t)|2 = |Ψ(x1, tn)|2 for all t ∈ [tn, tn+1]. Therefore, the nonlinear
equation can be transformed into a simple ODEs, viz.

∂tΨ(x1, t) = −i f
�
|Ψ1(x1, tn)|2 − |Ψ2(x1, tn)|2

�
σ3Ψ(x1, t).

The above ODEs on [tn, tn+1] can be solved exactly and obtain the following solutions for
any k1:

Ψ
n+1
1,k1
= e
−i f (|Ψn

1,k1
|2−|Ψn

2,k1
|2)△t
Ψ

n
1,k1

, k1 = 0,1, . . . , N1 − 1,

Ψ
n+1
2,k1
= e

i f (|Ψn
1,k1
|2−|Ψn

2,k1
|2)△t
Ψ

n
2,k1

, k1 = 0,1, . . . , N1 − 1.

We summarize the procedure for solving the one-dimensional equation (3.1) in Algorithm 4.1.

Algorithm 4.1 Time-Splitting Fourier-Collocation Method for 1D System (3.1)

1: Given initial values Ψ0
1
= {Ψ1(x1,k1

, 0)}N1
k1=0,Ψ0

2
= {Ψ2(x1,k1

, 0)}N1
k1=0.

2: M = T/△t, △t is the time step.



A Time-Splitting Fourier-Collocation Method 11

3: Let the Pauli matrix σ1 be factorized into ΠΛΠ† and find coefficient matrix G = PλP−1

with λ= diag(λ0,λ1, . . . ,λN1−1).
4: for n= 0 : M − 1 do

5: Get

Φ
n
1 = −1/

p
2Ψn

1 + 1/
p

2Ψn
2, Φ

n
2 = 1/

p
2Ψn

1 + 1/
p

2Ψn
2.

6: Calculate

Φ
∗
1 = Peγλ△t P−1

Φ
n
1, Φ

∗
2 = Pe−γλ△tP−1

Φ
n
2.

7: Compute

Ψ
∗
1 = −1/

p
2Φ∗1 + 1/

p
2Φ∗2, Ψ

∗
2 = 1/

p
2Φ∗1 + 1/

p
2Φ∗2.

8: Obtain Ψn+1
1

and Ψn+1
2

from

Ψ
n+1
1,k1
= e
−i f (|Ψ∗1,k1

|2−|Ψ∗2,k1
|2)△t
Ψ
∗
1,k1

, k1 = 0,1, . . . , N1 − 1,

Ψ
n+1
2,k1
= e

i f (|Ψ∗1,k1
|2−|Ψ∗2,k1

|2)△t
Ψ
∗
2,k1

, k1 = 0,1, . . . , N1 − 1.

9: end for

Remark 4.2. In order to get a better numerical approximation in time, we may apply the
following second-order time-splitting method:

Ψ
I I = ΨB△t/2 ◦Ψ

A
△t
◦ΨB△t/2.

The higher-order time-splitting methods can be found in the literatures [30,47].

4.5. Discretization of two-dimensional nonlinear Dirac equation

Using time-splitting technique, the variable coefficient equation (3.4) can be split into
three equations — i.e.

∂tΨ(x1, x2, t) = −α1c1(x1)∂x1
Ψ =:A1Ψ(x1, x2, t), (x1, x2) ∈ D, (4.12)

∂tΨ(x1, x2, t) = −α2c2(x2)∂x2
Ψ =:A2Ψ(x1, x2, t), (x1, x2) ∈ D, (4.13)

∂tΨ(x1, x2, t) = −i f (Ψ†βΨ)βΨ =:BΨ(x1, x2, t), (x1, x2) ∈ D, (4.14)

where

Ψ(x1, x2, t) =
�
Ψ1(x1, x2, t),Ψ2(x1, x2, t),Ψ3(x1, x2, t),Ψ4(x1, x2, t)

�T
, t ∈ [0, T ],

and D = (x∗1,L, x∗1,R)× (x∗2,L, x∗2,R) is the computational domain. Note that the operatorA1

is linear in the x1-direction, the operatorA2 is linear in the x2-direction, and the operator
B is nonlinear.
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Given two even positive integers N1, N2, we choose the spatial mesh size h1 = (x
∗
1,R −

x∗1,L)/N1 in the x1-direction and h2 = (x
∗
2,R− x∗2,L)/N2 in the x2-direction. Choose the time

step as △t = T/M with a constant M , and consider the grid points

x1,k1
= x∗1,L + k1h1, k1 = 0,1, . . . , N1,

x2,k2
= x∗2,L + k2h2, k2 = 0,1, . . . , N2,

tn = n△t, n= 0,1, . . . , M .

Let
Ψ

n
η,k1,k2

≈ Ψη(x1,k1
, x2,k2

, tn), η = 1, . . . , 4,

and Ψn
η = {Ψn

η,k1,k2
}N1−1,N2−1

k1,k2=0 , η = 1, . . . , 4 be the solution matrix.

Remark 4.3. If we apply the first-order splitting method to solve Eqs. (3.4)-(3.6) in time,
the approximate solution Ψ I can be represented as

Ψ
I = ΨB△t

◦ΨA2

△t
◦ΨA1

△t
,

where ΨA1

△t
is the approximation solution of the linear equation (4.12), ΨA2

△t
denotes the

approximation solution of (4.13) and ΨB△t
is the exact solution of the nonlinear equa-

tion (4.14).

4.6. Fourier-collocation discretization of the linear equation (4.12) in space

Here, we use the FC method to solve the Eq. (4.12) in space. Note that the Dirac matrix
α1 can be factorized as α1 = Π1ΛΠ

†
1 with

Λ =




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


 , Π1 = 1/

p
2




0 1 1 0
1 0 0 −1
1 0 0 1
0 1 −1 0


 , Π

†
1 = Π

T

1 .

Using this matrix factorization gives

Φ1 = 1/
p

2Ψ2 + 1/
p

2Ψ3, Φ2 = 1/
p

2Ψ1 + 1/
p

2Ψ4,

Φ3 = 1/
p

2Ψ1 − 1/
p

2Ψ4, Φ4 = −1/
p

2Ψ2 + 1/
p

2Ψ3,

and we arrive at the following decoupled system of PDEs for Φ1,Φ2,Φ3 and Φ4:

∂tΦ1 = −c1(x1)∂x1
Φ1, ∂tΦ2 = −c1(x1)∂x1

Φ2,

∂tΦ3 = c1(x1)∂x1
Φ3, ∂tΦ4 = c1(x1)∂x1

Φ4
(4.15)

with unknown functions Φη = Φη(x1, x2, t), η = 1, . . . , 4.
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Consider the following approximations of the functions Φη(x1, x2, t):

Φη(x1, x2, t) ≈ Φη,N1,N2
(x1, x2, t)

=

N1−1∑

j1=0

N2−1∑

j2=0

Φη, j1, j2(t) L j1
(x1) L j2

(x2), η = 1, . . . , 4, (4.16)

where

x1 = 2π(x1 − x∗1,L)/(x
∗
1,R − x∗1,L) ∈ [0,2π],

x2 = 2π(x2 − x∗2,L)/(x
∗
2,R − x∗2,L) ∈ [0,2π].

Substituting (4.16) into (4.15) and collocating the results at the grid points (x1, x2) =

(x1,k1
, x2,k2

), for every k1 = 0,1, . . . , N1 − 1, k2 = 0,1, . . . , N2 − 1, we obtain the discrete
system of ordinary differential equations

∂tΦ1,k1,k2
(t) = −γ1c(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ1, j1,k2
(t),

∂tΦ2,k1,k2
(t) = −γ1c(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ2, j1,k2
(t),

∂tΦ3,k1,k2
(t) = γ1c(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ3, j1,k2
(t),

∂tΦ4,k1,k2
(t) = γ1c(x1,k1

)

N1−1∑

j1=0

dk1, j1Φ4, j1,k2
(t)

with γ1 = 2π/(x∗1,R − x∗1,L). This system can be written in the matrix form as

∂tΦ1 = −γ1G1Φ1, ∂tΦ2 = −γ1G1Φ2,

∂tΦ3 = γ1G1Φ3, ∂tΦ4 = γ1G1Φ4,
(4.17)

where Φη = Φη(t) = {Φη,k1,k2
(t)}N1−1,N2−1

k1 ,k2=0 , η = 1,2,3,4 is the unknown matrix and G1 =

C1D1 is N1 × N1 coefficient matrix such that

C1 = diag
�
c1(x1,0), c1(x1,1), . . . , c1(x1,N1−1)

�
, D1 =

�
dk1, j1

	N1−1

k1, j1=0
.

Similar to one-dimensional NLD equation with PML, the N1×N1 matrix G1 can be factorized
as P1λ1P−1

1 , where λ1 and P1 are diagonal and invertible matrices, respectively. We set




φ1

φ2

φ3

φ4


=




P−1
1
Φ1

P−1
1
Φ2

P−1
1
Φ3

P−1
1
Φ4


 ,
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and rewrite Eq. (4.17) as

∂tφ1 = −γ1λ1φ1, ∂tφ2 = −γ1λ1φ2,

∂tφ3 = γ1λ1φ3, ∂tφ4 = γ1λ1φ4

with unknown matrix φη = φη(t) = {φη,k1,k2
(t)}N1−1,N2−1

k1 ,k2=0 , η= 1,2,3,4. The latter system
can be also written as

∂tφ1,k1,k2
= −γ1λ1,k1

φ1,k1,k2
,

∂tφ2,k1,k2
= −γ1λ1,k1

φ2,k1,k2
,

∂tφ3,k1,k2
= γ1λ1,k1

φ3,k1,k2
,

∂tφ4,k1,k2
= γ1λ1,k1

φ4,k1,k2
,

(4.18)

where λ1 = diag(λ1,0,λ1,1, . . . ,λ1,N1−1). For any k1, k2, the exact solution of the Eq. (4.18)
over [tn, tn+1] has the form

φn+1
1,k1,k2

= e−γ1λ1,k1
△tφn

1,k1,k2
,

φn+1
2,k1,k2

= e−γ1λ1,k1
△tφn

2,k1,k2
,

φn+1
3,k1,k2

= eγ1λ1,k1
△tφn

3,k1,k2
,

φn+1
4,k1,k2

= eγ1λ1,k1
△tφn

4,k1,k2
.

Consequently, using the matrix φn+1
η
= {φn+1

η,k1,k2
}N1−1,N2−1

k1,k2=0 , η= 1,2,3,4, we can derive the
following numerical solutions of the system (4.12):

Ψ
n+1
1 = 1/

p
2P1φ

n+1
2 + 1/

p
2P1φ

n+1
3 ,

Ψ
n+1
2 = 1/

p
2P1φ

n+1
1 − 1/

p
2P1φ

n+1
4 ,

Ψ
n+1
3
= 1/
p

2P1φ
n+1
1
+ 1/
p

2P1φ
n+1
4

,

Ψ
n+1
4 = 1/

p
2P1φ

n+1
2 − 1/

p
2P1φ

n+1
3 ,

where Ψn+1
η = {Ψn+1

η,k1,k2
}N1−1,N2−1

k1,k2=0 , η = 1,2,3,4.

4.7. Fourier-collocation discretization for the linear part (4.13) in space

In the following, we apply the FC method to solve Eq. (4.13) in space. The Dirac matrix
α2 is factorized as Π2ΛΠ

†
2 with the matrices

Π2 = 1/
p

2




0 −i −i 0
1 0 0 1
−i 0 0 i

0 1 −1 0


 , Π

†
2 = 1/

p
2




0 1 i 0
i 0 0 1
i 0 0 −1
0 1 −i 0


 ,

and the diagonal matrix Λ = diag(1,1,−1,−1). Therefore, introducing the functions

Φ1 = 1/
p

2Ψ2 + i/
p

2Ψ3, Φ2 = i/
p

2Ψ1 + 1/
p

2Ψ4,

Φ3 = i/
p

2Ψ2 − 1/
p

2Ψ4, Φ4 = 1/
p

2Ψ2 − i/
p

2Ψ3,
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we rewrite the Eq. (4.13) as

∂tΦ1 = −c2(x2)∂x2
Φ1, ∂tΦ2 = −c2(x2)∂x2

Φ2,

∂tΦ3 = c2(x2)∂x2
Φ3, ∂tΦ4 = c2(x2)∂x2

Φ4
(4.19)

with unknown functions Φη = Φη(x1, x2, t), η = 1,2,3,4.
Similar to two-dimensional NLD equation with PML in the x1-direction (4.12), we sub-

stitute (4.16) into (4.19) and solve the resulting equations one by one by applying the
matrix factorization technique. Finally, we get the approximate solution of (4.13) over
[tn, tn+1].

4.8. Exact solution of nonlinear equation (4.14)

Taking into account the relations

∂tΨ(x1, x2, t) = −i f
�
|Ψ1|2 + |Ψ2|2 − |Ψ3|2 − |Ψ4|2

�
βΨ(x1, x2, t), t ∈ [tn, tn+1],

∂tΨ(x1, x2, t) = i f
�
|Ψ1|2 + |Ψ2|2 − |Ψ3|2 − |Ψ4|2

�
βΨ(x1, x2, t), t ∈ [tn, tn+1],

we get
∂t |Ψ(x1, x2, t)|2 = ∂t

�
Ψ(x1, x2, t)Ψ(x1, x2, t)

�
= 0, t ∈ [tn, tn+1].

Therefore,
|Ψ(x1, x2, t)|2 = |Ψ(x1, x2, tn)|2, t ∈ [tn, tn+1]

and we only have to solve the following ODEs:

∂tΨ(x1, x2, t) = −i f (x1, x2, tn)βΨ(x1, x2, t), t ∈ [tn, tn+1], (4.20)

where

f (x1, x2, tn) = f
�
|Ψ1(x1, x2, tn)|2 + |Ψ2(x1, x2, tn)|2 − |Ψ3(x1, x2, tn)|2 − |Ψ4(x1, x2, tn)|2

�
.

Setting f n
k1,k2
≈ f (x1,k1

, x2,k2
, tn), we determine the exact solution of (4.20) over [tn, tn+1],

so that

Ψ
n+1
1,k1,k2

= e
−i f n

k1,k2
△t
Ψ

n
1,k1,k2

, Ψ
n+1
2,k1,k2

= e
−i f n

k1,k2
△t
Ψ

n
2,k1,k2

,

Ψ
n+1
3,k1,k2

= e
i f n

k1,k2
△t
Ψ

n
3,k1,k2

, Ψ
n+1
4,k1,k2

= e
i f n

k1,k2
△t
Ψ

n
4,k1,k2

for every k1, k2.
Finally, the TSFC method to solve two-dimensional Eq. (3.4) is summarized in Algo-

rithm 4.2.

Algorithm 4.2 Time-Splitting Fourier-Collocation Method for 2D System (3.4)

1: Given initial values Ψ0
η = {Ψη(x1, x2, 0)}N1−1,N2−1

k1,k2=0 ,η = 1, . . . , 4.
2: M = T/△t, △t is the time step.
3: Let the Dirac matrix α1 = Π1ΛΠ

†
1 and α2 = Π2ΛΠ

†
2.
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4: Find coefficient matrix G1 = P1λ1P−1
1

in the x1-direction with

λ1 = diag(λ1,0,λ1,1, . . . ,λ1,N1−1),

and G2 = P2λ2P−1
2

in the x2-direction with

λ2 = diag(λ2,0,λ2,1, . . . ,λ2,N1−1).

5: for n= 0 : M − 1 do

6: Get

Φ
n
1
= 1/
p

2Ψn
2
+ 1/
p

2Ψn
3
, Φ

n
2
= 1/
p

2Ψn
1
+ 1/
p

2Ψn
4
,

Φ
n
3 = 1/

p
2Ψn

1 − 1/
p

2Ψn
4, Φ

n
4 = −1/

p
2Ψn

2 + 1/
p

2Ψn
3.

7: Calculate

Φ
∗
1 = P1e−γ1λ1△t P−1

1 Φ
n
1, Φ

∗
2 = P1e−γ1λ1△tP−1

1 Φ
n
2,

Φ
∗
3 = P1eγ1λ1△t P−1

1 Φ
n
3, Φ

∗
4 = P1eγ1λ1△t P−1

1 Φ
n
4.

8: Compute

Ψ
∗
1 = 1/

p
2Φ∗2 + 1/

p
2Φ∗3, Ψ

∗
2 = 1/

p
2Φ∗1 − 1/

p
2Φ∗4,

Ψ
∗
3 = 1/

p
2Φ∗1 + 1/

p
2Φ∗4, Ψ

∗
4 = 1/

p
2Φ∗2 − 1/

p
2Φ∗3.

9: Require ÝΨ∗η = (Ψ∗η)T , η = 1,2,3,4,

fΦ∗1 = 1/
p

2fΨ∗2 + i/
p

2fΨ∗3, fΦ∗2 = i/
p

2fΨ∗1 + 1/
p

2fΨ∗4,

fΦ∗3 = i/
p

2fΨ∗1 − 1/
p

2fΨ∗4, fΦ∗4 = 1/
p

2fΨ∗2 − i/
p

2fΨ∗3.

10: Calculate

Φ
∗∗
1 = P2e−γ2λ2△t P−1

2
fΦ∗1, Φ

∗∗
2 = P2e−γ2λ2△t P−1

2
fΦ∗2,

Φ
∗∗
3 = P2eγ2λ2△tP−1

2
fΦ∗3, Φ

∗∗
4 = P2eγ2λ2△tP−1

2
fΦ∗4.

11: Calculate

gΨ∗∗
1
= −i/

p
2Φ∗∗2 − i/

p
2Φ∗∗3 , gΨ∗∗

2
= 1/
p

2Φ∗∗1 + 1/
p

2Φ∗∗4 ,

gΨ∗∗3 = −i/
p

2Φ∗∗1 + i/
p

2Φ∗∗4 , gΨ∗∗4 = 1/
p

2Φ∗∗2 − 1/
p

2Φ∗∗3 .

12: Set Ψ∗∗η = (
gΨ∗∗η )T , η = 1,2,3,4, f ∗∗ = f (|Ψ∗∗1 |2 + |Ψ∗∗2 |2 − |Ψ∗∗3 |2 − |Ψ∗∗4 |2).

13: Obtain Ψn+1
1 , Ψn+1

2 , Ψn+1
3 and Ψn+1

4 from

Ψ
n+1
1,k1,k2

= e
−i f ∗∗

k1,k2
△t
Ψ
∗∗
1,k1,k2

, Ψ
n+1
2,k1,k2

= e
−i f ∗∗

k1,k2
△t
Ψ
∗∗
2,k1,k2

,

Ψ
n+1
3,k1,k2

= e
i f ∗∗

k1,k2
△t
Ψ
∗∗
3,k1,k2

, Ψ
n+1
4,k1,k2

= e
i f ∗∗

k1,k2
△t
Ψ
∗∗
4,k1,k2

,

k1 = 0,1, . . . , N1 − 1, k2 = 0,1, . . . , N2 − 1.
14: end for
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5. Numerical Results

Note that the following absorption functions σ(x) have been well studied and success-
fully applied for Dirac equation [7,8]:

Type I: σ0(x j +δ j)
2, Type II: σ0(x j +δ j)

3,

Type III: −σ0/x j , Type IV: σ0/x
2
j
,

Type V: −σ0/x j −σ0/δ j , Type VI: σ0/x
2
j −σ0/δ

2
j ,

where σ0 > 0 is the absorption strength, δ j the thickness of the layer, j = 1, . . . , d , and d is
the dimension. We use Type I absorption function in all examples, and in tests we choose
the same coefficients σ0 = 1e-03 and θ = π/4 for all layers in different directions.

We use EΨl
(t) to denote the error measure,

EΨl
(t) =



Ψ exact
l

(·, t)−Ψh,△t

l
(·, t)




∞.

In one-dimensional case, l = 1,2, and two-dimensional case l = 1,2,3,4. Besides,
Ψ

exact
l

(·, t) is the l-component exact solution of the equation, Ψh,△t

l
is the l-component

numerical solution obtained by the TSFC method or the TSFS method [8] with the mesh
size h = (h1, . . . ,hd) (d = 1,2) and time step △t.

5.1. Numerical results in one dimension

In this section, we choose two different initial conditions to study the behavior of the
TSFC scheme proposed in Sections 4.2-4.4 for solving Eqs. (3.1)-(3.3).

Firstly, we take initial conditions as

Ψ1(x1, t = 0) = Ψ2(x1, t = 0) = ei3x1 e−x2
1

in Table 1-2. We present the spatial-temporal error analysis for the TSFC method and
TSFS method, respectively. We assume the numerical solution with fine mesh size — viz.
h1 = 1/16,△t =1e-03, is the exact solution. These solution is denoted by Ψ exact

1 ,Ψ exact
2 .

Table 1 shows that the proposed TSFC method has spectral convergence in space, but the
TSFS method does not. In the latter method, the decrease of spatial size does not necessarily

Table 1: Spatial error analysis of two numerical methods to 1D NLD equation with PML, x1 ∈ D =
[−4− δ, 4+δ], δ = 1.

TSFS TSFC

Error h1 = 1/2 h1 = 1/4 h1 = 1/8 h1 = 1/2 h1 = 1/4 h1 = 1/8

EΨ1
(t = 2) 1.0482e-01 2.5363e-03 1.6087e-03 6.7865e-02 3.1890e-04 1.0978e-08

EΨ2
(t = 2) 7.4923e-02 2.5516e-03 1.6571e-03 3.7200e-02 3.3529e-04 1.1648e-08

CPU time(s) 0.056260 0.086483 0.122132 0.130181 0.300863 1.109481
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Table 2: Temporal error analysis of two numerical methods to 1D NLD equation with PML, x1 ∈ D =
[−4− δ, 4+δ], δ = 1.

TSFS TSFC

Error 8△t 4△t 2△t 8△t 4△t 2△t

EΨ1
(t = 2) 7.7024e-02 3.3488e-02 1.0734e-02 3.0060e-03 1.2884e-03 4.2949e-04

EΨ2
(t = 2) 7.3025e-02 3.1576e-02 9.6503e-03 3.0084e-03 1.2890e-03 4.2960e-04

CPU time(s) 0.041239 0.059873 0.103965 0.423143 0.776008 1.595562

improve the error. Table 2 demonstrates that although both methods have the first-order
numerical error in time, the TSFC method converges faster.

Next, we consider the one-dimensional NLD equation (2.6) with the exact solution

Ψ
exact
1 (x1, t) =

�p
(γ+ 1)(1−Λ2)(1+Λ) cosh(

p
1−Λ2γ(x1 − νt))

1+Λ cosh(2
p

1−Λ2γ(x1 − νt))

+sign(ν)
i
p
(γ− 1)(1−Λ2)(1−Λ) sinh(

p
1−Λ2γ(x1 − νt))

1+Λ cosh(2
p

1−Λ2γ(x1 − νt))

�
e−iΛγ(t−νx1),

Ψ
exact
2 (x1, t) =

�
i
p
(γ+ 1)(1−Λ2)(1−Λ) sinh(

p
1−Λ2γ(x1 − νt))

1+Λ cosh(2
p

1−Λ2γ(x1 − νt))

+sign(ν)

p
(γ− 1)(1−Λ2)(1+Λ) cosh(

p
1−Λ2γ(x1 − νt))

1+Λ cosh(2
p

1−Λ2γ(x1 − νt))

�
e−iΛγ(t−νx1)

with Λ = 0.75,γ = 1/
p

1− ν2 and ν ∈ R. We choose the following initial conditions for
one-dimensional system (3.1)-(3.3):

Ψ1(x1, t = 0) = Ψ exact
1 (x1, t = 0), Ψ2(x1, t = 0) = Ψ exact

2 (x1, t = 0). (5.1)

Figs. 3-4 demonstrate interaction dynamics — e.g. the movement of a single traveling
solitary wave and the collision of multiple Dirac solitary waves on the domain D = [−8−
δ1, 8 + δ1], δ1 = 3. Fig. 3 reflects different choice of ν in the initial condition (5.1) and
shows the absolute value function |Ψ1(x1, t)| at different time. Note that if ν < 0, the wave
travels from right to left, and no boundary reflections are observed due to the PML. If ν > 0,
the wave propagates from left to right, and the numerical results again show no boundary
reflections.

In Fig. 4, we display the results in the case of the initial conditions

Ψ1(x1, t = 0) = Ψ exact
1 (x1 + 5, t = 0) +Ψ exact

1 (x1 − 5, t = 0),

Ψ2(x1, t = 0) = Ψ exact
2 (x1 + 5, t = 0) +Ψ exact

2 (x1 − 5, t = 0).

In the simulation, the collision of two Dirac solitary waves has been shown. After t = 15,
the numerical solution obtained without PML is reflected at the boundaries, while solutions
obtained with PML can avoid boundary reflections at a large time.
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Figure 3: Time evolution of |Ψ1(x1, t)|. Left: Solution without PML. Middle: Exact solution. Right:
Solution with PML. (a) Wave function travels from right to left, ν = −0.5. (b) Wave function travels
from left to right, ν = 0.5.
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Figure 4: Simulation of collision of two traveling solitons: solution without PML (left) and solution with
PML (right).

5.2. Numerical tests in two dimension

Consider the two-dimensional NLD equation with PML (3.4)-(3.6) with the Gaussian-
like initial conditions

Ψl(x1, x2, t = 0) = ei3x1 e−(x
2
1+x2

2), l = 1, . . . , 4

and apply the TSFC method of Sections 4.5-4.8 on the domain D = [−3−δ, 3+δ]2, δ = 1.
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Tables 3 and 4 demonstrate spatial-temporal errors of TSFC and TSFS methods. We let
Ψ

exact
l

, l = 1,2,3,4, obtained by a numerical method with a very fine mesh and time step
— viz. h1 = h2 = h = 1/16,△t =1e-03, be exact solution. Note that the TSFC method
shows better convergence rate in space.

Fig. 5 shows the absorption capability of PML. In the computation, we define the exact
solution as ΨEXAC T

1 (x1, x2, t) which is obtained with a fine mesh on domain [−15,15]2.
With the time evolution of the function |Ψ1(x1, 0, t)|, we find that the numerical solution
obtained without PML is reflected at the boundaries when time t > 1.5, while the solution
with PML can absorb the boundary reflections.

Table 3: Spatial error analysis of two numerical methods for two-dimensional NLD equation with PML.

TSFS TSFC

Error h=1/2 h=1/4 h=1/8 h=1/2 h=1/4 h=1/8

EΨ1
(t = 3) 9.9859e-02 3.0511e-03 1.8773e-03 1.4348e-02 3.4481e-06 7.2895e-07

EΨ2
(t = 3) 1.0057e-01 3.0511e-03 1.8773e-03 1.4348e-02 3.4481e-06 7.2895e-07

EΨ3
(t = 3) 7.0462e-02 2.9421e-03 1.8796e-03 1.5272e-02 3.3986e-06 7.1236e-07

EΨ4
(t = 3) 7.1536e-02 2.9422e-03 1.8796e-03 1.5272e-02 3.3986e-06 7.1236e-07

CPU time(s) 2.280472 6.119786 20.009574 2.040567 6.63113 19.830190

Table 4: Temporal error analysis of two numerical methods for two-dimensional NLD equation with
PML.

TSFS TSFC

Error 8△t 4△t 2△t 8△t 4△t 2△t

EΨ1
(t = 3) 9.3030e-02 4.1991e-02 1.4375e-02 2.0165e-03 8.7196e-04 2.9195e-04

EΨ2
(t = 3) 9.3030e-02 4.1991e-02 1.4375e-02 2.0165e-03 8.7196e-04 2.9195e-04

EΨ3
(t = 3) 8.8677e-02 4.0476e-02 1.3936e-02 2.2443e-03 9.6881e-04 3.2412e-04

EΨ4
(t = 3) 8.8677e-02 4.0476e-02 1.3936e-02 2.2443e-03 9.6881e-04 3.2412e-04

CPU time(s) 9.494281 19.120353 37.701974 8.852391 17.372556 35.140449
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Figure 5: Time evolution of the function |Ψ1(x1, 0, t)|: solution without PML (left), exact solution
(middle) and solution with PML (right).
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5.3. Simulation of conical diffraction

Conical diffraction originally arises in nonlinear Schrödinger equation (NLSE) with hon-
eycomb lattice potentials [3, 34]. In the tight-binding limit, one can obtain the evolution
equations for the envelopes of two sublattice Bloch modes near the diabolical points. In
other words, a Dirac equation is derived directly from the NLSE with the honeycomb lat-
tice. Here, such Dirac equations are used for simulation of the conical diffraction phenom-
ena [3,34],

∂tΦ =
�
−σ2∂x1

+σ1∂x2

�
Φ+ i(Φ†

Φ)IΦ,

where
Φ= Φ(x1, x2, t) =

�
Φ1(x1, x2, t),Φ2(x1, x2, t)

�T
, (x1, x2) ∈ R2

is unknown wave function. With the dimension reduction of the NLD equation and the
proper assumptions on the initial data, we consider a simplified representation of the two-
dimensional NLD equation on the x1 x2-coordinates directly [19,44], i.e. Φ = (Ψ1,Ψ4)

T (or
Φ = (Ψ2,Ψ3)

T ).
In the numerical simulation, we choose the following two sets of initial conditions:

Case A. Φ1(x1, x2, t = 0) = e−2(x2
1+x2

2), Φ2(x1, x2, t = 0) = 0.

Cbse B. Φ1(x1, x2, t = 0) = Φ2(x1, x2, t = 0) = e−2(x2
1+x2

2).

In Fig. 6, initially, Φ1(x1, x2, t) is a Gaussian and Φ2(x1, x2, t) is zero – i.e. Case A.
Fig. 6 shows that an initial bell-shaped structure transforms into a ring structure after
some distance. The ring structures contain two bright rings, and the outer ring is higher
than the inner one. In particular, Poggendorff’s dark ring exists between the two bright

(a)

(b)

Figure 6: Case A. From left to right. Density functions at time t = 1, 2, 3, 4. (a) |Φ1(x1, x2, t)|2.
(b) |Φ2(x1, x2, t)|2.
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(a)

(b)

Figure 7: Case B. From left to right: Density functions at time t = 1, 2, 3, 4. (a) |Φ1(x1, x2, t)|2,
(b) |Φ2(x1, x2, t)|2.

rings [17]. Moreover, we find an interesting result that the intensities of both Φ1(x1, x2, t)

and Φ2(x1, x2, t) are two perfect rings and the width of the rings does not change.

In Fig. 7, initially, both Φ1(x1, x2, t) and Φ2(x1, x2, t) are Gaussian — i.e. Case B. Note
that a spot becomes two bright rings, but the rings are not complete rings and they have
notches at the bottom. The ring structures with notches are termed ‘half turn of polarization
around the ring’, which has been predicted by Hamilton and been observed by Lloyd [35].

Figs. 6 and 7 show that the same evolution patterns as in lattice NLSE [3,34], i.e. the
rings expand radially with the same width of the ring under propagation with decreasing
intensity. From them, we again illustrate that the tight-binding limit contains the underlying
mechanism of conical diffraction in honeycomb lattices, and we can use the NLD system to
describe the interesting phenomenon.

6. Conclusion

In this paper, we introduce the PML technique to the nonlinear Dirac equation, and pro-
pose a time-splitting Fourier-collocation method to solve the initial-boundary value problem
for the nonlinear Dirac equation with PML. Coupled with the PML technique, the applied
numerical method can absorb efficiently the reflections when the wave goes to the edges
of the computational region. Moreover, with the help of our novel numerical method, the
one-dimensional NLD equation with PML has been applied to simulate the dynamics of
the soliton and the two-dimensional NLD equation with PML has been used to study the
dynamical conical diffraction in honeycomb lattices. In the future, we plan to analyze the
stability and convergence of the proposed numerical method.
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