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Abstract

The k-th (k = 3, 4, 5) order backward differential formula (BDFk) is applied to de-

velop the high order energy stable schemes for the molecular beam epitaxial model with

slope selection. The numerical schemes are established by combining the convex splitting

technique with the k-th order accurate Douglas-Dupont stabilization term in the form of

Sτk−1∆h(φ
n
−φn−1). With the help of the new constructed discrete gradient structure of

the k-th order explicit extrapolation formula, the stabilized BDFk scheme is proved to pre-

serve energy dissipation law at the discrete levels and unconditionally stable in the energy

norm. By using the discrete orthogonal convolution kernels and the associated convolution

embedding inequalities, the L2 norm error estimate is established under a weak constraint

of time-step size. Numerical simulations are presented to demonstrate the accuracy and

efficiency of the proposed numerical schemes.
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1. Introduction

The molecular beam epitaxial technique can be used to obtain high-quality crystalline ma-

terials and form the structures with very high precision in the vertical direction [25]. In this

paper, we consider the molecular beam epitaxial (MBE) model with slope selection [16], that is

∂tΦ = −κµ, µ = ǫ2∆2Φ−∇ · [(|∇Φ|2 − 1)∇Φ], x ∈ Ω, (1.1)

which can be regarded as the L2 gradient flow of the energy functional

E[Φ] =

∫

Ω

[
ǫ2

2
|∆Φ|2 +

1

4
(|∇Φ|2 − 1)2

]
dx. (1.2)

The above mentioned Φ indicates the periodic scaled height function. The chemical potential µ

can be seen as the variational derivative of the functional (1.2) and be calculated by µ=δE/δΦ
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formally. Parameters κ and ǫ2 are the mobility coefficient and the dissipation coefficient respec-

tively. The fourth order term and the nonlinear second order term model the surface diffusion

and the Ehrlich-Schwoebel effect respectively [9,31]. Due to the slope selection in the dynamics

evolution, the solution of the model (1.1) is featured by the shape of pyramids or pyramid-like

structures.

We consider the model (1.1) with the periodic boundary conditions and the initial condition

Φ(x, 0) = φ0(x). It reveals that the MBE model with slope selection has the properties of the

mass conservation and the energy dissipation. Given (u, v) =
∫
Ω
uv dx is the inner product

in L2(Ω) and ‖u‖L2(Ω) =
√
(u, u) is the corresponding norm. Simple calculation leads to the

mass conservation law (Φ(t), 1) = (φ0, 1) and the energy dissipation law as follows:

d

dt
E[Φ] = −κ‖∂tΦ‖

2
L2 ≤ 0. (1.3)

Many efficient and stable numerical methods have been developed and analyzed for the

MBE equation with or without slope selection. See the relevant references [1,7,8,11,19,22,27–

30,33,35–39], etc. To the best of our knowledge, several effective strategies have been developed

to design the unconditional energy stable numerical schemes, such as the stabilized method,

the convex splitting method, the invariant energy quadratization (IEQ) method and the scalar

auxiliary variable (SAV) method, etc. Among these methods, we focus on the convex splitting

strategy in dealing with the temporal approximation. In [35], the convex splitting method

was applied to develop the first order unconditionally stable scheme for the MBE model. The

second order convex splitting schemes [33] were proposed for the same model. The MBE model

with slope selection was solved by a fully discrete finite difference scheme combining the convex

splitting strategy [29]. And, the convergence analysis was carried out carefully. The first and

second order linear energy stable schemes [2, 4] based on the convex splitting method were

devised for a thin film model without slope selection. A second order unconditionally energy

stable finite difference scheme [11], which combines the second order backward differentiation

formula (BDF) and convex splitting method, was presented and analyzed for the MBE model

with slope selection.

The high order energy stable numerical methods are more desirable because of the long

time coarsening process of the MBE model, such as that in [3, 13, 15, 17], etc. The third order

linear BDF schemes were devised for the MBE model without slope selection in [13, 17], and

the modified energy dissipation law and the convergence of the numerical schemes were proved

rigorously. Especially, the Douglas-Dupont type stabilization term in the form of Sτ2∆hδ1φ
n,

was added to ensure the energy stability for any temporal steps [13]. Recently, the fully implicit

BDF methods up to fifth order [15] were studied for the no-slope MBE equation. Under certain

temporal step constraints, the modified energy dissipation law and L2 norm error analysis

of the numerical schemes were constructed by using the tools including the discrete gradient

structure of k-th order BDF (BDFk) formula and the discrete orthogonal convolution (DOC)

kernels. Based on this idea, we proposed the BDF3-5 schemes [18] for the MBE model with

slope selection, and analyzed those schemes under the theoretical framework [24]. However, the

above proposed BDF3-5 schemes were proved to be uniquely solvable and energy stable under

the temporal step constraint τ ≤ 2ǫ2min{2σLk, b
(k)
0 }/κ.

In this work, the unconditionally energy stable high order accurate methods, which remove

the temporal step constraint on the energy dissipation law, are concerned for solving MBE

model with slope selection. We combine the high order BDF formulas and the convex splitting

method to deal with the time approximation in the time evolution process. However, for the
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convex splitting strategy, the explicit treatment of the concave term might lead to the energy

stability loss. Therefore, an artificial stabilized term, which always has the same order as the

numerical scheme, is considered to replenish the energy. For example, the Douglas-Dupont type

regularization terms in the form of Sτk−1∆s
Nδ1u

n (s = 1 or 2) for k = 1, 2, 3, were applied to

devise the unconditional energy stable schemes for the MBE models in [4, 13, 37]. From this

perspective, we note that a third order convex splitting BDF scheme [6] was designed for the

Cahn-Hilliard equation, and the theoretical analysis was demonstrated rigorously. Our main

purpose is to construct the high order convex splitting BDF schemes with a class of stabilized

terms and analyze them in the aspect of the unconditional stability and L2 norm convergence

for the MBE model with slope selection subject to the periodic boundary conditions. The main

contributions are listed as follows:

1. For k=3, 4, 5, the k-th order accurate Douglas-Dupont type stabilization term Sτk−1∆hδ1φ
n

is added to construct the stabilized convex splitting BDFk scheme.

2. The discrete gradient decomposition is presented for the explicit extrapolation formula

combining the implicit cubic term. For the properly selected stabilization parameter S,

the energy dissipation law at the discrete levels is demonstrated for the proposed numerical

scheme with respect to any time step τ .

3. With the help of the new proposed convolution embedding inequality, the error estimate

of the stabilized BDFk (k = 3, 4, 5) method is proved in the L2 norm rigorously.

The rest of the paper is organized as follows. In the next section, the stabilized convex

splitting BDFk scheme is proposed with the spatial approximation by Fourier pseudo-spectral

method. In Section 3, we show the unique solvability of the proposed BDFk scheme. The

energy dissipation law at the discrete levels is established in a modified version, which leads to

the prior estimate of the numerical solution. The convergence analysis is demonstrated with

the help of the DOC kernels and convolution embedding inequalities in Section 4. In Section 5,

numerical experiments are given to test the accuracy and efficiency of the developed k-th order

(k = 3, 4, 5) scheme. Finally, a brief conclusion is presented in Section 6.

2. Numerical Scheme

In this section, we present the high order stabilized fully discrete numerical scheme for the

MBE model with slope selection based on the k-th (k = 3, 4, 5) order accurate BDF formula,

convex splitting strategy and Fourier pseudo-spectral method.

As a preliminary, some notations and definitions are presented. One divides the time interval

[0, T ] by the nodes tn = nτ (0 ≤ n ≤ N) with time step τ = T/N . Given an arbitrary real

sequence {vn | n = 0, 1, 2, . . . , N}, define the following difference operators:

δ1v
n = vn − vn−1, δm+1v

n = δm
(
δ1v

n
)
= δmv

n − δmv
n−1, m ≥ 1.

Denote the k-th order explicit extrapolation formula as follows:

v̂(n,k) = vn − δkv
n, k = 3, 4, 5.

For any index k = 3, 4, 5, the BDFk formula is written as the convolution summation, namely

Dkv
n =

1

τ

n∑

ℓ=1

b
(k)
n−ℓδ1v

ℓ, n ≥ k, (2.1)
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Table 2.1: The BDFk kernels b
(k)
j .

BDFk b
(k)
0 b

(k)
1 b

(k)
2 b

(k)
3 b

(k)
4

k=3 11/6 −7/6 1/3

k=4 25/12 −23/12 13/12 −1/4

k=5 137/60 −163/60 137/60 −21/20 1/5

in which the coefficients b
(k)
j with 0 ≤ j ≤ n (b

(k)
j = 0 if j ≥ k) are the so-called BDFk kernels

presented in Table 2.1. In [24], the DOC kernels θ
(k)
j corresponding to the discrete BDFk

kernels were firstly proposed by

θ
(k)
0 =

1

b
(k)
0

, θ
(k)
n−j = −

1

b
(k)
0

n∑

ℓ=j+1

θ
(k)
n−ℓb

(k)
ℓ−j, j = k, k + 1, . . . , n− 2, n− 1,

which will play an important role in the subsequent analysis including the mass conservation

and error estimate. One verifies that the DOC kernels satisfy the DOC identity, that is

n∑

ℓ=j

θ
(k)
n−ℓb

(k)
ℓ−j ≡ δnj ,

where δnj is the Kronecker delta symbol. Furthermore, by using the DOC kernels, the BDFk

formula Dkφ
n can be transformed into the following form:

n∑

j=k

θ
(k)
n−jDkφ

j =
1

τ
φ
(k,n)
I +

1

τ
δ1φ

n, (2.2)

in which φ
(k,n)
I only contains the values of former k-1 levels, namely

φ
(k,n)
I =

k−1∑

ℓ=1

δ1φ
ℓ

n∑

j=k

θ
(k)
n−jb

(k)
j−ℓ, n ≥ k. (2.3)

One divides the space domain Ω = (0, L)2 by using the uniform meshes

Ωh = {xh = (ih, jh) | 1 ≤ i, j ≤M},

whereM is an even integer, and h = L/M is the spatial step. Define the space of grid functions

Vh = {v | v = (vh) is (L,L)-period for xh ∈ Ω̄h = Ωh ∪ ∂Ωh}.

Denote the space FM , which contains all the trigonometric polynomials of degree up to M/2.

Suppose PM : L2(Ω) → FM and IM : L2(Ω) → FM are the standard L2 projection operator

and the trigonometric interpolation operator, respectively [32],

(PMv)(x) =

M/2−1∑

ℓ,m=−M/2

v̂ℓ,meℓ,m(x), (IMv)(x) =

M/2−1∑

ℓ,m=−M/2

ṽℓ,meℓ,m(x),

where

eℓ,m(x) = exp
2πi(ℓx+my)

L
.
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The projection coefficients v̂ℓ,m are the standard Fourier coefficients of function v(x), and the

pseudo-spectral coefficients ṽℓ,m are determined by (IMv)(xh) = vh. In turn, the Fourier

pseudo-spectral p-th order derivatives of vh with respect to x and y, are separately defined by

Dp
xvh =

M/2−1∑

ℓ,m=−M/2

(
2πℓi

L

)p

ṽℓ,meℓ,m(xh), Dp
yvh =

M/2−1∑

ℓ,m=−M/2

(
2πmi

L

)p

ṽℓ,meℓ,m(xh).

Furthermore, the discrete gradient and Laplacian are represented by the following equation:

∇hvh =
(
D1

xvh,D
1
yvh

)⊤
, ∆hvh = ∇h · (∇hvh) = D2

xvh +D2
yvh.

For any grid functions v, w ∈ Vh, define the discrete inner product and the related norms by

〈v, w〉 = h2
∑

xh∈Ωh

vhwh, ‖v‖l2 =
√
〈v, v〉,

‖v‖lq = q

√
h2

∑

xh∈Ωh

|vh|q, ‖∇hv‖ =

√
h2

∑

xh∈Ωh

|∇hvh|2.

For arbitrary grid functions v, w ∈ Vh, the discrete Green’s formulas [32] hold

〈−∆hv, w〉 = 〈∇hv,∇hw〉,
〈
∆2

hv, w
〉
= 〈∆hv,∆hw〉. (2.4)

Now, we are ready to design the numerical schemes for the MBE model with the slope

selection (1.1). The BDFk (k = 3, 4, 5) formula is used for approximation in time, the concave

term is approximated by the k-th order accurate explicit extrapolation formula, and the spa-

tial operators are approached by Fourier pseudo-spectral method. In addition, the k-th order

Douglas-Dupont type stabilization term is added to ensure the unconditional stability. For the

sake of presentation, we denote the exact solution by Φn
h = Φ(xh, tn) and its approximate value

by φnh ≈ Φ(xh, tn). Furthermore, we present the fully discrete stabilized convex splitting BDFk

scheme to simulate the MBE model (1.1). That is, finding φn ∈ Vh such that

Dkφ
n = −κµn + Sτk−1∆hδ1φ

n,

µn = ǫ2∆2
hφ

n −∇h ·
(∣∣∇hφ

n
∣∣2∇hφ

n
)
+∆hφ̂

(n,k), k ≤ n ≤ N,
(2.5)

where S ≥ 0 is called the stabilized parameter. From the above scheme, once the initial value is

given, one needs to choose certain numerical method to compute the numerical solution of the

former k − 1 time levels, and the selected method should ensure the accuracy of the proposed

numerical schemes.

Remark 2.1. The BDF method is applied to get the high order time approximation in the

proposed numerical scheme for simulating the MBE model with slope selection. From this

perspective, other algorithms such as the ETD multi-step scheme [3] are also very efficient for

solving gradient flows. For the proposed BDF-type scheme and the ETD-based scheme [3],

they all require other methods, such as Runge-Kutta method, to provide starting values. The

advantage of the ETD multi-step method is explicit, while it requires to design an iteration

method to solve the BDF method. However, the calculation of a matrix exponential may be

expensive, and the efficient algorithm to accurately compute the matrix exponential is still

limited [10]. It is very meaningful and challenging to discuss and compare the ETD multi-step

method and the BDF method in different models, spatial discretizations and iteration methods.
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3. Solvability and Energy Dissipation Law

In this section, the unique solvability of the stabilized convex splitting BDFk (k = 3, 4, 5)

scheme (2.5) can be proved by demonstrating that the auxiliary convex, coercive functional

has the unique minimizer. The discrete dissipation law in a modified version will be built up

by using the tools of the discrete gradient decompositions of the BDF formulas and explicit

extrapolations.

We assume that the numerical value of the first (k − 1)-level conserve the mass 〈φn, 1〉 =

〈φ0, 1〉 for 1 ≤ n ≤ k with k = 3, 4, 5. Thus, it is not difficult to obtain the mass conservation

law of the numerical solution φn. Actually, taking the inner product with the numerical scheme

(2.5) by 1, it leads to
〈
Dkφ

j , 1
〉
= −κ〈µj, 1〉+ Sτk−1

〈
∆hδ1φ

j , 1
〉
= 0, j ≥ k. (3.1)

Multiplying the both sides of the Eq. (3.1) by the DOC kernels θ
(k)
n−j , summing the results in j

from k to n, and applying the Eq. (2.2), one gets

0 =

n∑

j=k

θ
(k)
n−j

〈
Dkφ

j , 1
〉
=

〈
1

τ
δ1φ

n +
1

τ
φ
(k,n)
I , 1

〉
,

which implies 〈δ1φ
n, 1〉 = 0. Therefore, the mass conservation law, 〈φn, 1〉 = 〈φ0, 1〉 for n ≥ 1,

holds by a simple recurrence.

Next, we focus on the unique solvability of the proposed numerical schemes. As a prelimi-

nary, we define the space

V
∗
h =

{
z ∈ Vh | 〈z − φn−1, 1〉 = 0

}
,

and introduce the notation

Ln−1 =

n−1∑

ℓ=1

b
(k)
n−ℓδ1φ

ℓ

for the index n ≥ k with k = 3, 4, 5.

Theorem 3.1. The stabilized convex splitting BDFk (k = 3, 4, 5) scheme is uniquely solvable.

Proof. For any time level index n ≥ k, we present the discrete energy functional G[z] on V
∗
h

as follows:

G[z] =
b
(k)
0

2τ
‖z − φn−1‖2 +

1

τ
〈Ln−1, z − φn−1〉+

S

2
τk−1

∥∥∇h(z − φn−1)
∥∥2

+
κǫ2

2
‖∆hz‖

2 +
κ

4
‖∇hz‖

4
l4 + κ

〈
∆hφ̂

(n,k), z
〉
.

For any λ ∈ R and ψ ∈ Vh, one considers the second derivative of functional G[z + λψ] with

respect to λ at point λ = 0, namely

d2

dλ2
G[z + λψ]|λ=0 =

b
(k)
0

τ
‖ψ‖2 + Sτk−1‖∇hψ‖

2 + κǫ2‖∆hψ‖
2 + 3κ‖∇hz∇hψ‖

2 ≥ 0,

which implies that the functional G[z] is strictly convex. It is not difficult to show the functional

G[z] is coercive on Vh, that is,

G[z] ≥
b
(k)
0

2τ
‖z − φn−1‖2 −

b
(k)
0

4τ
‖z − φn−1‖2 −

1

τb
(k)
0

‖Ln−1‖2
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+
κǫ2

2
‖∆hz‖

2 −
κǫ2

2
‖∆hz‖

2 −
κ

2ǫ2
‖φ̂(n,k)‖2

=
b
(k)
0

4τ
‖z − φn−1‖2 −

1

τb
(k)
0

‖Ln−1‖2 −
κ

2ǫ2
‖φ̂(n,k)‖2,

where the evaluation

〈
∆hφ̂

(n,k), z
〉
=

〈
φ̂(n,k),∆hz

〉
≤
ǫ2

2
‖∆hz‖

2 +
1

2ǫ2
‖φ̂(n,k)‖2

is applied in the first step of the above estimate.

Therefore, the functional G[z] has a unique minimizer denoted by φn, if and only if it solves

the following equation:

0 =
d

dλ
G[z + λψ]|λ=0 =

〈
b
(k)
0

τ
(z − φn−1) +

1

τ
Ln−1 − Sτk−1∆h(z − φn−1)

+ κǫ2∆2
hz − κ∇h ·

(
|∇hz|

2∇hz
)
+ κ∆hφ̂

(n,k), ψ

〉
.

Notice that the above equation holds for any ψ ∈ Vh. Therefore, the numerical scheme (2.5) is

uniquely solvable. This completes the proof. �

Furthermore, one applies the gradient structure of BDFk formula and the k-th order explicit

extrapolation formula for constructing the energy dissipation law of the numerical scheme (2.5).

Actually, for any sequence (wn, · · · , w1, w0), a gradient decomposition of the k-th order BDF

formula is presented in the manner of

wn
n∑

j=1

b
(k)
n−jw

j = Gk[w
n]− Gk[w

n−1] +
σLk

2
(wn)2 +Rk[w

n], n ≥ k, (3.2)

where Gk[v] and Rk[v] are positive functionals defined by

• For k = 3, the constant σL3 = 95/48 ≈ 1.979,

G3[w
n] =

1

6
(wn)2 +

1

6

(
7

4
wn − wn−1

)2

, R3[w
n] =

1

6

(
δ21w

n +
1

4
wn−1

)2

.

• For k = 4, the constant σL4 = 4919/3072 ≈ 1.601,

G4[w
n] =

13627

43008
(wn)2 +

7

24

(
65

56
wn − wn−1

)2

+
1

8

(
3

2
δ1w

n + wn−2

)2

,

R4[w
n] =

1

8

(
δ31w

n +
3

2
δ1w

n−1

)2

+
1

6

(
δ21w

n +
35

32
wn−1

)2

.

• For k = 5, the constant σL5 = 646631/1920000 ≈ 0.3367,

G5[w
n] =

1198850903

1678080000
(wn)2 +

437

900

(
4931

6992
wn − wn−1

)2

+
9

40

(
23

18
δ1w

n + wn−2

)2

+
1

10

(
2δ1w

n + 2wn−2 − wn−3
)2
,

R5[w
n] =

1

10

(
δ41w

n + 2δ21w
n−1

)2
+

1

8

(
δ31w

n +
23

10
δ1w

n−1

)2

+
1

6

(
δ21w

n +
1787

800
wn−1

)2

.



172 J. LI AND X.P. WANG

One refers to [15, 21, 26, 34] for more details. To handle the k-th order explicit extrapola-

tion φ̂(k,n), we develop a class of gradient structures of the high order explicit extrapolations

(together with the cubic polynomial nonlinear term). As a matter of convenience, we define

functionals Fk, ℜk (for the index k = 3, 4, 5) associated with (wn, wn−1, · · · , w1, w0). For the

purpose of simplicity, we introduce the notations as follows:

Fk[w
n] , Fk[w

n, wn−1, · · · , w0], ℜk[w
n] , ℜk[w

n, wn−1, · · · , w0], n ≥ k.

For the index k = 3, 4, 5, the decomposition related to the explicit extrapolation is listed in the

following lemma, and the proof will be presented in the Appendix.

Lemma 3.1. For any sequence (vn, · · · , v1, v0), it holds that

[
(vn)3 − v̂(n,k)

]
δ1v

n

=
1

4
[(vn)2 − 1]2 −

1

4
[(vn−1)2 − 1]2 +

1

2
(vn)2

(
δ1v

n
)2

+
1

4

[
(vn)2 − (vn−1)2

]2
+ Fk

[
δ1v

n
]

−Fk

[
δ1v

n−1
]
− γk

(
δ1v

n
)2

+ ℜk

[
δ1v

n
]
, n ≥ k, (3.3)

where the positive constant γk, quadratic functionals Fk[w
n] and ℜk[w

n] are defined by

• For k = 3, the constant γ3 = 1,

F3[w
n] =

1

2
(wn)2 +

1

2

(
δ1w

n
)2
, ℜ3[w

n] =
1

2

(
δ2w

n + wn−1
)2
.

• For k = 4, the constant γ4 = 31/8,

F4[w
n] =

13

8
(wn)2 +

5

4
(wn−1)2 +

1

2
(wn−2)2 +

3

4

(
δ1w

n
)2
,

ℜ4[w
n] =

3

2

(
δ2w

n +
3

2
wn−1

)2

+
1

2

(
δ3w

n + 3δ1w
n−1

)2
.

• For k = 5, the constant γ5 = 67/4,

F5[w
n] =

39

4
(wn)2 +

19

2
(wn−1)2 +

7

2
(wn−2)2 +

3

2
(wn−3)2 +

(
δ1w

n
)2
,

ℜ5[w
n] = 4

(
δ2w

n +
7

4
wn−1

)2

+
(
δ2w

n−1 + 2wn−3
)2

+ 2
(
δ3w

n + 3δ1w
n−1

)2
+

1

2

(
δ4w

n + 4δ2w
n−1

)2
.

Denote the discrete version of free energy (1.2) by

E[φn] =
ǫ2

2

∥∥∆hφ
n
∥∥2 + 1

4

∥∥∣∣∇hφ
n
∣∣2 − 1

∥∥2,

and the modified discrete energy by

Ek[φ
n] = E[φn] +

1

κτ

〈
Gk

[
δ1φ

n
]
, 1
〉
+
〈
Fk

[
∇hδ1φ

n
]
, 1
〉
, n ≥ k, k = 3, 4, 5. (3.4)

Then we have the following discrete energy dissipation law.
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Theorem 3.2. For k = 3, 4, 5, if the stabilized parameter S satisfies

S ≥
4k−1κk(1 + γk)

3k−3(k − 2)k−2

[
27σLkǫ2(k − 1)

]k−1
, (3.5)

the stabilized convex splitting BDFk scheme (2.5) preserves the modified energy dissipation law

(3.4) at the discrete levels, namely

Ek[φ
n] ≤ Ek[φ

n−1], n ≥ k.

Proof. Taking the inner product on both sides of (2.5) with δ1φ
n/κ, it follows that

1

κ

〈
Dkφ

n, δ1φ
n
〉
+ ǫ2

〈
∆2

hφ
n, δ1φ

n
〉

+
〈∣∣∇hφ

n
∣∣2∇hφ

n −∇hφ̂
(n,k),∇hδ1φ

n
〉

+
S

κ
τk−1

∥∥∇hδ1φ
n
∥∥2

= 0, n ≥ k. (3.6)

Based on the gradient structure (3.2) of the high order BDF formulas, the first term on the

left-hand side of the above equality is handled by

〈
Dkφ

n, δ1φ
n
〉
=

1

τ

〈
n∑

j=k

b
(k)
n−jδ1φ

j , δ1φ
n

〉

≥
1

τ

〈
Gk

[
δ1φ

n
]
, 1
〉
−

1

τ

〈
Gk

[
δ1φ

n−1
]
, 1
〉
+
σLk

2τ

∥∥δ1φn
∥∥2. (3.7)

By using simple identity 2a(a− b) = a2 − b2 + (a− b)2, the surface diffusion term is treated as

〈
∆2

hφ
n, δ1φ

n
〉
=

〈
∆hφ

n, δ1∆hφ
n
〉
=

1

2

∥∥∆hφ
n
∥∥2 − 1

2

∥∥∆hφ
n−1

∥∥2
+

1

2

∥∥δ1∆hφ
n
∥∥2. (3.8)

Taking vn = ∇hφ
n in Lemma 3.1, one deals with the cubic term together with the explicit

extrapolation of the concave term as follows:

〈∣∣∇hφ
n
∣∣2∇hφ

n −∇hφ̂
(n,k), δ1∇hφ

n
〉

≥
1

4

∥∥ ∣∣∇hφ
n
∣∣2 − 1

∥∥2 − 1

4

∥∥ ∣∣∇hφ
n−1

∣∣2 − 1
∥∥2

+
〈
Fk

[
∇hδ1φ

n
]
, 1
〉
−
〈
Fk

[
δ1∇hφ

n−1
]
, 1
〉
− γk

∥∥δ1∇hφ
n
∥∥2. (3.9)

The substitution of inequalities (3.7)-(3.9) into the equality (3.6) implies that

Ek[φ
n] +

(
S

κ
τk−1 − γk

)∥∥δ1∇hφ
n
∥∥2 + σLk

2κτ

∥∥δ1φn
∥∥2 + ǫ2

2

∥∥δ1∆hφ
n
∥∥2

≤ Ek[φ
n−1] (3.10)

for n ≥ k. Notice the elementary inequality

1 +
S

κ
τk−1 =

k−2∑

i=1

1

k − 2
+
S

κ
τk−1 ≥

k − 1

(k − 2)
k−2

k−1

(
S

κ

) 1

k−1

τ.

Furthermore, applying the stabilized parameter setting (3.5), it holds that

[
(k − 1)τ

(k − 2)
k−2

k−1

(
S

κ

) 1

k−1

− 1− γk

]
∥∥δ1∇hφ

n
∥∥+

σLk

2κτ

∥∥δ1φn
∥∥2 + ǫ2

2

∥∥δ1∆hφ
n
∥∥2
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≥

[
(k − 1)τ

(k − 2)
k−2

k−1

(
S

κ

) 1

k−1

− 1− γk +

√
σLkǫ2

κτ

]
∥∥δ1∇hφ

n
∥∥

≥





[
27σLkǫ

2

4κ

(k − 1)

(k − 2)
k−2

k−1

(
S

κ

) 1

k−1

] 1

3

− 1− γk





∥∥δ1∇hφ
n
∥∥ ≥ 0, (3.11)

in which

√
σLkǫ2

κτ

∥∥δ1∇hφ
n
∥∥2 ≤

√
σLkǫ2

κτ

∥∥δ1φn
∥∥ ·

∥∥δ1∆hφ
n
∥∥ ≤

σLk

2κτ

∥∥δ1φn
∥∥2 + ǫ2

2

∥∥δ1∆hφ
n
∥∥2

is used in the first step and the Young inequality is applied in the second step. A combination

of (3.10) and (3.11) leads to the modified energy dissipation law. The proof is complete. �

Remark 3.1. To balance the energy growth loss caused by the explicit treatment of concave

term, we add the k-th order artificial Douglas-Dupont-type regularization term in the form of

Sτk−1∆hδ1φ
n, which has the lower order than that of the surface diffusion term. It reveals

that the higher order artificial diffusion term may cause additional numerical dissipation in the

long time simulation [5].

The restriction of the stabilized parameter, S = O(κk/ǫ2(k−1)), is required to obtain the

modified energy dissipation law with no restriction on time step size. However, when we carried

out the artificial stabilized term Sτk−1∆2
hδ1φ

n, the parameter setting becomes

S ≥
κk(1 + γk)

2k−2(k − 2)k−2

2[σLk(k − 1)]k−1

1

(ǫ2)k−2

by using the similar derivation of the Theorem 3.2. Specifically, the parameter constraint is

S = O(1/ǫ2) for k = 3, which is similar to the result in [13].

To facilitate the error analysis, an assumption is imposed on the numerical solution of the

former k − 1 levels. For any k = 3, 4, 5, it holds that Ek[φ
n] ≤ c0 (1 ≤ n ≤ k − 1), where the

positive constant c0 mainly relies on the starting value φ0, φ1, · · · , φk−1, but is independent of

the spatial step h and the temporal step τ . With the help of the discrete Sobolev embedding

inequality [32]

‖v‖l6 ≤ cΩ(‖v‖+ ‖∇hv‖), v ∈ Vh, (3.12)

and similarly to the proof of [18, Theorem 3.3], one gets the following theorem.

Theorem 3.3. The numerical solution of the stabilized convex splitting BDFk scheme (2.5) is

bounded in the manner of

∥∥∇hφ
n
∥∥
l6
≤ cΩ

√
4c0ǫ−2 + (ǫ2 + 2)|Ω| =: c1. (3.13)

Overall, one obtains the unconditional energy stability of the numerical scheme, which listed

in Theorem 3.2. Following the energy dissipation law, one gets the boundedness of the numerical

solution, which will play a key role in the convergence analysis.
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4. L
2 Norm Convergence

In this section, we will discuss the convergence of the stabilized convex splitting BDFk

scheme (2.5) for the MBE equation with slope selection. The projection and interpolation

theory will be presented here due to the application of the Fourier pseudo-spectral method. To

handle the nonlinear term in the error analysis, a new discrete convolution inequality will be

developed based on the existing convolution inequalities and the properties of the DOC kernels.

Denote the Sobolev space Hm(Ω) (m ≥ 0). Suppose C∞
per(Ω) is a set of infinitely differen-

tiable periodic functions with (L,L)-period. Hm
per(Ω) is the closure of C∞

per(Ω) in H
m(Ω). For

convenience, we denote the norms | · |Hm = | · |Hm
per

, ‖·‖Hm = ‖·‖Hm
per

and ‖·‖L2 = ‖·‖H0 . Some

estimations of the L2-projection operator PM and trigonometric interpolation operator IM are

listed in the following lemma.

Lemma 4.1 ([32]). For any Φ ∈ Hm
per(Ω) and 0 ≤ s ≤ m, it holds that

‖PMΦ− Φ‖Hs ≤ CΦh
m−s|Φ|Hm , ‖PMΦ‖Hs ≤ CΦ‖Φ‖Hs , (4.1)

in addition, if m ≥ 3/2, then

‖IMΦ− Φ‖Hs ≤ CΦh
m−s|Φ|Hm , ‖IMΦ‖Hs ≤ CΦ‖Φ‖Hs . (4.2)

We define the matrices related to the discrete kernels b
(k)
j as follows:

Bk,ℓ :=




b
(k)
0

b
(k)
1 b

(k)
0

...
. . .

. . .

b
(k)
k−1 · · · b

(k)
1 b

(k)
0

. . .
. . . b

(k)
1 b

(k)
0

b
(k)
k−1 · · · b

(k)
1 b

(k)
0




⊗ I2, Bk := Bk,ℓ +B⊤
k,ℓ. (4.3)

From [24], we know that the eigenvalue of matrix Bk has the lower bound m1k, where m13 =

95/48 ≈ 1.979,m14 = 1.628 and m15 = 0.3711. It is indicated that the maximum eigenvalue

of B⊤
k,ℓBk,ℓ has the upper bound m2k > 0 [15]. In turn, we define the matrices related to the

DOC kernels θ
(k)
j , namely

Θk,ℓ :=




θ
(k)
0

θ
(k)
1 θ

(k)
0

...
...

. . .

θ
(k)
n−k θ

(k)
n−k−1 · · · θ

(k)
1 θ

(k)
0




⊗ I2, Θk := Θk,ℓ +Θ⊤
k,ℓ. (4.4)

It follows from [15] that the minimum eigenvalue of the matrix Θk is bounded from below by

the constant m1k/m2k and its maximum eigenvalue has an upper bound m3k > 0.

Lemma 4.2 ([15, 18]). For any ε > 0 and real vector sequences vℓ, wℓ ∈ R
2 (k ≤ ℓ ≤ n), the

following convolution inequalities hold:

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(w

ℓ)⊤vj ≤ ε

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(v

ℓ)⊤vj +
1

2m1kε

n∑

ℓ=k

(wℓ)⊤wℓ,
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n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(w

ℓ)⊤vj ≤ ε

n∑

ℓ=k

(vℓ)⊤vj +
m3k

4m1kε

n∑

ℓ=k

(wℓ)⊤wℓ.

Lemma 4.3. For any real vector sequences vℓ, wℓ ∈ R
2 (k ≤ ℓ ≤ n), it holds

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(w

ℓ)⊤vj ≤ ε

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(w

ℓ)⊤wj +
m2km3k

2m2
1kε

n∑

ℓ=k

(vℓ)⊤vℓ, ∀ ε > 0.

Proof. Based on the property of the matrix Θk that its minimum eigenvalue has the positive

lower bound m1k/m2k, it is natural to get

n∑

ℓ=k

(wℓ)⊤wℓ ≤
2m2k

m1k

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j(w

ℓ)⊤wj . (4.5)

It follows from the second inequality with ε = m2km3k/(2m
2
1kε) in Lemma 4.2 that the desired

result holds. This ends the proof. �

Lemma 4.4. Suppose that any real vector sequences vℓ, zℓ ∈ Vh (k ≤ ℓ ≤ n) and there exist

nonnegative constants cv such that ‖vℓ‖l3 ≤ cv. Then, for any ε > 0, it holds that

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j〈v

jzj, zℓ〉

≤ ε

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∇hz

j ,∇hz
ℓ
〉

+

(
ε+

2c2vc
2
Ωm

2
2km3k

m
3
1kε

) n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j〈z

j, zℓ〉.

Proof. With the help of Lemma 4.3, the Hölder inequality and imbedding inequality (3.12),

one obtains

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j〈v

j
z
j , zℓ〉

≤ ε1

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j〈z

j , zℓ〉+
m2km3k

2m2
1kε1

n∑

ℓ=k

‖vℓ
z
ℓ‖2

≤ ε1

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j〈z

j , zℓ〉+ c2vc
2
Ω

m2km3k

m
2
1kε1

n∑

ℓ=k

(
‖zℓ‖2 +

∥∥∇hz
ℓ
∥∥2). (4.6)

Applying the estimate (4.5) and taking ε1 = 2c2vc
2
Ωm

2
2km3k/(m

3
1kε), it follows from the inequality

(4.6) that the desired result holds. This completes the proof. �

Lemma 4.5 ([24]). For the index k = 3, 4, 5, the DOC kernels θ
(k)
j (j ≥ 0) are positive definite

and satisfy the decaying estimates

∣∣θ(k)j

∣∣ ≤ ρk
4

(
k

7

)j

,
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where the constants ρ3 = 10/3, ρ4 = 6, ρ5 = 96/5. Furthermore, there exist positive constants

cIk ≥ 1 such that
n∑

j=k

∣∣φ(k,j)1

∣∣ ≤ 7cIkρk
8(7− k)

k−1∑

ℓ=1

∣∣δ1φℓ
∣∣, n ≥ k.

As a preliminary, we define the truncation errors and give their estimates. Let ΦM = PMΦ

be the L2 projection of the exact solution Φ. Then, we obtain the semi-discrete system of

Eq. (1.1) as follows:

∂tΦM = −κµM + rP , µM = ǫ2∆2
hΦM −∇h ·

(
|∇hΦM |2∇hΦM

)
+∆hΦM , (4.7)

where rP (xh, t) is the spatial consistency error

rP = ∂tΦM − ∂tΦ + κ(µM − µ), xh ∈ Ωh. (4.8)

Denote rnP = rP (xh, tn). For any k = 3, 4, 5, applying the k-th order BDF formula and explicit

extrapolation formula to the semi-discrete approximation equation (4.7), adding the k-th order

Douglas-Dupont type stabilization term, one obtains an approximation equation of (1.1)

DkΦ
n
M = −κµn

M + Sτk−1∆hδ1Φ
n
M + rnp + rnΦ,

µn
M = ǫ2∆2

hΦ
n
M −∇h ·

(∣∣∇hΦ
n
M

∣∣2∇hΦ
n
M

)
+∆hΦ̂

(n,k)
M , k ≤ n ≤ N,

(4.9)

where rnΦ comes from the BDFk formula, k-th order extrapolation and stabilization term,

rnΦ = DkΦM (tn)− ∂tΦM (tn) + κ
[
∆hΦ̂

(n,k)
M −∆hΦM (tn)

]
− Sτk−1∆hδ1ΦM (tn). (4.10)

For the convenience of error estimate, one defines the global spatial and temporal errors by

Rℓ
P =

ℓ∑

j=k

θ
(k)
ℓ−jr

j
P , Rℓ

Φ =

ℓ∑

j=k

θ
(k)
ℓ−jr

j
Φ, ℓ ≥ k. (4.11)

Suppose that the exact solution of MBE problem satisfies Φ ∈ Ck+1([0, T ];Hm+4
per ) for certain

nonnegative integer m. There exists positive constant CΦ such that

∣∣rjΦ
∣∣ ≤ CΦτ

k max
tk≤t≤T

{∣∣∂k+1
t Φ(t)

∣∣ + κ
∣∣∆∂kt Φ(t)

∣∣+ S|∆∂tΦ(t)|
}
≤ CΦτ

k, j ≥ k. (4.12)

It follows from the proof of [20, Theorem 3.1] that the estimate of spatial error satisfies ‖rnP ‖ ≤

CΦh
m. Furthermore, by using Lemma 4.5, we have

n∑

ℓ=k

τ
∥∥Rℓ

Φ

∥∥ ≤
ρktn−k+1

7− k
CΦτ

k,

n∑

ℓ=k

τ
∥∥Rℓ

P

∥∥ ≤
ρktn−k+1

7− k
CΦh

m, n ≥ k. (4.13)

It notes that CΦ mentioned in the paper represents a generalized positive constant, which is

not necessarily the same in different cases.

Theorem 4.1. If the time step satisfies

τ ≤ min

{(
κǫ

3S

) 1

k−1

,

(
m

2
1kǫ

m2km3kS

) 1

k

,
m1kǫ

2

12κc24

}
,
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the numerical solution of the fully discrete stabilized convex splitting BDFk scheme (2.5) is con-

vergent in the L2 norm. In details, the following estimate holds for k ≤ n ≤ N with k = 3, 4, 5:

‖Φn − φn‖ ≤ exp(c5tn−k+1)

[
c6

k−1∑

ℓ=0

∥∥Φℓ
M − φℓ

∥∥+ CΦtn−k+1(τ
k + hm)

]
,

where

c5 = 6κ
2c24m1k + Ĉkm2km3k

m
2
1kǫ

2
, c6 =

14cIkρk
7− k

+
6κm2km3kĈkτ

m1kǫ2
.

Proof. Let Φn
M = PMΦn be the L2 projection of the exact solution at time t = tn and

en = Φn
M − φn be the error between the projection Φn

M and the numerical solution φn of the

proposed numerical scheme (2.5). It is clear that the error between the exact solution and

numerical solution can be estimated by the following triangle inequality:

‖Φn − φn‖ ≤
∥∥Φn − Φn

M

∥∥+ ‖en‖, k ≤ n ≤ N. (4.14)

By applying Lemma 4.1, one finds that ‖Φn − Φn
M‖ ≤ CΦh

m|Φn|Hm . It remains to estimate

the error between the projection solution and the numerical solution.

Subtracting the numerical scheme (2.5) from the approximation system (4.9), one has the

error equations as follows:

Dke
n = −κµn

e + Sτk−1∆hδ1e
n + rnP + rnΦ, k ≤ n ≤ N,

µn
e = ǫ2∆2

he
n −∇h ·

(∣∣∇hΦ
n
M

∣∣2∇hΦ
n
M −

∣∣∇hφ
n
∣∣2∇hφ

n
)
+∆hê

(n,k).
(4.15)

Replacing the index n with j and multiplying both sides of (4.15) by τθ
(k)
ℓ−j and summing the

index j from k to ℓ, we apply (2.2) with φℓ = eℓ to get an equivalent convolution form of error

system (4.15), that is

δ1e
ℓ = −κǫ2τ

ℓ∑

j=k

θ
(k)
ℓ−j∆

2
he

j + κτ

ℓ∑

j=k

θ
(k)
ℓ−j∇h ·

(
uj∇he

j
)
− κτ

ℓ∑

j=k

θ
(k)
ℓ−j∆hê

(j,k)

+ Sτk
ℓ∑

j=k

θ
(k)
ℓ−j∆hδ1e

j − e
(k,ℓ)
I + τRℓ

P + τRℓ
Φ, k ≤ n ≤ N, (4.16)

where

uj =
(
∇hΦ

j
M

)2
+∇hφ

j∇hΦ
j
M +

(
∇hφ

j
)2
,

the global spatial error Rℓ
P and temporal error Rℓ

Φ are given by equality (4.11), e
(k,ℓ)
I represents

the starting error of the numerical solution

e
(k,ℓ)
I =

k−1∑

i=1

δ1e
i

ℓ∑

j=k

θ
(k)
ℓ−jb

(k)
j−i, ℓ ≥ k. (4.17)

Considering the inner product of the Eq. (4.16) with 2eℓ and summing the results in ℓ from k

to n, it follows that

‖en‖2 − ‖ek−1‖2 +

n∑

ℓ=k

∥∥δ1eℓ
∥∥2

= −2κτǫ2
n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j ,∆he
ℓ
〉
− 2κτ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
uj∇he

j ,∇he
ℓ
〉
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− 2κτ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆hê

(j,k), eℓ
〉
+ 2Sτk

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆hδ1e

j , eℓ
〉

− 2
n∑

ℓ=k

〈
e
(k,ℓ)
I , eℓ

〉
+ 2τ

n∑

ℓ=k

〈
Rℓ

P +Rℓ
Φ, e

ℓ
〉
, (4.18)

where the Green’s formulas (2.4) and equality 2a(a−b) = a2−b2+(a−b)2 are applied. Based on

the positive definiteness of the BDFk kernels, one knows that the first term on the right-hand

side of the above equality is negative definite. It remains to estimate the other terms.

Following the energy dissipation law (1.3), it is not difficult to check that ‖∇hΦ
n
M‖l6 ≤ c2

(c2 is a positive constant). Furthermore, we have

‖uj‖l3 ≤
∥∥∇hΦ

n
M

∥∥2
l6
+
∥∥∇hΦ

n
M

∥∥
l6

∥∥∇hφ
n
∥∥
l6
+
∥∥∇hφ

n
∥∥2

l6
≤ c21 + c1c2 + c22 = c3.

With the help of Lemma 4.4 with vj = uj , zj = ∇he
j and ε = ǫ2/6, one obtains

− 2κτ
n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
vj∇he

j ,∇he
ℓ
〉

≤ 2κτ
ǫ2

6

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j,∆he
ℓ
〉

+ 2κc4τ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∇he

j,∇he
ℓ
〉
,

in which

c4 =
ǫ2

6
+

12c23c
2
Ωm

2
2km3k

ǫ2m3
1k

.

For the gradient term in the last step of the above inequality, it can be bounded in the manner of

2κc4τ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∇he

j,∇he
ℓ
〉

= −2κc4τ
n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j , eℓ
〉

≤
ǫ2

6
2κτ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j ,∆he
ℓ
〉
+

6c24κτ

m1kǫ2

n∑

ℓ=k

‖eℓ‖2,

where the first inequality in Lemma 4.2 is applied with ε = ǫ2/(6c4) at the last step. Applying

Lemma 4.3 with ε = ǫ2/3 to the explicit extrapolation of concave term, it yields that

− 2κτ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆hê

(j,k), eℓ
〉

= −2κτ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
ê(j,k),∆he

ℓ
〉

≤ 2κτ
ǫ2

3

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j ,∆he
ℓ
〉
+

3κm2km3k

m
2
1kǫ

2
τ

n∑

ℓ=k

∥∥ê(ℓ,k)
∥∥2.
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Again, with the help of Lemma 4.3 with ε = ǫ, the stabilized term can be treated as

2Sτk
n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆hδ1e

j, eℓ
〉

≤ 2Sτkǫ

n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j,∆he
ℓ
〉
+

m2km3kS

m
2
1kǫ

τk
n∑

ℓ=k

∥∥δ1eℓ
∥∥2.

There exists a constant Ĉk such that

n∑

ℓ=k

∥∥ê(ℓ,k)
∥∥2 ≤ Ĉk

n−1∑

ℓ=0

‖eℓ‖2

from the definition of explicit extrapolations. By collecting the estimates of the every term on

the right-hand side of the inequality (4.18) and applying the Cauchy-Schwarz inequality, for

k ≤ n ≤ N , one has

‖en‖2 − ‖ek−1‖2 +

(
1−

m2km3kS

m
2
1kǫ

τk
) n∑

ℓ=k

∥∥δ1en
∥∥2

≤

(
2Sτkǫ − 2κτ

ǫ2

3

) n∑

ℓ=k

ℓ∑

j=k

θ
(k)
ℓ−j

〈
∆he

j ,∆he
ℓ
〉
+

6κc24
m1kǫ2

τ

n∑

ℓ=k

‖eℓ‖2

+
3κm2km3k

m
2
1kǫ

2
Ĉkτ

n−1∑

ℓ=0

‖eℓ‖2 + 2

n∑

ℓ=k

∥∥e(k,ℓ)I

∥∥ · ‖eℓ‖+ 2τ

n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥ · ‖eℓ‖.

Under the time step constraint

τ ≤ min

{(
κǫ

3S

) 1

k−1

,

(
m

2
1kǫ

m2km3kS

) 1

k

}
,

the above equality yields

‖en‖2 ≤ ‖ek−1‖2 + 2
n∑

ℓ=k

∥∥e(k,ℓ)I

∥∥ · ‖eℓ‖+
6κc24
m1kǫ2

τ
n∑

ℓ=k

‖eℓ‖2

+
3κm2km3k

m
2
1kǫ

2
Ĉkτ

n−1∑

ℓ=0

‖eℓ‖2 + 2τ
n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥ · ‖eℓ‖. (4.19)

We select certain integer n0 (0 ≤ n0 ≤ n) such that ‖en0‖ = max0≤ℓ≤n ‖e
ℓ‖. Taking n = n0 in

(4.19) and enlarging the sum upper bound n0 to n, one can obtain

‖en0‖2 ≤ ‖ek−1‖ · ‖en0‖+ 2

n∑

ℓ=k

∥∥e(k,ℓ)I

∥∥ · ‖en0‖+
6κc24
m1kǫ2

τ

n∑

ℓ=k

‖eℓ‖ · ‖en0‖

+
3κm2km3k

m
2
1kǫ

2
Ĉkτ
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ℓ=0

‖eℓ‖ · ‖en0‖+ 2τ
n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥ · ‖en0‖.

Consequently, it follows from ‖en‖ ≤ ‖en0‖ that

‖en‖ ≤ ‖ek−1‖+ 2
n∑

ℓ=k

∥∥e(k,ℓ)I

∥∥+

(
6κc24τ

m1kǫ2
+

3κm2km3k

m
2
1kǫ

2
Ĉkτ

) n−1∑

ℓ=k

‖eℓ‖
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+
6κc24τ

m1kǫ2
‖en‖+

3κm2km3k

m
2
1kǫ

2
Ĉkτ

k−1∑

ℓ=0

‖eℓ‖+ 2τ

n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥.

Using Lemma 4.5, the starting term e
(k,ℓ)
I defined in (4.17) can be estimated by

n∑

ℓ=k

∥∥e(k,ℓ)I

∥∥ ≤
7cIkρk
8(7− k)

k−1∑

ℓ=1

∥∥δ1eℓ
∥∥ ≤

7cIkρk
4(7− k)

k−1∑

ℓ=1

‖eℓ‖, n ≥ k.

Thus, we have

‖en‖ ≤

[
7cIkρk
7− k

+
3κm2km3kĈkτ

m
2
1kǫ

2

] k−1∑

ℓ=0

‖eℓ‖+
6κc24τ

m1kǫ2
‖en‖

+ 3κτ
2c24m1k + Ĉkm2km3k

m
2
1kǫ

2

n−1∑

ℓ=k

‖eℓ‖+ 2τ

n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥,

where we used the fact 1≤7cIkρk/(2(7−k)). Under the time step constraint τ≤m1kǫ
2/(12κc24),

we have

‖en‖ ≤

[
14cIkρk
7− k

+
6κm2km3kĈkτ

m1kǫ2

] k−1∑

ℓ=0

‖eℓ‖

+ 6κτ
2c24m1k + Ĉkm2km3k

m
2
1kǫ

2

n−1∑

ℓ=k

‖eℓ‖+ 4τ
n∑

ℓ=k

∥∥Rℓ
P +Rℓ

Φ

∥∥.

Furthermore, applying the discrete Grönwall inequality, it leads to the estimate as follows:

‖en‖ ≤ exp(c5tn−k+1)

[
c6

k−1∑

ℓ=0

‖eℓ‖+ 4τ
n∑

ℓ=k

(∥∥Rℓ
P

∥∥+
∥∥Rℓ

Φ

∥∥)
]
, k ≤ n ≤ N.

With the help of the estimates of the global errors (4.13) and the triangle inequality (4.14), it

leads to the claimed result. This completes the proof. �

5. Numerical Experiments

In this section, numerical experiments are presented to verify our theoretical analysis about

the stabilized convex splitting BDFk (k = 3, 4, 5) scheme (2.5). To ensure the accuracy of

the numerical scheme, we calculate the starting numerical values by the sixth order Gaussian

collocation method [12]. The fixed-point iteration method with termination error 10−12 is

employed to calculate the nonlinear algebraic equations at each time level. In the following

practical computation, we always divide the spatial region Ω into 128 × 128 uniform lattices,

and take the stabilized parameter S = 1.

We present an accuracy check for the stabilized convex splitting BDFk scheme. Let the

discrete L2 norm error be E(N) = ‖Φ(T )−φN‖ and the temporal convergence order be order =

log2(e(N)/e(2N)). We consider the model with an artificial forcing term g(x, t) as follows:

∂tΦ = −κ
{
ǫ2∆2Φ−∇ · [(|∇Φ|2 − 1)∇Φ]

}
+ g(x, t), x ∈ Ω = (0, 2π)2
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Table 5.1: Errors and orders of the BDFk schemes (2.5) with the artificial forcing term.

N τ
BDF3 scheme BDF4 scheme BDF5 scheme

E(N) order E(N) order E(N) order

10 1.00e-01 4.62e-04 - 6.11e-05 - 2.39e-05 -

20 5.00e-02 4.53e-05 3.35 3.86e-06 3.99 8.97e-07 4.74

40 2.50e-02 4.83e-06 3.23 2.26e-07 4.09 2.97e-08 4.91

80 1.25e-02 5.51e-07 3.13 1.35e-08 4.07 9.54e-10 4.96

160 6.25e-03 6.56e-08 3.07 8.21e-10 4.04 3.02e-11 4.98

320 3.13e-03 8.00e-09 3.04 5.04e-11 4.03 9.20e-13 5.03

Table 5.2: Errors and orders of the BDFk schemes (2.5) without the artificial forcing term.

N τ
BDF3 scheme BDF4 scheme BDF5 scheme

E(N) order E(N) order E(N) order

10 1.00e-01 5.39e-04 - 2.59e-04 - 2.04e-04 -

20 5.00e-02 7.23e-05 2.90 6.70e-06 5.27 6.47e-06 4.98

40 2.50e-02 9.78e-06 2.89 3.49e-07 4.26 2.75e-07 4.55

80 1.25e-02 1.30e-06 2.91 4.49e-08 2.96 1.92e-08 3.84

160 6.25e-03 1.69e-07 2.94 4.34e-09 3.37 9.99e-10 4.26

320 3.13e-03 2.17e-08 2.97 3.37e-10 3.69 3.76e-11 4.73

with the exact solution Φ(x, y, t) = cos(t) sin(x) sin(y) and model parameters κ=1, ǫ2=0.5. We

use the proposed convex splitting BDFk scheme to compute the forced problem with time T = 1.

Taking the number of grid nodes N = 10, 20, 40, 80, 160, 320 respectively, the experiment errors

and convergence orders are summarized in Table 5.1. It demonstrates that the stabilized convex

splitting BDFk scheme is of order k (k = 3, 4, 5), which is consistent with the convergence

result in Theorem 4.1. We also use another example without forcing terms, i.e. Φ(x, y) =

sin(x) + cos(y) with κ = 0.2, ǫ = 0.5, T = 1 and g(x, t) = 0. The reference solution is computed

by N0 = 3200 and let Φ(T ) = φN0 in the error E(N). Table 5.2 lists the errors and convergence

orders. We see that the BDFk scheme can achieve k-th order accuracy for k = 3, 4, 5.

To model the energy dissipation phenomenon of the MBE model with slope selection, we

perform the standard model (1.1) with the parameters κ = 0.25, ǫ2 = 0.1, spatial domain

Ω = (0, 2π)2 and initial value Φ(x, y, 0) = 0.1[sin(3x) sin(2y) + sin(5x) sin(5y)]. Using the

proposed BDFk schemes, we compute the problem (1.1) with fixed temporal step τ = 0.005

until time T = 100. The numerical results of the original energy and mass are presented in

Fig. 5.1. It shows that the energy decreases rapidly in the early stage and exhibits multi-scale

behavior, and then it tends to a steady state. In addition, the curves of the numerical schemes

almost overlap each other. We also find that the numerical solutions of the three numerical

schemes conserve the mass. Furthermore, the snapshots of the numerical solution at the time

t = 0, 3, 7, 8, 10, 30, 50, 100 are given in Fig. 5.2 by applying the stabilized convex splitting BDF5

scheme, and that of the BDF3 and BDF4 schemes have the similar evolutions, which will not

be shown here.

More generally, we consider the numerical simulations of coarsening dynamics of the stan-

dard problem (1.1) with the parameters κ = 0.25, ǫ2 = 0.1, spatial domain Ω = (0, 12.8)2
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Fig. 5.1. Time evolutions of the energy and mass for the MBE model (1.1) with the initial data

Φ(x, y, 0) = 0.1[sin(3x) sin(2y) + sin(5x) sin(5y)].

(a) t=0 (b) t=3 (c) t=7 (d) t=8

(e) t=10 (f) t=30 (g) t=50 (h) t=100

Fig. 5.2. Snapshots of the numerical solutions for the MBE model (1.1) with the initial data Φ(x, y, 0) =

0.1[sin(3x) sin(2y) + sin(5x) sin(5y)].

(a) t=0 (b) t=3 (c) t=20 (d) t=40

(e) t=60 (f) t=100 (g) t=200 (h) t=500

Fig. 5.3. The snapshots of numerical solutions for the MBE model (1.1) with the random initial data

Φ(x, y, 0) = rand(x, y).
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Fig. 5.4. Time evolutions of the energy and mass for the MBE model (1.1) with the random initial

data Φ(x, y, 0) = rand(x, y).

and initial data Φ(x, y, 0) = rand(x, y), where rand(x, y) creates random digits from −0.001

to 0.001. The stabilized convex splitting BDF5 scheme is applied to calculate the numerical

solutions until time T = 500 with the fixed time step τ = 0.005. Fig. 5.3 shows the snapshots

of numerical solutions, and Fig. 5.4 presents the energy dissipation law and mass conservation.

6. Conclusion

In this article, we discussed the error analysis of the stabilized convex splitting BDFk (k =

3, 4, 5) scheme for the MBE equation with slope selection (1.1). By adding a class of k-th order

accurate Douglas-Dupont type stabilized terms, the stabilized scheme (2.5) was designed by

combining the BDFk formula and the convex splitting method. We proved that the proposed

schemes admit the modified energy dissipation law, which yields the boundedness of numerical

solutions. Then the L2 norm error estimate was established without supposing the Lipschitz

continuity of the nonlinear term. At last, several numerical tests were carried out to verify our

theoretical results.

As well known, the nonuniform BDF schemes combined with some adaptive time-stepping

methods, are very efficient to solve gradient flow problems, see [14,23]. We will consider the high

order convex splitting BDF schemes with variable time steps in the future work. To obtain the

energy dissipation law at the discrete levels, one should construct the gradient decomposition

of the k-th order explicit extrapolation formula, which would be a challenging task.

Appendix A. Proof of Lemma 3.1

For simplicity, we first denote an auxiliary sequence wn = δ1v
n. Based on the elementary

identity

4(a3 − a)(a− b) = (a2 − 1)2 − (b2 − 1)2 − 2(1− a2)(a− b)2 + (a2 − b2)2,
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it is not difficult to check the following equality:

[
(vn)3 − v̂(n,k)

]
δ1v

n =
[
(vn)3 − vn

]
δ1v

n +
[
vn − v̂(n,k)

]
δ1vn

=
1

4

[
(vn)2 − 1

]2
−

1

4

[
(vn−1)2 − 1

]2
−

1

2

[
1− (vn)2

][
δ1v

n
]2

+
1

4

[
(vn)2 − (vn−1)2

]2
+ Jn

k , (A.1)

where Jn
k is defined by

Jn
k = δkv

n
(
δ1v

n
)
= wn

(
δk−1w

n
)
, 3 ≤ k ≤ 5.

To complete the proof, it is to decompose Jn
k into some quadratic terms. They can be

obtained by simple computations with the basic identities 2a(a − b) = a2 − b2 + (a − b)2 and

2b(a − b) = a2 − b2 − (a − b)2. This type decomposition can also be found in the proof of

Lemma 2.4, cf. [21, Appendix A]. For simplicity, we omit the lengthy derivations and write out

the results directly, see the corresponding identities in [21, Eqs. (A.4), (A.9), (A.16)].

This proof is mainly to transfer the negative terms with higher order difference, such as

−(δ1w
n−1)2 and −(δ2w

n−1)2 in (A.3) and −(δ2w
n−1)3 in (A.9), to the zero order term −(wn)2

at the current time level tn. In this reformulation process, the inverse decomposition formulas,

see (A.4)-(A.6), play an important role.

(i) The case k = 3. It is not difficult to find that, also see [21, Eq. (A.4)],

Jn
3 = wnδ2w

n =
1

2

(
δ1w

n
)2

−
1

2

(
δ1w

n−1
)2

+
1

2

(
δ2w
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n

=
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2

(
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2

(
δ1w

n−1
)2

+
1
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1

2

(
δ1v

n
)2

+ ℜ3

[
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n
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, (A.2)

where the functionals

F3[w
n] =

1

2

(
δ1w

n
)2

+
1

2
(wn)2, ℜ3[w

n] =
1

2

(
δ2w

n + wn−1
)2
.

By inserting (A.2) into (A.1), the claimed identity (3.3) of k = 3 is verified with γ3 = 1.

(ii) The case k = 4. One applies [21, Eq. (A.9)] to find

Jn
4 = wnδ3w

n =
1

2
(wn)2 −

3

2
(wn−1)2 +

3

2
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. (A.3)

It is to handle the last two terms (the underlined part). Notice that

2wn−1δ2w
n = (wn)2 − 2(wn−1)2 + (wn−2)2 −

(
δ1w

n
)2

−
(
δ1w
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We apply (A.5) to find that
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Substituting the above equality into (A.3), it arrives at
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Now consider the last two terms (the underlined part). One applies (A.4) to derive that
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Inserting it into (A.7), an elementary calculation leads to
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δ1v

n
]
, (A.8)

where the nonnegative quadratic functionals F4 and ℜ4 are defined by

F4[w
n] :=

13

8
(wn)2 +

5

4
(wn−1)2 +

1

2
(wn−2)2 +

3

4

(
δ1w

n
)2
,

ℜ4[w
n] :=

3

2

(
δ2w

n +
3

2
wn−1

)2

+
1

2

(
δ3w

n + 3δ1w
n−1

)2
.

Inserting (A.8) into (A.1), we obtain the claimed identity (3.3) of k = 4 with γ4 = 31/8.

(iii) The case k = 5. One applies [21, Eq. (A.16)] to get

Jn
5 = wnδ4w

n =
1

2
(wn)2 − 2(wn−1)2 + 3(wn−2)2 − 2(wn−3)2 +

1

2
(wn−4)2

− 2
(
δ1w

n−1
)2

+ 4
(
δ1w

n−2
)2

− 2
(
δ1w

n−3
)2

− 2
(
δ2w

n−1
)2

+ 3
(
δ2w

n−2
)2

+
1

2

(
δ4w

n
)2

− 2
(
δ3w

n−1
)2
. (A.9)
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For the last two terms (the underlined part), we apply (A.6) to derive that

J̃n
51 =

1

2

(
δ4w

n
)2

− 2
(
δ3w

n−1
)2

=
1

2

(
δ4w

n
)2

+ 4δ2w
n−1δ4w

n − 2
(
δ2w

n
)2

+ 4
(
δ2w

n−1
)2

− 2
(
δ2w

n−2
)2

+ 2
(
δ3w

n
)2

=
1

2

(
δ4w

n + 4δ2w
n−1

)2
− 2

(
δ2w

n
)2

− 4
(
δ2w

n−1
)2

− 2
(
δ2w

n−2
)2

+ 2
(
δ3w

n
)2
.

Thus it follows that

Jn
5 =

1

2
(wn)2 − 2(wn−1)2 + 3(wn−2)2 − 2(wn−3)2 +

1

2
(wn−4)2

− 2
(
δ1w

n−1
)2

+ 4
(
δ1w

n−2
)2

− 2
(
δ1w

n−3
)2

− 2
(
δ2w

n
)2

+
(
δ2w

n−2
)2

+
1

2

(
δ4w

n + 4δ2w
n−1

)2
+ 2

(
δ3w

n
)2

− 6
(
δ2w

n−1
)2
. (A.10)

We apply (A.5) to find that

J̃n
52 = 2

(
δ3w

n
)2

− 6
(
δ2w

n−1
)2

= 2
(
δ3w

n + 3δ1w
n−1

)2
− 6

(
δ1w

n
)2

− 6
(
δ1w

n−1
)2

− 6
(
δ1w

n−2
)2

+ 6
(
δ2w

n
)2
.

Inserting it into (A.10), one has

Jn
5 =

1

2
(wn)2 − 2(wn−1)2 + 3(wn−2)2 − 2(wn−3)2 +

1

2
(wn−4)2 − 6

(
δ1w

n
)2

− 8
(
δ1w

n−1
)2

+ 4
(
δ2w

n
)2

+ 2
(
δ3w

n + 3δ1w
n−1

)2
+

1

2

(
δ4w

n + 4δ2w
n−1

)2

+
(
δ2w

n−2
)2

− 2
(
δ1w

n−2
)2

− 2
(
δ1w

n−3
)2
. (A.11)

For the underlined terms, one can apply (A.5) to obtain that

−
(
δ1w

n−3
)2

= 2wn−3δ2w
n−2 − (wn−2)2 + 2(wn−3)2 − (wn−4)2 +

(
δ1w

n−2
)2

such that

J̃n
53 =

(
δ2w

n−2
)2

− 2
(
δ1w

n−2
)2

− 2
(
δ1w

n−3
)2

=
(
δ2w

n−2 + 2wn−3
)2

− 2(wn−2)2 − 2(wn−4)2.

A substitution of the above equality into (A.11) leads to the following result:

Jn
5 =

1

2
(wn)2 − 2(wn−1)2 + (wn−2)2 − 2(wn−3)2 −

3

2
(wn−4)2 − 6

(
δ1w

n
)2

−
(
δ1w

n−1
)2

+
(
δ2w

n−2 + 2wn−3
)2

+ 2
(
δ3w

n + 3δ1w
n−1

)2

+
1

2

(
δ4w

n + 4δ2w
n−1

)2
+ 4

(
δ2w

n
)2

− 7
(
δ1w

n−1
)2
. (A.12)

In similar manner, one can apply (A.5) to handle the underlined terms as follows:

J̃n
54 = 4

(
δ2w

n
)2

− 7
(
δ1w

n−1
)2

= 4
(
δ2w

n
)2

+ 14wn−1δ2w
n − 7(wn)2 + 14(wn−1)2 − 7(wn−2)2 + 7

(
δ1w

n
)2

= 4

(
δ2w

n +
7

4
wn−1

)2

− 7(wn)2 +
7

4
(wn−1)2 − 7(wn−2)2 + 7

(
δ1w

n
)2
.
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Then inserting it into (A.12) and recalling wn = δ1v
n, one has

Jn
5 = −

13

2
(wn)2 −

1

4
(wn−1)2 − 6(wn−2)2 − 2(wn−3)2 −

3

2
(wn−4)2 +

(
δ1w

n
)2

−
(
δ1w

n−1
)2

+ ℜ5

[
δ1v

n
]

=

[
39

4
(wn)2 +

19

2
(wn−1)2 +

7

2
(wn−2)2 +

3

2
(wn−3)2 +

(
δ1w

n
)2
]

−

[
39

4
(wn−1)2 +

19

2
(wn−2)2 +

7

2
(wn−3)2 +

3

2
(wn−4)2 +

(
δ1w

n−1
)2
]

−
65

4
(wn)2 + ℜ5

[
δ1v

n
]
, (A.13)

where ℜ5 is denoted by

ℜ5[w
n] = 4

(
δ2w

n +
7

4
wn−1

)2

+
(
δ2w

n−2 + 2wn−3
)2

+ 2
(
δ3w

n + 3δ1w
n−1

)2
+

1

2

(
δ4w

n + 4δ2w
n−1

)2
.

It is not difficult to obtain that

Jn
5 = δ5v

n
(
δ1v

n
)
= F5

[
δ1v

n
]
−F5

[
δ1v

n−1
]
−

65

4

(
δ1v

n
)2

+ ℜ5

[
δ1v

n
]
, (A.14)

where the nonnegative quadratic functional F5 is defined by

F5[w
n] =

39

4
(wn)2 +

19

2
(wn−1)2 +

7

2
(wn−2)2 +

3

2
(wn−3)2 +

(
δ1w

n
)2
.

By inserting (A.14) into (A.1), the claimed inequality (3.3) of k = 5 follows with γ5 = 67/4.

The proof is complete. �
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