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Abstract

The strong convergence of an explicit full-discrete scheme is investigated for the stochas-
tic Burgers-Huxley equation driven by additive space-time white noise, which possesses
both Burgers-type and cubic nonlinearities. To discretize the continuous problem in space,
we utilize a spectral Galerkin method. Subsequently, we introduce a nonlinear-tamed ex-
ponential integrator scheme, resulting in a fully discrete scheme. Within the framework
of semigroup theory, this study provides precise estimations of the Sobolev regularity, L>
regularity in space, and Holder continuity in time for the mild solution, as well as for its
semi-discrete and full-discrete approximations. Building upon these results, we establish
moment boundedness for the numerical solution and obtain strong convergence rates in
both spatial and temporal dimensions. A numerical example is presented to validate the

theoretical findings.
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1. Introduction

In this paper, we consider numerical approximations of the following nonlinear stochastic

partial differential equation (SPDE) driven by an additive space-time white noise:

ou(t,z)  O%u(t,x) ou(t, x)
T oW (t,)
+ru(t,z) (1 — u(t,z)) (u(t,z)—0)+ 5157 , te(0,T], zel, (1.1)
u(t,0) =wu(t,1) =0, te 0,7,
U(Oax)_uO(x)a T EU,

in which & = (0,1),v > 0 and 0 € (0,1) are parameters. {W(¢)}:>0 is a cylindrical Wiener
process. Eq. (1.1) is known as the stochastic Burgers-Huxley equation (SBHE), which shows
a prototype model for describing the interaction between the reaction mechanism, the convective
effects and diffusion transport [25,26]. The SBHE also has significant applications in biology
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to describe the nerve propagation in the nerve fiber and electro-physiology [8,34]. The well-
posedness and the regularity properties of the SBHE were established in [25,26,35]. The
SBHE (1.1) contains two types of nonlinear drift terms: u du/dz and vu(l — u)(u — 6), which
are recognized as the Burgers-type nonlinearity and the cubic nonlinearity, respectively.

When the Burgers-type nonlinearity in (1.1) disappears, the SBHE degenerates into the
stochastic Huxley equation (SHE), also known as the stochastic Allen-Cahn equation for some
adequately chosen parameters. For numerical approximations of the SHE, it is known that
the explicit Euler scheme and the linear-implicit Euler scheme (only treat the linear operator
implicitly, see [32] for more details) do not converge in the strong sense [15,16]. Lately, several
numerical methods for such nonlinear SPDEs take full advantage of the global monotone (more
precisely, one-sided Lipschitz) condition of the cubic nonlinearity, i.e.

(u—wv, f(u) = f(v)) < Cllu—v]* (1.2)

Some notable examples include the drift-implicit Euler-Galerkin scheme [24], the splitting time
discretization scheme [5,6], the truncated exponential Euler scheme [2], and the tamed acceler-
ated exponential integrator scheme [31]. For more numerical studies of monotone SPDEs, one
can refer to [9,12,14,23,28] and references therein.

When the cubic nonlinearity is not considered, i.e. v = 0, the SBHE (1.1) becomes the
stochastic Burgers equation (SBE). The well-posedness of SBEs driven by various types of
noises was studied, e.g. the additive white noise [10], the correlated noise [11] and the fractional
Brownian motion [30]. Progress on numerical methods for SBEs has also been made, for
example, the finite difference method [1,13] and the Galerkin approximation [3,4] for spatial
semi-discretization, and the full spatial-temporal discretization [3,21]. Notably, the convergence
rates obtained in the aforementioned publications are all in the pathwise sense, not in the strong
sense. For strong convergence of numerical solutions of SBEs driven by space-time white noises,
the only known work is [20], where the proposed full-discrete numerical approximations were
shown to be strongly convergent. However, no convergence rate was achieved in this work.

The primary inquiry regarding a numerical method for solving the SBHE (1.1) driven by
space-time white noise is whether it exhibits behavior similar to that of the SBE, where strong
convergence is attainable but not the convergence rate, or if it resembles the SHE, where a strong
convergence rate can be achieved. This paper aims to address this question by introducing
an explicit full-discrete scheme for solving the SBHE (1.1) driven by additive space-time white
noise and determining the strong convergence rate of the proposed scheme. Specifically, we em-
ploy the spectral Galerkin method to spatially discretize (1.1), resulting in a finite-dimensional
approximation represented through a spectral expansion. For the temporal discretization, we
implement a tamed accelerated exponential integrator scheme [19,31], which differs from the
truncated method for SBEs (see [17,18,20]). By ensuring the stability of the numerical solu-
tion through moment boundedness, we are able to establish the strong convergence rate of the
proposed scheme, as presented in Theorem 4.1, as follows:

a 1
o [ultn) = <OV 7), Vae (o, 5), (1.3)
where H := L?(U) and the positive constant C is independent of the temporal step size 7 and
the dimension of the spectral Galerkin projection space N. Here u(t,,) is the mild solution of
the SBHE and u)) is the numerical solution produced by the fully discrete scheme (4.1). (1.3)
implies that for arbitrarily small € > 0, the convergence rates of our proposed algorithm are
1/2 — € in space and 1/4 — € in time.
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As well documented in [20], for stochastic evolution equations with non-globally monotone
nonlinearity (i.e. (1.2) is not satisfied), strong convergence rates are generally not attainable
for numerical solutions derived from traditional numerical approximations. The specific nonlin-
earity exhibited by the SBE falls into this challenging category. Consequently, the absence of
a proven strong convergence rate for numerical solutions of the SBE driven by space-time white
noise should not come as a surprise. In this paper, we overcome the difficulty caused by the
Burgers-type nonlinearity of SBHEs by using the global one-sided Lipschitz condition the cubic
nonlinearity offers and applying the tamed exponential integrator scheme. This approach allows
us to establish, under a moderate assumption on the lower bound of v (v > 1/6), a generalized
monotone condition of nonlinearities in the SBHE, i.e. Lemma 2.1. This is a fundamental
property in determining the convergence rate.

The rest of this paper is organized as follows. In Section 2, we introduce a set of essential
configurations and underlying assumptions. We also present the well-posedness of the SBHE
and some regularity properties for its mild solution. In Section 3, the strong convergence rate
is obtained for spatial discretization. In Section 4, we develop a nonlinear-tamed exponential
integrator for time discretization and derive the strong convergence rates of the fully discretized
scheme. Finally, we provide a numerical example to verify the theoretical findings in Section 5.

2. Preliminary

Let (U,{(-,-)u,| - llu) be a real separable Hilbert space. We denote by L£(U) the space
consisting of all bounded linear operators on U endowed with the induced operator norm ||-|| £ (1.
A bounded linear operator T : U — U is called Hilbert-Schmidt if

1
2
1Tl asw) = (Z ||T77k||?f> < oo,

keN

where {n;}ren is an orthonormal basis of U. It is well known that the |T'||ggy does not
depend on the particular choice of orthonormal basis {nx }ren of U. Recall Y = (0,1), then by
LP(U),p > 1, we denote the space of R-valued, L? integrable functions endowed with the usual
norm | - || r@) (sometimes || - ||z» for short). When p = 2, we simply write H = L*(U) with
the inner product (-,-). Given a Banach space (V|| - ||v), we denote by LP(€; V) the space
consisting of all V-valued, LP integrable random variables, endowed with the norm

B =

HUHLP(Q;V) = (EHUHI\)/) :

Throughout this paper, we use C' to denote a generic positive constant, which may differ from
one line to another but is always independent of the discretization parameters. If necessary, we
add subscripts to the constant C' to indicate the parameters related to it.

Let —A : dom(A) € H — H be the Dirichlet Laplacian defined by —Au = Aw with
u € dom(A) := H2(U)N H}(U). Here H*(U), k € N, represents the classical Sobolev space and
HYU) = {w|lw € H'(U), w|ss = 0}. We denote by H~(U) the dual space to Hi(U), and by
(-,-)m-1, gy the pairing between H=Y(U) and H}(U). Denote the orthonormal basis of H by
{¢r(2) = V2sin(knz), x € Ulren. Then, Agp = \pdp with Ay = k?m2. The fractional powers
of A, i.e. the operator A%/2, is defined following the same way as in [22, Appendix B.2]. In this

way, we obtain a family of separable Hilbert spaces H*, s € R, by setting H® := dom(A%/?)
1/2

equipped with the inner product (u,v) . = (A%?u, A/?v) and the norm |jul ;. = (s u) 12
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Through [22,29] we know that H® = L), H' = H}(U) and H~' = H~*(U) with equivalent
norms.

Hereafter we use a unified symbol D to denote the weak derivative D = 9/dz in Hg(U),
and the distributional derivative in H defined by (Du)(v) = —(u, dv/dx) for every v € H and
v e HYU). Let f: L°(U) — H and B : L*(U) — H~(U) be respectively deterministic
mappings given by

fw) (@) == rvu(z)(1 - u(z)) (u(z) — )
(B(u), o)1 1 = %(DUQ)(U) - —%<u2, a%v>, Vo e HYU).
If u € Hi(U), then
B(w)(2) = u(a) 5-u(a)
It is easy to verify that
151 < G (Julis +1) we L) o)
1f (w) = F@)II < Cup (lullie + 0l + 1) u—vll, w0 € L*W).

It is well known that —A generates an analytic semigroup S(t) = e~ *4, t > 0, on H (see,
g. [27]), which satisfies

[AYS) ey < CE7, t>0, ~2>0, (2.2)

A= (I = SW)| sy < Ct7, >0, pelo,1].

Through [4] and [22, Appendix B.2], we know that the spectral structure of A carries over
to S(t), so the semigroup S(t) has a natural extension on H” with r < 0. We still denote
this extension by S(t), which can be viewed as a mapping S(-) : (0,7] — L(H ' (U); LP(UL))
given by

o0

( Ze t)\kwéf’kHlHlfﬁk()

k=1
for every € U and w € H~1(U). Thus, for every t € (0,T] and p > 2, we can define the
operator S(t)B(-) : L*({U) — LP(U) b

N[ —

S(t)B(u) :=% =5 Y e (DU 0k O = %Ze—t*%u%wmm.
k=1 k=1

For u € L*(U) and ¢ > 0, by the orthogonality of ¢y,sup,s,ze™" < C and the identity

o0
1D 31 = 3~ (D2, é) s g A
k=1

cf. [4] and [22, Theorem B.8], we have

I, _ -
ISOB@IP = 7>~ Me ™ [(w?, Do) "X
k=1

<cr? Z | (u?, Dy, )| Pt

k=1
< CtH D0 = Ot ul|7s.
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This, together with the semigroup property of S(t), (2.2) and (2.3), implies that for u € L*(U)

and ¢ > 0,
1S B 4 = HA%S (g) s (g) Bu)

and for 0 < s <t,v—p€10,1],

1(S(t) = S(5) B(w)|| s = ~ 5)) A% S(s)B(u)|
< Cyp <t —5) fs-inunm (2.5)

<Ot ulfe, >0, (2.4)

Assumption 2.1. Let v > 1/6.

We note that v > 1/6 can ensure a type of monotonicity of nonlinearities of the SBHE, as
shown in the following lemma, which is a fundamental property when deriving the convergence
rate of numerical methods.

Lemma 2.1. Under Assumption 2.1, for u,v € H}(U), it holds that

(1~ v, Bw) ~ Bo) + f(u) — f(©)) < 5 e~ olfds + Cup Ju = v

Proof. The main idea of the proof is to utilize the cubic nonlinearity to reduce the impact
of the Burgers-type nonlinearity. Through the integral by parts and ab < a? + b*/4, we have

(u—=wv, B(u) = B(v) + f(u) — f(v))

1

=-3 <D(u—v),u2 —U2> +(u— v, f(u) = f(v))

1
< §|\Du — D’UH2 + §H 1)2||2 + v{u — v, —u® — Ou+ (1+ O)u? 4+ v* + v — (1+ 9)1}2)

- %|u—u||%1—y9|u—U||2—<(u—v)2, (y_%)u%(u—%)v% (u—i)uv—u(l +0)(u + u)>.

Since v > 1/6, the function

g(z,y) = (u_%)xu (u—%)yQ—i— (V—i)xy—u(l-l-@)(x—i—y)

has a unique global minimum and

min_g(z.y) =~ )

—— < 0.
(z,y)ER? 3v—1/2

Thus,

(u—wv, B(u) = B(v) + f(u) = f(v))
v2(1+6)2

o 2
175 lu vl

1
< Sllw—vlf = vollu—vf* +
< —IIu —vll3: + Cupllu =],

which completes the proof. O
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Let {W(t) }+e[o0,1) be a cylindrical Wiener process on the stochastic basis (€2,7,P{F: }+c(0,77),
which can be formally represented by

W(t) == Br(t)éx.
k=1

Here {8k (t) }ren is a sequence of independent standard Brownian motions.

Assumption 2.2. The initial value ug : 2 — H is an Fp-measurable, H-valued random vari-
able. In addition, for sufficiently large positive integer p and « € [0,1/2),

HuOHLﬁ(Q;HO‘) + ol (o) < 0.

Under the above notations, we can rewrite the concrete problem (1.1) as

{du(t) = (— Au(t) + B(u(t)) + f(u(®)))dt + dW (t), te (0,T], 26)

u(0) = up.

We denote by O, the stochastic convolution, given by

O, = /t S(t— 8)dW (s),

which has been extensively studied, see, e.g. [5,7,31,33]. Here, we list some of regularity
properties of O, that will be used later.

Lemma 2.2. For p> 2 and « € [0,1/2), it holds that

S [[Otll oy srey + B[ sup O] < o0,
te[0,T] t€[0,T)

and for any B € [0,a] and 0 < s <t <T,

8

Hot - OSHL}J(Q;HB) S C(t — S) a; .

(2.7)

The well-posedness and the boundedness of moments of mild solution to (2.6) can be derived
following a similar argument as in [10,11,26].

Theorem 2.1. Under Assumption 2.2, for p > 2, (2.6) has a unique mild solution with con-
tinuous sample paths, given by

t t
u(t) = S(t)ug + / S(t —s)B(u(s))ds + / S(t—s)f(u(s))ds+ Oy, P-a.s.. (2.8)
0 0
In addition, for p,q > 2, there exists a positive constant C such that

sup ||U(t)||Lq(Q;Lp) <C (||U0|\Lq(g;Lp) + 1) .
te[0,7)

Owing to above regularity properties of the stochastic convolution and boundedness of
moments of mild solution, we can derive the following regularity properties of the mild solution.
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Theorem 2.2. Under Assumption 2.2, for p > 2 and « € [0,1/2), it holds that

sup[(t) oty < € (Jolbsn ) + 0 oz + 1) - (2.9)
t€[0,T

sup_[u(®)]lzoiz~) < C (luolFsnarz) +1) (2.10)
t€[0,T

Furthermore, for 8 € [0,a] and for 0 < s <t <T,

() = w3l oy < CCt =57 (ol oo + ol Fanauzoy + 1) (211)

Proof. Through (2.8), we have
t
||U(t)||Lp(sz;Ha) < HUOHLP(Q;HCV) +/0 HS(t - S)B(u(s))HLP(Q;H“)dS

t
+/O ||S(t—s)f(u(s))HLp(Q;Ha)dSJr||Ot|\Lp(Q;Ha)-

Taking ¢ = « in (2.4), then using Holder’s inequality and Theorem 2.1, we have

t
[ 180 = 9B g0
t o )
<O [ =9 ) Fanganods
<C sup Ju® ey < C (Iuolaaie) + 1)
t€[0,T]

By (2.2) with v = /2, (2.1) and Theorem 2.1, we get

t
JRECERIICO [
sc/tfs (5D 1
<c / (t = 5)"% (lu(s) [Eao(yze +1) ds

<c (||u0||L3v<ﬂ;L°°> w1).

In view of the boundedness of ||O¢| 1, g, o) shown in Lemma 2.2, we obtain (2.9). One can

similarly derive (2.10) by using the Sobolev embedding inequality H3/% < L> and the bound-
edness of ||O¢[|Lr(q;r) shown in Lemma 2.2.
For the proof of (2.11), we first note that

[u(t) = ()l ooy o)
< [|S(s)(S(t = 5) - I)UOHLP(Q;HB)

+/“msa—m—sw—mx3<<»+f< O

/ 1St =) (B(u(r)) + f () ooy @ + 10t = Osll ogarsgrny -
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Applying (2.5) with v = « leads to

/OS | (St —7r)—5(s— r))B(u(r))HLp(Q;Hﬂ)dr

a—pB ° a+1
<Ot — )3 / (5 = 1) () |2

By taking v = «/2 in (2.2) and taking p = (o — /3)/2 in (2.3), we obtain

=) = G2 £ @) e

a=B 3 _a
<C(t—s) 2 /0 (s—r)"2 (Hu(r)”igp(g;m) +1) dr.

It follows from (2.4) with ¢ = 8 and (2.2) with v = /2 that
J 0= B Gtr) + 7)) g

t
_B+1 _B8
<0 [ o+ € [ @) (O e +1) b
Finally, by using

1S(s)(S(t = 5) = Iuo|l . sy < Ot = )% [uol| o resre
( ) —

and (2.7), we obtain the desired result. 0

3. Spatial Semi-discretization and Error Estimates

In this section, we derive the spectral Galerkin spatial semi-discretization of (2.6) and
conduct the corresponding error analysis. We introduce a finite dimensional subspace HY :=
span{¢i, ¢2,..., 0N}, where N € N is the dimension of the spectral Galerkin projection space,
and define a projection operator Py : Hs — HN by

N
Py =Y (. ¢u)pr, weEH', seR

k=1

It is easy to verify that

I(Py = Dl < AE el ges € HY, s> 0. (3.1)

The spectral Galerkin method for (2.6) consists in constructing u” € HY such that the
following finite dimensional stochastic differential equation holds:

du (t) = —Anu¥ (t)dt + Py B(u™ (t))dt + Py f (u™ (t))dt + PydW(t), te€ (0,7, (32)

UN (0) = PNUO, .
where Ay = PyvA : H — HV. It is well known that —Ay generates an analytic semigroup
Sn(t) = et~ in HV [24]. By the definitions of Py and B, the operator Py B(-) : L*(U) B,
H=YU) 25 HY is given by

N

N
PyB(u) i= S (B, o) myor = —5 O (¥ Doon, v HY.  (33)
k=1 k=1
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For v € HY and u € L*(U), we have

N
(PxB(u),v) = —5 3 (%, Dr (v, )
k=1
1 N 2
§§<Z\<u Do )| *Mg ) <Z| , 61| /\k>
k=1
1 1
< IDw - lloll g = gllelzalvll g (3.4)

For the special case u € HY C L*(U), we define Py B(+) : HY — H" by PyB(u) = PyDu?/2.
Therefore, for u,v € HY, we have

(PnB(u),v) = %<PND’LL2,U> = %(DUQ,U) = —%<u2,’l)v).

The mild solution of (3.2) can be expressed using the variation of constant as follows:
¢
u™ (t) = Sn(t)Pyuo + / Sn(t —s)PnB(u(s))ds
0

t
+ / Sn(t—s)Pyf(u™(s))ds + O, (3.5)
0
where .
O,fv 2:/ SN(tf S)PNdW(S)
0
According to [31, Lemma 3.1], for any p > 2, it holds that

sup

o = 3.6
te[ovT],NeNH tHLF(Q;Lw) 00 (3:6)

In the following lemma, we give some smoothing properties of the analytic semigroup S(¢).

Lemma 3.1. For anyt >0 and N € N, it holds that

|| PnS(t)] Ve HY, vy e0,1/2), (3.7)
PN S @)L gcfﬁllwl\, Vi € H, p>2,

1PN St < Ct 2|y, Yo € L'U),

IPxSE)BW)|1s < CtF||y)34, Yo € LYU),

[PNSE)| e < CE 3 |||, vy e LYU).

Proof. The first three assertions can be found in [31, Lemmas 3.2, 4.1], so we only prove the
last two assertions. By the second assertion with p = 4 and (2.4) with ¢ = 0, we have

t

IPvsoBle = |pvs (5) 5 (5) B0

_1 3 -2
<crt|s(5) pw)| < ot

L4

Through the second assertion with p =4 and (3.7) with v = 0, we get

s (3)+]

_1
8

I1Pes @l < ()
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1
8

(2) ", [(pes (3) 09)
2) sl
£\ 8 ¢
—(t PyS (L
(2) 1Bl21 <¢, N (2)¢>‘
<(3) " sw Il s (5) 0
Iol<: Lo
<c(3) et s ol < e il
which completes the proof. 0

Lemma 3.2. For u given by (2.8), v € [0,1/2) and p > 2, it holds that
2y-1
sup [ Prvu(t) zo@u) < Ct T Juoll oy +C (ol s aizs) +1) V1€ (0.7]
€

Proof. By (3.7), the estimate (2.4) with ¢ = 0, Theorem 2.1 and (3.6), we have
t
2y—1 _3
[PnullLe@ie) < O [luoll 1o ;4 +C/O (t = 5) "% ||u(s)l| 72 (0;0)ds

t
_1
€ [ (=57 (I Emiaizey + 1) ds + [ POl
0
2v—1
< Ot o | iy + C (ol 3mazmy +1)
which completes the proof. O
The next theorem is about the error estimate of u!v

Theorem 3.1. Under Assumptions 2.1, 2.2, there exists a positive constant C independent
of N such that for p > 2 and a € [0,1/2),

sup |Ju(t) — u™ (t)[| Le(osm)
te[0,T)

< O (1ol Ben gz + 1001 4ar gy prmestoio-/2m) +1) -
where u and u” are given by (2.8) and (3.5), respectively.
Proof. Using the triangle inequality, (3.1) and (2.9), we have
u(t) — u™ (8)l| Lo (o)

< = Pl o + [ Pxa®) = ¥ O] o

< A&i”“@)”m(ﬂ;ﬂa) + || Pyu(t) - uN(t)HLP(Q;H)

< O (luollsny ooy + 0l oy siey 1) + [Prul®) = vV @O o gy
Denote el := Pyu(t) — u™ (t), which solves

dN

i —Ane} + PyB(u(t)) — PyB(u™ (1)) + Pnf(u(t)) — Pnf(u™N(#)), e =0.
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Using the identity
1d 2 d
Sl = b (e el

we have

H Hp = Hegva_2<eiv, —Ae}Y + PyB(u(t)) — PnB(u™ (t)) + Pn f(u(t)) — P f(u

e NP e (G + e 7 el Py B(u) — Py B(Pyu))
+{[el]]P (e, B(Pyu) — Bu™)) + ||eN P72 e, fu) — f(Pru))
eI el £ (Pru) — f ™))

e " e

For I, by (3.4),

M+ 0+ L+ Is + L.

1 1, 1, 1 9 1
jab < Ja* + Zﬁﬁﬁgggﬂﬁ+%m,am>o p>2
we obtain
L < —He Hp 2”6 HH1|| (u+ Pyu)(u— Pyu)||
1
ZH NP el o+ 2 e 77+ Py — P2
_ P 1

e 1P e s+ E= e 7 + 5+ P = Pral?

1 _
SzWMF2”?mp+———HHF+CWMVw+W%MVQWI Pr)ull”.

By using a?~1b < (p — 1)a?/p + b7 /p and (2.1), we get
I = |[eN|]P72 (e, f(u) — f(Pyu))
<[NP 1 (w) — F(Pyw)l
< Eue? I+ 1||f<u> — f(Pru)|P

<—H NP+ C(lull e + [|1Pvull 7 + 1) [u — PyullP

Furthermore, through Lemma 2.1, we have

b+Lp:W§W4}%u—MVngM—B(N)+ﬂPmQ—wa»

< e P2 el P

= Sl P2 e o + e

Putting the estimates of I;,7 = 1,2, 3,4 together, we obtain

1d -
aille 7 < =lled 17 led I

14 I+ 2l 72

[ + Clle |

1 _
e 7 e 1 +—H er |

45

M)



46 Y.B. WANG, W.R. CAO AND Y.Z. CAO

+ C (@)1~ + [ Pnu)l) (I = Py)u(t)|”

e+ C (@ e + I Pvu(® e + DI = Po)u(o)l”
Through Holder’s inequality, (3.1), (2.10) and Lemma 3.2 with v = (p — 1)/(2p), we get
Bl ) <c [ B (e ds
g Y
+C / (E [lu()l2 + 1Pvu()lIE +1)) " 0331 (B [lus)I,] ) ds
< c/ [leN||”] ds + CAxE? s[u%]|\u(t)|\§2pm;m)

t
6
x /0 (e

N -2p 12
< C/o [He H ] ds + CAnTy (HUOHLIIZP(Q;LOc + Hu0||L4p Q; Fma{a,(p—1)/2p}) 1) :

L4P(Q H7) 1) ds

Finally, the desired result follows from Gronwall’s inequality. 0

4. Fully Discrete Tamed Exponential Integrator Scheme and Error
Estimates

We use the tamed exponential integrator method for the temporal discretizaiton. To this
end, for M € N, we take a uniform partition on [0,T]: 0 =tg <t; < -+ < tpy-1 <ty =T,
where t,, = mr,m = 0,1,2,...,M and 7 = T/M is the temporal step size. Under this
uniform partition, we define a fully spatio-temporal discretization, such that u}’ = Pyug and
form=20,1,2,...,M — 1,

AN (L= Sn(0) By (uy) | AN (1= Sn (7)) fn (uny)
1+ 7| (u) L 7| fv (up) |

+ /t " S (bt — 5)AW(s), (A1)

m

u%H = SN(T)U% +

where Ay = PyA and A;/l(bk = )\zzl@cak? =1,2,...,N,By = PxB is defined by (3.3) and
f~n = Py f. Equivalently,

tmit Sy (tma1 — 8) BN (ufTVL)

i = Sw(ou +
t

R [
bt Sy (tmg1 — ) fv (ul) tmi1 -
A v v T AU R O

The tamed approach for the SBHE, distinct from the truncated method used for SBEs as
demonstrated in previous works [17,18,20], enables us to establish the boundedness of moments
of the numerical approximation and obtain the convergence rate of the proposed scheme. This
will be the focus of our discussion in the remainder of this section.
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4.1. Estimate of a perturbed differential equation

The essential step to obtain the temporal convergence rate is establishing the boundedness
of moments of the full-discrete solution. For this purpose, similar to [31], we introduce the
so-called perturbed differential equation for w : [0,7] — HY given 2z € LP([0,T]; LY(U)) as

follows:
dw

dt
The mild solution of the above equation is given by

=—-Ayw+ By(w+ 2) + fn(w+2), w(0)=0.

w(t) = /0 Sn(t — s)By (w(s) + z(s))ds + /0 Sn(t—s)fn (w(s) + z(s))ds. (4.3)

For ¢ > 2 and ¢ € [0, 7], introduce the norm

t a
||ZHLq(u><[o,t]) = (/0 |Z(3)|qu(u)dS)

(sometimes we write ||z||Le« for short). The following lemma shows that the L°-norm of w(t)
can be controlled by the L'® (U x [0, t])-norm of z(t), which is essential to derive the boundedness
of moments of the full-discrete solution.

Lemma 4.1. Under Assumption 2.1, for z € L'¥(U x [0,t]) and w € HY given by (4.3), there
exists a positive constant C' independent of N such that

lo@®lie < € (1+ 2@ . Y2 € 0.T] (4.4)

Proof. Since w(0) = 0, (4.4) is obviously true when ¢ = 0. In the following, we split the
proof of (4.4) for ¢ > 0 into four parts.

Part 1. In this part, we prove that
lw®ll < € (12 1o +1) ¥t €10,T], (4.5)
where the constant C depends on T', # and v but is independent of N. By using the identity
Dl = {w,
——||w||* = ( w, —w
2dt dt ’

(3.4) and ab/2 < a® + b%/16, we have

1d
§E”w|‘2 = (w,—Aw + Py B(w + z) + Py f(w + 2))
1
< —llwll%, + llwll, + 1—6H(w + 2)* |1 + (w, f(w + 2)). (4.6)

Since for v > 1/6,

— v,

3 _s,<0, 2 1>‘1
34, Lot
8 ’ 1711

a straightforward calculation gives

Toll(w + 2% 1" + (w, f(w + 2)
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e 4 (1 3 b 0 (1 I
:/0 ((1—6—u)w + (Z—Su)uﬁz—i— (g—Su)w z° 4+ (Z—u)wzs—i—l—Gz )dm
1
+ / (v(1 4+ 0)w® + 2v(1 + O)w’z + v(1 + O)wz® — vOw® — vhwz) dz
0
1 1 1 1
< (15— Moo+ (30= ) Mulalishe+ (20 = ) Rolaleli + g5 el
+v(1+0) ([lwllZs + 2llwllfsll2lls + lwlzallzIZs) + 00 (lwlZs + llwllzallzllzs) . (4.7)
For any fixed t > 0, we claim that
||’w||]L4(u><[0,t]) S 5||Z||]L4(Z/{><[O,t]) or ||w||]L4(Z/l><[O,t]) S :l()lfZ max{l + 9, \/5}
If this claim is false, namely there exists some ¢ € (0, 7] such that
1 1 1
||Z||L4(Z/{><[O,t]) < g||w||]1‘4(u><[01t]) and ||w||IL4(Ll><[O,t]) > 10t4(1+9) and ||w||]1‘4(1/{><[07t]) > 100t20,

then for v > 1/6, by Holder’s inequality, (4.6) and (4.7), we have

1 1 1 1 1
0 < 3wl < (g5 ) olie+ (3= ) Bollaletus + (20 = 7) lolualleliot g1

+u(1+0)w|Batt +20(1 + 0)|w||Za | 2lleat® + v(1 + 0)|jwlpa]|z]|2at T
+ vb)w||2at? + v||w]|pa|z] Lt

1 , 1 1 , 11
< (55— v) holite+ 5 (3 - 5 ||w||m125 - ||w||L4+1—6x@||wnL4

1%
+EM%H-HMW+ lwllts + =

250 100 H

(=2 LY )t <o,
250" ' 80 L
which leads to a contradiction. Accordingly,

lwllLa@exo,n) < SllzllLa@xo.n) + 107+ max {1+0,V0}
< CT,H (||Z||L4(Z/l><[0,t]) + 1) , Vte [O’T]a (4‘8)

where the positive constant C' is independent of N. From (4.6)-(4.8), we obtain (4.5).

Part 2. In this part, we establish the bound for ||w||3, as follows:
2 ' : 4 8
HU%UHL4§(7Z;Uﬁ4WW%@HLME*CWHdh%uxmﬂ>+1)’ vte[0,T]. (4.9)
Through (4.3), and the fourth, fifth assertions of Lemma 3.1, we have
¢ o .
u@llze <€ [ (6= 774450 )+l ads +.C [ 0= ) o) s
0

+c/0 (ts)3||z(s)||§4ds+c/o (t — )% (||z(5) |35 + 1) ds, (4.10)
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where € > 0 is a small number. By using the inequality ||w||3; < |lw||||w|3. and Holder’s
inequality, we obtain

c0 [t o ([ e-o-as) " ([l
+c</0t<ts>%ds)5 ([ e+ d5>;

=¢ (/0 (t— SHGHW(S)H%MS) 2 + C/O (t— )75 w(s) [ lw(s)|3 ads
+C(|lzll3s + 1) (4.11)

From (4.5), [|z|lLa@xo,s)) < lIzllLa@ixjos) for s < t, Hélder’s inequality and (4.8), it follows
that

[ =9 @) ds
0

t
<0 (e o +1) ([ €= 0 4ds) (/f ots ||L4ds)
2 2
<C (||Z||L4(UX[O,t]) + 1) lwilEs @ixo,) < € (||Z||1L4(ux[o,t]) + 1) : (4.12)

As a consequence, substituting (4.12) into (4.11) yields (4.9).

Part 3. In this part, we show that
lwo®llzs < € (IelEouixoay +1) s V€ 0,71, (4.13)

From (4.10), the inequality ||w||?, < |lw||||w||3+ and Holder’s inequality, we know that

t

lw()zs < C / (t — )~ lew(s)|[Zuds + C / (t — )~ ()l [lw(s)|Zads
+c/ (t—s) 8|z ||L4ds+C/ (t— )% (12()[% + 1) ds
<c / (t - 5)~ 2 u(s)[2uds + C / (t — )~ ()l [lw(s)]2ds

+C (”ZHEG(UX[OJ]) + 1) :

Substituting (4.12) into the above estimate, then applying (4.9), we obtain

t
_5
Jrolee < € [ (¢ =9 EulEads + 0 (Flsgenton + 1Koy + 1)

<0 [e=ot ([Tl ) s

t
_5
+0 [[t= 97 (elioarnioa +1) s+ € (elisoeioa +1)-
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By Fubini’s theorem, a change of variable x = (s —r)/(t — r), and (4.8), we have

L=t ([[s=n - uoigar) as
-/ t ( / t(t—sr%(s—r)-%-ﬁds) ()| dr
- [([a-nrtema) i ol

1. 3
<Ts “B <8 1 > |‘w||ﬁ4(ux[o,t]) <C (||z|\f[{4(ux[01m + 1) ,

where B(-,-) is the Beta function. This verifies (4.13).

Part 4. In the last part, we use the results obtained in the first three parts to derive the
desired conclusion of the lemma. Using (3.7) with v = 0, the third assertion of Lemma 3.1,
(2.4) with ¢ = 0, Holder’s inequality and the fact that for s < ¢,

lw() 134 < € (121 wnpo +1) s TN < C (120 +1) -
we have
! 3 2 2
o= <€ [ (6= (e + 1)1E4) ds
+c/ (t= )73 (1+ () wis)[Fs + 12()]15s) ds

<o [0 (1+|\ 18 eonouy + 2(5) 3 ) ds

+C [[= 97 (L Blanoap oW sion) + 161

< C (14 2l wxpon)

which completes the proof. O

4.2. Boundedness of moments of the full-discrete approximations

Recall that 7 = T'/M is the uniform temporal step size. Define x(t) := 7[t/7| for t € [0,T],
where |-| is the floor function. In other words,

Ii(t):ti:iT, ﬁe[ti,ti+1), ie{O,l,...,M—l}.

With x(t) defined above, we introduce a continuous version of the fully discrete scheme (4.2)
as follows:

t Sy (t—s)Bn(u “<s>)ds+/t SN(t—s)fN( ,f(’;)
0

ds+ON.  (4.14)
1+THfN n(s) H '

ul T = Sy (tud +/ .
0 1 +THUH(,S)HL4

It is clear that if ¢ = ¢,,, then uiVT produced by (4.14) is equal to u)} given by (4.2). We

additionally introduce a sequence of decreasing subevents

Qpy+, = {weQ: sup ||u
§=0,1

=0,1,...,

<R}, Re(0,00), i€{0,1,...,M}.

(P
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By I5 we denote the indicator function of set Q. According to the definition of Qg ;,, we know
that ]IQR’ti is Fy,-measurable and ]IQR’ti < HQRH for t; > t;. Next we show the boundedness
of p-th moment of ||ul¥||L~ on subevents Qg and Q% 4,» and thus on the whole (2. For this
purpose, we make an additional assumption on the initial value Pyug.

Assumption 4.1. For the sufficiently large p € N, the initial value ug satisfies
[PruollLo(o;re) < 0.

Lemma 4.2. Let p > 2 and R™ := 7~ %/* with a € (0,1/2). Under Assumptions 2.1, 2.2 and
1, it holds that

sup sup E [HQRW ||uN||p } < 00,
M,NEN i=0,1,...,M

where ul is the full-discrete solution given by (4.2) and we set Iog, , =1

Proof. We first rewrite (4.14) as
¢ t
= / Sn(t—s)By(ul"")ds + / Sn(t—s)fn(ud7)ds + Zi, (4.15)
0 0
where Z; : [0,T] x Q — HY is given by

t
YARES SN(t)uéV +/ SN(t — S) (BN(UKN(Z)) —BN(uéVvT)) ds
0

t BN KR(S
+/0 SN(t5><—( -) — By (u n(s)))ds

L+ THUH(S)HL4

+/Ot Sw(t— ) (fN(U,Z.;V(’sT)) - fN(uiva)) ds
t In k(s N
+/0 SN(tS)< (a3 ) )HifN( R(s))>d + 0]

1+THfN n(s)

Denote vy := ul'™ — Z; with vy = 0. Then (4.15) is equivalent to

t t
vy = / Sn(t —s)Bn(vs + Zs)ds + / Sn(t—s)fn(vs + Zs)ds.
0 0
According to (4.4), we have
lorllze < C (14 1201 unouy) V€ 0,1,
Consequently, for any i € {0,1,..., M}, we get

Eflog, , loalfe] < C(1+E [Top 1215 gponn])

tq
<C <1+IE {]IQR,J“/ ||ZS|1L$£ds]>. (4.16)
0

Recalling u}Y = v, + Zt,, thus, it suffices to estimate To,, , || Zs[z= to obtain the desired
conclusion. To begin with, we claim that for r € [0,¢;),

T, [0 e <€ (1 R+ rHR2 4+ 7R 4+ O+ [ON ) - (4.17)
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In fact, by the definition of Qg ¢, ,, we know that for r € [0,¢;),
N,t
]IQthi—l HUK(T)HL‘X’ <R

Moreover, noting that

Sn(r—w)dW(u) = OF — S(r — k(r)) O,iv(r)
K(r)

we have
1 +T||u

u = Sy (r — w(r)) 7 +/
(r)

/T SN(r_u)fN( n(u))
w(r) 1+THfN( n(u) H
Using the fact ||S(¢)@]lr= < ||@||Le, (3.7) with v =0 and (2.4) with ¢ = 0, we have

K(u) HL4

du+ O — S(r— ())ofjm.

T
O 1 R (e P R o e
T

e = ) s 02 + 0% )
<O(L+ R+ R 47 R 4 0N+ [ON )

which verifies (4.17). In view of the representation of Z;, for s € [0,¢;] with i =0,1,..., M, we
have

]IQRTyti71 ||Zs||L°° S HSN(S)U(J)VHLOO

S
+Ion,, /
0

IR I e 2 ENCE LN e
o, [ St (fv @) = ()

+ ]IQRT,ti,l /0 T||fN(U’]€V(7:)) H ||SN(S — T)fN (UNN(:—)) HLOOdr
= ||Sv(s)ug || poe + |OF || poo + T2 + T2 + T3 + Ja.

+ 0]~

Sn(s—r1) (BN( 7) - BN( H(T) )HL‘X’ "

dr

.-

For Jy, through (3.7) with v =0, (2.4) with ¢ =0,
lu? = v?| < C ([lullpee + [lv] L) [lu — o]

and (4.17), it holds that
s _é N.T N,T
Ji < CHQRTvtFl /O (S - 7“ * (Hu HLOO + Hun(r ||L°°) ||u7”7 - un(r)HdT

§C’HQRT,”71/ (s—r)"
0

w:-lu

(1 YR+ rH(RT)? 4 rE(RT)

FON | o 1O ¥ ™ = w7
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Since

_ Ba(uin)

uiV’T—unN(T (Sn(r) — ))ud /S r—u)
1+7Hu

ol

w(r) By (u r(u " fN K(u
_/0 SN(R(T)—U)—( ()) du —l—/o Sn(r—u) ( @ )

1+TH“ HL4 147 v (u K(u))H

K(r)?

w(r) f(u n(u)) N
— Sn(k(r) — du + O, — oy
f s = e

using (2.5) with 8 =0 and v = 3/4, (2.4) with ¢ =0, (2.2) with v = 0 and (2.3) with p = 3/4,
we obtain

HQR,ti71 Hui\f - UK(T)H
< C7 ||ud || go + CR?(7% + 77)
+CA+ R (77 +7) + 0N — 0N, |-
Taking R = R™ in the above estimation yields
n<0 [(omn T (LR TP+ 0]+ 0 )
0
y (T%HUéVHm +OR (2 +78) + C(1+ (R)?) (71 +7) +||ON - an) dr.

Combining with (3.6) and (2.7), and noting that R™ = 7-%/% with o € (0,1/2), we obtain

o

3a
4

1]l L1sp(or) < C(1+T § 4% 414
$ (72 [ || ooy + C(rFF + 787 8) (1477 %) (7} 1) +7)

<C (1 + ||uév||L18p(Q;H“>) '

For Ja, by (3.7) with v = 0, (2.4) with ¢ = 0,7a/(1 4+ 7a) < 7a for a > 0, and recalling
R™ = 77%/* we have

~—

Jo < Crlog. , | /S(S - T)f%‘lug(r)HmH H(T)HL“dT <Or(R) =07 <
For Js and Jy, following si(r)nilar steps as in the estimates of J; and J,, we can obtain
Js < C/Os(s —)h (1 + R+ 7R +71(RT)? + | ON| 1~ + HOH(T)HL«J)Q
x (7 [[u) | go + CRP (A +78) + C(L+ (RP) (rF 4 7) +[|O) = 0N, ||) r,
Ji < Ol , /0 s =) 7H|| £ () |[Pdr < C(RT)°.

By noting that R™ = 7-%/*, we obtain | 73] Lrsery < C and || J4| L1sr(oury < C.
Finally, combining the estimates Ji-Jy, for any s € [0, ¢;], we have

18
E [T, , 12152 ] < oo.

This, together with uY = v, + Z;, and (4.16), leads to the desired conclusion. U
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Lemma 4.3. Under Assumptions 2.1, 2.2 and 4.1, for p > 2, we have

E [||lwN||® .
L e B[]l < oo

Proof. By using (4.14), (3.7) with v = 0, (2.2), (2.4) with ¢ = 0 and a/(1 + 7a) < 77! for
a > 0, we have

T AIC T RRRCY (TR Lt
m o — el 2
e =l T

tom N,t
+c/ (tm — )77 ECN] ds + [|OY
0

L7 v () e
< Cl|ud ||, + Cthr + Ctir + |ON ||,
which implies that
Jut, | oqupoey S CA+T7Y), Vme{0,1,2,..., M}, (4.18)

Next we will prove the boundedness of E[lge lulN||} ~]. By the definition of Qg ,, it holds
that '
Q% 1, =% 1, U (Qrrg,, N{weQ: |[u)],.>R}).

By recursion, we can get

g, = Toge |+ Mo D> mry = 2 Ty L > 5y
j=0
where ]IQ%T%?1 = 0 and [g,. , = 1. Through Holder’s inequality, (4.18) and Markov’s in-

—a/4

equality, and recalling R™ = 7 , we have, by Lemma 4.2,

7
E [T, , o [] = Yo [T, Tgud e s ey [ |
j=0

%

N[

E[112]) (B [l Lugim o))

<
j=0
<C(l+777P) Z (P (w €eN: ]IQR,JH H“ﬁVHLx > RT))a
7=0
<0l (e I )
7=0

%

<CA+rP)y (E [HQRWI wjﬁ?”]f < o0. (4.19)

j=0
In addition, by Io,. , < Ig,.,  and Lemma 4.2, we have

sup sup E |:HQR,.,” Huspr} < 0. (4.20)
M,N€N i=0,1,....M

The desired conclusion follows from (4.19) and (4.20). O
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Owing to the boundedness of moments of uY proved in Lemma 4.3, then following the

similar way as in Theorem 2.2, one can derive the regularity properties of uéV’T.

Corollary 4.1. Under Assumptions 2.1, 2.2 and 4.1, for p > 2 and o € [0,1/2), it holds that

N
sup Hut

M,NE€N, t€[0,T) ,THL’”(Q;HQ) + Sup Hui\[,THLP(Q;L"") < 00,

M,NeN, te[0,T]

s T

where uiv is given by (4.14). Furthermore, there exists a positive constant C independent of
N and T such that

N, N, o
™ = ud | ey SCE=9)%, 0<s<t<T.
We are now ready to prove the main result of the paper.

Theorem 4.1. Let u(t) and u) "™ be given by (2.8) and (4.14), respectively. Under Assump-
tions 2.1, 2.2, 4.1, for p > 2 and o € [0,1/2), it holds that

sup [[u(®) =0 gy < C (A +78) cOV o 4r), @)
te[0,7)

N7 _ N —
¢ = Uy when t =1,

where the positive constant C' is independent of N and 7. Note that u
hence it certainly holds that

R

OSSTBEM Hu(tm) - u”]XHLP(SZ;H) <C (Nfa +r

where ulY is given by (4.1).

Proof. Denote & := u™N(t) —u;"". Then by Theorem 3.1,

N,T
1) = 02 gy < 8) = 0 @) ocoun + 14 oo

< CANGy FIE N Lrom) - (4.22)

It suffices to estimate ||&||L»(q;m). Note that & solves

vt B 0) - D ) - D)
— &= —AN&t ~(u 2 4 fu(u _ -
“ R o Ll (i) |
By using

d d

Gler =2 (e e ),
we have

BN(UKN(’:))

t
[1€:I” :p/ |55||P—2<55,A55+BN(UN(S))W
0 1 +7_Huli(75)||L4

N,t
fN (u/{(s)) >d8

Lt rf v ()l

+ fa (uN(s))
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Through Lemma 2.1, we can get

(€5, By (u(9)) = B (w"7) + f (u(9)) = f (u7)

1
+ [N (s) —ul 7| = 1€ + ClEN®,

1
< Ll o) — w2,

which implies that
t

Hftllp:p/ ||5s|p2<557A5s+BN(u (5))=Bn (u}7) + By (u)"7) = By (u])
0

By ( n(s))

+ i (uN(8) = v (udT) + v (udT)
1+7'Hu

I (17) >d

1<i>7—||fN( /{(s )H

i o (1
<o [ 167 (G100 + ClIEIP + (€., -Ag) ) s

+ BN( n(s))
K(s) HL4

= I (i) + (g l) -

TI|UW " (s
+p/ Hg Hp 2<6 BN( NT) BN( H(s)) + || ||L ( ())

L+ THUK(S)HL4

erN<uz’;>HfN<uz?;>>ds
el )]

+ fn (UiVT) - fn (UNN(ST)) +

t t
= 2 [ e s+ [Irds + K+ Kot Kot Ko
0 0

For K71, by using (3.4), ab < a?/6 + 3b?/2 and a?~2b* < (p — 2)aP /p + 2bP /p with a,b > 0, and
lu? = 2|7 < 227 (Jfullf + [0l ) 1w — v]IP,

we have

t
<3 / €72 1€l [ (w7 = () s
0

t
P o (1 3 -
<2 [1er (Fed + Ced ) s
K 3(p—2)
<2 [l 2le s + 2
0

t
0 [ (e + i ) o = s

By Holder’s inequality and Corollary 4.1, we obtain

t 3 —_9 t
Bl < 2 [ Elleir2al o+ 2222 CEfie s
0 0

o [ (@[l + Rl ]) (e (o - ]) s

t t
p _ 3(p—2 ap
<= [ E[IEIP2IE N ] ds + 3 —2) . )/0 E[||E,]|P]ds + Cr %

+

—_
[\
(=)
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For K, from (3.4) and Young’s inequality, we have
t
O e PN s Y e
8
2 [ee= (R, + TQHuii;)Hy) ds

2 [ eap=steaguds + 222 [Cgieas + 3 [ oouds | ias

It follows from Corollary 4.1 that

| /\

IN

t t
Biie] < &5 [ Bl 2le ) ds+ C [ E[lePlds + O,
0 0
By pab < (p — 1)a?/®=1) £ P (2.1), Holder’s inequality and Corollary 4.1, we have
t
Bl < [ B[l £) £l ] ds
t t
N,7||2 P
<=1 [ ElENTds+0 [ E[(14 [ e+ o) =l ] as
t
< (pfm/ E[J&,IP)ds + CF .
0
For Ky, it follows from pab < (p — 1)a?/ =1 4 b7, (2.1) and Corollary 4.1 that
t
E[K4] SPT/O E {HS 7~ 1Hf ,g(é) H }
t
<=1 [ BllePlas+ o [ &[00I s
t
<0 [ wiE)as 77 [ (gl gue +1) s

< C’/OtIEHESHp}der CrP.
Putting the estimates K1-K, together, we obtain
E[ll&7] < C/(:E[|5sllp}ds+cf‘z”.
It follows from Gronwall’s inequality that [|Err.m) < CT%/%, which, together with (4.22),
leads to the desired conclusion. O
5. Numerical Experiment

In this section, we present a numerical experiment to verify the theoretical results. Consider
the following SBHE driven by a space-time white noise:

ou(t,z)  0%u(t,x) Ou(t, x)
T R CL
+u(t,z)(1 - u(t,2)) (u(t,x) —0.5) + W(t), te(0,1], z€(0,1),
u(t,0) =wu(t,1) =0, t € 10,1],

u(0,z) = sin(mx), z € (0,1).
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The numerical mean-square errors E™V'7 at the endpoint ¢t = 1 are measured by the posteriori
estimation and the Monte-Carlo method over Mjy,,; sample trajectories, more precisely,

Miraj ) 3
£ = (e 3 e - @) 5

N’T(wj) and ﬂi\g? (w;) are numerical solutions at j-th trajectory with the discretization

tm 3
parameters N,7 and N = N/2,7 = 27. In every computational step, we simulate the Fourier
coefficients of the numerical solution produced by (4.1) over the basis ¢ (z) = v/2sin(krz),

k=1,2,.... As described in [31], the stochastic convolution

where u

tm+1
/ S(tmt1 — s)PndW(s)
t’VTL
can be easily implemented by Zivzl Ay @i, where

tm+41
M= [ e o
tm

are i.i.d. N(0, o) normally distributed variables with o) = (1 — e=27*%) /(2)).

According to the error bound derived in Theorem 4.1, the theoretical convergence rate in
space is twice than that in time as shown in (4.21), which guides us to take the optimal step
ratio 7 = N~2. The strong convergence rate is obtained by

log EN-N™2 _log EN:N
log N —log N

rate =

Different N and 7 = N~2 are used to implement the simulation, and the results are listed in
Table 5.1. The obtained strong convergence rates are about 0.5, which agree with the theoretical
result )\]7\,1/12 + 72 ~ N~ with a = 1/2 — €.

Table 5.1: Errors EN'Y "~ and convergence rates of the full discretization with different N and 7 = N2

N 24 2° 26 27 28 Expected rate
ENN 1 0.0546 | 0.0392 | 0.0278 | 0.0198 | 0.0141
Rate 0.4785 | 0.4950 | 0.4930 | 0.4905 0.5—¢

6. Conclusion

We have developed a novel fully discrete tamed exponential integrator scheme to approx-
imate the SBHE driven by the space-time white noise. The scheme is explicit and easily
implementable. The primary focus of this study is to establish the rate of convergence for
the proposed scheme, with the main challenge stemming from the non-global monotonicity
of Burgers-type nonlinearity. Leveraging the monotonicity property of the cubic nonlinearity
allows us to successfully overcome this obstacle by establishing an essential estimation and
ensuring moment boundedness for both mild and approximate solutions. Looking ahead, our
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future work will involve relaxing the conditions imposed on the model parameters and con-
ducting a comprehensive convergence analysis of the tamed exponential integrator scheme for
stochastic Burgers equations.
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