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Abstract

The k-th (k = 3,4,5) order backward differential formula (BDFk) is applied to de-
velop the high order energy stable schemes for the molecular beam epitaxial model with
slope selection. The numerical schemes are established by combining the convex splitting
technique with the k-th order accurate Douglas-Dupont stabilization term in the form of
STEIAL(¢™ — ¢" ). With the help of the new constructed discrete gradient structure of
the k-th order explicit extrapolation formula, the stabilized BDFk scheme is proved to pre-
serve energy dissipation law at the discrete levels and unconditionally stable in the energy
norm. By using the discrete orthogonal convolution kernels and the associated convolution
embedding inequalities, the L? norm error estimate is established under a weak constraint
of time-step size. Numerical simulations are presented to demonstrate the accuracy and
efficiency of the proposed numerical schemes.
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1. Introduction

The molecular beam epitaxial technique can be used to obtain high-quality crystalline ma-
terials and form the structures with very high precision in the vertical direction [25]. In this
paper, we consider the molecular beam epitaxial (MBE) model with slope selection [16], that is

O = —rp, p=eAd -V [(|VO]?*-1)VP], xcQ, (1.1)
which can be regarded as the L? gradient flow of the energy functional
€ 1
E[®] = / [—|A<I>|2 + = (|[Ve|* — 1)?| dx. (1.2)
Ql2 4

The above mentioned ® indicates the periodic scaled height function. The chemical potential
can be seen as the variational derivative of the functional (1.2) and be calculated by u=6E/6®
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formally. Parameters x and €2 are the mobility coefficient and the dissipation coefficient respec-
tively. The fourth order term and the nonlinear second order term model the surface diffusion
and the Ehrlich-Schwoebel effect respectively [9,31]. Due to the slope selection in the dynamics
evolution, the solution of the model (1.1) is featured by the shape of pyramids or pyramid-like
structures.

We consider the model (1.1) with the periodic boundary conditions and the initial condition
D(x,0) = ¢o(x). It reveals that the MBE model with slope selection has the properties of the
mass conservation and the energy dissipation. Given (u,v) = fQ uvdx is the inner product
in L2(Q) and |ul|2(0) = v/(u,u) is the corresponding norm. Simple calculation leads to the
mass conservation law (®(t),1) = (¢o, 1) and the energy dissipation law as follows:

d
7 PO = —x[a2|7. <. (1.3)

Many efficient and stable numerical methods have been developed and analyzed for the
MBE equation with or without slope selection. See the relevant references [1,7,8,11,19,22, 27—
30,33,35-39], etc. To the best of our knowledge, several effective strategies have been developed
to design the unconditional energy stable numerical schemes, such as the stabilized method,
the convex splitting method, the invariant energy quadratization (IEQ) method and the scalar
auxiliary variable (SAV) method, etc. Among these methods, we focus on the convex splitting
strategy in dealing with the temporal approximation. In [35], the convex splitting method
was applied to develop the first order unconditionally stable scheme for the MBE model. The
second order convex splitting schemes [33] were proposed for the same model. The MBE model
with slope selection was solved by a fully discrete finite difference scheme combining the convex
splitting strategy [29]. And, the convergence analysis was carried out carefully. The first and
second order linear energy stable schemes [2,4] based on the convex splitting method were
devised for a thin film model without slope selection. A second order unconditionally energy
stable finite difference scheme [11], which combines the second order backward differentiation
formula (BDF) and convex splitting method, was presented and analyzed for the MBE model
with slope selection.

The high order energy stable numerical methods are more desirable because of the long
time coarsening process of the MBE model, such as that in [3,13,15,17], etc. The third order
linear BDF schemes were devised for the MBE model without slope selection in [13,17], and
the modified energy dissipation law and the convergence of the numerical schemes were proved
rigorously. Especially, the Douglas-Dupont type stabilization term in the form of ST2A,d,¢",
was added to ensure the energy stability for any temporal steps [13]. Recently, the fully implicit
BDF methods up to fifth order [15] were studied for the no-slope MBE equation. Under certain
temporal step constraints, the modified energy dissipation law and L? norm error analysis
of the numerical schemes were constructed by using the tools including the discrete gradient
structure of k-th order BDF (BDFk) formula and the discrete orthogonal convolution (DOC)
kernels. Based on this idea, we proposed the BDF3-5 schemes [18] for the MBE model with
slope selection, and analyzed those schemes under the theoretical framework [24]. However, the
above proposed BDF3-5 schemes were proved to be uniquely solvable and energy stable under
the temporal step constraint 7 < 2¢2 min{20, bék)}/n.

In this work, the unconditionally energy stable high order accurate methods, which remove
the temporal step constraint on the energy dissipation law, are concerned for solving MBE
model with slope selection. We combine the high order BDF formulas and the convex splitting
method to deal with the time approximation in the time evolution process. However, for the
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convex splitting strategy, the explicit treatment of the concave term might lead to the energy
stability loss. Therefore, an artificial stabilized term, which always has the same order as the
numerical scheme, is considered to replenish the energy. For example, the Douglas-Dupont type
regularization terms in the form of ST*=1A%d1u™ (s = 1 or 2) for k = 1,2, 3, were applied to
devise the unconditional energy stable schemes for the MBE models in [4,13,37]. From this
perspective, we note that a third order convex splitting BDF scheme [6] was designed for the
Cahn-Hilliard equation, and the theoretical analysis was demonstrated rigorously. Our main
purpose is to construct the high order convex splitting BDF schemes with a class of stabilized
terms and analyze them in the aspect of the unconditional stability and L? norm convergence
for the MBE model with slope selection subject to the periodic boundary conditions. The main
contributions are listed as follows:

1. For k=3, 4,5, the k-th order accurate Douglas-Dupont type stabilization term ST* 1A}, 6;¢™
is added to construct the stabilized convex splitting BDFk scheme.

2. The discrete gradient decomposition is presented for the explicit extrapolation formula
combining the implicit cubic term. For the properly selected stabilization parameter .S,
the energy dissipation law at the discrete levels is demonstrated for the proposed numerical
scheme with respect to any time step 7.

3. With the help of the new proposed convolution embedding inequality, the error estimate
of the stabilized BDFk (k = 3,4,5) method is proved in the L? norm rigorously.

The rest of the paper is organized as follows. In the next section, the stabilized convex
splitting BDFk scheme is proposed with the spatial approximation by Fourier pseudo-spectral
method. In Section 3, we show the unique solvability of the proposed BDFk scheme. The
energy dissipation law at the discrete levels is established in a modified version, which leads to
the prior estimate of the numerical solution. The convergence analysis is demonstrated with
the help of the DOC kernels and convolution embedding inequalities in Section 4. In Section 5,
numerical experiments are given to test the accuracy and efficiency of the developed k-th order
(k = 3,4,5) scheme. Finally, a brief conclusion is presented in Section 6.

2. Numerical Scheme

In this section, we present the high order stabilized fully discrete numerical scheme for the
MBE model with slope selection based on the k-th (k = 3,4,5) order accurate BDF formula,
convex splitting strategy and Fourier pseudo-spectral method.

As a preliminary, some notations and definitions are presented. One divides the time interval
[0,7] by the nodes t, = nT (0 < n < N) with time step 7 = T/N. Given an arbitrary real
sequence {v" |n=0,1,2,..., N}, define the following difference operators:

6ot =" — U”_l, Om10" = 6m(6lv") =9 v" — 6mv"_1, m > 1.
Denote the k-th order explicit extrapolation formula as follows:
ok = o™ — 5™, k= 3,4,5.
For any index k = 3,4, 5, the BDFk formula is written as the convolution summation, namely

1 n
D™ == b 10t 0>k, (2.1)
T
=1



168 J. LI AND X.P. WANG

Table 2.1: The BDFk kernels b{".

BDFk | b b bk b | Bl
k=3 | 11/6 ~7/6 1/3
k=4 | 25/12 | —23/12 | 13/12 | —1/4
k=5 | 137/60 | —163/60 | 137/60 | —21/20 | 1/5

in which the coefficients bg-k) with0<j<n (b;k) = 0if j > k) are the so-called BDFk kernels

presented in Table 2.1. In [24], the DOC kernels Hj(k) corresponding to the discrete BDFk
kernels were firstly proposed by

w _ 1 W _ L= k.
0 Gl gn_j,fw SO, j=kk+1,.. n-2n-1,
0 0 {4=j+1

which will play an important role in the subsequent analysis including the mass conservation
and error estimate. One verifies that the DOC kernels satisfy the DOC identity, that is

ZG(k) be jE nis

where d,,; is the Kronecker delta symbol. Furthermore, by using the DOC kernels, the BDFk
formula Dy¢™ can be transformed into the following form:

n n 1
Zov(zk—)jDkfﬁ] = —¢(k + 010", (2.2)
=k

in which qb%k’n) only contains the values of former k-1 levels, namely

k—1
B = 3619 Zefﬁ’ﬂ%’“’w n> k. (2.3)
. :

One divides the space domain Q = (0, L)? by using the uniform meshes
Qp = {xp = (ih,jh) | 1 <i,j < M},
where M is an even integer, and h = L/M is the spatial step. Define the space of grid functions
Vi = {v|v=(va)is (L, L)-period for x;, € Qp, = Qj, U, }.

Denote the space %), which contains all the trigonometric polynomials of degree up to M/2.
Suppose Py : L2(Q2) — Fu and Iy 0 L2(Q)) — Fpr are the standard L? projection operator
and the trigonometric interpolation operator, respectively [32],

M/2—1 M/2—1

(P]\/I'U)(X) = Z ﬁ@,meé,m(x)a (I]\/IU)(X) = Z 'Dﬂ,meﬂ,m(x)a
Lm=—M/2 lym=—M/2
where
2mi(lx + my)

er.m(X) = exp 7
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The projection coefficients gy, are the standard Fourier coefficients of function v(x), and the
pseudo-spectral coefficients ¥y, are determined by (Ipv)(xp) = vp. In turn, the Fourier
pseudo-spectral p-th order derivatives of v;, with respect to x and y, are separately defined by

M/2-1 P M/2—1

27l 2rmi\ P _
Dy, = Z (T) Og,meem(Xn), Dhvn = Z < 7 >ve,m€e,m(xh)-

fym=—M/2 £,m=—M/2

Furthermore, the discrete gradient and Laplacian are represented by the following equation:
T
Vpup = (D;’Uh,D;’Uh) , Apvp =V - (thh) = chvh + D;’Uh.
For any grid functions v, w € Vj,, define the discrete inner product and the related norms by

(v, w) = h? Z vhwn, ol = Vv, v),

xp€Qp

[vllie = o[k > fonld, Vol =[R2 Y |Vaval?.
Xp €N XhE€Q

For arbitrary grid functions v, w € Vj, the discrete Green’s formulas [32] hold

(—Apv,w) = (Vpo, Viyw), (Afv,w) = (Apv, Apw). (2.4)

Now, we are ready to design the numerical schemes for the MBE model with the slope
selection (1.1). The BDFk (k = 3,4,5) formula is used for approximation in time, the concave
term is approximated by the k-th order accurate explicit extrapolation formula, and the spa-
tial operators are approached by Fourier pseudo-spectral method. In addition, the k-th order
Douglas-Dupont type stabilization term is added to ensure the unconditional stability. For the
sake of presentation, we denote the exact solution by ®) = ®(xp,t,) and its approximate value
by ¢} = ®(xp,tn). Furthermore, we present the fully discrete stabilized convex splitting BDFk
scheme to simulate the MBE model (1.1). That is, finding ¢™ € V}, such that

Dyp¢" = —rp" + STV AR619",

. 2.5
pt = EARP" — Vi - (|Vh¢n}2vh¢n) +ARdMH ]k <n <N, 29

where S > 0 is called the stabilized parameter. From the above scheme, once the initial value is
given, one needs to choose certain numerical method to compute the numerical solution of the
former k — 1 time levels, and the selected method should ensure the accuracy of the proposed
numerical schemes.

Remark 2.1. The BDF method is applied to get the high order time approximation in the
proposed numerical scheme for simulating the MBE model with slope selection. From this
perspective, other algorithms such as the ETD multi-step scheme [3] are also very efficient for
solving gradient flows. For the proposed BDF-type scheme and the ETD-based scheme [3],
they all require other methods, such as Runge-Kutta method, to provide starting values. The
advantage of the ETD multi-step method is explicit, while it requires to design an iteration
method to solve the BDF method. However, the calculation of a matrix exponential may be
expensive, and the efficient algorithm to accurately compute the matrix exponential is still
limited [10]. It is very meaningful and challenging to discuss and compare the ETD multi-step
method and the BDF method in different models, spatial discretizations and iteration methods.
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3. Solvability and Energy Dissipation Law

In this section, the unique solvability of the stabilized convex splitting BDFk (k = 3,4,5)
scheme (2.5) can be proved by demonstrating that the auxiliary convex, coercive functional
has the unique minimizer. The discrete dissipation law in a modified version will be built up
by using the tools of the discrete gradient decompositions of the BDF formulas and explicit
extrapolations.

We assume that the numerical value of the first (k — 1)-level conserve the mass (¢™,1) =
(#°,1) for 1 <n < k with k = 3,4,5. Thus, it is not difficult to obtain the mass conservation
law of the numerical solution ¢™. Actually, taking the inner product with the numerical scheme
(2.5) by 1, it leads to

(D¢ 1) = k(1) + ST Y Aps1¢7,1) =0, j > k. (3.1)

Multiplying the both sides of the Eq. (3.1) by the DOC kernels ot

;> summing the results in j

from k to n, and applying the Eq. (2.2), one gets

- 1 1 (kn
Zo B (Dke? 1) = <—51¢" S 1>,
T T

j=
which implies (§;¢™,1) = 0. Therefore, the mass conservation law, (¢",1) = (¢°,1) for n > 1,
holds by a simple recurrence.

Next, we focus on the unique solvability of the proposed numerical schemes. As a prelimi-

nary, we define the space

Vi ={2€V,|(z—¢""",1) =0},

and introduce the notation .
e

£t =3 b 61ef
=1
for the index n > k with k = 3,4, 5.

Theorem 3.1. The stabilized convex splitting BDFk (k = 3,4,5) scheme is uniquely solvable.

Proof. For any time level index n > k, we present the discrete energy functional G|[z] on Vj,
as follows:

b
27

K ~
+ 7|\Ahz||2 + ZHVhZH;& + K<Ah¢(n’k),z>.

— 1 n— n— S - n—
Gzl = 3l = 0" P+~ (L 2 = ") 4+ Vi - 0T

For any A\ € R and ¢ € V},, one considers the second derivative of functional G|z + A\¢| with
respect to A at point A = 0, namely

2 b(k)
DGl + Mlh=o = =9I + STF VLI + k| Any||* + 35]|Vaz Vit |* > 0,

which implies that the functional G[z] is strictly convex. It is not difficult to show the functional
G|z] is coercive on Vp,, that is,

bgk) 112 b(k) 12 1 112
Glel 2 ol = 0P = oz = 9P - — e
0
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/€62 H€2 K ~
5 la 2B iALz|2 = gk 2
e Ty e TN e ]

k
b() n—12 112 _ 2(n,k) |12
——llz—¢" 7" - | 5115,
4T 2€
0
where the evaluation
2
~ ~ € ~
(BndP, 2) = (9, Apz) < S| Anz])® + 551100

is applied in the first step of the above estimate.
Therefore, the functional G[z] has a unique minimizer denoted by ¢™, if and only if it solves
the following equation:
0= LGl + Mlrco = ﬁ(z — ) 2L = SR A (2 — g7
dA =0 T T

+ ke2AZ 2 — KV, - (|th|2th) + HAhé(n’k)ﬂ/’>-

Notice that the above equation holds for any ¢ € V. Therefore, the numerical scheme (2.5) is
uniquely solvable. This completes the proof. (]

Furthermore, one applies the gradient structure of BDFk formula and the k-th order explicit
extrapolation formula for constructing the energy dissipation law of the numerical scheme (2.5).
Actually, for any sequence (w™,--- ,w', w®), a gradient decomposition of the k-th order BDF

3

formula is presented in the manner of

w Zb<k> W =Gl = Gl )+ @ A Rafw], mzk (32)

where Gi[v] and Ry[v] are positive functionals defined by

e For k = 3, the constant o3 = 95/48 =~ 1.979,

1 1(7 2 1 ?
gg[w"]:6(w")2+6(1w"—wn_1) , Rsaw"] = 6(6110 + w”_l) .

e For k = 4, the constant o4 = 4919/3072 =~ 1.601,

13627, ., 7 (65 N\ 1/3 S\
n n__,.n 2 25w n
13008 ") +24<56 v > Tl T ’

2 2
1 3 35
Raw™] = 3 ((ﬁw" + 551111"_1) ((ﬁwn +— 33% 1) .

Ga[w"] =

e For k =5, the constant o5 = 646631/1920000 =~ 0.3367,

1198850903 437 (4931 2\
g5[wn] ( n)2 _( ™ 1)

1678080000 900 \ 6992 "

2
9
+E( Srw™ +w” 2) +1—0(251w + 20" w"_3)2,

1 1 23 2 1787 2
Rs[w"] = 1—0(6‘1110" + 26%74}”71)2 + 3 ((5 w™ + 1—051111 1) (52 "4+ 200 Y ”1) .
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One refers to [15,21, 26, 34] for more details. To handle the k-th order explicit extrapola-
tion giA)(kV"), we develop a class of gradient structures of the high order explicit extrapolations
(together with the cubic polynomial nonlinear term). As a matter of convenience, we define
functionals Fy, Ry (for the index k = 3,4,5) associated with (w™,w" =1, .- w! w®). For the
purpose of simplicity, we introduce the notations as follows:

Frw™ & Frw™, w1 - w®], Re[w"] & Re[w™,w™ L w®], n >k,

)

For the index k = 3,4, 5, the decomposition related to the explicit extrapolation is listed in the
following lemma, and the proof will be presented in the Appendix.

Lemma 3.1. For any sequence (v",--- ,v',0%), it holds that
[(,Un)B o ,[)(n,k)](slvn
1 n 1 n— 1 n n\2
(0 E S () SR (R O S O
1
T Z [(,Un)2 _ (,Un—l)Q}Q “l‘}—k [51’(}"]
— Fi [(510”_1} — Vi ((511)")2 + Ry [611)"], n>k, (3.3)

where the positive constant vy, quadratic functionals Fi[w™] and Ri[w"] are defined by

o For k =3, the constant v3 =1,

2

2 ((52w" + w”fl) )

Falw"] = 5 (") + 5 (0w")", Rsfw"] =

N~

e For k=4, the constant v4 = 31/8,

13
T8

]:4[,wn] (wn)2+g(wn—1)2+ (wn_2)2+2(51wn)2,

[N I Y

(53w" + 361w"_1)2.

3 3 2
Ry[w"] = B (5210" + Qw"_l) +

e For k=5, the constant v5 = 67/4,

_ 39 19 n—1\2 7 n—=2\2

g(wn—3)2 + (51wn)2,

Fslw"] (w")? +
7 2
Rs[w"] = 4((5210" + an_l) + (Sw™ ! + Qw"_?’)2
+ 2(6310" + 361w"71)2 + %(6410" + 45210"*1)2.
Denote the discrete version of free energy (1.2) by
O a2 1 2 2
El¢") = S [|ane" |7+ 7 [[[Vre" " = 1%,
and the modified discrete energy by
1
Ex[¢™] = E[¢™] + ;<gk [6107],1) + (Fi[Vr619"],1), n>k, k=345 (3.4)

Then we have the following discrete energy dissipation law.



Stabilized Convex Splitting BDFk Method for the MBE Model 173

Theorem 3.2. For k = 3,4,5, if the stabilized parameter S satisfies

$> 4k71,ik(1 + 'Yk)gkig(k _ 2)]{272
- [270‘Lk62(k — 1)]k_1

) (3.5)
the stabilized convex splitting BDFk scheme (2.5) preserves the modified energy dissipation law
(3.4) at the discrete levels, namely
Elo" < &™), >k
Proof. Taking the inner product on both sides of (2.5) with §,¢™/k, it follows that
1
(D", 016" + (834", 516"
2 N
+{|Vio"| Vo — Viad™k) Vy510™)
S
+ ET’Hthalqs"HQ =0, n>k (3.6)

Based on the gradient structure (3.2) of the high order BDF formulas, the first term on the
left-hand side of the above equality is handled by

(Dyg™,16") = - <Zbgklj51¢j,51¢">
j=k

(G507 1) - ~Glae )+ s 3)

v
N= 9

By using simple identity 2a(a — b) = a? — b? + (a — b)?, the surface diffusion term is treated as
1 1 1
(879", 016") = (Ang" 81800") = Z[[Ane”[* = Sl Ans™ ! |F + S ladne|". (38)

Taking v, = V3¢™ in Lemma 3.1, one deals with the cubic term together with the explicit
extrapolation of the concave term as follows:

(IVie" Vg™ — Vid™P, 69,6
1 2 2 1 ne112 2
2 11V |" = 1" = [l V™" = 1]
+ (Fr[Va619"],1) — (Fi[5:V06" 1], 1) — |61 Vao™ || (3.9)
The substitution of inequalities (3.7)-(3.9) into the equality (3.6) implies that
Exlo™] + (Er’“ L w) [6:Vro™|” + ﬁ”w P+ S llo1ane" | < &xlo™] (3.10)
for n > k. Notice the elementary inequality

1

k—2
S 1 S k—1 S 1
14+ =7kl = E e A — | = T.
K =1 k72 K (k_Q)m K

Furthermore, applying the stabilized parameter setting (3.5), it holds that

kE—1 S\ 1 ,
lﬁ&) — 1= | [|00n0" || + T2 ldre | + S| Ane" |

26T
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1
k-1 S\ 1 2
| (9 el
Morne? (k—1) [(S\FT $
> 1 = (—) — 1= o ||61Vao"|| > 0, (3.11)
Ko (k—2)1 \K
in which
ork€e? o2 oL R€E2 " . Lk L2 € 2
22 5,00 | < T 1 5180 < T oo+ S0

is used in the first step and the Young inequality is applied in the second step. A combination
of (3.10) and (3.11) leads to the modified energy dissipation law. The proof is complete. [

Remark 3.1. To balance the energy growth loss caused by the explicit treatment of concave
term, we add the k-th order artificial Douglas-Dupont-type regularization term in the form of
STF=1ALd1¢", which has the lower order than that of the surface diffusion term. It reveals
that the higher order artificial diffusion term may cause additional numerical dissipation in the
long time simulation [5].

The restriction of the stabilized parameter, S = O(x*/e2(*=1), is required to obtain the
modified energy dissipation law with no restriction on time step size. However, when we carried
out the artificial stabilized term ST*~1A24§;¢", the parameter setting becomes

KP4 ) 2k —2)F2 1
P T G @

by using the similar derivation of the Theorem 3.2. Specifically, the parameter constraint is
S = 0O(1/€?) for k = 3, which is similar to the result in [13].

To facilitate the error analysis, an assumption is imposed on the numerical solution of the
former k — 1 levels. For any k = 3,4,5, it holds that E[¢"] < ¢o (1 < n < k — 1), where the
positive constant ¢y mainly relies on the starting value ¢°, ¢!, -+, ¢*~1, but is independent of
the spatial step h and the temporal step 7. With the help of the discrete Sobolev embedding
inequality [32]

[ollie < ca(lloll +[[Vavl)), v e Va, (3.12)

and similarly to the proof of [18, Theorem 3.3], one gets the following theorem.

Theorem 3.3. The numerical solution of the stabilized convex splitting BDFk scheme (2.5) is
bounded in the manner of

196" e < cav/Zcoe? + (€ + 20 = c1. (3.13)

Overall, one obtains the unconditional energy stability of the numerical scheme, which listed
in Theorem 3.2. Following the energy dissipation law, one gets the boundedness of the numerical
solution, which will play a key role in the convergence analysis.
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4. L? Norm Convergence

In this section, we will discuss the convergence of the stabilized convex splitting BDFk
scheme (2.5) for the MBE equation with slope selection. The projection and interpolation
theory will be presented here due to the application of the Fourier pseudo-spectral method. To
handle the nonlinear term in the error analysis, a new discrete convolution inequality will be
developed based on the existing convolution inequalities and the properties of the DOC kernels.

Denote the Sobolev space H™(£2) (m > 0). Suppose Cpe,.(€) is a set of infinitely differen-
tiable periodic functions with (L, L)-period. Q) is the closure of Cp¢,.(Q2) in H™(Q2). For
convenience, we denote the norms |- |gm = |[gm , [|*[[#= = ||+ ||mm, and |||z = ||| zo. Some
estimations of the L2-projection operator Py; and trigonometric interpolation operator I are
listed in the following lemma.

per(

Lemma 4.1 ([32]). For any ® € H}; () and 0 < s < m, it holds that

[Py® — @ gs < Coh™ | @[pm,  |[Pu®|l: < Col|®| n-, (4.1)
in addition, if m > 3/2, then

[10® — @[ = < Cob™ %@, ([T ®@[|ms < Col| @ mre- (42)

We define the matrices related to the discrete kernels bg-k) as follows:

by
k k
¥ b
B = b(,;) b(k-) (0 ®Iy, By:=Bi,+B/,. (4.3)
k—1 1 0
k k
P
bk—l bl bO

From [24], we know that the eigenvalue of matrix By has the lower bound my, where m;3 =
95/48 ~ 1.979,my4 = 1.628 and my5 = 0.3711. It is indicated that the maximum eigenvalue
of B;eBk,f has the upper bound mg; > 0 [15]. In turn, we define the matrices related to the

DOC kernels 9§-k), namely

e
9<k> o)
0 T
O = ) i . @Iy, Ok =0+ Oy . (4.4)
k k) . k k
o 0y 0 o

It follows from [15] that the minimum eigenvalue of the matrix @y is bounded from below by
the constant my/moy and its maximum eigenvalue has an upper bound msj > 0.

Lemma 4.2 ([15,18]). For any € > 0 and real vector sequences v¢,w* € R? (k < ¢ < n), the
following convolution inequalities hold:

n

Z Z 6. (w) v < e Z Z oY (o lekg Z

l=k j=k =k j=k
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n

Z ZO(k) )Tl < Eezzk(ve)—rvj + 42% Z(wé)—rwe.

=k j=k =k

Lemma 4.3. For any real vector sequences v, w’ € R? (k < £ <n), it holds

ZZ@“’ v]<5229<k> )T j+“;f§7;1‘:’i’cz(vf)w, Ve > 0.

l=k j=k =k j=k =k

Proof. Based on the property of the matrix @y that its minimum eigenvalue has the positive
lower bound my;/mag, it is natural to get

zn:(wé Twt < 2m2k ZZ@Z i . (4.5)

o=k 1=k j=k

It follows from the second inequality with € = mopms;,/(2m?,€) in Lemma 4.2 that the desired
result holds. This ends the proof. U

Lemma 4.4. Suppose that any real vector sequences v°,z¢ € V, (k < £ < n) and there exist
nonnegative constants c, such that |[v’||;s < c,. Then, for any € > 0, it holds that

14

iZG vjzj

=k j=k

n £
Zze(k) thj th>
=

kj=

2¢; Cgm%mak <k>
EEACTMAE-L A 0
+ (o 2o )zz

l=k j=k

~

)

Proof. With the help of Lemma 4.3, the Hélder inequality and imbedding inequality (3.12),
one obtains

Z Z H(k) (V27 2 >

=k j=k

< 51229(k) 2 ;ikmgk Z ||veze|\2
=k j=k 1k
n 4 n

<erY S oM (27, 2 (12512 + || Vaz'||*)- (4.6)
=k j=k 1k =k

Applying the estimate (4.5) and taking e; = 2c2cm3, msi/(m3, €), it follows from the inequality
(4.6) that the desired result holds. This completes the proof. O

Lemma 4.5 ([24]). For the index k = 3,4,5, the DOC kernels 9](@ (7 > 0) are positive definite
and satisfy the decaying estimates
o) < 2 (E)
Tt m 4 \7) 7
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where the constants ps = 10/3,ps = 6, p5 = 96/5. Furthermore, there exist positive constants
crr > 1 such that

7CIkpk

n > k.

> ot
j=k

As a preliminary, we define the truncation errors and give their estimates. Let ®3; = Py ®
be the L? projection of the exact solution ®. Then, we obtain the semi-discrete system of
Eq. (1.1) as follows:

P = —kpun +rp, pu = EAPy — Vi ([Va@u|*Via®ar) + Ap@ o, (4.7)
where rp(xp,t) is the spatial consistency error
rp = 0Py — 0P + H(/LM - ,u), xXp € Q. (48)

Denote r% = rp(Xp,t,). For any k = 3,4, 5, applying the k-th order BDF formula and explicit

extrapolation formula to the semi-discrete approximation equation (4.7), adding the k-th order

Douglas-Dupont type stabilization term, one obtains an approximation equation of (1.1)
D@l = —kply + ST ARG ®Yy + ) + 1,

n _ 2A2FN0 n |2 n = (n,k) (49)
phy = EAROY — Vi - (|[Va®ly | Va®ly) + An®y™, k<n <N,

where rg comes from the BDFk formula, k-th order extrapolation and stabilization term,
Tg = Dkq)I\/[(tn) — 8t<I>M(tn) 4+ H[Ahqsg\z’k) — Ah(I)M(tn)} — STk_lAh(Slq)]\/[(tn). (410)

For the convenience of error estimate, one defines the global spatial and temporal errors by

RS, = Ze““) Ze(’” 0>k (4.11)

Suppose that the exact solution of MBE problem satisfies ® € C*+1([0, T]; H™+*) for certain

per
nonnegative integer m. There exists positive constant Cgp such that

‘ch‘ < Cpr* ,max {|(9k+1<19 ()] + H‘A@k ()] + S|Ad (1)} < Coth, j >k (4.12)

It follows from the proof of [20, Theorem 3.1] that the estimate of spatial error satisfies ||r]| <
Csh™. Furthermore, by using Lemma 4.5, we have
n b n tn
Sor|Re| < Pt op ek, N |G| < P L o, 0> k. (4.13)

Pt 7T—k Pt 7T—k

It notes that Cp mentioned in the paper represents a generalized positive constant, which is
not necessarily the same in different cases.

Theorem 4.1. If the time step satisfies

= 2 * 2
7 < min e o Mk Mk
- 35 ’ MopMspS ’ 12%03 ’

e
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the numerical solution of the fully discrete stabilized convex splitting BDFk scheme (2.5) is con-
vergent in the L2 norm. In details, the following estimate holds for k <n < N with k = 3,4, 5:

k-1
[@" — ¢"|| < exp(estn—kt1) |6 Y |@% — 6| + Cotnra (7" + ™)
=0
where R
. 2c3myy, + Crmogmay, _ Ueypr | 6rmogmypCr7
Cy = 6k 2 5 6 — 2 .
m? e T—k myge

Proof. Let ®%, = Pp®" be the L? projection of the exact solution at time ¢ = ¢, and

= @y — ¢" be the error between the projection ®, and the numerical solution ¢" of the
proposed numerical scheme (2.5). It is clear that the error between the exact solution and
numerical solution can be estimated by the following triangle inequality:

j@" — ") < @ — @ +lle”l, k<n<A. (4.14)

By applying Lemma 4.1, one finds that [|®" — ®%,|| < Ceh™|P"|gm. It remains to estimate
the error between the projection solution and the numerical solution.

Subtracting the numerical scheme (2.5) from the approximation system (4.9), one has the
error equations as follows:

Dye™ = —kul + STFIALS e™ + rp+ry, k<n<N,

n 2A2, 10 n |2 n n |2 n 5(n,k) (415>
uy = e“Age —vh-(\v,@M\ th)M—‘thﬁ | Vio )—i—Ahe "

Replacing the index n with j and multiplying both sides of (4.15) by Té’éli)j and summing the
index j from k to ¢, we apply (2.2) with ¢* = e’ to get an equivalent convolution form of error
system (4.15), that is

V4
5rel = —neQTZGEIi)jAQe] + HTZG Vi - uJVhej — m'z 9( ) Ahe 7k)
o Py

—|—S7'k29 Ah6ej—e§k’e)+Tpr+TRé, k<n<N, (4.16)

where _ _
= (V@))% + Vad! Vi), + (Vi)

the global spatial error pr and temporal error be are given by equality (4.11), e%k’e) represents
the starting error of the numerical solution
et = 25 e Zel oW >k (4.17)

Considering the inner product of the Eq. (4.16) with 2¢‘ and summing the results in ¢ from k&
to n, it follows that

n
le™ 1 — fle" =112 + 3 [love’]|?
=k

n 14 n 14
= —2k7e? Z Z Géﬁ)j<Ahej, Ahel> — 2KT Z Z Héﬁ)j <ujvhej, Vhee>

1=k j=k =k j=k
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n £
— 267 Y DO (D00 ety 4287t Z Z 0" (Apdrel )

=k j=Fk =k j=k
_22<e§k’2),ee> +272<pr +Ré,eé>, (4.18)
=k =k

where the Green’s formulas (2.4) and equality 2a(a—b) = a? —b*+(a—b)? are applied. Based on
the positive definiteness of the BDFk kernels, one knows that the first term on the right-hand
side of the above equality is negative definite. It remains to estimate the other terms.

Following the energy dissipation law (1.3), it is not difficult to check that |V, ®%,|;s < c2
(cq is a positive constant). Furthermore, we have

e < V@5 e + 1V1 280 o [V00" o + 906" [lo < € +cre0 + G = cs.
With the help of Lemma 4.4 with v/ = u/, 2/ = Vj,e/ and € = €2/6, one obtains

n 14
— 2KT Z Z Héli)j@jvhej, Vhel>

=k j=k

2 n 14 ‘
< 2&7% Z Z Héli)j<AheJ, Aheé>

=k j=k

+2HC4TZZ(9(k) Ve, Vhe>
=k j=k

in which ) 59 o
€ 12c3coms may

2.3
6 eemy,

Cq4 =

For the gradient term in the last step of the above inequality, it can be bounded in the manner of

2&047‘229(@ Ve, Vhe>

o=k j=k
:—QHC4TZZH(k) Apel, e>
(= kj k
€2 604f<aT ’
< 52 T;”Zke (Apel, Apet) Z” 112,

where the first inequality in Lemma 4.2 is applied with ¢ = €2/(6¢4) at the last step. Applying
Lemma 4.3 with ¢ = €2/3 to the explicit extrapolation of concave term, it yields that

— 2KT Z Z G(k) Ahé(j’k), el>

l=k j=k
n 4
= —2KT Z Z Gé}i)j<é(j’k), Aheé>
=k j—k
< 2/-;7— Z ZQ(k) Ane?, Apet > 7?%“12%“;3]67 é(e’k)HQ.

ms, e
=k j=k 1k 1=k
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Again, with the help of Lemma 4.3 with € = ¢, the stabilized term can be treated as

n £
2575 35T 0 (Andied )

=k j=k
n G MokMarS ) o

<2574 Y D0 (Aned Ane’) + EFEZE Y e[
=k j=k 1k =k

There exists a constant C'k such that

e Z e

from the definition of explicit extrapolations. By collecting the estimates of the every term on
the right-hand side of the inequality (4.18) and applying the Cauchy-Schwarz inequality, for
k <n < N, one has

mopMszp S
e = ety + (1 - RS )ZH&e
2
k € (k)
< (25’7‘ 6—2!%7‘5) ZZG Ahej Ahe

t=k j=k

{=k

ZH@ZH2
n—1

3
+%CMZWHQHZWW Jefl+2r S 1R + b - e
! =0 =k —k

Under the time step constraint

1 1
Ke \ BT m2, e F
< mi 1k
T_mln{<35) ’<m2km3kS) }’
the above equality yields

6
Jer1? < 17 2 3 e el + 2 Znefn?

=k
3rm kM3 A —
+22723@72|\ef|\2+2TZHRfP+RgH-||ef|\. (4.19)
M€ £=0 o=k
We select certain integer ng (0 < ng < n) such that ||e™|| = maxg<s<,, ||¢’|. Taking n = ng in

(4.19) and enlarging the sum upper bound ng to n, one can obtain

n 2 n
- k.6 6rc
e l1® < Nl lemel 237 et el + =5 > llef] - le™|
— k€™

—1 n
3kMormay x
+ WC’WZ le“l - lle™ |l + 27> || RE + R || - lle™]l.
1k £=0 =k

Consequently, it follows from |e™|| < ||e™|| that

n n—1
6rC2T  3kmorm
lemll < ek 423 [lef™ ) + ( =25 + =252 Chr ) D €]
I my €2 m2, 2
—k Lk 1k —k
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6f<ac47'

3
| n” /ikam3k ZHGZH +27—ZHR

Using Lemma 4.5, the starting term e%k’e) defined in (4.17) can be estimated by

iHe(“’H T kZlHélefH T kzln 6 n>
ot I —87 k) &~ —47 k) &~

Thus, we have

" TCik Pk 3/§m2km3k0k7 6rc2T on
e < | T . B Zn A+ A er)

g o 204'“”“; CG’;mQ’“mgk Z || + 27 Z RS + RS

where we used the fact 1<7cyxpx/(2(7—Fk)). Under the time step constraint 7<mje?/(12xc3),
we have

14 6rmao,ms;C,
HenHS Clkpk+ RM2pM3gk kT:|Z| ZH

7T—k m1k€2 —o

9 A n—1
2cimyg + Cpmopmsg €| + 47_2 |R% + RS-
=k l=k

+ 6KkT

2 2
mlke

Furthermore, applying the discrete Gronwall inequality, it leads to the estimate as follows:

k-1
lle"]| < exp(estn—k+1 l662||ee||+472 HR HJrHR ) kE<n<N.
=0 =k

With the help of the estimates of the global errors (4.13) and the triangle inequality (4.14), it
leads to the claimed result. This completes the proof. O

5. Numerical Experiments

In this section, numerical experiments are presented to verify our theoretical analysis about
the stabilized convex splitting BDFk (k = 3,4,5) scheme (2.5). To ensure the accuracy of
the numerical scheme, we calculate the starting numerical values by the sixth order Gaussian
collocation method [12]. The fixed-point iteration method with termination error 10712 is
employed to calculate the nonlinear algebraic equations at each time level. In the following
practical computation, we always divide the spatial region ) into 128 x 128 uniform lattices,
and take the stabilized parameter S = 1.

We present an accuracy check for the stabilized convex splitting BDFE scheme. Let the
discrete L? norm error be E(N) = ||®(T) — ¢ || and the temporal convergence order be order =
log,(e(N)/e(2N)). We consider the model with an artificial forcing term g(x,t) as follows:

9@ = —r{EA*® -V - [(|VO]* - 1)V} + g(x,t), x€Q=(0,27)
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Table 5.1: Errors and orders of the BDFk schemes (2.5) with the artificial forcing term.

BDF3 scheme BDF4 scheme BDF5 scheme
E(N) order | E(N) order | E(N) order
10 | 1.00e-01 | 4.62e-04 - 6.11e-05 - 2.39e-05 -
20 | 5.00e-02 | 4.53e-05 3.35 3.86e-06 3.99 8.97e-07 4.74
40 | 2.50e-02 | 4.83e-06 | 3.23 | 2.26e-07 | 4.09 | 2.97e-08 | 4.91
80 | 1.25e-02 | 5.51e-07 | 3.13 | 1.35e-08 | 4.07 | 9.54e-10 | 4.96
160 | 6.25e-03 | 6.56e-08 | 3.07 | 8.21e-10 | 4.04 | 3.02e-11 | 4.98
320 | 3.13e-03 | 8.00e-09 3.04 | 5.04e-11 4.03 9.20e-13 5.03

N T

Table 5.2: Errors and orders of the BDFk schemes (2.5) without the artificial forcing term.

BDF3 scheme BDF4 scheme BDF5 scheme
E(N) order | E(N) order | E(N) order
10 | 1.00e-01 | 5.39e-04 - 2.59e-04 - 2.04e-04 -
20 | 5.00e-02 | 7.23e-05 2.90 6.70e-06 5.27 | 6.47e-06 4.98
40 | 2.50e-02 | 9.78e-06 2.89 3.49e-07 | 4.26 2.75e-07 4.55
80 | 1.25e-02 | 1.30e-06 291 4.49e-08 2.96 1.92e-08 3.84
160 | 6.25e-03 | 1.69e-07 | 2.94 | 4.34e-09 | 3.37 | 9.99¢-10 | 4.26
320 | 3.13e-03 | 2.17e-08 2.97 | 3.37e-10 3.69 3.76e-11 4.73

N T

with the exact solution ®(x,y,t) = cos(t) sin(x) sin(y) and model parameters k=1, €2=0.5. We
use the proposed convex splitting BDFE scheme to compute the forced problem with time 7" = 1.
Taking the number of grid nodes N = 10, 20, 40, 80, 160, 320 respectively, the experiment errors
and convergence orders are summarized in Table 5.1. It demonstrates that the stabilized convex
splitting BDFE scheme is of order k (k = 3,4,5), which is consistent with the convergence
result in Theorem 4.1. We also use another example without forcing terms, i.e. ®(z,y) =
sin(x) + cos(y) with k = 0.2,e = 0.5,7 = 1 and g(x,t) = 0. The reference solution is computed
by No = 3200 and let ®(T') = ¢™° in the error E(N). Table 5.2 lists the errors and convergence
orders. We see that the BDFk scheme can achieve k-th order accuracy for k = 3,4, 5.

To model the energy dissipation phenomenon of the MBE model with slope selection, we
perform the standard model (1.1) with the parameters k = 0.25,¢2 = 0.1, spatial domain
Q = (0,27)? and initial value ®(z,y,0) = 0.1[sin(3z)sin(2y) + sin(5z)sin(5y)]. Using the
proposed BDFk schemes, we compute the problem (1.1) with fixed temporal step 7 = 0.005
until time 7" = 100. The numerical results of the original energy and mass are presented in
Fig. 5.1. Tt shows that the energy decreases rapidly in the early stage and exhibits multi-scale
behavior, and then it tends to a steady state. In addition, the curves of the numerical schemes
almost overlap each other. We also find that the numerical solutions of the three numerical
schemes conserve the mass. Furthermore, the snapshots of the numerical solution at the time
t=20,3,7,8,10,30, 50,100 are given in Fig. 5.2 by applying the stabilized convex splitting BDF5
scheme, and that of the BDF3 and BDF4 schemes have the similar evolutions, which will not
be shown here.

More generally, we consider the numerical simulations of coarsening dynamics of the stan-
dard problem (1.1) with the parameters k = 0.25,¢2 = 0.1, spatial domain = (0,12.8)2
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22

N
Mass

0 20 40 60 80 100 0 20 20 % % 100
time: t time: t

Fig. 5.1. Time evolutions of the energy and mass for the MBE model (1.1) with the initial data
®(z,y,0) = 0.1[sin(3z) sin(2y) + sin(5z) sin(5y)].

(a) t=0 (b) t=3 (d) t=8

) t=10

(f) t=30 ) t=50 ) t=100
Fig. 5.2. Snapshots of the numerical solutions for the MBE model (1.1) with the initial data ®(z,y,0) =
0.1[sin(3x) sin(2y) + sin(5z) sin(5y)].

(a) t=0 (b) t=3 (c) t=20 ) t=40

) t=60

(f) t=100 ) £=200 ) £=500
Fig. 5.3. The snapshots of numerical solutions for the MBE model (1.1) with the random initial data
®(z,y,0) = rand(z, y).
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Fig. 5.4. Time evolutions of the energy and mass for the MBE model (1.1) with the random initial
data ®(x,y,0) = rand(z,y).

and initial data ®(z,y,0) = rand(x,y), where rand(x,y) creates random digits from —0.001
to 0.001. The stabilized convex splitting BDF5 scheme is applied to calculate the numerical
solutions until time 7" = 500 with the fixed time step 7 = 0.005. Fig. 5.3 shows the snapshots
of numerical solutions, and Fig. 5.4 presents the energy dissipation law and mass conservation.

6. Conclusion

In this article, we discussed the error analysis of the stabilized convex splitting BDFk (k =
3,4,5) scheme for the MBE equation with slope selection (1.1). By adding a class of k-th order
accurate Douglas-Dupont type stabilized terms, the stabilized scheme (2.5) was designed by
combining the BDFk formula and the convex splitting method. We proved that the proposed
schemes admit the modified energy dissipation law, which yields the boundedness of numerical
solutions. Then the L? norm error estimate was established without supposing the Lipschitz
continuity of the nonlinear term. At last, several numerical tests were carried out to verify our
theoretical results.

As well known, the nonuniform BDF schemes combined with some adaptive time-stepping
methods, are very efficient to solve gradient flow problems, see [14,23]. We will consider the high
order convex splitting BDF schemes with variable time steps in the future work. To obtain the
energy dissipation law at the discrete levels, one should construct the gradient decomposition
of the k-th order explicit extrapolation formula, which would be a challenging task.

Appendix A. Proof of Lemma 3.1

For simplicity, we first denote an auxiliary sequence w™ = d;v™. Based on the elementary
identity

4(a® —a)(a—b) = (a* = 1)* = (b* —1)®> = 2(1 — a®)(a — b)* + (a® — b*)?,
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it is not difficult to check the following equality:

[(0™)3 = 9P ]510m = [(0™) — v"]610"™ + [0 — 9] 610,

1 n\2 2 1 n—1\2 2 1 ny\2 nl2
= [ =17 = [" ™) = 1]" = S [1 = (") [610"]
[0 - @)+ (A1)

where J! is defined by
Jp = 6po” (511)") =w" (5k,1w”), 3<k<5.

To complete the proof, it is to decompose J;' into some quadratic terms. They can be
obtained by simple computations with the basic identities 2a(a — b) = a®> — b*> + (a — b)? and
2b(a — b) = a® — b?> — (a — b)?. This type decomposition can also be found in the proof of
Lemma 2.4, cf. [21, Appendix A]. For simplicity, we omit the lengthy derivations and write out
the results directly, see the corresponding identities in [21, Eqs. (A.4), (A.9), (A.16)].

This proof is mainly to transfer the negative terms with higher order difference, such as
— (610" 1?2 and —(S2w™ )% in (A.3) and —(S2w™ 1)? in (A.9), to the zero order term —(w™)?
at the current time level ¢,,. In this reformulation process, the inverse decomposition formulas,
see (A.4)-(A.6), play an important role.

(i) The case k = 3. It is not difficult to find that, also see [21, Eq. (A.4)],

J3 = w"dw" = % 51w”)2 — %(6110"_1)2 + %(6210")2 +w L ou™
— 5(6110 ) - 5(5110 N7+ 5(5210 +w" ) - §(w )2
1
= F3 [(511}”] — F3 [(51’1}”_1} — 5 (51’()”)2 + R3 [(51’1)”], (AQ)
where the functionals
Fsw™] = %(51111”)2 + %(w")Q, Rs[w"] = %(5211)" + w"il)Q.

By inserting (A.2) into (A.1), the claimed identity (3.3) of k = 3 is verified with 73 = 1.

(ii) The case k = 4. One applies [21, Eq. (A.9)] to find
3

Jp = w"ow”™ = %(w”)2 - §(w"71)2 + g(w”d)2 - %(w"*g)2
2oy S 4 L)’ - 2 ) (A3)
It is to handle the last two terms (the underlined part). Notice that
20 L™ = (w™)? — 2(w" )2 + (w""2)2 — (51w")2 B (51w"71)2
such that
7(51wn71)2 = 20" L™ — (w™)? + 2w )2 — (w"2)? 4 (51w")2, (A.4)

7(52’[1)”_1)2 = 25111)”_1(5311)”) — (51’[1)”
—(63w"_1)2 = 262w"_1(64w") — (62w"
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We apply (A.5) to find that

T = 5 (sum) 2 ()’
1 n\2 n—1 n 3 n\ 2 n—1\2 3 n—2\2 3 n\2
= 5(6310 ) + 361w o3w" — 5(5110 ) + 3(51’(1} ) — 5(5110 ) + 5(5210 )
1 3 3
= 5(6310" + 351w"71)2 — 5(61111”)2 — 5 (61w" 1) - — (61w"72) + —(6210")2.

Substituting the above equality into (A.3), it arrives at

1 3, 3, . 1, . 1 n n—1)2
5 5(’(1} 1)2+§(w 2)2 — §(w 3)2+ 5(63’11} +361’U} 1)
2

3 m2 93 h_1\2 9 2 9 n—
—5(61’(1)) —Z(él’w 1) +§((52w ) —Z(él’w 1) .

Jp = 5P -

(A7)

Now consider the last two terms (the underlined part). One applies (A.4) to derive that

t
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Inserting it into (A.7), an elementary calculation leads to

1 1 1 1
Jé? _ |:_3(wn)2 4 §(wn71)2 4 _(wn2)2:| _ |:_3(wn1)2 + §(wn72)2 + _(wnB)Q]
2 8 4 2
3 3 3 3 S|
(w”)2 + Z((Sl’wn)2 —_ Z(élwn71)2 + 5 <52wn + §w”1> + 5 (53’[1)” + 35111)"71)2

_x
8

27
= Falor"] = Fa[sro" 1] - (5:10™)% + Ra[610"], (A-8)

where the nonnegative quadratic functionals F, and R4 are defined by

13
8

2
§R4[wn] 3 (52’[1)” + §wn1> +

)
Z(wn—1)2 4

2

n\2 n—22\2 3 n
(w")* + (w"™2)* + 7 (d1w™)",

(NN e N [

= B 5 (5310” + 35110”71)2.

Inserting (A.8) into (A.1), we obtain the claimed identity (3.3) of k = 4 with v4 = 31/8.

(iii) The case k = 5. One applies [21, Eq. (A.16)] to get

(w"

2

1
ng — wn64,wn _ 5 2 Q(wn—l)Q + 3(w"‘2)2 _ 2(w"_3)2 4 _(wn—4)2
— 2(61w"71)
)

+ 3(52’[1)" 2

(51’(11”72)2 — 2(51w”73)2 — 2(5210”71)2

(64w™)® = 2(85w™1)?, (A.9)

+
2
+

ol = B
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For the last two terms (the underlined part), we apply (A.6) to derive that

n

(6sw™)? — 2(S3w" 1)

&‘k !
|

(54w™)? + 46uw™ L gw™ — 2(8w™)? + 4(5w™ ) = 2(52w"2)? + 2(S5w™)

IR N~ N~

(Saw™ + 465w 1) = 2(Sw™)” — 4(620™ 1) = 2(6w™ )% + 2(65w™) .

2
Thus it follows that
1 1
ng — 5(,wn)2 _ Q(wn—l)Q + 3(w"‘2)2 _ Q(wn—3)2 + 5(wn—4)2

—2(61w" ) + 4(51w™ %) = 2(5,w" ) = 2(60™)” + (Syuw™ %)

+ %(54’(1)” + 462w"_1)2 + 2(5310")2 — 6(52w”_1)2. (AlO)
We apply (A.5) to find that
ngQ = 2(5310”)2 — 6((52’(1}”71)2
= 2(S5uw" + 35w 1) — 6(5,w™) — 6(81w™ ) — 6(61w" ) + 6 (5w,

Inserting it into (A.10), one has

ng — %(’LU")Q _ 2(w"_1)2 + 3(wn—2)2 _ Q(wn—S)Q + %(wn—4)2 o 6((51w")2
— 8(61w"_1)2 + 4(6210")2 + 2(53w” + Sélwn_l)Q + %(6410" + 462w"_1)2
+ (6210"72)2 — 2(61w”72)2 — 2(51’(1}”73)2. (A.ll)

For the underlined terms, one can apply (A.5) to obtain that

—(51w"’3)2 — 2" 3,2 — (wnfz)z + Q(wnfs)z _ (wn74)2 + (51wn72)2

such that

Tt = (6w 2)" = 2(810"72)" — 2(6,w" )

= (Bow" 2 4 20" %)% — 2(w"2)% — 2(w" )2,
A substitution of the above equality into (A.11) leads to the following result:
3

(’LU")Q _ 2(w"_1)2 + (wn—2)2 _ 2(w"_3)2 _ 5(,wn—4)2 _ 6((51w")

— (61w"71)2 + (5210”72 + 2w"73)2 + 2(6310" + 351w"71)

2
2

2

+ %(5411}" + 452w"71)2 + 4(5211)")2 — 7(5110”71) . (A.12)

In similar manner, one can apply (A.5) to handle the underlined terms as follows:

Jz = 4(6w™)? = 7(5w" 1)’

= 4(6w™)” + 14w opw™ — T(w™)? + 14(w" 1) — T(w"2) + 7(5,w")

Z(wn—1)2 — T(w"2)2 + 7(5w")”.

4

. 2
= 4(52w” + an_l) —T(w™)? +
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Then inserting it into (A.12) and recalling w™ = §;v™, one has

_E 2_§ n—4\2 n\ 2
5 1 2(w ) +(51w)

— (610" 1) + Rs[810"]

39 19
_ [Z(wn)Q‘i‘?(wn_l)Q“"

J},’ _ (wn)2 _ (wn—l)Q _ 6(wn—2)2 _ Q(wn_3)

7
5 (wn—2)2 T

3 n—3\2 n 2

§(w )2 + (61w™) }

39, moive 19 o T a0 3 a0 n—1\2

_ [Z(w ) + ?(w ) -+ §(w 3) +§(w ) + ((51w ) :|
65

4
where Rj5 is denoted by

(w")2 + Ry [(51?}"] , (A13)

2
%5[’[1}”] = 4(62wn + an—l) + (62’[1]"_2 + an—3)2
+2(d5w" + 3617“””_1)2 + %(5410" + 46210"_1)2.

It is not difficult to obtain that

— 65 n n
ng = 55’0” (51’[)") == .75 [51’0”] - .75 [51’0” 1} - z((sl’l) )2 + §R5 [51’0 ], (A14)
where the nonnegative quadratic functional Fj5 is defined by
39 19 7 3
]:5[wn] — _(wn>2 4 _(wn71>2 4 _(wn72)2 + _(wn73)2 + (51’[1)")2.
4 2 2 2
By inserting (A.14) into (A.1), the claimed inequality (3.3) of k = 5 follows with v5 = 67/4.
The proof is complete. O
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