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Abstract. The fractional Langevin stochastic differential equation driven by multifrac-
tional Brownian motion of Riemann-Liouville type, which describes the long-range inter-
actions and its mean square displacement has a power-law growth in time {x2(t)) ~ t*,
where 0 < a < 1 correspond to the subdiffusion, and « is the fractional order. In this
paper, we extend the framework to account for time-varying environmental properties,
leading to a variable-order fractional Langevin equation. We give the Euler-Maruyama
scheme of the solution and then prove the strong convergence of the Euler-Maruyama
scheme. Numerical experiments with time-dependent Hurst indices are presented to
illustrate the theoretical findings.
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1. Introduction

The classical Langevin equation (CLE) is usually applied to describe the random motion
of the Brownian particle during the ideal environment according to the Newton’s laws [4,
5,9,10,15,21]. The driving force for the motion of the particle comes from a rapidly
fluctuating force % (t), which called the white noise with the expectation and correlation
function

(Z(t) =0, (F(t1),Z(ty)) ~56(t;—ty).

We consider the particle of mass m and x(t) denotes the displacement. A viscous drag
—o(dx/dt) represents a dynamical frictional experienced by the particle, and o is the
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coefficient of friction. Thus, one may apply the second Newton’s law to derive the motion
of a particle by the following CLE:
mdzx(t) o dx(t)
dt? dt
with x(0) = x, and x’(0) = £,. This model can simulate standard diffusion process such
that the mean square displacement (MSD) satisfies the relation

=Z(t) (1.1

(x?(0)) = t.
Using the notation
_ d3A(t) _dx(t)
F(t) = I V(t)——dt ,
we can rewrite (1.1) as
mdv + ov(t)dt =dAB(t), (1.2)

where %(t) is a standard Brownian motion.

However, when the particle immersed in the non-ideal environment, such as in the
viscoelastic liquids, and the damping friction is no longer a linear friction relationship.
Hence, the motion of the particle is characterized as anomalous diffusion processes [8,
12,13,19]. Under this circumstance, the classical equations (1.1) cannot describe such
anomalous diffusion processes well. As a matter of fact, the motion of the particle can be
described by the generalized Langevin equation

d?x(t)
m

+ (t —s)x'(s)ds = 9(t),
12 O'JOC s)x’(s)ds

where c(t) represents the memory effect and %(t) is no longer a white noise. We focus on
the fractional Gaussian noise with

(9(t)) =0, (¥9(0),9(t))~t™* a€c(0,1).

Fractional Brownian motion (FBM) based on the Riemann-Liouville fractional type is de-
fined by [1,20]

t (t— s)H—l /2

o T(H+1/2)

where H represent the Hurst index of the fractal. We use the Caputo fractional derivative

operator D/ by setting @ = 2—2H, 1/2 < H < 1 to arrive at the fractional Langevin
stochastic differential equation (FLE)

d?x(t)
dt?
where the fractional derivative is defined by [22]

“(t—s)"
rl—a)

By (t) = dB(s), t>0,

+0oDIx(t)=9(t), a€(0,1), (1.3)

Dg(t) := g'(s)ds.

0
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Fractional differential equations have gained significant attention and found important
applications across various fields in recent years [6,11,14,16,23,26,29]. This model can
simulate the subdiffusion process, which means the MSD has the following form — cf. [19]:

(x*(6)) > t®.

Finally we can substitute ¥%(t) by d %8, (t)/dt to reformulate (1.3) as follows:

t

mdv(t)+ O'J c(t,s)v(s)dsdt = d By(t), (1.4)

0

where %y (t) represents the FBM and

1
t,s) = ————=(t—s)"*.
o(69) =t =y (t—9)
We note that if a — 1 (H — 0.5) then the FLE (1.3) and (1.4) return to the classical CLE
(1.1), (1.2) respectively

a—1 (H—0.5)
—_—

FLE CLE.

Fig. 1 shows that when a = 0.3,0.6, 0.9 respectively (at this time H = 0.85,0.7,0.55),
the MSD of the Eq. (1.4) presents different power-law grows in time. Fig. 2 shows that
when a — 1, H — 0.5, the relationship between the MSD and time of the Eq. (1.4) ap-
proaches a linear relationship (the slope approaches 1), and (1.4) approaches an integer-
order stochastic differential equation driven by white noise.

In more general scenarios, the surrounding medium of the particle may change during
the diffusion [24,27,28,30,31], which will lead to the change of the Hurst index. Hence, we
derive at a variable-order fractional Langevin equation. Based on the above considerations,
we consider a generalization of (1.3) by incorporating the transient velocity-dependent
external forces f (v(t)), such forces motivated by the modeling of non-conservative effects
such as friction, damping, or feedback control, which naturally depend on the instantaneous
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Figure 1: The plots of the MSD (x?(t)) for the fractional Langevin equation driven by FBM with

a=0.3,0.6,0.9 (H =0.85,0.7,0.55), respectively. And the discrete parameters are T =50, At =0.1,M =
1000.
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Figure 2: The plots of the MSD (x?(t)) for the fractional Langevin equation driven by FBM with
a =0.93,0.96,0.99 — 1 (H = 0.535,0.520,0.505 — 0.5), respectively. And the discrete parameters are
T =50,At =0.1,M = 1000.

velocity rather than the displacement. Our variable-order fractional Langevin equation
(VFLE) with m =1 can be expressed as

d?x(t alt d#y(t)
%(2) +oDx(t) = £(v(t)) + d—’i,

a(t)=2—2H(t)€(0,1) and H(t)e (% 1),

where f represents the external force. The multifractional Brownian motion #y(t) is de-
fined by [20]

t
1
Wy(t) = — _(t—s)FO 12 , t=0, 1.5
() JO OISO (5 (1.5)
and the variable fractional derivative is given by [22]
t
t—s)"4)
D)= | LT oy,
¢80T ), Ta—atn®

Applying dx(t) = v(t)d t and considering the variable external force f (v(s)), then we arrive
at the variable-order fractional Langevin equation

C(t—s) W
o T(1—a(s))

with v(0) = x’(0) = £, and x(0) = x,.

It is difficult to obtain analytical solutions of the VFLE (1.6), so we develop numeri-
cal scheme for approaching the solutions. We present an Euler-Maruyama (EM) scheme
of (1.6) and propose its strong convergence. In Section 2, we first recall several auxiliary
lemmas from the existing literature, which will be repeatedly used in our subsequent anal-
ysis. Based on these results, we then prove the existence and uniqueness of solutions to the
VFLE (1.6). In Section 3, an EM approximation is developed for the proposed model and
the corresponding strong convergence is proved. In Section 4, numerical experiments are
performed to support the theoretically predicted convergence rate.

dv(t)=—0o v(s)dsdt + f)dt +d#y(t), (1.6)
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2. Existence and Uniqueness of Solutions to VFLE

2.1. Preliminaries

To establish our main results and lay the foundation for the subsequent numerical anal-
ysis, we begin by presenting several essential lemmas and assumptions that will be used
throughout this paper.

Lemma 2.1 (Jensen Inequality, cf. Lord et al. [17]). For any concave function ¢ : [0, 00)
— R with ¢(0) = 0, the following inequality holds:

¢ (in) < > 0x).
i=1 i=1

Lemma 2.2 (Cauchy Inequality, cf. Oksendal [17]). Let f,g € L?([a, b]). Then

b b 1/2 b
Jlf(t)g(t)ldtSU If(t)lzdt) U Ig(t)lzdt)

Lemma 2.3 (Chebyshev Inequality, cf. Oksendal [17]). Let X be a random variable such
that E[|X|?] < oo for some p > 0. Then for any a > 0,
E[IX|P]

P(|X|>a) < .
abP

1/2

Lemma 2.4 (Burkholder-Davis-Gundy Inequality, cf. Le Gall [10]). Suppose M(t) is a con-
tinuous local martingale on the interval [0, T ], then there exist a constant Q, depending on p
such that, for 1 < p < o9,

E[( sup [M(0)])"] < QE[(M, M)(T))

p/Z]
t€[0,T] ’

where [G, G](t) is the quadratic variation process of 4(t).

Lemma 2.5 (Borel-Cantelli Lemma, cf. Mao [18]). Let {A,}.2, be events in a probability
such that Z;)Zl P(A,) < oo, then

P(A, i.0.) < 00,

[o o lNe o]
where A, i.0. is defined by (| | An
n=1m=n
Lemma 2.6 (Gronwall Inequality, cf. Brunner [3]). Let Q,(t) be a non-negative and non-
decreasing locally integrable function on [a, b), Q; = 0 be a constant. Suppose q(t) is a non-
negative locally integrable function on [a, b) with
t

q(t)SQo(t)+Q1f q(s)ds, Vtel[a,b),

then
q(t) < Qo(t)exp(Qi(t —a)), Vt<[a,b).
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Lemma 2.7 (Differentiation Rule, cf. Berger et al. [2, Corollary 4.B]). Let %(t) be a Brow-
nian motion and f (t,s) be defined and measurable on § x  with values in R? ® R™, where

F={(t,9) €[to, T]x [to, T]:s < t}.

Assume that f (t,s) is nonanticipating in s for each t € [ty, T], and that for each t € [ty, T],

t
J If(t,5)]*ds < 00, a.s.
to

Suppose further that f is almost surely absolutely continuous in t, and satisfies

I

x(t)= J f(t,s)dB(s), te[ty,T].

P 2
af(t,s) dsdt < o0, a.s.

Define the stochastic process

Then

t

dx(t)=f(t,t)d B(t) + U %f(t,s)d%(s)] dt.

to

Lemma 2.8 (Stochastic Fubini Theorem, cf. Berger et al. [2, Theorem 4.A]). Let %B(t) be
a Brownian motion and _¢ be any bounded Borel set in the first quadrant of the (t,s) plane. Let
f be defined and measurable on ¢ x Q with values in RY®R™. Let f(t,s) be nonanticipating
in s for each t. If

J If(t,s)]*dsdt < 00, as.,
s

JJ f(t,s)dB(s)dt = JJ f(t,s)dtdaB(s).
s s

The data of (1.6) are assumed to satisfy the following conditions.

then

Assumption 2.1. H(t) € C'[0,T] on [0, T]with 1/2 < Hpy, < H(t) < Hyppy < 1.

Assumption 2.2 (Lipschitz Condition). There exists L > 0, such that for all v,7 € R,
fF)=f@IP <Llv—9[

Assumption 2.3 (Growth Condition). There exists I, > 0 such that for all v € R,

FOIP<L(1+vP).
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2.2. Reformulation of the VFLE

Let
(t —s)2H6)-1 (t —s)H(O-05

—_— t,§) i= —————.
rere) . 28 T Tan 109
We apply the relation a(s) = 2 — 2H(s) to have

t rs (S_r)—a(r) B t(t_r)l—a(r) B t
JO i mv(r)drds- . m‘}(r)dr_fo c1(t,s)v(s)ds.

Since H(t) > Hp,;, > 1/2, then ¢,(t,t) = 0. Using the differentiation rule for stochastic
processes (1.5), we obtain

c,(t,s) :=

d#y(t) = [f %(t,s)d%(s)] dt.
0

Using the stochastic Fubini theorem to obtain

J d“///H(s)ZJ |:J %(u,v)d%(v)]duZJ |:J %(u,v)du]d%(v),
0 o LJo 9u o LJ, du

and hence

f d#y(s) = J co(t,v)d B(v) = #y(t).
0 0

Integral the model problem (1.6) from O to t to arrive at

c(t,s)v(s)ds + J f(v(s))ds + J cyo(t,s)d B(s). 2.1)
0

0

v(t) =v(0)— O'J

0
Since I'(z) is increasing on (1,2) and I'(2H(s)) > 0.5, we can estimate ¢;(t,s) as

(t _ S)ZH(s)—l

- _ 2H(s)—1 _
T(2H(s)) <2(t=9) <Qo, Qo=max{2,2T}. (2.2)

le1(t, )] =

Similarly,

(t _S)H(t)—O.S

- _ OH(t)-0.5 —
O +05) <2 <Qi, Q =max{2,2VT}. (2.3)

lea(t,8)| =
Theorem 2.1. Under Assumptions 2.1-2.3, the Eq. (2.1) has a unique solution v such that

E[ sup |v(s)|2] <Qrexp(Qat) <00, te[0,T]

0<s<t

where
Qu=4E[vZ]+4LT (T +Q%), Q3=4(TQ3co*+LT). (2.4)
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Proof. Define a sequence {p,}.2, by po(t) = v, and for n > 1,

t

pa(t) =g _UJ c1(t,s)pn—1(s)ds +J f(pn—l(s))ds +J co(t,s)d AB(s).
0 0

0
Ifn>0and t<[0,T], then

t

pn+1(t) _pn(t) = _GJ

0

(Pr(s) = Pr_i(s))e(t,5)ds + J F(Pu(s)) = f(Pra(s))ds.
0

Taking into account Jensen inequality, we write

E[ 0P [pria) —pn(s)|2]

<s

< 2]E|: sup

0<s<t

O'J ¢1(8,7)(pn(r) = ppa(r))dr
0

|
Lsf(pn(r))—f(pn_l(r))dr 2]

=: Gl + Gz. (2.5)

+ 2]E|: sup

0<s<t

The Cauchy inequality and the estimate (2.2) give

0<s<t

< 2tangJ
0

By the Cauchy inequality and Assumption 2.2, we have

s s

G < 2]E[02 sup f Icl(s,r)lzdrf Ipn(r)—pn—l(r)lzdr]
0 0

t

E[ sup |pn(r)—pn_1(r)|2]ds. 2.6)

0<r<s

G, < ZtJE[ sup | |f(pn(s)) _f(pn—l)(3)|2d3]

0<s<t Jo

§2tLJ IE[ sup |pn(r)—pn_1(r)|2]ds. 2.7)
0

0<r<s
Substituting (2.6) and (2.7) into (2.5) yields

E[ sup Ipn+1(s)—pn(s)|2] <Q; f E[ sup |pn(r)—pn_1(r)|2]ds,
0<s<t 0

<s 0<r<s
where Q; = 2T(02Q3 + L).
For any n > 1, we define h,(t) by

a(©) i =E|| 50p [pria®) =P |

0<s<
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Note that the term hy(t) can be estimated as follows:

ho(t) =5 sup [ =po(o)]”

t 2 t 2
SS]E[ sup azvg (J |c1(t,s)|ds) + sup (J |f(v0)|ds)
0<s<t 0 0<s<t 0
s 2
+ sup (J ICz(s,r)Id%(r)) ]
o<s<t \ Jo

<3(02QZt*E[vZ]+ Lt* (1 + E[vZ]) + Q%¢)
<3T(0?Q3T +LT)E[vZ]+3T (LT +Q?) =: Q.

Consequently,
QrQrt"
h.(t) < , tel0,T],
(O s teloT]
and
oo / nsn
QrQyt
Z Ll =Qle¥'< oo, te[0,T],
—II'(n+1)
n=0
which implies
= 2
ZE[ Sup |Ppr(t) = pa(t)] ]<<>°-
0<t<T

n=0

Recalling the Chebyshev inequality, we write

P( sup [pa(6)—pa(t) = 27")
te[0,T]
:| < 4"QL(QrT)"

t€[0,T]

2

and applying the Borel-Cantelli lemma show that

n

pa(8) =D (Pm(t) = P (£)) +vg

m=1

converges uniformly on [0, T] to a limit v that solves (2.1).
Assume 7 is a solution other than v(x). Then

]E[ sup IV(S)—f/(S)Iz] SQTJ E[ sup |V(r)—‘7(r)|2]d5’
0

0<s<t 0<r<s

and we conclude that v(s) = 7(s) a.s.
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Applying (2.2), (2.3) and Assumption 2.3, we bound E[sup< <, Ip,(x)?] forn > 1
and t €[0,T] by

S 2
[ sup |pn(s)| ] ]E[vg]+402]E[ sup (J cl(s,r)pn_l(r)dr) ]

0<s<t o<s<t \ Jo

s 2
+4IE[ sup ( J f(pn_l(r))dr) ]
o<s<t \ o
s 2
+4IE[ sup (J Cz(S,r)dB(r)) ]
0<s<t 0

t
S4]E[v§:|+4TQ(2)02J IE[ sup |pn_1(r)|2]ds
0 0<r<s
t

+4LT? +4LT f

[ sup |pn 1(r)| ]ds+4TQ1
0

0<r<s

t
=Q2+Q3f [ sup |Pn 1(7‘)| :|d5
0 0<r<s

where Q,, Q5 are defined in (2.4). Invoking the Gronwall inequality yields the proof. [

3. Numerical Discretiazation and Error Estimate

We develop an Euler-Maruyama scheme [7,15] for (2.1) and establish its strong con-
vergence rate under Assumptions 2.1-2.3.

3.1. The numerical scheme

Partition [0, T] by t,, := nt with 7 := T /N for 0 < n < N. We discrete (2.1) by

[ n—1 ti+1 n—1
J &1t IV(s)ds ~ ZJ &1 (b, V(s = 7 D 1, )V(),
=0
n—1 ti1 n—1
f f v(s) ds R Z f(v(tl))ds = TZf(v(tl)),
=0 =0
ti41 n—1
J ¢yt 5)d B(5) ~ Z J ¢t t)A B() = Y caltn, AR,
0 =0

where

ARB = RB(t;11)— AB(t;)) ~N(0,7)
denotes the Gaussian distribution. Then we have

n—1

&, =vo— ch(tn,tl)ﬁz+fowz)+Zc2(tn,rz)A% 3.1

[=0 [=0 [=0
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Theorem 3.1. The solution #,, 1 <n < N in (3.1) satisfies
E[02] < Quexp(Qs) =: My, (3.2)
here the constants Q4 and Qs are given by
Qu=4E[vZ]+4T(LT +Q?), Qs=4T(To?Q3+LT).

Proof. We bound ]E[ﬂi] by Jensen inequality;,

n—1 2
B[92] < 48[13] + 40777 (zcmn, tlm)
=0
n—1 2 n—1 2
+472E (Zf(ﬁl)) +4E (Z oo(t,, tl)A%l) . (3.3)
=0 [=0
Utilizing (2.2), (2.3), Assumption 2.3 and It6 isometry yields
n—1 2 n—1
4027%E (Z ci(t,, tl)f/‘l) <40°Q3T7 Y E[#?], (3.4)
1=0 [=0
n—1 2 n—1
47K (Zf(ﬁl)) <4LT? +4LT7 Y E[97], (3.5)
=0 [=0
n—1 2
4E (Z oo(t,, tl)A%l) < 4TQ2. (3.6)
=0

Incorporating (3.4)-(3.6) into (3.3), we obtain

E[42] Q4+—Z]E [9%].

Applying the discrete Gronwall’s inequality to obtain (3.2). O

3.2. Error estimates

Using step function § = $(s) to define an auxiliary continuous time stochastic process
#(t) on [0, T] such that

t

9(t) = v(O)—aJ

0

¢, (t,8)8(8)ds + f f(z‘}(§))ds+J co(t,8)d B(s), (3.7)
0 0

where $§(s) = t,, when s € [t,, t,.41). It is easy to show that ¥(t,) =17,.
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Lemma 3.1. Let q € (0,1]. For any nonnegative real numbers x and y with x < y,
yI=xi<(y—x)L
Equality holds if and only if g =1 or x = 0.
Proof Since q € (0,1), t77! is non-increasing on t € (0, 00), for x € (0, 00), we have

y y
yi—x1= J gs?tds < J q(s —x)7 s = (y —x)%.

X X

The proof is complete. O

Theorem 3.2. For ¥(t) defined in (3.7) with t € [t,, t,.1), where 0 < n < N —1, there exists
a constant M, independent of T such that

E[(8(0) —ﬁ(tn))z] < M,z 2mintH() HO)

where
M, = 6M;0%(Q2+Q3)+3L(1+ M)

+12(10+ Qg +2¢(3— 2H(t,)) + 8TQIIHI2 1o 1 ).
Qe = (max{T,1})/(Hpin —0.5),

1 2
Q =(max{—,To-slnT}) ,
7 (Hpnin — 0.5)e

Qs = 8QoTIIHIIZ1 0 11 p ax [T "7,

(3.8)

and Qy is defined in (2.2), M; is defined in (3.2), { is the riemann’s { function.

Proof. Employing Jensen inequality, we write

E[(8(6) = 8(t,))’] S302E|:(J ¢1(,8)8(5)ds — J

0 0

t th 2
+3]E[U F(v($))ds— f f(v(s“))ds) ]
ot 0 . ,
+3]E|:(J cz(t,§)d%(s)—J cz(tn,§)d93(s)) :|
0 . 0 ,
S602JE|:(J (cl(t,§)—cl(tn,§))ﬁ(§)ds) ]
0

t 2 t 2
+60%E ( f cl(t,g)ﬁ(§)ds) +3E ( f f(v(§))ds)

t tn

2
cl(tn,s“)ﬁ(s“)ds) ]
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tn 2
+ 6 [U (ca(t,8) — ca(t4,8))d 93(5)) ]
0

¢ 2
+ 6E (f cz(t,s“)d%(s)) . (3.9)

Using the Cauchy inequality and Theorem 3.1, we write

tn 2
602E[(J (cl(t,§)—cl(tn,§))1’?(§)ds) ]
0

< 60> ( f (68 — eyt d)lds f ”|c1(t,§)—cl(tn,s“)ua[ﬂ(g)z]ds)
0 0
th 2
= 60°E[9(3)*] U |c1(t,§)—c1(tn,§)|ds)
0

tn 2
< 6M,0? U |c1(t,§)—c1(tn,§)|ds) < 6M,0°Q37>. (3.10)
0

It follows from the mean value theorem that
tn
J lc1(t,8) —c1(t,8)Ids
0

n=1 rt 1 - i
:Z —[(t_tl)ZH(tl) 1_(tn_tl)2H(tl) 1]ds

2] Tem)
n—1 t41
2H(t;)—1
< ( l) (tn_tl)ZH(tl)—ZdS

[=0

<72 Ty .

= max{T, 1}
<272 (¢, — )02 < 00 0 = 7.
;( n ) Hom— 0.5 26

Using the Cauchy inequality and (3.2) yields

t 2 t
60%E (J cl(t,§)1‘/‘(§)ds) < 6M1027J lei(t,8)2ds < 6M102Q(2)72. (3.11)
ty tn

We then apply Assumption 2.3, Cauchy inequality and (3.2) to obtain

t 2 t
3E U f(ﬁ(s“))ds) ssmf (1 +E[19,*])ds < 3L(1 + M;)72 (3.12)

n
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Using the Cauchy’ inequality, It6 isometry, and (3.2) gives

tn 2
6]E[( f (cz(t,§)—c2(tn,§))d%(s)) ]
0
tn (t — §)HO-05 (tn_§)H(tn)—o.5 2
6L (F(H(t)+0.5) B F(H(tn)+0.5)) ds

e ty (t _§)H(t)—0.5 _ (tn _é‘)H(tn)_O-S
. T(H(D) +05)

2
_ »\H(t,)—0.5 1 _ 1
{6 =9) ) (F(H(t) 105) TH()+ 0.5))) ds
tn (¢ _§)H(t)—o.5 —(t, _§)H(tn)—0.5 2
=12 UO ( T(H(0) +0.5) ) as

" _ a2H(t)-1 1 _ 1 ?
" JO (t =) (F(H(t)+0.5) F(H(tn)+0.5)) ds)
= 12(J; +Jy). (3.13)

Let [ € (t,,t). Using mean value theorem and Lemma 3.1, we evaluate J; as

P tn (¢ _§)H(t)—0.5 —(t, _§)H(tn)—0.5 2 i
T, T'(H(t) +0.5)

tYl
< SJ ((t _§)H(t)—o.5 —(t _§)H(tn)—0.5)2
0
+ ((t — §YHE)=05 (¢ _SA)H(tn)—O.S)Z ds

th
H()—0.5 |2
< 8IIHIIZ o.ry7 Zf (£ —3) In(t —3$)
0

ds

+8 J ((HE) = 0.5)(t, — )P 150)? s
0

H(l) —0.5

In(t —$)|ds

[
=8||H||%1[0,T] J max |(t

€[tp,t]

n—1 141
2 (ZJ (tn _ tl)ZH(tn)—3d3>

< (8+2¢(3—2H(t,))) 7" + 8TQIHIIZ, 1 177
since

1
max |(t—s)H(Z) 05 n(t — )|2 S(max{m

2
,TO'SlnT}) =Q.,
1€lt,,t] —0.5)e Q7
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and

n—1 ti41 n—1
ZJ (t,— tl)ZH(tn)—Bds — 2H(t;)-2 Z {2H(t:)-3 < TzH(tn)—zc(B _ 2H(tn)).
I=0J1 i=1

Besides, we bound J, by

= " _ m\H(t,)—0.5)2 1 _ 1 2
Jz_Jo (=) )(F(H(t)+0.5) F(H(tn)+0.5)) ds

T(H(ty) +0.5) —T(H(t) +0.5) 2 2\2H(t,)—1 2
( T(H(t,)+0.5)I(H(t) +0.5) ) L (tn =5) ds < Qg7

with Qg introduced in (3.8). Using It6 isometry, we have

t 2
6FE (f cy(t,8)d 93(5))

t (t— tn)ZH(t)—l

— 7 s <2472HO, 3.14
TEHO+ (3.14)

= 6J (co(t,8))*ds =6

t
Substituting (3.10)-(3.14) into (3.9) finishes the proof. O

Before we obtain Theorem 3.3, we need following lemmas.

Lemma 3.2. Under Assumption 2.1, for t € [t,, t,41], it holds

t
J |C1(t,5) _Cl(t)§)|ds < MST)
0

where
1 TZHmax_l
+
2H i, —1 2H_ ., —1

Mj := 4T |[Hllc1go,ry max IT'()] Qo +2 ( + 2Q7”H”CI[O,T]) :

Proof. First, we write

t
J |C1(t,5) _Cl(t)§)| ds
0

zfot

(t _S)ZH(s)—l (t _S)ZH(S)—l (t _S)ZH(S)—l (t _§)2H(§)—1

T(2H(s)) T(2H(3)) T(2H(3)) T(2H(3))
"ITQHE)—TH() ,,  \arrs)
= L rCHOIER) ) ds
t (t _S)ZH(S)—l —(t _§)2H(§)—1
N JO I(2H ) s

::Jg +J4, (315)
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and bound J5 as
J3 < 4T |Hllxpo,ry max [1'(6)]| Qo

Now we split J, into two parts,
t
0

t
+2 f |(t —8)?HO™ — (¢ —)?HO | ds
0
=: 2J4’1 + 2J4’2.

By the mean value theorem, the term J, ; can be evaluated as

t
0

t 1 T2Hmax—1
S’L’J (t—s)ZH(S)_sts( + )T
0 2Hrnin —1 2Hrnax —1

For the term J, 5, we have

t

Jao < 2|Hllciro17 f max |(t =)D n(e —8)|ds < 2Q; 1 H |l c1jo, 777
0 SSISS

where Q- is defined in (3.8). Combining (3.15)-(3.19) finishes the proof.

Lemma 3.3. Under Assumption 2.1, for t € [t,, t,..1], it holds

t
J (CZ(t)s) _Cz(t,g))zds S QgTZH(t),
0

where
2

=—— 116
3(1 _Hmax)

Qs

Proof. We have

J (cz(t,s) — cz(t,§))2ds
0

t (¢ _S)H(t)—O.S (¢ _SA)H(t)—o.s 2
=JO (F(H(t)+0.5) - F(H(t)+0.5)) ds

(3.16)

(3.17)

(3.18)

(3.19)

n—2 rit ¢
— - 2 -
S4(ZJ{ ((t—s)H(t) 0.5_(t_tl)H(t) 0.5) dS+Jt (S_tn_l)ZH(t) 1ds)
! n—1

=0



Fractional Langevin Equation: Integral Equation Approach 17
2H(t)+1

n—2 r7T
2
< 4Zf ((t—t,— )05 _ (¢ _ tZ)H(t)—O.S)Z du + H—,L_2H(t)
=00 (t)

n—2 T H(t)-0.5 2 2H(t)+1
<4y (t— 2O (1 - ) C1) dut B2
1=0 0 b=t H()

n—2 g 2H(t)+1
2
<4 E t—t,)2H(0-3 wldu + L2H(0)
lzo( l) o H(t)

3 n=2 2H()+1
P S — )0 4 27 o)
3 = H(t)

< (# + 16) 72HO) = g 2H(0)
3(1 _Hmax)

and the proof is complete. O

Theorem 3.3. Let v and y be the solutions to models (2.1) and (3.7), respectively. Under
Assumptions 2.1-2.3, we have the following estimate:

E[[v(t) = 9(O)*] € Quo(Qua7#min + Q1372 + Qu472),
where

Q10 =exp(Q1T), Qix= 12Q%T20'2M2 +6LM,T?,
Qi1 =6(2TQ30* +LT), Qi13=3Qs, Qi4=12M;M;0>.

In particular, if 9(t,) = 1, then
E [|V(tn) - ﬂn|2:| < Q10(Q1272Hmi“ + QlSTZH(t”) + Q1472)-

Proof. Applying the Jensen inequality gives

E[|v(t)—9(6)*] < 30%E [U

0

¢ 2

+3E[( f f(v(s))—f(ﬁ(s“))ds) ]
Ot 5

+3]E[(J cz(t,s)—cz(t,s“)d%(S)) ]
0

=: Il +12 +Ig.

t

2
c(t,s)v(s) — cl(t,s“)ﬁ(s“)ds) ]

We bound I; by

t 2
SOZE[(J cl(t,s)v(s)—cl(t,s“)ﬁ(s“)ds) ]
0
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t 2
:302E[(J cl(t,s)v(s)—cl(t,s)ﬁ(§)+cl(t,s)ﬁ(s“)—cl(t,s“)ﬁ(s“)ds) ]
0

t 2 t 2
S602E[U cl(t,s)(v(s)—ﬁ(s“))ds) ]+602E[(J (cl(t,s)—cl(t,§))ﬁ(§)ds) ]
0 0

= Il,l + 11’2.

Taking into account Theorem 3.2 and Lemma 3.2, we write

t 2
I,= 602]E[( f c1(t,s)(v(s) — ﬁ(s)+ﬁ(s)—ﬁ(§))ds) ]

t

2
<12TQ%c ZJ IE (v(s) (s))” ds+1202E[(J cl(t,s)(ﬁ(s)—ﬁ(§))ds) ]
0

< 12TQZ0? IE (v(s) (s))” ds+12Q0T2 %My 7 *Hmin,

%

where

t

E[(8(s)—9(9))" ] ds

< IJtZH]E[(ﬁ(s)—ﬁ(tl))z]ds

I

n—1l rtiy
<M, f p2mintH(EDHE} g5 < N, g 2Hmin, (3.20)
[=0vY1

In addition, the term I; ; admits the estimate

t 2
I,= 60°E [(J (cl(t,s) — cl(t,§))1‘/‘(§)ds) :|
0

5602]EU (c1(t,5) —c1(t,8))ds f (cl(t,s)—cl(t,§))ﬁ(§)2ds]
0 0

t 2
< 6M,; 0> (J (cl(t,s) —cl(t,§))ds) < 12M1M§0272
0

I, =3E [( fo t fv(s))- f(ﬁ(§))ds)2]

ssLTf E[|v(s)—9()*]ds
0

We bound I, by
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t
< 6LTJ E[[v(s) —9(s)1*]ds + 6 LM, T?72Hmin,
0

Utilizing the It6 isometry and Lemma 3.3 gives

t
I; = 3J (ca(t,s) —cz(t,§))2ds < 3Qg72HO,
0

Consequently, we have

t

E[|v(t)—9(t)|?]ds < Qupr2min + Q13721 4+ Q472 +Q11J E[|v(s)—0(s)I*]ds.
0

The application of the Gronwall inequality finishes the proof. O

Remark 3.1. Since H,;, < H(t) < 2, Theorem 3.3 indicates that, as the partition becomes
sufficiently fine, the convergence rate of the error should be @(7min) for the scheme (3.1).
Nevertheless, this estimate can be conservative in practice. As indicated by the error expres-
sion in (3.20), the actual convergence behavior depends more intricately on the functional
values H(t) over the entire interval [0, T ] rather than solely on its minimum. Numerical
experiments suggest that the effective convergence rate often exceeds H,;, and aligns more
closely with a certain averaged value of H(t) across the temporal domain.

4. Numerical Simulations

We consider a few examples to validate the foregoing results. The convergence rate
of the scheme (3.1) is tested similar to [25]. Let j-th be a sample path of the numerical
approximation computed by (3.1) forn =0,1,...,N and j = 1,2,...,M. In this section,
we choose 0 = 0.1, vy =1, [0,T] =[0,1], f(v) = sin?(v) in the VFLE (2.1). The error is
evaluated as follows:

1/2

M
1 2
e = | or ;:1: [9e. ) (0)) = Ve 22wy ()] : (4.1)

Example 4.1. In this example, we present errors and strong convergence rate for mesh
size N =22,23 ... 27. We use three distinct sets of time-dependent Hurst index functions
H(t). The first set consists of a quadratic function

H;(t) =0.72—0.15(t —0.5)?,
its value ranges from 0.6825 to 0.72 as t € (0, T), a sigmoid function

H,(t) = 0.68 + 0.04/(1 + exp(—10(t — 0.5))),
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which increases smoothly from about 0.68 to 0.72, and a periodic function
H5(t) =0.7+0.02sin(47t)
oscillating between 0.68 and 0.72. The second set consists of a quadratic function
H,(t) =0.6+0.2t2,

a sigmoid function
H,(t) =0.6+0.2/(1 + exp(—10(t —0.5))),

and a periodic function
Hs(t) =0.7+0.1sin(2.57t),

all of which satisfy H(T) = 0.8 at the terminal time T = 1, as illustrated in Fig. 5. The
second set includes a quadratic function

Hy(t) =0.9—0.2(2t —1)?,
a modified sigmoid function
H,(t) = 0.8 —0.1tanh (5(t —0.5)),
and a weighted periodic function
H;(t) =0.8+0.2sin(2mt)(1 — ) —0.1¢,

which yield H(T) = 0.7 at T = 1, as shown in Fig. 7. To compute the error (4.1), the total
number of independent sample paths M = 1000.

Numerical convergence results for both sets are displayed in Figs. 4, 6 and 8. The
log-log plots demonstrate the relationship between the error and the mesh size. In each
plot, the dashed line shows a reference slope in the log-log plot. Its negative slope can
be interpreted as an empirical convergence rate and is included only for comparison with
the numerically observed error decay, while the solid line with circle markers represents
the numerical results obtained for different H(t) functions plotted in Figs. 3, 5 and 7. For
the three types of H(t) illustrated in Fig. 3, where the function values remain close to
0.7, the observed convergence rates shown in Fig. 4 are approximately 0.7. For the cases
presented in Fig. 5, where H(T) = 0.8, the convergence rates inferred from Fig. 6 approach
0.8. Moreover, for the functions displayed in Fig. 7 whose minimum value equals 0.7, the
convergence rates extracted from Fig. 8 are around 0.7. These numerical observations are
in agreement with the theoretical error bound established in Theorem 3.3 and support the
analysis provided in Remark 3.1.

In Fig. 9, we present three sample paths and the Monte Carlo mean with M = 1000 of
the velocity process v(t),

1 M
E[v(t)]~ 7 D, v,

m=1
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Figure 3: Three types of H(t) functions. Left: H,(t) = 0.72—0.15(t —0.5)%. Middle: H,(t) = 0.68 +
0.04/(1 + exp(—10(t —0.5))). Right: H;(t) = 0.7 + 0.02sin(47t).

H, (1) H, (1) Hy(t)
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Figure 4. Log-log plots of numerical convergence for the VFLE. Left: H,(t) = 0.72—0.15(t —0.5)%.
Middle: H,(t) =0.68+0.04/(1 + exp(—10(t —0.5))). Right: H;(t) = 0.7 + 0.02sin(4rt).

0.85 T T T T 0.85 T T T T 0.85

0.8 08r 08r

0.75 0.75 0.75F

0.6 06 F 06

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t t

Figure 5. Three types of H(t) functions. Left: H,(t) = 0.6 +0.2t2. Middle: H,(t) = 0.6+0.2/(1 +
exp(—10(t —0.5))). Right: H,(t) = 0.7+ 0.1sin(2.57t).
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Figure 6: Log-log plots of numerical convergence for the VFLE. Left: H,(t) = 0.6+ 0.2t2. Middle:
H,(t)=0.6+0.2/(1 + exp(—10(t —0.5))). Right: Hy(¢t) =0.7 + 0.1sin(2.57t).

0.95 T 0.95 T 0.95
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Figure 7: Three types of H(t) functions. Left: H,(t) = 0.9 —0.2(2t — 1)2. Middle: H,(t) = 0.8 —
0.1tanh(5(t —0.5)). Right: H;(t) = 0.8+ 0.2sin(2nt)(1—t)*> —0.1t.

with Hurst index H(t) = 0.6 + 0.2t2. The sample paths illustrate the stochastic fluctua-
tions of the process, while the Monte Carlo mean reflects the average behavior. The mean
curve shows a clear trend that is smoother than the individual sample paths, indicating the
statistical stabilization effect of the averaging procedure.

Example 4.2. In this example, we further compute and present the displacement process
x(t) associated with the velocity process v(t) obtained in Example 4.1, in order to illustrate
the full dynamics of the VFLE.

The displacement process x(t) is recovered from the velocity through the relation d x(t)
= v(t)dt, which is discretized using a forward Euler scheme,

xn+1:Xn+ﬁnT; nzO,l,...,N—l.
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Figure 8: Log-log plots of numerical convergence for the VFLE. Left: H,(t) =0.9—0.2(2t —1)?. Middle:
H,(t) =0.8—0.1tanh(5(t —0.5)). Right: H,(t) =0.8+ 0.2sin(2mt)(1—t)* —0.1¢.
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2.2 \ \ \ \ \ \
Sample 1
Sample 2
Sample 3
2 Mean (M=1000)

Numerical solution

0.8 —

06 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 9: Sample paths and Monte Carlo mean solution for the VFLE with H(t) = 0.6 +0.2¢t2.
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Figure 10: Three independent sample paths of the velocity v(t).
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Figure 11: Three independent sample paths of the displacement x(t).
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Figure 12: Terminal distribution of two-dimensional displacement x(T) from 200 independent sample
paths. Left: H (t) = 0.6+ 0.2t>. Middle: H,(t) = 0.6 + 0.2/(1 + exp(—10(t —0.5))). Right: H,(t) =
0.7+ 0.1sin(2.57t).

Figs. 10 and 11 show different sample paths of numerically determined velocity #, and
displacement x,,.

Since the stochastic forcing acts directly on the velocity, v(t) contains stronger high-
frequency fluctuations, while the displacement x(t), obtained by time integration of v(t),
smooths out these oscillations and therefore exhibits much smaller variability.
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Figure 13: Terminal distribution of two-dimensional displacement x(T) from 200 independent sample
paths. Left: H;(t) = 0.9 —0.2(2t —1)?>. Middle: H,(t) = 0.8 —0.1tanh(5(t —0.5)). Right: Hy(t) =
0.8 +0.25sin(27t)(1 — )15 — 0.1¢.

For the two-dimensional case, Figs. 12 and 13 show the empirical distribution of the
terminal displacement x(T) based on M = 200 independent realizations, unless other-
wise stated, all simulations are performed using identical random seeds. The spreading of
the point cloud reflects the cumulative memory effect induced by the fractional Langevin
dynamics.

A further comparison of Figs. 12 and 13 reveals the clear dependence of the terminal
distribution of the displacement x(T) on the value of the Hurst function near the final
time. In Fig. 12, where the Hurst function satisfies H(T) = 0.8, the terminal distribution is
noticeably more spread out than in Fig. 13, which corresponds to a smaller terminal value
H(T)=0.7.

5. Conclusions

This work proposes a variable-order fractional Langevin equation driven by multifrac-
tional Brownian motion of Riemann-Liouville type, which describes the long-range interac-
tions. The existence and uniqueness of solutions to the problem are proved. Additionally,
an EM scheme for the equation is developed and the corresponding strong convergence
of the scheme is proved. Based on the dicretization scheme, we conduct the numerical
experiments to support our theoretical findings.
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