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Abstract

The strong convergence of an explicit full-discrete scheme is investigated for the stochas-

tic Burgers-Huxley equation driven by additive space-time white noise, which possesses

both Burgers-type and cubic nonlinearities. To discretize the continuous problem in space,

we utilize a spectral Galerkin method. Subsequently, we introduce a nonlinear-tamed ex-

ponential integrator scheme, resulting in a fully discrete scheme. Within the framework

of semigroup theory, this study provides precise estimations of the Sobolev regularity, L∞

regularity in space, and Hölder continuity in time for the mild solution, as well as for its

semi-discrete and full-discrete approximations. Building upon these results, we establish

moment boundedness for the numerical solution and obtain strong convergence rates in

both spatial and temporal dimensions. A numerical example is presented to validate the

theoretical findings.

Mathematics subject classification: 60H35, 65C30, 60H15.

Key words: Stochastic Burgers-Huxley equation, Strong convergence rate, Non-globally
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1. Introduction

In this paper, we consider numerical approximations of the following nonlinear stochastic

partial differential equation (SPDE) driven by an additive space-time white noise:
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∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
+u(t, x)

∂u(t, x)

∂x

+νu(t, x)
(

1− u(t, x)
)(

u(t, x)−θ
)

+
∂W (t, x)

∂t
, t ∈ (0, T ], x ∈ U ,

u(t, 0) = u(t, 1) = 0, t ∈ [0, T ],

u(0, x) = u0(x), x ∈ U ,

(1.1)

in which U = (0, 1), ν > 0 and θ ∈ (0, 1) are parameters. {W (t)}t≥0 is a cylindrical Wiener

process. Eq. (1.1) is known as the stochastic Burgers-Huxley equation (SBHE), which shows

a prototype model for describing the interaction between the reaction mechanism, the convective

effects and diffusion transport [25, 26]. The SBHE also has significant applications in biology
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to describe the nerve propagation in the nerve fiber and electro-physiology [8, 34]. The well-

posedness and the regularity properties of the SBHE were established in [25, 26, 35]. The

SBHE (1.1) contains two types of nonlinear drift terms: u ∂u/∂x and νu(1 − u)(u − θ), which

are recognized as the Burgers-type nonlinearity and the cubic nonlinearity, respectively.

When the Burgers-type nonlinearity in (1.1) disappears, the SBHE degenerates into the

stochastic Huxley equation (SHE), also known as the stochastic Allen-Cahn equation for some

adequately chosen parameters. For numerical approximations of the SHE, it is known that

the explicit Euler scheme and the linear-implicit Euler scheme (only treat the linear operator

implicitly, see [32] for more details) do not converge in the strong sense [15,16]. Lately, several

numerical methods for such nonlinear SPDEs take full advantage of the global monotone (more

precisely, one-sided Lipschitz) condition of the cubic nonlinearity, i.e.

〈u− v, f(u)− f(v)〉 ≤ C‖u− v‖2. (1.2)

Some notable examples include the drift-implicit Euler-Galerkin scheme [24], the splitting time

discretization scheme [5,6], the truncated exponential Euler scheme [2], and the tamed acceler-

ated exponential integrator scheme [31]. For more numerical studies of monotone SPDEs, one

can refer to [9, 12, 14, 23, 28] and references therein.

When the cubic nonlinearity is not considered, i.e. ν = 0, the SBHE (1.1) becomes the

stochastic Burgers equation (SBE). The well-posedness of SBEs driven by various types of

noises was studied, e.g. the additive white noise [10], the correlated noise [11] and the fractional

Brownian motion [30]. Progress on numerical methods for SBEs has also been made, for

example, the finite difference method [1, 13] and the Galerkin approximation [3, 4] for spatial

semi-discretization, and the full spatial-temporal discretization [3,21]. Notably, the convergence

rates obtained in the aforementioned publications are all in the pathwise sense, not in the strong

sense. For strong convergence of numerical solutions of SBEs driven by space-time white noises,

the only known work is [20], where the proposed full-discrete numerical approximations were

shown to be strongly convergent. However, no convergence rate was achieved in this work.

The primary inquiry regarding a numerical method for solving the SBHE (1.1) driven by

space-time white noise is whether it exhibits behavior similar to that of the SBE, where strong

convergence is attainable but not the convergence rate, or if it resembles the SHE, where a strong

convergence rate can be achieved. This paper aims to address this question by introducing

an explicit full-discrete scheme for solving the SBHE (1.1) driven by additive space-time white

noise and determining the strong convergence rate of the proposed scheme. Specifically, we em-

ploy the spectral Galerkin method to spatially discretize (1.1), resulting in a finite-dimensional

approximation represented through a spectral expansion. For the temporal discretization, we

implement a tamed accelerated exponential integrator scheme [19, 31], which differs from the

truncated method for SBEs (see [17, 18, 20]). By ensuring the stability of the numerical solu-

tion through moment boundedness, we are able to establish the strong convergence rate of the

proposed scheme, as presented in Theorem 4.1, as follows:

sup
0≤m≤M

∥

∥u(tm)− uNm
∥

∥

Lp(Ω;H)
≤ C

(

N−α + τ
α
2

)

, ∀α ∈
(

0,
1

2

)

, (1.3)

where H := L2(U) and the positive constant C is independent of the temporal step size τ and

the dimension of the spectral Galerkin projection space N . Here u(tm) is the mild solution of

the SBHE and uNm is the numerical solution produced by the fully discrete scheme (4.1). (1.3)

implies that for arbitrarily small ǫ > 0, the convergence rates of our proposed algorithm are

1/2− ǫ in space and 1/4− ǫ in time.
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As well documented in [20], for stochastic evolution equations with non-globally monotone

nonlinearity (i.e. (1.2) is not satisfied), strong convergence rates are generally not attainable

for numerical solutions derived from traditional numerical approximations. The specific nonlin-

earity exhibited by the SBE falls into this challenging category. Consequently, the absence of

a proven strong convergence rate for numerical solutions of the SBE driven by space-time white

noise should not come as a surprise. In this paper, we overcome the difficulty caused by the

Burgers-type nonlinearity of SBHEs by using the global one-sided Lipschitz condition the cubic

nonlinearity offers and applying the tamed exponential integrator scheme. This approach allows

us to establish, under a moderate assumption on the lower bound of ν (ν > 1/6), a generalized

monotone condition of nonlinearities in the SBHE, i.e. Lemma 2.1. This is a fundamental

property in determining the convergence rate.

The rest of this paper is organized as follows. In Section 2, we introduce a set of essential

configurations and underlying assumptions. We also present the well-posedness of the SBHE

and some regularity properties for its mild solution. In Section 3, the strong convergence rate

is obtained for spatial discretization. In Section 4, we develop a nonlinear-tamed exponential

integrator for time discretization and derive the strong convergence rates of the fully discretized

scheme. Finally, we provide a numerical example to verify the theoretical findings in Section 5.

2. Preliminary

Let (U, 〈· , ·〉U , ‖ · ‖U ) be a real separable Hilbert space. We denote by L(U) the space

consisting of all bounded linear operators on U endowed with the induced operator norm ‖·‖L(U).

A bounded linear operator T : U → U is called Hilbert-Schmidt if

‖T ‖HS(U) :=

(

∑

k∈N

‖Tηk‖2U

)
1
2

<∞,

where {ηk}k∈N is an orthonormal basis of U . It is well known that the ‖T ‖HS(U) does not

depend on the particular choice of orthonormal basis {ηk}k∈N of U . Recall U = (0, 1), then by

Lp(U), p ≥ 1, we denote the space of R-valued, Lp integrable functions endowed with the usual

norm ‖ · ‖Lp(U) (sometimes ‖ · ‖Lp for short). When p = 2, we simply write H = L2(U) with

the inner product 〈· , ·〉. Given a Banach space (V, ‖ · ‖V ), we denote by Lp(Ω;V ) the space

consisting of all V -valued, Lp integrable random variables, endowed with the norm

‖v‖Lp(Ω;V ) =
(

E‖v‖pV
)

1
p .

Throughout this paper, we use C to denote a generic positive constant, which may differ from

one line to another but is always independent of the discretization parameters. If necessary, we

add subscripts to the constant C to indicate the parameters related to it.

Let −A : dom(A) ⊂ H → H be the Dirichlet Laplacian defined by −Au = ∆u with

u ∈ dom(A) := H2(U)∩H1
0 (U). Here Hk(U), k ∈ N, represents the classical Sobolev space and

H1
0 (U) = {w|w ∈ H1(U), w|∂U = 0}. We denote by H−1(U) the dual space to H1

0 (U), and by

〈· , ·〉H−1,H1
0
the pairing between H−1(U) and H1

0 (U). Denote the orthonormal basis of H by

{φk(x) =
√
2 sin(kπx), x ∈ U}k∈N. Then, Aφk = λkφk with λk = k2π2. The fractional powers

of A, i.e. the operator As/2, is defined following the same way as in [22, Appendix B.2]. In this

way, we obtain a family of separable Hilbert spaces Ḣs, s ∈ R, by setting Ḣs := dom(As/2)

equipped with the inner product 〈u, v〉Ḣs := 〈As/2u,As/2v〉 and the norm ‖u‖Ḣs = 〈u, u〉1/2
Ḣs

.
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Through [22, 29] we know that Ḣ0 = L2(U), Ḣ1 = H1
0 (U) and Ḣ−1 = H−1(U) with equivalent

norms.

Hereafter we use a unified symbol D to denote the weak derivative D = ∂/∂x in H1
0 (U),

and the distributional derivative in H defined by (Du)(v) = −〈u, ∂v/∂x〉 for every u ∈ H and

v ∈ H1
0 (U). Let f : L6(U) → H and B : L4(U) → H−1(U) be respectively deterministic

mappings given by

f(u)(x) := νu(x)
(

1− u(x)
)(

u(x)− θ
)

,

〈B(u), v〉H−1 ,H1
0
:=

1

2
(Du2)(v) = −1

2

〈

u2,
∂

∂x
v
〉

, ∀ v ∈ H1
0 (U).

If u ∈ H1
0 (U), then

B(u)(x) = u(x)
∂

∂x
u(x).

It is easy to verify that

‖f(u)‖ ≤ Cν,θ

(

‖u‖3L6 + 1
)

, u ∈ L6(U),
‖f(u)− f(v)‖ ≤ Cν,θ

(

‖u‖2L∞ + ‖v‖2L∞ + 1
)

‖u− v‖, u, v ∈ L∞(U).
(2.1)

It is well known that −A generates an analytic semigroup S(t) = e−tA, t ≥ 0, on H (see,

e.g. [27]), which satisfies

‖AγS(t)‖L(H) ≤ Ct−γ , t > 0, γ ≥ 0, (2.2)
∥

∥A−ρ
(

I − S(t)
)∥

∥

L(H)
≤ Ctρ, t > 0, ρ ∈ [0, 1]. (2.3)

Through [4] and [22, Appendix B.2], we know that the spectral structure of A carries over

to S(t), so the semigroup S(t) has a natural extension on Ḣr with r < 0. We still denote

this extension by S(t), which can be viewed as a mapping S(·) : (0, T ] → L(H−1(U);Lp(U))
given by

(

S(t)w
)

(x) :=
∞
∑

k=1

e−tλk〈w, φk〉H−1,H1
0
φk(x)

for every x ∈ U and w ∈ H−1(U). Thus, for every t ∈ (0, T ] and p ≥ 2, we can define the

operator S(t)B(·) : L4(U) → Lp(U) by

S(t)B(u) :=
1

2
S(t)Du2 :=

1

2

∞
∑

k=1

e−tλk
〈

Du2, φk
〉

H−1,H1
0
φk = −1

2

∞
∑

k=1

e−tλk
〈

u2,Dφk
〉

φk.

For u ∈ L4(U) and t > 0, by the orthogonality of φk, supx≥0 xe
−x ≤ C and the identity

‖Du2‖2H−1 =

∞
∑

k=1

∣

∣

〈

Du2, φk
〉

H−1,H1
0

∣

∣

2
λ−1
k

cf. [4] and [22, Theorem B.8], we have

‖S(t)B(u)‖2 =
1

4

∞
∑

k=1

λke
−2tλk

∣

∣

〈

u2,Dφk
〉∣

∣

2
λ−1
k

≤ Ct−1
∞
∑

k=1

∣

∣

〈

u2,Dφk
〉
∣

∣

2
λ−1
k

≤ Ct−1‖Du2‖2H−1 = Ct−1‖u‖4L4.
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This, together with the semigroup property of S(t), (2.2) and (2.3), implies that for u ∈ L4(U)
and ς ≥ 0,

‖S(t)B(u)‖Ḣς =

∥

∥

∥

∥

A
ς
2S

(

t

2

)

S

(

t

2

)

B(u)

∥

∥

∥

∥

≤ Cς t
− ς+1

2 ‖u‖2L4, t > 0, (2.4)

and for 0 < s ≤ t, γ − β ∈ [0, 1],

∥

∥

(

S(t)− S(s)
)

B(u)
∥

∥

Ḣβ =
∥

∥A
β−γ

2

(

I − S(t− s)
)

A
γ
2 S(s)B(u)

∥

∥

≤ Cγ,β(t− s)
γ−β

2 s−
γ+1
2 ‖u‖2L4. (2.5)

Assumption 2.1. Let ν > 1/6.

We note that ν > 1/6 can ensure a type of monotonicity of nonlinearities of the SBHE, as

shown in the following lemma, which is a fundamental property when deriving the convergence

rate of numerical methods.

Lemma 2.1. Under Assumption 2.1, for u, v ∈ H1
0 (U), it holds that

〈u− v,B(u)−B(v) + f(u)− f(v)〉 < 1

2
‖u− v‖2Ḣ1 + Cν,θ ‖u− v‖2 .

Proof. The main idea of the proof is to utilize the cubic nonlinearity to reduce the impact

of the Burgers-type nonlinearity. Through the integral by parts and ab ≤ a2 + b2/4, we have

〈u− v,B(u)−B(v) + f(u)− f(v)〉

= −1

2

〈

D(u− v), u2 − v2
〉

+ 〈u− v, f(u)− f(v)〉

≤ 1

2
‖Du−Dv‖2 + 1

8
‖u2 − v2‖2 + ν〈u− v,−u3 − θu + (1 + θ)u2 + v3 + θv − (1 + θ)v2〉

=
1

2
‖u−v‖2

Ḣ1−νθ‖u−v‖2−
〈

(u−v)2,
(

ν−1

8

)

u2+

(

ν−1

8

)

v2+

(

ν−1

4

)

uv−ν(1 + θ)(u + v)

〉

.

Since ν > 1/6, the function

g(x, y) =

(

ν − 1

8

)

x2 +

(

ν − 1

8

)

y2 +

(

ν − 1

4

)

xy − ν(1 + θ)(x + y)

has a unique global minimum and

min
(x,y)∈R2

g(x, y) = −ν
2(1 + θ)2

3ν − 1/2
< 0.

Thus,

〈u− v,B(u)−B(v) + f(u)− f(v)〉

≤ 1

2
‖u− v‖2

Ḣ1 − νθ‖u− v‖2 + ν2(1 + θ)2

3ν − 1/2
‖u− v‖2

≤ 1

2
‖u− v‖2

Ḣ1 + Cν,θ‖u− v‖2,

which completes the proof. �
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Let {W (t)}t∈[0,T ] be a cylindrical Wiener process on the stochastic basis (Ω,F ,P,{Ft}t∈[0,T ]),

which can be formally represented by

W (t) :=

∞
∑

k=1

βk(t)φk.

Here {βk(t)}k∈N is a sequence of independent standard Brownian motions.

Assumption 2.2. The initial value u0 : Ω → H is an F0-measurable, H-valued random vari-

able. In addition, for sufficiently large positive integer p̃ and α ∈ [0, 1/2),

‖u0‖Lp̃(Ω;Ḣα) + ‖u0‖Lp̃(Ω;L∞) <∞.

Under the above notations, we can rewrite the concrete problem (1.1) as

{

du(t) =
(

−Au(t) +B
(

u(t)
)

+ f
(

u(t)
))

dt+ dW (t), t ∈ (0, T ],

u(0) = u0.
(2.6)

We denote by Ot the stochastic convolution, given by

Ot :=

∫ t

0

S(t− s)dW (s),

which has been extensively studied, see, e.g. [5, 7, 31, 33]. Here, we list some of regularity

properties of Ot that will be used later.

Lemma 2.2. For p ≥ 2 and α ∈ [0, 1/2), it holds that

sup
t∈[0,T ]

‖Ot‖Lp(Ω;Ḣα) + E

[

sup
t∈[0,T ]

‖Ot‖pL∞

]

<∞,

and for any β ∈ [0, α] and 0 ≤ s < t ≤ T ,

‖Ot −Os‖Lp(Ω;Ḣβ ) ≤ C(t− s)
α−β

2 . (2.7)

The well-posedness and the boundedness of moments of mild solution to (2.6) can be derived

following a similar argument as in [10, 11, 26].

Theorem 2.1. Under Assumption 2.2, for p ≥ 2, (2.6) has a unique mild solution with con-

tinuous sample paths, given by

u(t) = S(t)u0 +

∫ t

0

S(t− s)B
(

u(s)
)

ds+

∫ t

0

S(t− s)f
(

u(s)
)

ds+Ot, P-a.s. . (2.8)

In addition, for p, q ≥ 2, there exists a positive constant C such that

sup
t∈[0,T ]

‖u(t)‖Lq(Ω;Lp) ≤ C
(

‖u0‖Lq(Ω;Lp) + 1
)

.

Owing to above regularity properties of the stochastic convolution and boundedness of

moments of mild solution, we can derive the following regularity properties of the mild solution.
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Theorem 2.2. Under Assumption 2.2, for p ≥ 2 and α ∈ [0, 1/2), it holds that

sup
t∈[0,T ]

‖u(t)‖Lp(Ω;Ḣα) ≤ C
(

‖u0‖3L3p(Ω;L∞) + ‖u0‖Lp(Ω;Ḣα) + 1
)

, (2.9)

sup
t∈[0,T ]

‖u(t)‖Lp(Ω;L∞) ≤ C
(

‖u0‖3L3p(Ω;L∞) + 1
)

. (2.10)

Furthermore, for β ∈ [0, α] and for 0 ≤ s < t ≤ T ,

‖u(t)− u(s)‖Lp(Ω;Ḣβ) ≤ C(t− s)
α−β

2

(

‖u0‖Lp(Ω;Ḣα) + ‖u0‖3L3p(Ω;L∞) + 1
)

. (2.11)

Proof. Through (2.8), we have

‖u(t)‖Lp(Ω;Ḣα) ≤ ‖u0‖Lp(Ω;Ḣα) +

∫ t

0

∥

∥S(t− s)B
(

u(s)
)∥

∥

Lp(Ω;Ḣα)
ds

+

∫ t

0

∥

∥S(t− s)f
(

u(s)
)∥

∥

Lp(Ω;Ḣα)
ds+ ‖Ot‖Lp(Ω;Ḣα).

Taking ς = α in (2.4), then using Hölder’s inequality and Theorem 2.1, we have

∫ t

0

∥

∥S(t− s)B
(

u(s)
)
∥

∥

Lp(Ω;Ḣα)
ds

≤ C

∫ t

0

(t− s)−
α+1
2 ‖u(s)‖2L2p(Ω;L4)ds

≤ C sup
t∈[0,T ]

‖u(t)‖2L2p(Ω;L4) ≤ C
(

‖u0‖2L2p(Ω;L∞) + 1
)

.

By (2.2) with γ = α/2, (2.1) and Theorem 2.1, we get

∫ t

0

∥

∥S(t− s)f
(

u(s)
)
∥

∥

Lp(Ω;Ḣα)
ds

≤ C

∫ t

0

(t− s)−
α
2

∥

∥f
(

u(s)
)
∥

∥

Lp(Ω;H)
ds

≤ C

∫ t

0

(t− s)−
α
2

(

‖u(s)‖3L3p(Ω;L6) + 1
)

ds

≤ C
(

‖u0‖3L3p(Ω;L∞) + 1
)

.

In view of the boundedness of ‖Ot‖Lp(Ω;Ḣα) shown in Lemma 2.2, we obtain (2.9). One can

similarly derive (2.10) by using the Sobolev embedding inequality Ḣ3/4 →֒ L∞ and the bound-

edness of ‖Ot‖Lp(Ω;L∞) shown in Lemma 2.2.

For the proof of (2.11), we first note that

‖u(t)− u(s)‖Lp(Ω;Ḣβ )

≤
∥

∥S(s)
(

S(t− s)− I
)

u0
∥

∥

Lp(Ω;Ḣβ)

+

∫ s

0

∥

∥

(

S(t− r) − S(s− r)
)(

B
(

u(r)
)

+ f
(

u(r)
))∥

∥

Lp(Ω;Ḣβ)
dr

+

∫ t

s

∥

∥S(t− r)
(

B
(

u(r)
)

+ f
(

u(r)
))∥

∥

Lp(Ω;Ḣβ)
dr + ‖Ot −Os‖Lp(Ω;Ḣβ).
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Applying (2.5) with γ = α leads to
∫ s

0

∥

∥

(

S(t− r) − S(s− r)
)

B
(

u(r)
)∥

∥

Lp(Ω;Ḣβ)
dr

≤ C(t− s)
α−β

2

∫ s

0

(s− r)−
α+1
2 ‖u(r)‖2L2p(Ω;L4)dr.

By taking γ = α/2 in (2.2) and taking ρ = (α− β)/2 in (2.3), we obtain
∫ s

0

∥

∥

(

S(t− r) − S(s− r)
)

f
(

u(r)
)∥

∥

Lp(Ω;Ḣβ)
dr

≤ C(t− s)
α−β

2

∫ s

0

(s− r)−
α
2

(

‖u(r)‖3L3p(Ω;L6) + 1
)

dr.

It follows from (2.4) with ς = β and (2.2) with γ = β/2 that
∫ t

s

∥

∥S(t− r)
(

B
(

u(r)
)

+ f
(

u(r)
))∥

∥

Lp(Ω;Ḣβ)
dr

≤ C

∫ t

s

(t− r)−
β+1
2 ‖u(r)‖2L2p(Ω;L4)dr + C

∫ t

s

(t− r)−
β
2

(

‖u(r)‖3L3p(Ω;L6) + 1
)

dr.

Finally, by using
∥

∥S(s)
(

S(t− s)− I
)

u0
∥

∥

Lp(Ω;Ḣβ)
≤ C(t− s)

α−β
2 ‖u0‖Lp(Ω;Ḣα)

and (2.7), we obtain the desired result. �

3. Spatial Semi-discretization and Error Estimates

In this section, we derive the spectral Galerkin spatial semi-discretization of (2.6) and

conduct the corresponding error analysis. We introduce a finite dimensional subspace HN :=

span{φ1, φ2, . . . , φN}, where N ∈ N is the dimension of the spectral Galerkin projection space,

and define a projection operator PN : Ḣs → HN by

PNψ =

N
∑

k=1

〈ψ, φk〉φk, ψ ∈ Ḣs, s ∈ R.

It is easy to verify that

‖(PN − I)ψ‖ ≤ λ
− s

2

N+1‖ψ‖Ḣs , ψ ∈ Ḣs, s ≥ 0. (3.1)

The spectral Galerkin method for (2.6) consists in constructing uN ∈ HN such that the

following finite dimensional stochastic differential equation holds:
{

duN (t) = −ANu
N (t)dt+ PNB

(

uN (t)
)

dt+ PNf
(

uN (t)
)

dt+ PNdW (t), t ∈ (0, T ],

uN (0) = PNu0,
(3.2)

where AN = PNA : H → HN . It is well known that −AN generates an analytic semigroup

SN (t) = e−tAN in HN [24]. By the definitions of PN and B, the operator PNB(·) : L4(U) B−→
H−1(U) PN−→ HN is given by

PNB(u) :=
N
∑

k=1

〈B(u), φk〉H−1,H1
0
φk = −1

2

N
∑

k=1

〈

u2,Dφk
〉

φk, φk ∈ HN . (3.3)
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For v ∈ HN and u ∈ L4(U), we have

〈PNB(u), v〉 = −1

2

N
∑

k=1

〈

u2,Dφk
〉

〈v, φk〉

≤ 1

2

(

N
∑

k=1

∣

∣

〈

u2,Dφk
〉∣

∣

2
λ−1
k

)

1
2
(

N
∑

k=1

|〈v, φk〉|2λk
)

1
2

≤ 1

2
‖Du2‖H−1‖v‖Ḣ1 =

1

2
‖u‖2L4‖v‖Ḣ1 . (3.4)

For the special case u ∈ HN ⊂ L4(U), we define PNB(·) : HN → HN by PNB(u) = PNDu2/2.
Therefore, for u, v ∈ HN , we have

〈PNB(u), v〉 = 1

2

〈

PNDu2, v
〉

=
1

2
〈Du2, v〉 = −1

2
〈u2,Dv〉.

The mild solution of (3.2) can be expressed using the variation of constant as follows:

uN(t) = SN (t)PNu0 +

∫ t

0

SN (t− s)PNB
(

uN (s)
)

ds

+

∫ t

0

SN(t− s)PNf
(

uN (s)
)

ds+ON
t , (3.5)

where

ON
t :=

∫ t

0

SN (t− s)PNdW (s).

According to [31, Lemma 3.1], for any p ≥ 2, it holds that

sup
t∈[0,T ],N∈N

∥

∥ON
t

∥

∥

Lp(Ω;L∞)
<∞. (3.6)

In the following lemma, we give some smoothing properties of the analytic semigroup S(t).

Lemma 3.1. For any t > 0 and N ∈ N, it holds that

‖PNS(t)ψ‖L∞ ≤ Ct
2γ−1

4 ‖ψ‖Ḣγ , ∀ψ ∈ Ḣγ , γ ∈ [0, 1/2) , (3.7)

‖PNS(t)ψ‖Lp ≤ Ct−
p−2
4p ‖ψ‖, ∀ψ ∈ H, p ≥ 2,

‖PNS(t)ψ‖L∞ ≤ Ct−
1
2 ‖ψ‖L1, ∀ψ ∈ L1(U),

‖PNS(t)B(ψ)‖L4 ≤ Ct−
5
8 ‖ψ‖2L4, ∀ψ ∈ L4(U),

‖PNS(t)ψ‖L4 ≤ Ct−
3
8 ‖ψ‖L1, ∀ψ ∈ L1(U).

Proof. The first three assertions can be found in [31, Lemmas 3.2, 4.1], so we only prove the

last two assertions. By the second assertion with p = 4 and (2.4) with ς = 0, we have

‖PNS(t)B(ψ)‖L4 =

∥

∥

∥

∥

PNS

(

t

2

)

S

(

t

2

)

B(ψ)

∥

∥

∥

∥

L4

≤ Ct−
1
8

∥

∥

∥

∥

S

(

t

2

)

B(ψ)

∥

∥

∥

∥

≤ Ct−
5
8 ‖ψ‖2L4 .

Through the second assertion with p = 4 and (3.7) with γ = 0, we get

‖PNS(t)ψ‖L4 ≤
(

t

2

)− 1
8
∥

∥

∥

∥

PNS

(

t

2

)

ψ

∥

∥

∥

∥
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=

(

t

2

)− 1
8

sup
‖φ‖≤1

∣

∣

∣

∣

〈

PNS

(

t

2

)

ψ, φ

〉∣

∣

∣

∣

=

(

t

2

)− 1
8

sup
‖φ‖≤1

∣

∣

∣

∣

〈

ψ, PNS

(

t

2

)

φ

〉
∣

∣

∣

∣

≤
(

t

2

)− 1
8

sup
‖φ‖≤1

‖ψ‖L1

∥

∥

∥

∥

PNS

(

t

2

)

φ

∥

∥

∥

∥

L∞

≤ C

(

t

2

)− 1
8

t−
1
4 ‖ψ‖L1 sup

‖φ‖≤1

‖φ‖ ≤ Ct−
3
8 ‖ψ‖L1,

which completes the proof. �

Lemma 3.2. For u given by (2.8), γ ∈ [0, 1/2) and p ≥ 2, it holds that

sup
N∈N

‖PNu(t)‖Lp(Ω;L∞) ≤ Ct
2γ−1

4 ‖u0‖Lp(Ω;Ḣγ ) + C
(

‖u0‖3L3p(Ω;L∞) + 1
)

, ∀ t ∈ (0, T ].

Proof. By (3.7), the estimate (2.4) with ς = 0, Theorem 2.1 and (3.6), we have

‖PNu(t)‖Lp(Ω;L∞) ≤ Ct
2γ−1

4 ‖u0‖Lp(Ω;Ḣγ ) + C

∫ t

0

(t− s)−
3
4 ‖u(s)‖2L2p(Ω;L4)ds

+ C

∫ t

0

(t− s)−
1
4

(

‖u(s)‖3L3p(Ω;L6) + 1
)

ds+ ‖PNOt‖Lp(Ω;L∞)

≤ Ct
2γ−1

4 ‖u0‖Lp(Ω;Ḣγ ) + C
(

‖u0‖3L3p(Ω;L∞) + 1
)

,

which completes the proof. �

The next theorem is about the error estimate of uN .

Theorem 3.1. Under Assumptions 2.1, 2.2, there exists a positive constant C independent

of N such that for p ≥ 2 and α ∈ [0, 1/2),

sup
t∈[0,T ]

‖u(t)− uN (t)‖Lp(Ω;H)

≤ Cλ
−α

2

N+1

(

‖u0‖12L12p(Ω;L∞) + ‖u0‖4L4p(Ω;Ḣmax{α,(p−1)/2p})
+ 1
)

,

where u and uN are given by (2.8) and (3.5), respectively.

Proof. Using the triangle inequality, (3.1) and (2.9), we have

‖u(t)− uN(t)‖Lp(Ω;H)

≤ ‖(I − PN )u(t)‖Lp(Ω;H) +
∥

∥PNu(t)− uN(t)
∥

∥

Lp(Ω;H)

≤ λ
−α

2

N+1‖u(t)‖Lp(Ω;Ḣα) +
∥

∥PNu(t)− uN(t)
∥

∥

Lp(Ω;H)

≤ Cλ
−α

2

N+1

(

‖u0‖3L3p(Ω;L∞) + ‖u0‖Lp(Ω;Ḣα) + 1
)

+
∥

∥PNu(t)− uN(t)
∥

∥

Lp(Ω;H)
.

Denote eNt := PNu(t)− uN (t), which solves

d

dt
eNt = −ANe

N
t + PNB

(

u(t)
)

− PNB
(

uN (t)
)

+ PNf
(

u(t)
)

− PNf
(

uN (t)
)

, eN0 = 0.
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Using the identity
1

p

d

dt

∥

∥eNt
∥

∥

p
=
∥

∥eNt
∥

∥

p−2
〈

eNt ,
d

dt
eNt

〉

,

we have

1

p

d

dt

∥

∥eNt
∥

∥

p
=
∥

∥eNt
∥

∥

p−2〈
eNt ,−AeNt + PNB

(

u(t)
)

− PNB
(

uN(t)
)

+ PNf
(

u(t)
)

− PNf
(

uN(t)
)〉

= −
∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
∥

∥eNt
∥

∥

p−2〈
eNt , PNB(u)− PNB(PNu)

〉

+
∥

∥eNt
∥

∥

p−2〈
eNt , B(PNu)−B(uN )

〉

+
∥

∥eNt
∥

∥

p−2〈
eNt , f(u)− f(PNu)

〉

+
∥

∥eNt
∥

∥

p−2〈
eNt , f(PNu)− f(uN )

〉

=: −
∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 + I1 + I2 + I3 + I4.

For I1, by (3.4),

1

2
ab ≤ 1

4
a2 +

1

4
b2,

1

4
ap−2b2 ≤ p− 2

4p
ap +

1

2p
bp, a, b ≥ 0, p ≥ 2,

we obtain

I1 ≤ 1

2

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

Ḣ1‖(u+ PNu)(u− PNu)‖

≤ 1

4

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
1

4

∥

∥eNt
∥

∥

p−2‖(u+ PNu)(u− PNu)‖2

≤ 1

4

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
p− 2

4p

∥

∥eNt
∥

∥

p
+

1

2p
‖(u+ PNu)(u− PNu)‖p

≤ 1

4

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
p− 2

4p

∥

∥eNt
∥

∥

p
+ C

(

‖u‖pL∞ + ‖PNu‖pL∞

)

‖(I − PN )u‖p.

By using ap−1b ≤ (p− 1)ap/p+ bp/p and (2.1), we get

I3 =
∥

∥eNt
∥

∥

p−2〈
eNt , f(u)− f(PNu)

〉

≤
∥

∥eNt
∥

∥

p−1‖f(u)− f(PNu)‖

≤ p− 1

p

∥

∥eNt
∥

∥

p
+

1

p
‖f(u)− f(PNu)‖p

≤ p− 1

p

∥

∥eNt
∥

∥

p
+ C

(

‖u‖2pL∞ + ‖PNu‖2pL∞ + 1
)

‖u− PNu‖p.

Furthermore, through Lemma 2.1, we have

I2 + I4 =
∥

∥eNt
∥

∥

p−2〈
PNu− uN , B(PNu)−B(uN ) + f(PNu)− f(uN)

〉

≤ 1

2

∥

∥eNt
∥

∥

p−2∥
∥PNu− uN

∥

∥

2

Ḣ1 + C
∥

∥eNt
∥

∥

p−2∥
∥PNu− uN

∥

∥

2

=
1

2

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 + C
∥

∥eNt
∥

∥

p
.

Putting the estimates of Ii, i = 1, 2, 3, 4 together, we obtain

1

p

d

dt

∥

∥eNt
∥

∥

p ≤ −
∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
1

2

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 + C
∥

∥eNt
∥

∥

p

+
1

4

∥

∥eNt
∥

∥

p−2∥
∥eNt

∥

∥

2

Ḣ1 +
p− 2

4p

∥

∥eNt
∥

∥

p



46 Y.B. WANG, W.R. CAO AND Y.Z. CAO

+ C
(

‖u(t)‖pL∞ + ‖PNu(t)‖pL∞

)

‖(I − PN )u(t)‖p

+
p− 1

p

∥

∥eNt
∥

∥

p
+ C

(

‖u(t)‖2pL∞ + ‖PNu(t)‖2pL∞ + 1
)

‖(I − PN )u(t)‖p.

Through Hölder’s inequality, (3.1), (2.10) and Lemma 3.2 with γ = (p− 1)/(2p), we get

E
[∥

∥eNt
∥

∥

p] ≤ C

∫ t

0

E
[∥

∥eNs
∥

∥

p]
ds

+ C

∫ t

0

(

E

[

‖u(s)‖4pL∞ + ‖PNu(s)‖4pL∞ + 1
])

1
2

λ
−α

2 p

N+1

(

E

[

‖u(s)‖2p
Ḣα

])
1
2

ds

≤ C

∫ t

0

E
[
∥

∥eNs
∥

∥

p]
ds+ Cλ

−α
2 p

N+1 sup
t∈[0,T ]

‖u(t)‖p
L2p(Ω;Ḣα)

×
∫ t

0

(

‖u0‖6pL12p(Ω;L∞) + s
(2γ−1)p

2 ‖u0‖2pL4p(Ω;Ḣγ )
+ 1
)

ds

≤ C

∫ t

0

E
[∥

∥eNs
∥

∥

p]
ds+ Cλ

−α
2 p

N+1

(

‖u0‖12pL12p(Ω;L∞) + ‖u0‖4pL4p(Ω;Ḣmax{α,(p−1)/2p})
+ 1
)

.

Finally, the desired result follows from Gronwall’s inequality. �

4. Fully Discrete Tamed Exponential Integrator Scheme and Error

Estimates

We use the tamed exponential integrator method for the temporal discretizaiton. To this

end, for M ∈ N, we take a uniform partition on [0, T ]: 0 = t0 < t1 < · · · < tM−1 < tM = T ,

where tm = mτ,m = 0, 1, 2, . . . ,M and τ = T/M is the temporal step size. Under this

uniform partition, we define a fully spatio-temporal discretization, such that uN0 = PNu0 and

for m = 0, 1, 2, . . . ,M − 1,

uNm+1 = SN (τ)uNm +
A−1

N

(

I − SN (τ)
)

BN

(

uNm
)

1 + τ
∥

∥

(

uNm
)2∥
∥

+
A−1

N

(

I − SN (τ)
)

fN
(

uNm
)

1 + τ
∥

∥fN
(

uNm
)∥

∥

+

∫ tm+1

tm

SN (tm+1 − s)dW (s), (4.1)

where AN = PNA and A−1
N φk = λ−1

k φk, k = 1, 2, . . . , N,BN = PNB is defined by (3.3) and

fN = PNf . Equivalently,

uNm+1 = SN(τ)uNm +

∫ tm+1

tm

SN (tm+1 − s)BN

(

uNm
)

1 + τ
∥

∥

(

uNm
)2∥
∥

ds

+

∫ tm+1

tm

SN (tm+1 − s)fN
(

uNm
)

1 + τ
∥

∥fN
(

uNm
)∥

∥

ds+

∫ tm+1

tm

SN (tm+1 − s)dW (s). (4.2)

The tamed approach for the SBHE, distinct from the truncated method used for SBEs as

demonstrated in previous works [17,18,20], enables us to establish the boundedness of moments

of the numerical approximation and obtain the convergence rate of the proposed scheme. This

will be the focus of our discussion in the remainder of this section.



Strong Convergence of an Explicit Full-discrete Scheme for Stochastic Burgers-Huxley Equation 47

4.1. Estimate of a perturbed differential equation

The essential step to obtain the temporal convergence rate is establishing the boundedness

of moments of the full-discrete solution. For this purpose, similar to [31], we introduce the

so-called perturbed differential equation for w : [0, T ] → HN given z ∈ Lp([0, T ];Lq(U)) as

follows:
dw

dt
= −ANw +BN (w + z) + fN (w + z), w(0) = 0.

The mild solution of the above equation is given by

w(t) =

∫ t

0

SN(t− s)BN

(

w(s) + z(s)
)

ds+

∫ t

0

SN(t− s)fN
(

w(s) + z(s)
)

ds. (4.3)

For q ≥ 2 and t ∈ [0, T ], introduce the norm

‖z‖Lq(U×[0,t]) :=

(
∫ t

0

‖z(s)‖qLq(U)ds

)

1
q

(sometimes we write ‖z‖Lq for short). The following lemma shows that the L∞-norm of w(t)

can be controlled by the L18(U×[0, t])-norm of z(t), which is essential to derive the boundedness

of moments of the full-discrete solution.

Lemma 4.1. Under Assumption 2.1, for z ∈ L
18(U × [0, t]) and w ∈ HN given by (4.3), there

exists a positive constant C independent of N such that

‖w(t)‖L∞ ≤ C
(

1 + ‖z‖18
L18(U×[0,t])

)

, ∀ t ∈ [0, T ]. (4.4)

Proof. Since w(0) = 0, (4.4) is obviously true when t = 0. In the following, we split the

proof of (4.4) for t > 0 into four parts.

Part 1. In this part, we prove that

‖w(t)‖ ≤ C
(

‖z‖2
L4(U×[0,t]) + 1

)

, ∀ t ∈ [0, T ], (4.5)

where the constant C depends on T , θ and ν but is independent of N . By using the identity

1

2

d

dt
‖w‖2 =

〈

w,
d

dt
w

〉

,

(3.4) and ab/2 ≤ a2 + b2/16, we have

1

2

d

dt
‖w‖2 = 〈w,−Aw + PNB(w + z) + PNf(w + z)〉

≤ −‖w‖2
Ḣ1 + ‖w‖2

Ḣ1 +
1

16
‖(w + z)2‖2 + 〈w, f(w + z)〉. (4.6)

Since for ν > 1/6,
3

8
− 3ν < 0, 2ν − 1

4
>
∣

∣

∣

1

4
− ν
∣

∣

∣
,

a straightforward calculation gives

1

16
‖(w + z)2‖2 + 〈w, f(w + z)〉
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=

∫ 1

0

((

1

16
− ν

)

w4 +

(

1

4
− 3ν

)

w3z +

(

3

8
− 3ν

)

w2z2 +

(

1

4
− ν

)

wz3 +
1

16
z4
)

dx

+

∫ 1

0

(

ν(1 + θ)w3 + 2ν(1 + θ)w2z + ν(1 + θ)wz2 − νθw2 − νθwz
)

dx

≤
(

1

16
− ν

)

‖w‖4L4 +

(

3ν − 1

4

)

‖w‖3L4‖z‖L4 +

(

2ν − 1

4

)

‖w‖L4‖z‖3L4 +
1

16
‖z‖4L4

+ ν(1 + θ)
(

‖w‖3L4 + 2‖w‖2L4‖z‖L4 + ‖w‖L4‖z‖2L4

)

+ νθ
(

‖w‖2L4 + ‖w‖L4‖z‖L4

)

. (4.7)

For any fixed t > 0, we claim that

‖w‖L4(U×[0,t]) ≤ 5‖z‖L4(U×[0,t]) or ‖w‖L4(U×[0,t]) ≤ 10t
1
4 max

{

1 + θ,
√
θ
}

.

If this claim is false, namely there exists some t ∈ (0, T ] such that

‖z‖L4(U×[0,t]) <
1

5
‖w‖L4(U×[0,t]) and ‖w‖L4(U×[0,t]) > 10t

1
4 (1+θ) and ‖w‖L4(U×[0,t]) > 100t

1
2 θ,

then for ν > 1/6, by Hölder’s inequality, (4.6) and (4.7), we have

0 ≤ 1

2
‖w(t)‖2 ≤

(

1

16
− ν

)

‖w‖4
L4 +

(

3ν − 1

4

)

‖w‖3
L4‖z‖L4 +

(

2ν − 1

4

)

‖w‖L4‖z‖3
L4+

1

16
‖z‖4

L4

+ ν(1 + θ)‖w‖3
L4t

1
4 + 2ν(1 + θ)‖w‖2

L4‖z‖L4t
1
4 + ν(1 + θ)‖w‖L4‖z‖2

L4t
1
4

+ νθ‖w‖2
L4t

1
2 + νθ‖w‖L4‖z‖L4t

1
2

<

(

1

16
− ν

)

‖w‖4
L4 +

1

5

(

3ν − 1

4

)

‖w‖4
L4+

1

125

(

2ν−1

4

)

‖w‖4
L4+

1

16
× 1

625
‖w‖4

L4

+
ν

10
‖w‖4

L4 +
ν

25
‖w‖4

L4 +
ν

250
‖w‖4

L4 +
ν

100
‖w‖4

L4 +
ν

500
‖w‖4

L4

<

(

− 57

250
ν +

1

80

)

‖w‖4
L4 < 0,

which leads to a contradiction. Accordingly,

‖w‖L4(U×[0,t]) ≤ 5‖z‖L4(U×[0,t]) + 10T
1
4 max

{

1 + θ,
√
θ
}

≤ CT,θ

(

‖z‖L4(U×[0,t]) + 1
)

, ∀ t ∈ [0, T ], (4.8)

where the positive constant C is independent of N . From (4.6)-(4.8), we obtain (4.5).

Part 2. In this part, we establish the bound for ‖w‖2L4 as follows:

‖w(t)‖2L4 ≤ C

∫ t

0

(t− s)−
1
4−ǫ‖w(s)‖4L4ds+ C

(

‖z‖8
L6(U×[0,t]) + 1

)

, ∀ t ∈ [0, T ]. (4.9)

Through (4.3), and the fourth, fifth assertions of Lemma 3.1, we have

‖w(t)‖L4 ≤ C

∫ t

0

(t− s)−
1
2+

ǫ
2 (t− s)−

1
8−

ǫ
2 ‖w(s)‖2L4ds+ C

∫ t

0

(t− s)−
3
8 ‖w(s)‖3L3ds

+ C

∫ t

0

(t− s)−
5
8 ‖z(s)‖2L4ds+ C

∫ t

0

(t− s)−
3
8

(

‖z(s)‖3L3 + 1
)

ds, (4.10)
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where ǫ > 0 is a small number. By using the inequality ‖w‖3L3 ≤ ‖w‖‖w‖2L4 and Hölder’s

inequality, we obtain

‖w(t)‖L4 ≤ C

(
∫ t

0

(t− s)−1+ǫds

)

1
2
(
∫ t

0

(t− s)−
1
4−ǫ‖w(s)‖4L4ds

)

1
2

+ C

∫ t

0

(t− s)−
3
8 ‖w(s)‖‖w(s)‖2L4ds+ C

(
∫ t

0

(t− s)−
15
16 ds

)

2
3
(
∫ t

0

‖z(s)‖6L4ds

)

1
3

+ C

(
∫ t

0

(t− s)−
3
4 ds

)

1
2
(
∫ t

0

(

‖z(s)‖6L3 + 1
)

ds

)

1
2

≤ C

(
∫ t

0

(t− s)−
1
4−ǫ‖w(s)‖4L4ds

)

1
2

+ C

∫ t

0

(t− s)−
3
8 ‖w(s)‖‖w(s)‖2L4ds

+ C
(

‖z‖3
L6 + 1

)

. (4.11)

From (4.5), ‖z‖L4(U×[0,s]) ≤ ‖z‖L4(U×[0,t]) for s ≤ t, Hölder’s inequality and (4.8), it follows

that
∫ t

0

(t− s)−
3
8 ‖w(s)‖‖w(s)‖2L4ds

≤ C
(

‖z‖2
L4(U×[0,t]) + 1

)

(
∫ t

0

(t− s)−
3
4 ds

)

1
2
(
∫ t

0

‖w(s)‖4L4ds

)

1
2

≤ C
(

‖z‖2
L4(U×[0,t]) + 1

)

‖w‖2
L4(U×[0,t]) ≤ C

(

‖z‖4
L4(U×[0,t]) + 1

)

. (4.12)

As a consequence, substituting (4.12) into (4.11) yields (4.9).

Part 3. In this part, we show that

‖w(t)‖L4 ≤ C
(

‖z‖8
L6(U×[0,t]) + 1

)

, ∀ t ∈ [0, T ]. (4.13)

From (4.10), the inequality ‖w‖3L3 ≤ ‖w‖‖w‖2L4 and Hölder’s inequality, we know that

‖w(t)‖L4 ≤ C

∫ t

0

(t− s)−
5
8 ‖w(s)‖2L4ds+ C

∫ t

0

(t− s)−
3
8 ‖w(s)‖‖w(s)‖2L4ds

+ C

∫ t

0

(t− s)−
5
8 ‖z(s)‖2L4ds+ C

∫ t

0

(t− s)−
3
8

(

‖z(s)‖3L3 + 1
)

ds

≤ C

∫ t

0

(t− s)−
5
8 ‖w(s)‖2L4ds+ C

∫ t

0

(t− s)−
3
8 ‖w(s)‖‖w(s)‖2L4ds

+ C
(

‖z‖3
L6(U×[0,t]) + 1

)

.

Substituting (4.12) into the above estimate, then applying (4.9), we obtain

‖w(t)‖L4 ≤ C

∫ t

0

(t− s)−
5
8 ‖w(s)‖2L4ds+ C

(

‖z‖4
L4(U×[0,t]) + ‖z‖3

L6(U×[0,t]) + 1
)

≤ C

∫ t

0

(t− s)−
5
8

(
∫ s

0

(s− r)−
1
4−ǫ‖w(r)‖4L4dr

)

ds

+ C

∫ t

0

(t− s)−
5
8

(

‖z‖8
L6(U×[0,t]) + 1

)

ds+ C
(

‖z‖4
L6(U×[0,t]) + 1

)

.
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By Fubini’s theorem, a change of variable x = (s− r)/(t− r), and (4.8), we have
∫ t

0

(t− s)−
5
8

(
∫ s

0

(s− r)−
1
4−ǫ‖w(r)‖4L4dr

)

ds

=

∫ t

0

(
∫ t

r

(t− s)−
5
8 (s− r)−

1
4−ǫds

)

‖w(r)‖4L4dr

=

∫ t

0

(
∫ 1

0

(1− x)−
5
8x−

1
4−ǫdx

)

(t− r)
1
8−ǫ‖w(r)‖4L4dr

≤ T
1
8−ǫ

B

(

3

8
,
3

4
− ǫ

)

‖w‖4
L4(U×[0,t]) ≤ C

(

‖z‖4
L4(U×[0,t]) + 1

)

,

where B(· , ·) is the Beta function. This verifies (4.13).

Part 4. In the last part, we use the results obtained in the first three parts to derive the

desired conclusion of the lemma. Using (3.7) with γ = 0, the third assertion of Lemma 3.1,

(2.4) with ς = 0, Hölder’s inequality and the fact that for s ≤ t,

‖w(s)‖2L4 ≤ C
(

‖z‖16
L6(U×[0,t]) + 1

)

, ‖w(s)‖ ≤ C
(

‖z‖2
L4(U×[0,t]) + 1

)

,

we have

‖w(t)‖L∞ ≤ C

∫ t

0

(t− s)−
3
4

(

‖w(s)‖2L4 + ‖z(s)‖2L4

)

ds

+ C

∫ t

0

(t− s)−
1
2

(

1 + ‖w(s)‖‖w(s)‖2L4 + ‖z(s)‖3L3

)

ds

≤ C

∫ t

0

(t− s)−
3
4

(

1 + ‖z‖16
L6(U×[0,t]) + ‖z(s)‖2L4

)

ds

+ C

∫ t

0

(t− s)−
1
2

(

1 + ‖z‖2
L4(U×[0,t])‖z‖16L6(U×[0,t]) + ‖z(s)‖3L3

)

ds

≤ C
(

1 + ‖z‖18
L18(U×[0,t])

)

,

which completes the proof. �

4.2. Boundedness of moments of the full-discrete approximations

Recall that τ = T/M is the uniform temporal step size. Define κ(t) := τ⌊t/τ⌋ for t ∈ [0, T ],

where ⌊·⌋ is the floor function. In other words,

κ(t) = ti = iτ, t ∈ [ti, ti+1), i ∈ {0, 1, . . . ,M − 1}.

With κ(t) defined above, we introduce a continuous version of the fully discrete scheme (4.2)

as follows:

uN,τ
t = SN (t)uN0 +

∫ t

0

SN (t− s)BN

(

uN,τ
κ(s)

)

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

ds+

∫ t

0

SN (t− s)fN
(

uN,τ
κ(s)

)

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥

ds+ON
t . (4.14)

It is clear that if t = tm, then uN,τ
tm produced by (4.14) is equal to uNm given by (4.2). We

additionally introduce a sequence of decreasing subevents

ΩR,ti :=
{

ω ∈ Ω : sup
j=0,1,...,i

∥

∥uNj
∥

∥

L∞ ≤ R
}

, R ∈ (0,∞), i ∈ {0, 1, . . . ,M}.
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By IΩ̃ we denote the indicator function of set Ω̃. According to the definition of ΩR,ti , we know

that IΩR,ti
is Fti-measurable and IΩR,ti

≤ IΩR,tj
for ti ≥ tj . Next we show the boundedness

of p-th moment of ‖uNi ‖L∞ on subevents ΩR,ti and Ωc
R,ti

, and thus on the whole Ω. For this

purpose, we make an additional assumption on the initial value PNu0.

Assumption 4.1. For the sufficiently large p̃ ∈ N, the initial value u0 satisfies

‖PNu0‖Lp̃(Ω;L∞) <∞.

Lemma 4.2. Let p ≥ 2 and Rτ := τ−α/4 with α ∈ (0, 1/2). Under Assumptions 2.1, 2.2 and

4.1, it holds that

sup
M,N∈N

sup
i=0,1,...,M

E

[

IΩRτ ,ti−1

∥

∥uNi
∥

∥

p

L∞

]

<∞,

where uNi is the full-discrete solution given by (4.2) and we set IΩRτ ,t−1
= 1.

Proof. We first rewrite (4.14) as

uN,τ
t =

∫ t

0

SN (t− s)BN

(

uN,τ
s

)

ds+

∫ t

0

SN (t− s)fN
(

uN,τ
s

)

ds+ Zt, (4.15)

where Zt : [0, T ]× Ω → HN is given by

Zt := SN (t)uN0 +

∫ t

0

SN (t− s)
(

BN

(

uN,τ
κ(s)

)

−BN

(

uN,τ
s

)

)

ds

+

∫ t

0

SN (t−s)
(

BN

(

uN,τ
κ(s)

)

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

−BN

(

uN,τ
κ(s)

)

)

ds

+

∫ t

0

SN (t− s)
(

fN
(

uN,τ
κ(s)

)

− fN
(

uN,τ
s

)

)

ds

+

∫ t

0

SN (t− s)

(

fN
(

uN,τ
κ(s)

)

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)
∥

∥

− fN
(

uN,τ
κ(s)

)

)

ds+ON
t .

Denote vt := uN,τ
t − Zt with v0 = 0. Then (4.15) is equivalent to

vt =

∫ t

0

SN (t− s)BN (vs + Zs)ds+

∫ t

0

SN (t− s)fN (vs + Zs)ds.

According to (4.4), we have

‖vt‖L∞ ≤ C
(

1 + ‖Z‖18
L18(U×[0,t])

)

, ∀ t ∈ [0, T ].

Consequently, for any i ∈ {0, 1, . . . ,M}, we get

E

[

IΩRτ ,ti−1
‖vti‖pL∞

]

≤ C
(

1 + E

[

IΩRτ ,ti−1
‖Z‖18p

L18p(U×[0,ti])

])

≤ C

(

1 + E

[

IΩRτ ,ti−1

∫ ti

0

‖Zs‖18pL∞ds

])

. (4.16)

Recalling uNi = vti + Zti , thus, it suffices to estimate IΩRτ ,ti−1
‖Zs‖L∞ to obtain the desired

conclusion. To begin with, we claim that for r ∈ [0, ti),

IΩR,ti−1

∥

∥uN,τ
r

∥

∥

L∞ ≤ C
(

1 +R+ τ
1
4R2 + τ

3
4R3 +

∥

∥ON
r

∥

∥

L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)

. (4.17)
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In fact, by the definition of ΩR,ti−1 , we know that for r ∈ [0, ti),

IΩR,ti−1

∥

∥uN,τ
κ(r)

∥

∥

L∞ ≤ R.

Moreover, noting that
∫ r

κ(r)

SN (r − u)dW (u) = ON
r − S

(

r − κ(r)
)

ON
κ(r),

we have

uN,τ
r = SN

(

r − κ(r)
)

uN,τ
κ(r) +

∫ r

κ(r)

SN (r − u)BN

(

uN,τ
κ(u)

)

1 + τ
∥

∥uN,τ
κ(u)

∥

∥

2

L4

du

+

∫ r

κ(r)

SN (r − u)fN
(

uN,τ
κ(u)

)

1 + τ
∥

∥fN
(

uN,τ
κ(u)

)∥

∥

du +ON
r − S

(

r − κ(r)
)

ON
κ(r).

Using the fact ‖S(t)φ‖L∞ ≤ ‖φ‖L∞ , (3.7) with γ = 0 and (2.4) with ς = 0, we have

IΩR,ti−1

∥

∥uN,τ
r

∥

∥

L∞ ≤ IΩR,ti−1

(

∥

∥uN,τ
κ(r)

∥

∥

L∞ + C

∫ r

κ(r)

(r − u)−
3
4

∥

∥uN,τ
κ(u)

∥

∥

2

L4du

+

∫ r

κ(r)

(r − u)−
1
4

∥

∥fN
(

uN,τ
κ(u)

)∥

∥du+
∥

∥ON
r

∥

∥

L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)

≤ C
(

1 +R+ τ
1
4R2 + τ

3
4R3 +

∥

∥ON
r

∥

∥

L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)

,

which verifies (4.17). In view of the representation of Zs, for s ∈ [0, ti] with i = 0, 1, . . . ,M , we

have

IΩRτ ,ti−1
‖Zs‖L∞ ≤

∥

∥SN (s)uN0
∥

∥

L∞ +
∥

∥ON
s

∥

∥

L∞

+ IΩRτ ,ti−1

∫ s

0

∥

∥

∥
SN (s− r)

(

BN

(

uN,τ
r

)

−BN

(

uN,τ
κ(r)

)

)∥

∥

∥

L∞
dr

+ IΩRτ ,ti−1

∫ s

0

τ
∥

∥uN,τ
κ(r)

∥

∥

2

L4

∥

∥SN (s− r)BN

(

uN,τ
κ(r)

)∥

∥

L∞dr

+ IΩRτ ,ti−1

∫ s

0

∥

∥

∥
SN (s− r)

(

fN
(

uN,τ
r

)

− fN
(

uN,τ
κ(r)

)

)∥

∥

∥

L∞
dr

+ IΩRτ ,ti−1

∫ s

0

τ
∥

∥fN
(

uN,τ
κ(r)

)∥

∥

∥

∥SN (s− r)fN
(

uN,τ
κ(r)

)∥

∥

L∞dr

=:
∥

∥SN (s)uN0
∥

∥

L∞ +
∥

∥ON
s

∥

∥

L∞ + J1 + J2 + J3 + J4.

For J1, through (3.7) with γ = 0, (2.4) with ς = 0,

‖u2 − v2‖ ≤ C (‖u‖L∞ + ‖v‖L∞) ‖u− v‖

and (4.17), it holds that

J1 ≤ CIΩRτ ,ti−1

∫ s

0

(s− r)−
3
4

(

∥

∥uN,τ
r

∥

∥

L∞ +
∥

∥uN,τ
κ(r)

∥

∥

L∞

)

∥

∥uN,τ
r − uN,τ

κ(r)

∥

∥dr

≤ CIΩRτ ,ti−1

∫ s

0

(s− r)−
3
4

(

1 +Rτ + τ
1
4 (Rτ )2 + τ

3
4 (Rτ )3

+
∥

∥ON
r

∥

∥

L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)

∥

∥uN,τ
r − uN,τ

κ(r)

∥

∥dr.
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Since

uN,τ
r − uN,τ

κ(r) =
(

SN (r) − SN

(

κ(r)
))

uN0 +

∫ r

0

SN (r − u)
BN

(

uN,τ
κ(u)

)

1 + τ
∥

∥uN,τ
κ(u)

∥

∥

2

L4

du

−
∫ κ(r)

0

SN

(

κ(r) − u
)

BN

(

uN,τ
κ(u)

)

1 + τ
∥

∥uN,τ
κ(u)

∥

∥

2

L4

du+

∫ r

0

SN (r − u)
fN
(

uN,τ
κ(u)

)

1 + τ
∥

∥fN
(

uN,τ
κ(u)

)∥

∥

du

−
∫ κ(r)

0

SN

(

κ(r) − u
)

fN
(

uN,τ
κ(u)

)

1 + τ
∥

∥fN
(

uN,τ
κ(u)

)∥

∥

du+ON
r −ON

κ(r),

using (2.5) with β = 0 and γ = 3/4, (2.4) with ς = 0, (2.2) with γ = 0 and (2.3) with ρ = 3/4,

we obtain

IΩR,ti−1

∥

∥uN,τ
r − uN,τ

κ(r)

∥

∥

≤ Cτ
α
2

∥

∥uN0
∥

∥

Ḣα + CR2
(

τ
1
2 + τ

3
8

)

+ C(1 +R3)
(

τ
3
4 + τ

)

+
∥

∥ON
r −ON

κ(r)

∥

∥.

Taking R = Rτ in the above estimation yields

J1 ≤ C

∫ s

0

(s− r)−
3
4

(

1 +Rτ + τ
1
4 (Rτ )2 + τ

3
4 (Rτ )3 +

∥

∥ON
r

∥

∥

L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)

×
(

τ
α
2

∥

∥uN0
∥

∥

Ḣα + C(Rτ )2
(

τ
1
2 + τ

3
8

)

+ C
(

1 + (Rτ )3
)(

τ
3
4 + τ

)

+
∥

∥ON
r −ON

κ(r)

∥

∥

)

dr.

Combining with (3.6) and (2.7), and noting that Rτ = τ−α/4 with α ∈ (0, 1/2), we obtain

‖J1‖L18p(Ω;R) ≤ C
(

1 + τ−
α
4 + τ

1
4−

α
2 + τ

3
4−

3α
4

)

×
(

τ
α
2

∥

∥uN0
∥

∥

L18p(Ω;Ḣα)
+ C

(

τ
1
2−

α
2 + τ

3
8−

α
2

)

+ C
(

1 + τ−
3α
4

)(

τ
3
4 + τ

)

+ τ
α
2

)

≤ C
(

1 +
∥

∥uN0
∥

∥

L18p(Ω;Ḣα)

)

.

For J2, by (3.7) with γ = 0, (2.4) with ς = 0, τa/(1 + τa) ≤ τa for a ≥ 0, and recalling

Rτ = τ−α/4, we have

J2 ≤ CτIΩRτ ,ti−1

∫ s

0

(s− r)−
3
4

∥

∥uN,τ
κ(r)

∥

∥

2

L4

∥

∥uN,τ
κ(r)

∥

∥

2

L4dr ≤ Cτ(Rτ )4 = Cτ1−α ≤ C.

For J3 and J4, following similar steps as in the estimates of J1 and J2, we can obtain

J3 ≤ C

∫ s

0

(s− r)−
1
4

(

1 +Rτ + τ
1
4 (Rτ )2 + τ

3
4 (Rτ )3 + ‖ON

r ‖L∞ +
∥

∥ON
κ(r)

∥

∥

L∞

)2

×
(

τ
α
2

∥

∥uN0
∥

∥

Ḣα + C(Rτ )2
(

τ
1
2 + τ

3
8

)

+ C
(

1 + (Rτ )3
)(

τ
3
4 + τ

)

+
∥

∥ON
r −ON

κ(r)

∥

∥

)

dr,

J4 ≤ CτIΩRτ ,ti−1

∫ s

0

(s− r)−
1
4

∥

∥f
(

uN,τ
κ(r)

)∥

∥

2
dr ≤ Cτ(Rτ )6.

By noting that Rτ = τ−α/4, we obtain ‖J3‖L18p(Ω;R) ≤ C and ‖J4‖L18p(Ω;R) ≤ C.

Finally, combining the estimates J1-J4, for any s ∈ [0, ti], we have

E

[

IΩRτ ,ti−1
‖Zs‖18pL∞

]

<∞.

This, together with uNi = vti + Zti and (4.16), leads to the desired conclusion. �
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Lemma 4.3. Under Assumptions 2.1, 2.2 and 4.1, for p ≥ 2, we have

sup
M,N∈N

sup
i=0,1,...,M

E
[∥

∥uNi
∥

∥

p

L∞

]

<∞.

Proof. By using (4.14), (3.7) with γ = 0, (2.2), (2.4) with ς = 0 and a/(1 + τa) ≤ τ−1 for

a ≥ 0, we have

∥

∥uN,τ
tm

∥

∥

L∞ ≤ C
∥

∥uN0
∥

∥

L∞ + C

∫ tm

0

(tm − s)−
3
4

∥

∥uN,τ
κ(s)

∥

∥

2

L4

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

ds

+ C

∫ tm

0

(tm − s)−
1
4

∥

∥fN
(

uN,τ
κ(s)

)
∥

∥

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥

ds+
∥

∥ON
tm

∥

∥

L∞

≤ C
∥

∥uN0
∥

∥

L∞ + Ct
1
4
mτ

−1 + Ct
3
4
mτ

−1 +
∥

∥ON
tm

∥

∥

L∞ ,

which implies that

∥

∥uN,τ
tm

∥

∥

Lp(Ω;L∞)
≤ C(1 + τ−1), ∀m ∈ {0, 1, 2, . . . ,M}. (4.18)

Next we will prove the boundedness of E[IΩc
Rτ ,ti

‖uNi ‖pL∞ ]. By the definition of ΩR,ti , it holds

that

Ωc
Rτ ,ti = Ωc

Rτ ,ti−1
∪
(

ΩRτ ,ti−1 ∩
{

ω ∈ Ω :
∥

∥uNi
∥

∥

L∞ > Rτ
})

.

By recursion, we can get

IΩc
Rτ ,ti

= IΩc
Rτ ,ti−1

+ IΩRτ ,ti−1
I{‖uN

i ‖L∞>Rτ} =

i
∑

j=0

IΩRτ ,tj−1
I{‖uN

j ‖L∞>Rτ},

where IΩc
Rτ ,t−1

= 0 and IΩRτ ,t−1
= 1. Through Hölder’s inequality, (4.18) and Markov’s in-

equality, and recalling Rτ = τ−α/4, we have, by Lemma 4.2,

E

[

IΩc
Rτ ,ti

∥

∥uNi
∥

∥

p

L∞

]

=

i
∑

j=0

E

[

IΩRτ ,tj−1
I{‖uN

j ‖L∞>Rτ}

∥

∥uNi
∥

∥

p

L∞

]

≤
i
∑

j=0

(

E

[

∥

∥uNi
∥

∥

2p

L∞

])
1
2
(

E

[

IΩRτ ,tj−1
I{‖uN

j ‖L∞>Rτ}

])
1
2

≤ C(1 + τ−p)

i
∑

j=0

(

P

(

ω ∈ Ω : IΩRτ ,tj−1

∥

∥uNj
∥

∥

L∞ > Rτ
))

1
2

≤ C(1 + τ−p)
i
∑

j=0

(

E

[

IΩRτ ,tj−1

∥

∥uNj
∥

∥

8(p+1)
α

L∞

/

(Rτ )
8(p+1)

α

])
1
2

≤ C(1 + τ−p)

i
∑

j=0

τp+1

(

E

[

IΩRτ ,tj−1

∥

∥uNj
∥

∥

8(p+1)
α

L∞

])
1
2

<∞. (4.19)

In addition, by IΩRτ ,ti
≤ IΩRτ ,ti−1

and Lemma 4.2, we have

sup
M,N∈N

sup
i=0,1,...,M

E

[

IΩRτ ,ti

∥

∥uNi
∥

∥

p

L∞

]

<∞. (4.20)

The desired conclusion follows from (4.19) and (4.20). �
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Owing to the boundedness of moments of uNi proved in Lemma 4.3, then following the

similar way as in Theorem 2.2, one can derive the regularity properties of uN,τ
t .

Corollary 4.1. Under Assumptions 2.1, 2.2 and 4.1, for p ≥ 2 and α ∈ [0, 1/2), it holds that

sup
M,N∈N, t∈[0,T ]

∥

∥uN,τ
t

∥

∥

Lp(Ω;Ḣα)
+ sup

M,N∈N, t∈[0,T ]

∥

∥uN,τ
t

∥

∥

Lp(Ω;L∞)
<∞,

where uN,τ
t is given by (4.14). Furthermore, there exists a positive constant C independent of

N and τ such that

∥

∥uN,τ
t − uN,τ

s

∥

∥

Lp(Ω;H)
≤ C(t− s)

α
2 , 0 ≤ s < t ≤ T.

We are now ready to prove the main result of the paper.

Theorem 4.1. Let u(t) and uN,τ
t be given by (2.8) and (4.14), respectively. Under Assump-

tions 2.1, 2.2, 4.1, for p ≥ 2 and α ∈ [0, 1/2), it holds that

sup
t∈[0,T ]

∥

∥u(t)− uN,τ
t

∥

∥

Lp(Ω;H)
≤ C

(

λ
−α

2

N+1 + τ
α
2

)

≤ C
(

N−α + τ
α
2

)

, (4.21)

where the positive constant C is independent of N and τ . Note that uN,τ
tm = uNm when t = tm,

hence it certainly holds that

sup
0≤m≤M

∥

∥u(tm)− uNm
∥

∥

Lp(Ω;H)
≤ C

(

N−α + τ
α
2

)

,

where uNm is given by (4.1).

Proof. Denote Et := uN(t)− uN,τ
t . Then by Theorem 3.1,

∥

∥u(t)− uN,τ
t

∥

∥

Lp(Ω;H)
≤ ‖u(t)− uN(t)‖Lp(Ω;H) + ‖Et‖Lp(Ω;H)

≤ Cλ
−α

2

N+1 + ‖Et‖Lp(Ω;H). (4.22)

It suffices to estimate ‖Et‖Lp(Ω;H). Note that Et solves

d

dt
Et = −ANEt +BN

(

uN (t)
)

−
BN

(

uN,τ
κ(t)

)

1 + τ
∥

∥uN,τ
κ(t)

∥

∥

2

L4

+ fN
(

uN (t)
)

−
fN
(

uN,τ
κ(t)

)

1 + τ
∥

∥fN
(

uN,τ
κ(t)

)
∥

∥

.

By using
d

dt
‖Et‖p = p‖Et‖p−2

〈

Et,
d

dt
Et
〉

,

we have

‖Et‖p = p

∫ t

0

‖Es‖p−2

〈

Es,−AEs +BN

(

uN(s)
)

−
BN

(

uN,τ
κ(s)

)

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

+ fN
(

uN(s)
)

−
fN
(

uN,τ
κ(s)

)

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥

〉

ds.
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Through Lemma 2.1, we can get

〈

Es, BN

(

uN(s)
)

−BN

(

uN,τ
s

)

+ fN
(

uN(s)
)

− fN
(

uN,τ
s

)〉

≤ 1

2

∥

∥uN(s)− uN,τ
s

∥

∥

2

Ḣ1 + C
∥

∥uN(s)− uN,τ
s

∥

∥

2
=

1

2
‖Es‖2Ḣ1 + C‖Es‖2,

which implies that

‖Et‖p = p

∫ t

0

‖Es‖p−2

〈

Es,−AEs +BN

(

uN(s)
)

−BN

(

uN,τ
s

)

+BN

(

uN,τ
s

)

−BN

(

uN,τ
κ(s)

)

+BN

(

uN,τ
κ(s)

)

−
BN

(

uN,τ
κ(s)

)

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

+ fN
(

uN(s)
)

−fN
(

uN,τ
s

)

+fN
(

uN,τ
s

)

− fN
(

uN,τ
κ(s)

)

+ fN
(

uN,τ
κ(s)

)

−
fN
(

uN,τ
κ(s)

)

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥

〉

ds

≤ p

∫ t

0

‖Es‖p−2

(

1

2
‖Es‖2Ḣ1 + C‖Es‖2 + 〈Es,−AEs〉

)

ds

+ p

∫ t

0

‖Es‖p−2

〈

Es, BN

(

uN,τ
s

)

−BN

(

uN,τ
κ(s)

)

+
τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4BN

(

uN,τ
κ(s)

)

1 + τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4

+ fN
(

uN,τ
s

)

− fN
(

uN,τ
κ(s)

)

+
τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥fN
(

uN,τ
κ(s)

)

1 + τ
∥

∥fN
(

uN,τ
κ(s)

)∥

∥

〉

ds

=: −p
2

∫ t

0

‖Es‖p−2‖Es‖2Ḣ1ds+ C

∫ t

0

‖Es‖pds+K1 +K2 +K3 +K4.

For K1, by using (3.4), ab ≤ a2/6+ 3b2/2 and ap−2b2 ≤ (p− 2)ap/p+ 2bp/p with a, b ≥ 0, and

‖u2 − v2‖p ≤ 2p−1
(

‖u‖pL∞ + ‖v‖pL∞

)

‖u− v‖p,

we have

K1 ≤ p

2

∫ t

0

‖Es‖p−2‖Es‖Ḣ1

∥

∥

(

uN,τ
s

)2 −
(

uN,τ
κ(s)

)2∥
∥ds

≤ p

2

∫ t

0

‖Es‖p−2

(

1

6
‖Es‖2Ḣ1 +

3

2

∥

∥

(

uN,τ
s

)2 −
(

uN,τ
κ(s)

)2∥
∥

2
)

ds

≤ p

12

∫ t

0

‖Es‖p−2‖Es‖2Ḣ1ds+
3(p− 2)

4

∫ t

0

‖Es‖pds

+ C

∫ t

0

(

∥

∥uN,τ
s

∥

∥

p

L∞ +
∥

∥uN,τ
κ(s)

∥

∥

p

L∞

)

∥

∥uN,τ
s − uN,τ

κ(s)

∥

∥

p
ds.

By Hölder’s inequality and Corollary 4.1, we obtain

E[K1] ≤
p

12

∫ t

0

E
[

‖Es‖p−2‖Es‖2Ḣ1

]

ds+
3(p− 2)

4

∫ t

0

E
[

‖Es‖p
]

ds

+ C

∫ t

0

(

E

[

∥

∥uN,τ
s

∥

∥

2p

L∞ +
∥

∥uN,τ
κ(s)

∥

∥

2p

L∞

])
1
2
(

E

[

∥

∥uN,τ
s − uN,τ

κ(s)

∥

∥

2p
])

1
2

ds

≤ p

12

∫ t

0

E
[

‖Es‖p−2‖Es‖2Ḣ1

]

ds+
3(p− 2)

4

∫ t

0

E
[

‖Es‖p
]

ds+ Cτ
αp
2 .
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For K2, from (3.4) and Young’s inequality, we have

K2 ≤
p

2

∫ t

0

τ
∥

∥uN,τ
κ(s)

∥

∥

2

L4‖Es‖p−2‖Es‖Ḣ1

∥

∥uN,τ
κ(s)

∥

∥

2

L4ds

≤ p

2

∫ t

0

‖Es‖p−2

(

1

6
‖Es‖2Ḣ1 +

3

2
τ2
∥

∥uN,τ
κ(s)

∥

∥

8

L4

)

ds

≤ p

12

∫ t

0

‖Es‖p−2‖Es‖2Ḣ1ds+
3(p− 2)

4

∫ t

0

‖Es‖pds+
3

2

∫ t

0

τp
∥

∥uN,τ
κ(s)

∥

∥

4p

L4ds.

It follows from Corollary 4.1 that

E[K2] ≤
p

12

∫ t

0

E
[

‖Es‖p−2‖Es‖2Ḣ1

]

ds+ C

∫ t

0

E
[

‖Es‖p
]

ds+ Cτp.

By pab ≤ (p− 1)ap/(p−1) + bp, (2.1), Hölder’s inequality and Corollary 4.1, we have

E[K3] ≤ p

∫ t

0

E

[

‖Es‖p−1
∥

∥f(uN,τ
s )− f

(

uN,τ
κ(s)

)∥

∥

]

ds

≤ (p− 1)

∫ t

0

E [‖Es‖p] ds+ C

∫ t

0

E

[(

1 +
∥

∥uN,τ
s

∥

∥

2

L∞ +
∥

∥uN,τ
κ(s)

∥

∥

2

L∞

)p
∥

∥uN,τ
s − uN,τ

κ(s)

∥

∥

p
]

ds

≤ (p− 1)

∫ t

0

E
[

‖Es‖p
]

ds+ Cτ
αp
2 .

For K4, it follows from pab ≤ (p− 1)ap/(p−1) + bp, (2.1) and Corollary 4.1 that

E[K4] ≤ pτ

∫ t

0

E

[

‖Es‖p−1
∥

∥f
(

uN,τ
κ(s)

)∥

∥

2
]

ds

≤ (p− 1)

∫ t

0

E
[

‖Es‖p
]

ds+ τp
∫ t

0

E

[

∥

∥f
(

uN,τ
κ(s)

)∥

∥

2p
]

ds

≤ C

∫ t

0

E
[

‖Es‖p
]

ds+ τp
∫ t

0

(

∥

∥uN,τ
κ(s)

∥

∥

6p

L6p(Ω;L6)
+ 1
)

ds

≤ C

∫ t

0

E
[

‖Es‖p
]

ds+ Cτp.

Putting the estimates K1-K4 together, we obtain

E
[

‖Et‖p
]

≤ C

∫ t

0

E
[

‖Es‖p
]

ds+ Cτ
αp
2 .

It follows from Gronwall’s inequality that ‖Et‖Lp(Ω;H) ≤ Cτα/2, which, together with (4.22),

leads to the desired conclusion. �

5. Numerical Experiment

In this section, we present a numerical experiment to verify the theoretical results. Consider

the following SBHE driven by a space-time white noise:






























∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
+ u(t, x)

∂u(t, x)

∂x

+ u(t, x)
(

1− u(t, x)
)(

u(t, x)− 0.5
)

+ Ẇ (t), t ∈ (0, 1], x ∈ (0, 1),

u(t, 0) = u(t, 1) = 0, t ∈ [0, 1],

u(0, x) = sin(πx), x ∈ (0, 1).
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The numerical mean-square errors EN,τ at the endpoint t = 1 are measured by the posteriori

estimation and the Monte-Carlo method over Mtraj sample trajectories, more precisely,

EN,τ =

(

1

Mtraj

Mtraj
∑

j=1

∥

∥uN,τ
tM (ωj)− ūN̄,τ̄

tM̄
(ωj)

∥

∥

2

)
1
2

, (5.1)

where uN,τ
tM (ωj) and ū

N̄,τ̄
tM̄

(ωj) are numerical solutions at j-th trajectory with the discretization

parameters N, τ and N̄ = N/2, τ̄ = 2τ . In every computational step, we simulate the Fourier

coefficients of the numerical solution produced by (4.1) over the basis φk(x) =
√
2 sin(kπx),

k = 1, 2, . . . . As described in [31], the stochastic convolution

∫ tm+1

tm

S(tm+1 − s)PNdW (s)

can be easily implemented by
∑N

k=1 Λkφk, where

Λk =

∫ tm+1

tm

e−(tm+1−s)λkdβk(s)

are i.i.d. N (0, σk) normally distributed variables with σk = (1− e−2τλk)/(2λk).

According to the error bound derived in Theorem 4.1, the theoretical convergence rate in

space is twice than that in time as shown in (4.21), which guides us to take the optimal step

ratio τ = N−2. The strong convergence rate is obtained by

rate =
logEN,N−2 − logEN̄,N̄−2

logN − log N̄
.

Different N and τ = N−2 are used to implement the simulation, and the results are listed in

Table 5.1. The obtained strong convergence rates are about 0.5, which agree with the theoretical

result λ
−α/2
N+1 + τα/2 ∼ N−α with α = 1/2− ǫ.

Table 5.1: Errors EN,N−2

and convergence rates of the full discretization with differentN and τ = N
−2.

N 24 25 26 27 28 Expected rate

E
N,N−2

0.0546 0.0392 0.0278 0.0198 0.0141

Rate 0.4785 0.4950 0.4930 0.4905 0.5− ǫ

6. Conclusion

We have developed a novel fully discrete tamed exponential integrator scheme to approx-

imate the SBHE driven by the space-time white noise. The scheme is explicit and easily

implementable. The primary focus of this study is to establish the rate of convergence for

the proposed scheme, with the main challenge stemming from the non-global monotonicity

of Burgers-type nonlinearity. Leveraging the monotonicity property of the cubic nonlinearity

allows us to successfully overcome this obstacle by establishing an essential estimation and

ensuring moment boundedness for both mild and approximate solutions. Looking ahead, our
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future work will involve relaxing the conditions imposed on the model parameters and con-

ducting a comprehensive convergence analysis of the tamed exponential integrator scheme for

stochastic Burgers equations.
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