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Abstract

This paper deals with the numerical solutions of two-dimensional (2D) semi-linear
reaction-diffusion equations (SLRDESs) with piecewise continuous argument (PCA) in reac-
tion term. A high-order compact difference method called I-type basic scheme is developed
for solving the equations and it is proved under the suitable conditions that this method
has the computational accuracy (’)(7’2 +hd+ h‘;)7 where 7, h, and hy are the calculation
stepsizes of the method in ¢-, - and y-direction, respectively. With the above method
and Newton linearized technique, a II-type basic scheme is also suggested. Based on the
both basic schemes, the corresponding I- and II-type alternating direction implicit (ADI)
schemes are derived. Finally, with a series of numerical experiments, the computational
accuracy and efficiency of the four numerical schemes are further illustrated.

Mathematics subject classification: 65M06, 65M12.
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1. Introduction

To describe the heat flow in a rod with both diffusion along the rod and heat loss/gain
across the lateral sides of the rod, Wiener [16] first introduced the following initial-boundary
value problems (IBVPs) of linear reaction-diffusion equations with PCA:

ue(m, t) = Gugg(x,t) + bu(z, [t]), =z € (a,b), te(0,T],
u(z,0) = p(z), € [a, ], (1.1)
u(a’a t) = ’l/)l(t)v ’U,(b, t) = ¢2(t)a te (05 T]v

where u(z,t) denotes the temperature at point (z,t) in the rod and the lateral heat change

is assumed to occur at time |t], in which [-| is the greatest integer function. Subsequently,
for depicting various diffusion phenomena, problems (1.1) were adapted into IBVPs of linear
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diffusion equations with PCA (cf. [9,10])
ut(xvt) :a’lumm(zat)+&2u11(xv LH)) T € (a’ab)v le (OaT]v
u(z,0) = p(x), x € [a,b], (1.2)
u(a,t) =1(t), u(db,t) = a(t), t e (0,T].
IBVPs of linear forward-backward diffusion equations with PCA (cf. [15])
up(x,t) = A1Uze (2, 1) + G2uyy (2, |t]) + G3uz(z, [t +1]), z € (a,b), te€(0,T],
’U,(;L', 0) = 90(:6)7 S [a, b], (13)
u(a,t) = ’l/)l(t)a u(ba t) = 1/)2(t)7 te (05 T]
IBVPs of diffusion-convection equations with PCA (cf. [3])
ue(z,t) = Gruge (2, t) + doug(z, |t]), =€ (a,b), t€(0,T7,
u(z,0) = p(x), x € [a,b], (1.4)
u(a’a t) = 1/}1 (t)v ’U,(b, t) = 1/)2(t)5 te (05 T]
IBVPs of linear neutral reaction-diffusion equations with PCA (cf. [5,6,18])
Ut (2, 1) = @1y (2, 1) + Gotige (, |]) + bru(z, t)
+hau(z, [t]) + ez, [t]), z€(ab), te(0,T],

(1.5)
u(z,0) = (), x € [a,b],
u(a,t) = ¢u(t), u(bt) =), t € (0,T].
IBVPs of I-type SLRDEs with PCA (cf. [2])
up(x,t) = Gug,(2,t) + f(x,t,u(m,t),u(ac, |t] )), x € (a,b), te(0,T],
u(z,0) = p(x), x € la,b], (1.6)
u(a,t) = i(t), u(b,t) =b(t), t € (0,7].
IBVPs of II-type SLRDEs with PCA (cf. [8])
U (@, 1) = a1Uge (2, 1) + G2uaa(w, [t]) + f (2,8, u(z,t)), z € (a,b), te(0,T],
u(z,0) = p(x), x € [a,b], (1.7)

u(a,t) = 1/11(t), u(bv t) = 7/)2(t)7 le (Oa T]

For the above partial functional differential equations (PFDEs) with PCA, some effective
numerical methods and the corresponding algorithm theory have been developed. For prob-
lem (1.2), Liang et al. [9] and Liang et al. [10], respectively, proposed §-method and Galerkin
method with asymptotical stability analysis. For problem (1.3), Wang and Wen [15] generalized
the -method in [9] and its stability theory. For problem (1.4), Esmailzadeh et al. [3] suggested
an alternative @-method and derived its asymptotical stability criterion. For problem (1.5),
Zhang et al. [18] considered a class of linear approximation methods based on block bound-
ary value methods, and Han and Zhang [5,6] constructed the one-parameter finite element
methods with error and stability analysis. Furthermore, the authors of references [2, 8] ex-
tended the above numerical approach for linear problems to nonlinear problems (1.6) and (1.7),
where Esmailzadeh et al. [2] presented the -method for problem (1.6) and Hou and Zhang [8]
derived a high-order compact difference method and its Richardson extrapolation scheme for
problem (1.7).



High-order Compact ADI Schemes for 2D SLRDEs with PCA in Reaction Term 193

It is worth noting that the above researches dealt only with the numerical methods solving
1D PFDEs with PCA. So far, the numerical approach on the high-dimensional PFDEs with
PCA has not been concerned. Hence, in this paper, we plan to study the numerical methods
for solving IBVPs of 2D SLRDEs with PCA

ut('rvya t) = ozum(z, yvt) + ﬂuyy(xa yvt)

+f(z,y,t,u(z,y,t),u(z,y, LtJ)), (z,y) €Q, te(0,T], (1.8a)
U(.T,y, O) = Qp(xa y)’ (xa y) € Q’ (18b)
u(z,y,t) = (z,y,t), (z,y) €09, te€(0,T], (1.8¢)

where «, 3 > 0 are the diffusion coefficients, Q (respectively dQ) is the closure (respectively
boundary) of domain  := (a,b) x (¢, d), functions ¢, 1, f are continuous on their respective
domains, and f is assumed to be smooth enough on © x (0, 7], with the possible exception of
the points (z,y, |t]), and satisfies the following Lipschitz condition for all (x,y) € Q, t € (0,T]
and u1,ug,v1,v2 € R:

|f(x,y,t,ur,v1) — f(@,y,t,uz,v2)| < Lyfur — uz| + Lafvr — val, (1.9)

where L1, L3 > 0 are two given constants. A function u(x,y,t) is called the solution of problem
(1.8) if it satisfies the following conditions:

i) u(z,y,t) is continuous on Q x [0, 7.

il) u¢, upe and uy, exist and are continuous on Q x (0, T’], with the possible exception of the
points (z,y, [t|) where one-sided derivatives exist.

iii) u(z,y,t) satisfies the PFDE on Q x (0,7] with the possible exception of the points
(x,y, [t]), and the initial and boundary value conditions in (1.8).

As an instance of problems (1.8), we consider the heat flow phenomena on a sheet-like object.
When the lateral heat change is assumed to occur not only at time ¢ but also at time [¢]| and has
a complicated nonlinear relationship f between time, space and the temperature of an object,
the heat flow phenomena can be modelled by (1.8), where u(x,y,t) is the temperature at point
(x,y,t) in the sheet-like object and f the heat exchange function.

In order to solve 2D IBVPs (1.8) efficiently, we will employ the compact ADI technique.
This technique has been verified to be very effective when it was applied to the other classes of
high-dimensional delay partial differential equations. For example, Deng [1] dealt with the 2D
constant-delay SLRDEs, Zhang et al. [20] extended the research to the case of multi-delay, Xie
and Zhang [17] studied the 2D constant-delay SLRDEs with variable coefficients in diffusion
term, Zhang et al. [19] considered the 2D constant-delay hyperbolic equations, Qin et al. [11]
involved the semi-linear parabolic equations with distributed delay, and Tang et al. [14] covered
the 2D wave equations with discrete and distributed time-variable delays. Nevertheless, these
research only involved the case of non-vanishing delay of delay partial differential equations,
where the delay quantity is given by ¢ — 7 (7 > 0) and all values of the solution function on the
initial interval need to be provided. This shows that IBVPs (1.8) are different from the above
delay problems, whose initial condition only needs providing the value of the solution function
at initial point ¢ = 0. Namely, IBVPs (1.8) are of the problems of delay partial differential
equations with vanishing delay. This implies that the compact ADI schemes derived for solving
IBVPs (1.8) will be different from those for solving the IBVPs of delay partial differential
equations with non-vanishing delay.
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The rest of this paper is organized as follows. In Section 2, a high-order compact difference
method solving problem (1.8) is derived. In Section 3, the global error of the compact difference
method is analyzed, which shows that the presented method has the computational accuracy
O(r? + ht + h‘;), where 7, h, and h, are the calculation stepsizes of the method in ¢-, - and
y-direction, respectively. In Section 4, in order to improve the computational efficiency of the
method, an I-type ADI scheme is proposed. Besides, by applying the Newton linearized tech-
nique, an alternative high-order compact difference method and its ADI scheme (i.e. II-type
ADI scheme) are suggested. In Section 5, with a series of numerical experiments, the computa-
tional accuracy and efficiency of the derived four numerical schemes are further illustrated. In
Section 6, we summarize the full-text and leave an open problem.

2. A High-order Compact Difference Method

In this section, for solving IBVPs (1.8), we will construct a high-order compact difference
method. To this end, we divide the solution region [a,b] X [¢,d] x [0, T] with planes

ZL':Z'i::a‘i’ihmy OSZSMxv

| T]

t =t, = nr, 0<n<N:i=-—,
T
where B p )
—a —c
hZ: , h = s e p—
M, T M, T m

are the calculation stepsizes of the method in z-, y-, t-direction, respectively, and M, M,, m
are any given positive integers. Moreover, in the following, we will also use the non-grid planes

1
t:tn+% = <n+§)7, 0<n<N-1.

Write
On = {(25,97) [0 < i < M, 0<j <My},
Qr ={t,|0<n <N},
Qh‘r = Qh X QT, Uzn = u(xi,yj,tn).

For any w € W := {wz [0 <i< M,,0<j<M,,0<n< N} we define the following
difference operators:

1
1 w’.?—}—wﬂ.—i_
pwfy = L 0<n<N-1,
s = Lwptt — ), 0<n<N -1
tWi; ° = - Wy Wij)» SN > )
wl —wh .
5mw?j:”h7ma 1<i< M,,
T
O wm . — & wh
2 _ T4l T ;
(SI’LUZ— hz 5 1§ZSMI717
Wil — Wiy ,
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n n
. 6ywi,j+1 - 6ywij

y g hy

h? .,
(1—}—551)10%, 1<i< M, —1,

)

Awly =
wl, i=0 or M,,
h2
14+ 262 |wr, 1<j<M,—1,
Bl = 127Y) v o=
Wi, j=0 or M,

Besides, the following lemma will play a key role in derivation of the method.

Lemma 2.1 (cf. [7]). Assume that G(x) € C%[z;_1,2;41]. Then

16" (1) 106" (@) + G (i)
~ 5 [Glai1) ~ 26(x:) + Glainn)]
B

= 6) (L; , , )
240G (wz); Wi € (:Ez—la-rz—i-l)-

Setting

(@, 9,t) = (z0,Yjstpp)y 1<i<Mp—1, 1<j<M,~1, 0<n<N-1

in the Eq. (1.8a) gives that
2

ou 0%u 0“u
E(xiayj’tn-i-%) = a@(fﬂiayjatm%) +ﬁa—y2(wi,yj,tn+%)

+ f('rlv Yj» tn+% ) ’LL(ZL'»L', Yj» tn+%)a ’U,(ZL'»L', Yj, Ltn+%J)) (21>
For1<i<M,-1,1<j<M,—-1,0<n<N -1, applying Taylor expansion to each term
of equality (2.1) yields that

nty
6:Uy;

a 0%y 9%u
2

@(xi?yj’ tn) + @(zivijmri*l)

B [9%u 0%u
+5 {8—%(%,%‘,%) + a—yg(xi’yj’t"“)

1
+ 5 {f(xiayjatn+%au(xiayjatn)au(-riayja \_tn+%J))

+1
+ f('ru Yj, tn-{-% ) U(:’Ei, Yj, tn-‘rl)a U(.’I]i, Yj, I_tn+%J))i| + T»Z' 2 ) (22)
where derivatives f, and g, are defined by
0
a1y 0,0) = B et 0,0),

0% f
gu(‘rayatauav) = w(‘rayatauav)a
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and
n+l T2 83u( ) ar? 0*u ( ) B2 0*u ( )
Tis =7 33X YisSn) — 53 545X Y Wn) — 5 3 54,0 LisYjs6n
i T gq g YIS 8 gr2orz oY 8 oy2orz Y
T2 9%u
= 5 ol iy a0 s pn)s (i, g L4 ) 5z (@00 95 o) 23)
T2 ou

2
RGN TR ASRICR TN RICRTN L)) {E(ziaijpn)] :
€ (tnatn-i-l)a Wn € (tnatn-i-l)a Cn € (tn,tn+1), Pn € (tnatn-l-l)-

Let n = km + 1, where k and [ are two nonnegative integers with k¥ < |T| — 1 and I <m — 1.
Then |t,41/2] = tem and thus (2.2) becomes that

kmiirl  a [0%u 0%u
0:U;; =3 [@(% Yjs tkm1) + @(% Yjs tkm+i+1)
B [0%u 0%y
+5 a—yQ(iﬂi, Yjs tkm1) + a—yQ(iﬂi, Yjs thm+i+1)

1 m m
+2[f($zayjatkm+l+ aUk * Uk )

kEm~+1+1 km km+i+3
+f(xl,y],tkm+l+1,U U ):|+Tij 2

1<i<M,—1, 1<j<M,—1, 0<k<|T]-1, 0<I<m—1.

Applying the operator AB to the both sides of (2.4) yields

m 0%u 02
.AB5t k +i+1 — AB |:0 Q(zzvijtkarl) a—;;(zi7yj7tkm+l+l):|

0*u 9%u
ﬂAB [3 2($17y3’tkm+l) a—yg(xivyjﬂtkm+l+1):|

* g {f (s U o144 Ukm“ JUE™)
+ f(wz, Yi> Uomti+ 4 ,Ukm+l+1 Ukm)} n ABTZ-mHJF%,
1<i<M,-1, 1<j<M,—1, 0<k<|T|]-1, 0<I<m-1.

Making use of Lemma 2.1 and Taylor expansion, we can obtain that

BaQU 862 karl z 886 0
A @(Cﬂi,yjatkmﬂ) Ui+ 210592 0, Y tyii)s (2.6)
I=11+1, 0; € (vi_1,21),

0%u ket | u
‘ABa—yQ(mi’yj’tkarl) ‘A(sjUw * 241}0./48 G(xi’yj’tkm+i)’

Z:lal+1a Vj S (yj—layj-‘rl)-

(2.7)

Substituting (2.6)-(2.7) into (2.5) and performing an identical transformation to the right-side
of the generative equality by adding and subtracting the small term faﬂ'rQégéiétUi];mHH/ %/4

derive that

m m 1 m 1
ABét k +l+2 — ( 862+6A62) k! +l+2 _ ZaﬂT26§5§6tUZ +l+2
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AB L 77k
+ T |:f (zia y]v tkm-l,-l-l,-%v me'i‘ ) Uz]m)

2
kem41 m km+l+3
+f(xi7yjatkm+l+%anj ++17Uikj ):| +Rl] ) (28)
1<i<M,—1, 1<j<M,—1, 0<k<|T|-1, 0<I<m-—1,
where
kmi+3 kemi+ 1 ahi [05u O%u
R;; = ABr;; + 130 B ﬁ(eia Yj> thm+1) + ﬁ(eia Yjs tm+i+1)
Bht 1554 0%u
+ EE)} a—y6($i, Vi tkmt) + a—y6($i, Vs tkmti+1)
1 km41+1
+ Za5725§5§5tUij . (2.9)

Write D, = [n,n +1]. When u(z,y,t) € C%3(Q x D,,) (0 <n < N —1), it can be inferred from
(2.3), (2.9) and Taylor expansion that there exists a constant ¢y > 0 independent of 7, hy, hy
such that

(B < cole? b+ ).

1<i<M,—1, 1<j<M,—1, 0<k<|T|-1, 0<I<m-—1.

(2.10)

In equality (2.8), dropping local truncation error REMHIHZ and replacing UikjmJF[ with its

~ ~ 1/‘7
corresponding approximation ufjmﬂ, l =0,0,1 +1/2,1 4+ 1, a high-order compact difference
method for IBVPs (1.8) can be derived as follows:

m 1 m 1 1 m 1
AB(;tufj His (ozB(Si +ﬂA5§)utufj tits _ Zaﬂ#(ﬁéi&uz Hits

AB km+l | km
+ T[f(xiayjatkm+l+%’uij ’uij ) (211)
km+l1 m
+ f(miayj’tkm-i-l-i-%’uij * +1’“é€j )}’
1<i<M,—1, 1<j<M,—1, 0<k<|T|-1, 0<I<m-—1,
whose initial and boundary values are determined by
w) =g y;),  0<i<M,, 0<j<M, (2.12)
ufy = (@i ystn), () €T, 1<n <N, '
where
I = {(i,0), (i, M), (0,5), (Mg, §) |0 < i < My, 0<j < M,}.
It is remarkable that method (2.11) also can be written in a more compact form
QT 2 BT 2\ . kmi+1
(a-578) (- 5)
_ A+£62 B+&62 km—+1
- g O g v ) i
rAB (2.13)

km+1 | km
+ 9 |:f (:Cia Yj, tkm+l+% ) ui_j ) uij )

km+1+1 km
+f(xi7yjatkm+l+%aui_j auij ):|a

1<i<M,—-1,1<j<My,—1, 0<Ek<|T|]-1, 0<I<m-—1,

which can be implemented by the usual Newton iteration method.
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3. Error Analysis of the Compact Difference Method

This section will deal with error analysis of the compact difference method (2.11)-(2.12).
For this, we first need to introduce some basic notations and preliminary results.

Let V={v|lv={v;;| 0<i< M, 0<j <M, and v;; =0 for (,5) € I'}} be a grid
function space defined on . For all v € V', we define the following norms:

M,—1My—1 M, — -
[ol] = | hahy Z Z vii)?, 10z0]] = Z Z (820i5)°,
i= i=0 j=1
M,—1My—1
[6yv[| = 4 | halty Z Z (Gyvij)?, 1620 = Z Z 5 Uz] )
=1 j=0 i=1 j=1

M,—1My—1 M,—1My—
2
20l = [ hahy D > (02vi5)7, [16:6,0]l = 4| hahy Y Z (620,v35),
i=1  j=1 i=0 j=0
[l = l18z0]* + 5,0l [0l = [lolf* + [ol}.

The following lemmas will be quite useful for the subsequent error analysis.

Lemma 3.1 (cf. [4]). Let v € V. Then the following inequalities hold:

M,—1My—1 2h h —1My—1

(i) hahy Z Z (Avij)vij > Z Z UU ’
i=1  j=1
M,—1My—1 2h h

(i1) hzhy Z Z (Bvij)vi; > —*2 Z Z Uzg ;
1=1 = =1 =
M,;—1My—1 »—1My—1

(i11) hyhy Z Z (ABv;; )vij < hyhy Z Z i),
My—1M My —1My—

(iv) hyhy Z Z (ABv;j;)vij > 4n hy Z Z v”
; =

Lemma 3.2 (cf. [4]). Let v,w € V. Then the following equalities hold:

M, —1My—1 »—1 My—1

. 2

(1) hyhy E E (62055 )wij = —hahy g E (05vi5)0zwij,
i=1  j=1
My —1My—1 My—1My—1

(ii) hyhy Z Z (5§Uij)wij = —hghy Z Z (6yvij)0ywi;.
i=1  j=1 i=1  j=0

Lemma 3.3 (cf. [4]). Let v € V. Then the following inequalities hold:

A 4 3 4
(i) l16z0l* < 55 [lvll?, (i) [18,011* < 35 llvl*,
x Y
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b—a)? , d—c)?
Gii) ol < Lol i) o2 < S Do,

Lemma 3.4 (cf. [13]). Let A,B > 0 be two constants such that nonnegative sequence {Fy}

satisfies
k

Frp1 < A+BTZE-, VEk > 0.
i=0
Then Fi41 < Aexp(BkT) for all k > 0.

Below, we set out to study the global error of method (2.11)-(2.12), where the global error
of the method on n-th layer is indicated by

n {e?] =0 | 0<i< “415 0 <_j < lﬂy}a n = 0,
e =
{ew: ol [0<i < My, 0<j < M,y, ande?j:Ofor(i,j)GF}, 1<n<N.

An error estimate of method (2.11)-(2.12) can be stated as follows.

Theorem 3.1. Assume that u(z,y,t) € C%3(Q x D,,) (0 <n < N — 1) and Lipschitz condi-
tion (1.9) holds. Then the global error of method (2.11)-(2.12) satisfies the following estimates:

lle™]] < e (7'2 + hi + h;), lle™]]1 < c2(7'2 + hi + h;l), 1<n<N, (3.1)
where c1,c2 > 0 are two constants independent of stepsizes T, hy and hy,.

Proof. Subtracting (2.11) from (2.8) yields that

kmi4-t km-tl 1 kmi4t
ABde;; s (ozB(Si +ﬂA52)ut € Ay ZaﬂTQ(si(Siéteij s

AB km+l1 km
+ T [f(xlay]’tkm+l+2 U * U )
km L km
- f('rlv yjatkm-i-l-i- * 7uij ) (32)

+ f (.T“ Ui, tkm—i—l—i— L Ukm+l+1 Ukm)

m m knL-l—H—2
- f(xzvyjatkarlJrlauk +l+17 f] ):| + R ’
1<i<M,—1, 1<j<My,—-1, 0<k<|T|]-1, 0<Ii<m-L1
km+l+1/2 . . .
Multiplying (3.2) by hyhydce; and summing up for ¢ from 1 to M, — 1 and j from 1 to
M, — 1, we obtain that
_1M —1

hohy Z Z (AB(St k14 )6tei_c]m+l+%

M,—1M,—-1

m i m i
h Z Z CY862 + 6-’452)/1/156,]; +l+26t€fj +l+5
Mo—1My— 1 1
— hahy Z Z < a5725§555tefjm+l+5) 5tef]-m+l+5
i=1 =

My—1My—1

+ hahy Z Z AB[ zz,y],tkaJr 7Ukarl Ukm)

=1 gj=1
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k +1 )k
- f(z’baijtkm+l+27 ij 7ui]m)

+ f(xz’yj’tkm-l-l-l- ’Ukm+l+1 Ukm)

m m km4+1+3
f(zz;ijtkm+l+27 Z +l+17uf‘] ):|5te"
M,—1My—1
+h hy Z Z ka+l+25 km+l+2 OSkSLTJfl, Oglgmfl (33)
=1 gj=1

Next, we estimate each term in (3.3). It follows from inequality Lemma 3.1(iv) that

»—1 My—1

hah, Z Z (AB(St f]m-l-l-l- )5 Zm-‘rl-i-%
=1 =

> §H5tekm+l+%‘ 0<k<|T|-1, 0<I<m-—1. (3.4)

)

Applying Lemma 3.2 to the first and second terms on the right-side of (3.3) derives for 0 < k <
|T] —1and 0 <! <m—1 that

My—1My—1

hohy Z Zl (aBsZ + BAS,) (Mt Zm+z+ )5tefjm+z+§
=

- m m m m
Z{(H%e’“ B (e L +lHQ)* (H5 Bye | — (|62, et “\!2)]
ﬂ m m h m m
Z{(H%e’“ P~ [laye ) = 35 (18s8ye 41" — [|6.,e* “Hg)} (3:5)

m 1 m 1 1 1
— hahy Z Z < aBT2028%8 ;] ”*5) ek = —sapr 0.8, | (3.6)
1=1 =

For the third term on the right-hand side of (3.3), taking use of Lipschitz condition (1.9),
inequalities Lemma 3.1(iii), Lemma 3.3(iii)-(iv) and the following common inequality:

1
pq_2—p +2q, Vp,geR, £>0, (3.7)
we obtain that
My —1 My—
hlhy T[ xzayjatkarlJr ’Uk * Uk )
=1 j=1
- f(xza Yjs tkm+l+2 ) »Iijm-Ha uf]m)
+ f(xz; Y, tk—m_l,_l_l,_l , Ukm+l+1 Ukm)
— iUyl ) el
3L3(b m 3£( —c el ]2
SlTH5 | 1TH5yek )
_ 207 N2
351(32 a) H(Szekm+1+1H2+3£1(g2 c) H5 ekm+l+1H2
3L 3L
= L R
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Also, it holds by inequality (3.7) for 0 < k < |T] —1 and 0 < < m — 1 that

»—1 My—1

h hy Z Z ka+l+25 k’m-i—l—i—2
i=1 =

< 9eglb = Z)(d =9 (r2 + hi+ i) + §H5tekm“+% [ (3.9)
Inserting (3.4)-(3.6) and (3.8)-(3.9) into (3.3) follows that
[P = ) T2 oyt o]
2
+§{wakm““u 18,6572 = L 5,52 — 58, )]
3L2(b m 3L3(d —c)? m 3L2(b—a)? " 2
=< T||5rek P+ =R layet |+ =R fase |
3L3(d — c)? m 3L3(b—a)? m 3L3(d m
B0 5 rmstra 7 3RO 0 o2y A5
2(h — _
+ Iyt Z)(d ) (72 + hi + h;j)Q, 0<k<|T|-1, 0<I<m-—1. (3.10)
On the both sides of (3.10), taking sum of [ from 0 to m (< m — 1) generates that
m—+m m h'2 m—+m m |2
[k 2 = o) = Tt P~ e )

+7me+“WuwkmEme+“W|mwkm]
m 2 _\2
Z[ H5 km-i—lH + (622 ¢) H(Syekm-'rlHQ

32 32
3L2(m+1 12 _—
S D 1 — e |+ (d — 2]ja,eb ]

n 9¢¢(b—a)(d —c)(m + 1) (
4
With (3.11) and inequalities Lemma 3.3(i)-(ii), it can be deduced that

21 207 \2
+£1(b ) H5m€km+l+1H2+£1(d C) ||5yekm+l+1||2:|

2Rt 4Rt 0<k<|T]-1, 0<m<m-—1. (3.11)

_ 1 ~
& (Jasemon [~ o ~ Hgeonens)

_ 1 -
+£@wmwﬂwwmww—ﬂwmmwﬂ

2
u m 3£2(d*0)2 m 2
ZO { |5 k +lH 1T||5yek +l|| }
352(b S SEQ(d—c)2 i1 112
1TH6 ekm+ +1H ITH(Syek + +1H
3L3(b—a)*(m+1) 2 3L3(d—c)?(m+1) |2
16 H(Smek H + : 16 H(Syek H

n 9c¢2(b—a)(d —c)(m + 1) (

2 ~
1 TP hi+hy)T, 0<k<|T|-1, 0<m<m-—1, (3.12)
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which can be rearranged as

20 _ )2 B 2(d — ¢)? _
{a _ 951(532 a) T] ||5zekm+m+1H2 + [ﬂ _ 9L7(d —c) T} H(;yekarerlHQ

32
Nl pmat)2 , OLHd = 0> -
;:[ T et 4 ST 5 e
3o 9L5( m 35 952(d —c)? m
+L5+—L@—{w R e
2 _ —
L 27e(b—a)(d —¢) (P +hi 400 0<k<|[T|—1, 0<m<m—1. (3.13)

4

Introduce A\; = min{a, 8}, A2 = max{a, 8} and A3 = max{(b — a)?, (d — ¢)?}. Then (3.13) can
be written as

9L3N 5 5
(30 = 23 ) Qe P et

9L2 N7 & . .
<=5 2 (ldae ™+ + oyt
1=0
3\ 9L3N 2 2y | 273X 2
(252 + 22 ) (et aeim ) + ZRR 2 4 l) g
Since there always exist constants 7, > 0 such that
32\ —9LIN3T >~y >0, V7€ (0,7, (3.15)
we have by (3.14) and the fact 7 = 1/m (m € N) that
||5Iekm+7h+1||2 + ||5 ekm+7h+1||2
18L3 3T m m
< mz (lawe = |* + [la,e™m+|%)
48)\2 + 18£Q>\3 2166%)\3

(e + e + (7 + bt 1)’

32)\1 — QE%)\;J,T 32)\1 — QE%)\;J,T

< 3 ([P 4 3yt F) 4 ([0t P+ [l8,eF )
=0

1
(PR D 0<k<|TI-1, 0<m<m-—1, m>H, (3.16)
T
where
18£%)\3 48)\o + 18£%)\3 21603)\3
M=—"—" N= s W=
Y 0 Y

Inequality (3.16) means that

B = T S e A e P G R
1=0 (3.17)

1
0<k<|T]-1, 0<m<m-—-1, m> {jJ
7
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Next, on the basis of (3.17), we use the mathematical induction to prove the following inequality:

v3 exp(y1) {1 — [y2 exp(n)]*}

2
|ekm|f < (72 + hi + h;) ,
1= GX?(%) (3.18)
0<k<|T]-1, m2> {—J,
T

where it is remarkable that 1 — [y2 exp(y1)]¥ < 0 for 0 < k < |T| — 1 by the following fact:
48y + 185%)\3 (185%)\3 )
2r2 T O oxp [ 122
v v
48Xy + 18L2) 48)\o + 18L2)
>82+8£23282+8§23>1a
Yy 32)\1 — 9£1 )\37’
in which the last inequality is obtained by (3.15) and the definitions of \;, i = 1,2,3. When
k =0, (3.18) holds since under this case the left and right sides of (3.18) are equal to zero.
Assume that (3.18) holds for 0 < k < k (< |T| — 1), we go to prove that (3.18) is also true for
k =k + 1. Setting m =m — 1 in (3.17) and using the inductive assumption, we have that

Yo exp(y1) =

m—1 L
P i 1 — [y2 exp(y1)]" 1} 2
km4m)2 < Em41)2 73{ 2t pd 3.19
|e |1 —717—; |€ |17L 1—’}/26Xp(’)/1) (T + JE+ y) ' ( ' )

An application of Lemma 3.4 to (3.19) gives

%+1)m|§ < 73 eXP(%){l — [ eXp(%)]ch}(

|e( < ™+ h: +h3)2,
! o exp(71) (3.20)
0<k<|T|-1, m> H
T

which shows that (3.18) holds for k = k 4+ 1 and thus (3.18) is proved for 0 < k < [T'| — 1 and
m > |1/7]. Combining (3.17) and (3.18) follows for 0 < k < |T| —1,0 < m < m —1 and
m > |1/7| that

7 o 1 — [y2 exp(y1)]" '} 2
kmAm+1(2 km+1)2 73{ 2t pd 3.91
|e |1 —71T;|6 |17L 1—’}/26Xp(’)/1) (T + JE+ y) ' ( ' )

Applying Lemma 3.4 to (3.21) gives

; 1 — [y2 exp(y1)]*+1}
km~+m+1 < 73 €Xp (71 ) { 2 2 h4 h4
‘ s \/ 1 — vz exp(71) (et hi)

\/ v3exp(y1){1 — [y2 exp(m1)]L71 }

1 — 2 exp(m)

(3.22)

<

(> + hy + hy),

1
0<k<|T]-1, 0<m<m-—1, m> L—J
7

By (3.22) and inequalities Lemma 3.3(iii)-(iv), it holds that

Y e = P |

Vs

= Y2 hmAmEl < (7'2 + R+ hi), (3.23)
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where

o = \/7% exp(y){1 — [rexp(y)]7}

8[1 — vz exp(m)]
Combining (3.22) with (3.23), we have for 0 < k < |T| -1, 0<m <m —1, m > |1/7] that

eFmtmaL), = \/Hekm—i-fn-i-lHQ + [ekmmtl[2 < o (7% 4 BY 4 Y, (3.24)
where
~ [sexp(n) (s +8){1 — heexp(y)]17) }
Cy = .
8[1 — 72 exp(m)]
A combination of (3.23) and (3.24) gives the error estimates in (3.1). O

Theorem 3.1 shows that method (2.11)-(2.12) is convergent of order two (respectively four) in
time (respectively space) under the given conditions. As to the stability of method (2.11)-(2.12),
we can obtain it by the similar analytical techniques and arguments to these for Theorem 3.1.
Due to the limitation in the length of the paper and the similarity to the proof of Theorem 3.1,
in the following, we will only provide the stability theorem and omit its proof. For state the
stability theorem, we introduce the following perturbation problem with initial perturbation
function ¢(z, y):

Uz, y,t) = Qlige (z,y,t) + Blyy(z,y,t)

+f(:c,y,t,ﬂ(z,y,t),ﬁ(z,y, LtJ)), (z,y) €Q, te(0,T],
i(z,y,0) = (z,y), (z,y) € Q,
w(x,y,t) = Y(x,y,t), (z,y) €0, te(0,T].

(3.25)

Let
" ={a10<i<M,—1,0<j<M,—1}, 1<n<N

be the numerical solution on the n-th temporal layer generated by applying method (2.11)-
(2.12) to problem (3.25). Then a stability theorem of method (2.11)-(2.12) can be presented as
follows.

Theorem 3.2. Assume that Lipschitz condition (1.9) holds. Then method (2.11)-(2.12) for
problem (1.8) satisfies the following stability properties for 1 <n < N:

n

[u™ —a"™| < e3 nax lo(@,y) — @(z, )| + |ea(@,y) — o, y)| + ey (z,y) — @y(z,9)]],

||un - '&/nHl S a;(mz;g@ [|90($ay) - @($,y)| + |(pz(‘ray) - ()bz(xay” + |‘Py(xay) - (ﬁy(xay)”a
z,Y

where c3,c4 > 0 are two constants independent of stepsizes T, hy and hy,.

4. Two Types of ADI Schemes

In order to improve the computational efficiency of compact difference method (2.11)-(2.12),
in the following, we will propose two types of ADI schemes.
Let

. BT o\ kmiit1
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Then, based on this symbol and method (2.13), a high-order compact ADI scheme can be
obtained as follows:

(595 (1) o )

TAB

M

k +Il k
|:f (1"“ Yj, tkm+l+ uzjm)

k +1 k
+ f('rlv Yj» tkm+l+ m+ * uz]m)i| )

1<i<M,—1, 1<j<M,~1, 0<k<|T|]-1, 0<l<m-—1,

<B o ﬂT(SQ) karlJrl u;kj,
(4.2)

1<i<M,—1, 1<j<M,~1, 0<k<|T|]-1, 0<l<m-—1,

whose initial and boundary values are given by

uy = @(ri,y;),  0<i< M, 0<j<M, (4.3)
ul = (@i ypt), (i) €T, 1<n<N, |
_ (B _ /8 62) wkm-’rl-ﬁ-l
: (4.4)

i=0,M,, 0<j<M, O0<k<|T]-1, 0<I<m-1.

In what follows, scheme (4.1)-(4.4) will be called I-type ADI scheme, which can be implemented
efficiently by combining Newton iteration algorithm and Thomas algorithm (see, e.g. [12]).
Moreover, since I-type ADI scheme is obtained by an identical deformation of method (2.11)-
(2.12), the both methods are actually equivalent and thus Theorems 3.1 and 3.2 can also cover
I-type ADI scheme, namely, under the same conditions of the above theorems, I-type ADI
scheme is convergent of order two (respectively four) in time (respectively space) and globally
stable.

As an alternative approximation technique for dealing with nonlinear problems of differen-
tial equations, Newton linearized method is frequently used, whose advantage is that it can
transform nonlinear computational problems into linear ones and thus derives some efficient
numerical methods. In the following, we consider adopting this technique to construct a new
ADI method for solving IBVPs (1.8). Applying Taylor expansion to each term of equality (2.1)
derives for 1 <i < M, -1,1<j < M, —1,0<n <N —1 that

2 2
51& n+2 = %[g Z(:Cz,yj,f ) %(%,yj;tn-ﬂ)]

B [0%u d*u
+5 _a—yQ(iﬂi,yjafn) + a—yg(xi’yj’t”“)
/

(zi; ijtn-{-%au(zia y]vtn)vu(xlvij |_tn+%J))
_n—i-%

+3 fu(zi;ijtn+%au(ziaijtn)vu(zivij L %J))ét :| +TU ) (45)

where the following expansion of f(x, Y, tnr1/2, W(Ti, Y5, tng1/2), w(i, Y, [tng1/2])) is used:
f (:L'ia Yj, tn+% ) U(.’I]i, Yj, tn+%)a U(fEi, Yis Ltn+%J ))

= f(ziaijtn+%au(ziayjatn)au(ziaij |_tn+%J))
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T
+ §fu($iayjatn-}-%au(-riayjatn)au(xiayja Ltn+%J))5tu($zay]’tn+%)
7_2 82

=+ g fu(zi;yjatnﬁ-%au(zivyja’in)au(ziayja Ltn+%J)) o2 (zuijnn)

a 2
+gu (:Civyjatnﬁ-%vu(xivyjaKn)au('rivyja |f J)) |:a’(;(z’mijmn):| }

2 0*u
- Ifu (:L'iayja tn+%au(-riayj319n)a 'Uz(fEi, Yj, Ltn+%J)) W(:Eiayjaﬂn)a

K € (tn,thr%), Un € (tn,tns1), (4.6)
which is different from that in (2.2), and

fﬁf%:i&(z. y.g)fo‘_#ﬂ(z. yi, @ )7572 0'u (i, Y5, Cn)
* 24 g3 A" 8 Ox2or2 T 8 Oy2or2 I
2

T 0%u
+ g{fu(zi;yjatn+%5u(zi7yja’in>au(ziayja |f J)) 0152 (Z'Z,y],lﬁ',n)
) 2 (4.7)
+gu(zi;ijtn-l,-%au(ziaijmn)vu(ziaij |_tn+%J)) [a?(xlvyjﬂﬁn)] }

2 82
- Tzfu (-Tiayjatn-{-%au(-ria y_]aqgn)a 'Uz(fEi, Yj, Ltn+%J)) 8—;;($iayj319n)a

€ (tnathrl)a Wy € (tnvtn+1>a Cn € (tnathrl)a Kn € (tnathr%)a I € (tnvthrl)-

Since |t,41 /QJ = tim when setting n = km 41, where k£ and [ are two nonnegative integers with
E<|T]—1and ! <m—1,scheme (4.5) can be rewritten as

kmi+1 o [0%u 0%u
s U T = [8 5 (Tiy Yjs thme) + @(xi,yj,tkmﬂﬂ)

B [0%u 0%u
+ 5 W(‘Th Yj, tkm+l) + W(II"“ Yjs tk’m-i—l-i—l)

km+1 km
+ f('rlvijtkm+l+2 U U )

km-+l1 km km+l+% *km+l+%
+ §fu(xiayj’tkm+l+%’Uij ’Uij )6tU’LJ Ty

1<i<M,—1, 1<j<M,—1, 0<k<|T|-1, 0<I<m—1.

)

Applying the operator AB to the both sides of (4.8), gives for 1 <i < M, —1,1<j <M, —1,
0<k<|T]—1and 0 <I<m—1 that

[rEm aAB 0%u
AB6,U; T 5 [8 5 (Tis Yjs tem) + @(-Tiayjatkm+l+1):|

BAB 0%u
t— 82($zay]atkm+l) ﬁ(iﬂi,yj,tkmﬂﬂ)

+ ABS (i, yjs tomrr 1, Ul US™)
TAB
+

wlTi, g, t U m Ukm 0:U; km+l+2 —I—AB’karHZ 4.9
5> Ukem4i4-1 >

Inserting (2.6)-(2.7) into (4.9) and then carrying out an identical transformation to the right-
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side of the generated equality by adding and subtracting the following small term:

1 kmti+i  ar’B kem+1 ket g
—Za5725§555tUijm 2 - T(Si [fu (ziaijtkm-‘rl-i-%’ Uijm+ ’Uil;m)(stUijm 2} ’

we obtain for 1 <i < M, —1,1<j< M, —-1,0<k<|T]—1and0<!<m—1 that
km+l+1 kmti+d 1 km+i+1

+ ABf (-Tia Yj tkm+l+% , Uz_lz_m-i-l’ Uzlzm)
TAB

* 2
at’B

4

km—+l1 km km-i—l—i—%
fu (961', Yis tkm+l+§ ) Uz’j ) Uij )675Uz'j

km+l+3 skm+i+3
52 [fu(xi,yj,tkaJr%,Uz_lg_erl’Uikjm)(StUijm } + R (400

where

—km-+1+1 _km+l+ 3
Ry = ABr T

ahi O%u u
180 [% (0, Yjs tem+1) + %(91-, Ys tkm““)}

Bh 5% 0%u
z a—yﬁ(xi7 Vi, thm1) + a—yﬁ(xi, Vi, thom4i41)
at?’B
4
1 malel
+ Za5725252Uk e (4.11)

z Yy~ ig

2 km+l prkm km+l+4
5m (fu (ziaijtkarlJr%v Ui_j ) Uij )5tUi_j 2

When u(z,y,t) € C3(Q x D,) (0 < n < N —1), it follows from (4.7), (4.11) and Taylor
expansion that there exists a constant c3 > 0 independent of 7, h,, h, such that
Skm+1+1
R < oy (e 4 4 1),

(4.12)
1<i<M,—1, 1<j<M,—1, 0<k<|T]-1, 0<I<m-—1.

In equality (4.10), dropping local truncation error RZWHH/ % and replacing Uikjer[ with its
corresponding approximation af;”“, [ = 0,1,1+ 1/2, a Newton linearized high-order compact

difference method can be followed, namely
kg L Ckmalel 1 _km+1+ 3
ABSu;; 2 = (aB8 + BAS, ety 2 — Za6726§556tui]m ’
_k 1
+ ABf(iEz', ijtkarlJr%?ui]er ,ufjm)
T AB _ _ _km+l+3
+ Tfu (zia Yjs tkm+l+% ! ufjm—i_l’ ui'cjm)(stuijm ’ (413)
2
at’B 4 —km+l —k Zkmalt 3
4 51 |:fu (zia Yj, tkm+l+% ’ ui]m ’ uijm)atuij 2:| ’

1<i<M,—1, 1<j<M,—1, 0<k<|T|]-1, 0<I<m—1.

Method (4.13) also can be integrated into
QT so T Skm+l km BT o\ _kmetit1
<.A — ?51) {B {1 - §fu(:ci,yj, et 1o Ugg s Uy )} — ?51/} (T

= |:AB — % (AB — %Béi) fu (-Tia Yis tkm-{-l-{-% ’ afj"l'i‘l, ’U’Zm)
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+ g(OZB(Si + ﬂAé:i + aﬁTOQ(SQ) karl + TABf (zza Yj» tkarlJr ’ 1]

1<i<M, -1, 1<5<M,—-1, 0
where the initial and boundary values are given

Write

— %
Uy

T
= {B |:1 - 2f (z’wijtkm+l+ ’
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m+1 —km
’ Zj )7

<k<|T]-1, 0<I<m-—1, (4.14)
by
1< M,, 0<j< My,

= J=M (4.15)
)eT, <n<N.

glm+l gkm pr 2 | —km+I+1

Ugg s Ui )] - ?%}uz’j :

With this symbol and (4.14)-(4.15), a Newton linearized high-order compact ADI scheme for

1<i<M,—1,1<j<M,—1,0<k<|T|—

<A - %53)@
4T
2

{AB - = (AB — —352) fu(@i Yo timair 1, @

aBd?; + BAS, + —5252

1,0 <1 < m —1 can be presented as follows:

m+l —km
, Usj

)
afT

—km-+l1
Z]

s

+7_A6f(xzvyjatkm+l+ +lv’afjm)7 (416>
T gkmH ghm BT ket _
{B |:1 - §fu(xi7yj7tkm+l+2vuz] * Z] ):| o 755} uij = uz]v (417)
whose initial and boundary values are given by
) = p(xi,y;),  0<i< M, 0<j<M, (418)
T BT
i =<{B {1 — — fulzi,yi,t L, glmEt ghm } e Y Rt
uz] { 2f (:E Yj km~+Il+5 ’U/Z] UU ) 9 Y wzj (419)
i=0,M,, 0<j<M, 0<k<|T]-1, 0<I<m-—1

Scheme (4.16)-(4.19) can be implemented directly by Thomas algorithm (cf. [1

guish from the previous I-type ADI scheme, we ¢

5. Numerical

2]). To distin-
all scheme (4.16)-(4.19) as II-type ADI scheme.

Experiments

In order to illustrate the computational effectiveness and numerical accuracy of the methods
presented in previous sections, we consider the following IBVPs of 2D SLRDEs with PCA:

(2,9, 1) =uga(x, Y, t) + uyy(z, 9, 1),

+f (@, tule,y, ), u(z,y, [t])),
u(z,y,0)=tanh(z + y),
u(0,y,t)=exp(t) tanh(y), u(l,y,t)=exp(t

u(z,0,t)=exp(t) tanh(z), wu(x,1,t)=

(z,y,t) € (0,1) x (0,1) x (0, 5],

(z,y) € [0, ] 0,1,  (5.1)
Jtanh(1+y), ye€l0,1], te(0,5],
exp(t)tanh(l 4+ ), =z €[0,1], t€(0,5],
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where
u(z, y, [t])
ARV e TR
g(z,y,t) = exp(t) tanh(z + y) [1 — 4(tanh(z + y))2 — 4] — sin[exp(t) tanh(z + y)]
3 exp(|t]) tanh(x + y)
V1+ [exp([¢]) tanh(z + y)]?”

and tanh(-) denotes the hyperbolic tangent function defined by

[,y tou(z,y, t), u(z,y, [t])) = sinfu(z, y, + g(z,y, 1),

exp(&) — exp(—2)

) = @)+ exp(2)

T eR.

It can be checked that problem (5.1) has a sufficiently smooth exact solutions u(z,y,t) =
exp(t) tanh(x +y) and its right-function f satisfies Lipschitz conditions (1.9) with £ = Lo = 1.
Hence, in terms of Theorems 3.1 and 3.2, method (2.11)-(2.12) for problem (5.1) is stable and
convergent of order two (respectively four) in time (respectively space).

For describing the global errors and convergence orders of the presented numerical methods,
we introduce the following formulas:

_ n_ ,n _ n_ ,n
Ey(h,r) = max [|U" —u"lli,  By(h,7)= max [U"—u"],

El(th) =  max ||Un7 _nHla EQ(th) = nax ||Un7 —nH,

_ log[Ey (_hl}l)/El(hg,Tg)] Dy = log[Ez(_h;n)/Ez(hz,Tz)]
10g(h1/h2) ’ 2 - 1Og(h1/]12) ,
__log[Br(hi,m1)/Ei(ha,72)]  _  log[Es(h1,m1)/Ea(ha, 72)]
P = log(h1 /h2) P2 log(h1/hz) ’

where Ey(h,7), E2(h,7), E1(h,T), E2(h,T) (respectively p1,pa, 1, p2) denote the global errors
(respectively convergence orders) of the corresponding numerical methods with h = hy = hy,
71 = h? and 72 = h3. Moreover, for convenience of the statement, we refer to method (2.11)-
(2.12) and method (4.14)-(4.15) as I-type basic scheme and II-type basic scheme, respectively.

Applying I-type basic scheme, II-type basic scheme, I-type ADI scheme and II-type ADI
scheme with 7 = h?,h = 1/(4j), j = 5,...,9, to solve problem (5.1), the global errors, conver-
gence orders and CPU times of four schemes are displayed in Tables 5.1 and 5.2, respectively.
From the data in Tables 5.1-5.2, it can be found that the four numerical schemes are very
effective for problem (5.1) and can reach second-order in time and fourth-order in space. Nev-
ertheless, it is remarkable that the exact orders of II-type basic scheme and II-type ADI scheme

Table 5.1: Global errors, convergence orders and CPU times of I-type basic scheme and I-type ADI
scheme with 7 = h? for problem (5.1).

h I-type basic scheme I-type ADI scheme
’
En P1 Eo P2 CPU Eq P1 Eo P2 CPU
1/20| 1/400 |1.8795e-04| — |[2.1465e-05| — |1.7210e+02|1.8795e-04| — |[2.1465e-05| — |5.8344e+00

1/24| 1/576 |8.0461e-05 | 4.65 | 8.8442e-06 | 4.86 | 7.8439¢+02 | 8.0461e-05 | 4.65 | 8.8442¢-06 | 4.86 | 1.1419e+01
1/28| 1/784 |4.3810e-05 | 3.94 | 4.7989¢-06 | 3.97 | 2.4563e+03 | 4.3810e-05 | 3.94 | 4.7989¢-06 | 3.97 | 1.9906e+01
1/32(1/1024|2.5790e-05 | 3.97 | 2.8123e-06 | 4.00 | 6.5372e+03 | 2.5791e-05 | 3.97 | 2.8126e-06 | 4.00 | 3.4617e+01
1/36[1/1296|1.6194e-05 | 3.95 | 1.7555e-06 | 4.00 | 1.5618e+-04 | 1.6196e-05 | 3.95 | 1.7562e-06 | 4.00 | 5.4335e+-01
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Table 5.2: Global errors, convergence orders and CPU times of II-type basic scheme and II-type ADI
schemes with 7 = h? for problem (5.1).

h T

II-type basic scheme II-type ADI scheme
E D1 Ey D2 CPU By D1 Ey D2 CPU

1/20| 1/400 |2.9000e-03 | — |6.3095e-05| — |[6.4959e+01 [2.9000e-03| — |6.3095e-05| — |3.8376e+00
1/24| 1/576 |1.6000e-03 |3.09 | 3.1031e-05 | 3.89 | 2.8512e+-02 | 1.6000e-03 | 3.09 | 3.1031e-05 | 3.89 | 4.4148e+00
1/28| 1/784 [9.3348e-04 | 3.65 | 1.6208e-05 | 4.21 | 8.9701e+02 | 9.3348e-04 | 3.65 | 1.6208e-05 | 4.21 | 8.1121e+00
1/32]1/1024 | 6.0512e-04 | 3.25 | 9.5880e-06 | 3.93 | 2.4977e+03 | 6.0512¢-04 | 3.25 | 9.5880e-06 | 3.93 | 1.4040e+01
1/361/1296 | 3.7378e-04 | 4.09 | 5.7903e-06 | 4.28 | 5.9438e+03 | 3.7378e-04 | 4.09 | 5.7903e-06 | 4.28 | 2.2511e4+01

exhibit the significant fluctuation. This may be related to the stability of the both schemes.
Owing to the complexities of II-type schemes and the lack of some useful mathematical tools, in
the present paper, we are unable to derive the theoretical results on stability and convergence of
II-type basic scheme and II-type ADI scheme and hope to leave this opening issue for our future
research. As to the computational efficiency of the four schemes, according to the CPU times in
Tables 5.1-5.2, we can know that I-type ADI scheme (respectively II-type ADI scheme) has the
better computational efficiency than I-type basic scheme (respectively II-type basic scheme),
II-type basic scheme has slightly better computational efficiency than I-type basic scheme, and
the both types of ADI schemes have almost same computational efficiency.

In the end, for visually showing the computational accuracy of the presented ADI schemes
for problem (5.1), we also plot their error surfaces on time layers t = 2,3,4,5 in Figs. 5.1 and
5.2, where h = 7 = 1/32. These figures further verify that I-type and II-type ADI schemes are
highly effective for solving IBVPs of 2D SLRDEs with PCA. As to the error surfaces of I-type
and II-type basic schemes on time layers t = 2, 3,4, 5, here we omit them since they are similar
in vision to those of the corresponding I-type and II-type ADI schemes.

Fig. 5.1. Error surfaces of I-type ADI scheme with h = 7 = 1/32 for problem (5.1).
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Fig. 5.2. Error surfaces of II-type ADI scheme with h = 7 = 1/32 for problem (5.1).

6. Conclusion

In this paper, we have proposed four kinds of numerical schemes for solving 2D SLRDEs with
PCA in reaction term, namely, I- and II-type basic schemes and I- and II-type ADI schemes. It
is proved under the suitable conditions that I-type basic scheme has the computational accuracy
O(7? + hj + hy) and is stable. Since I-type ADI scheme is derived by an identical deformation
of I-type basic scheme, the both schemes have the same computational accuracy and I-type
ADI scheme is also stable. As to the error estimates and stability of II-type basic scheme and
II-type ADI scheme, we fail to derive their theoretical results owing to the extremal complexity
of the schemes and the lack of some necessary mathematical arguments. At present, we only
can show the computational effectiveness and accuracy of the both schemes by the numerical
experiments in Section 5.
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