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Abstract

This report presents a series of implicit-explicit (IMEX) variable stepsize algorithms
for natural convection equations. The presented method requires a minimally intrusive
modification to an existing program, does not add to the computational complexity, and
is conceptually simple. Here, IMEX means the nonlinear term is treated fully explicitly,
while the remaining terms are treated implicitly. Due to the increasing demand for low
memory solvers, the addition of time adaptive can improve the accuracy and efficiency of
the algorithms. For the first-order algorithm, we prove the stability of the variable stepsize
backward Euler scheme combined with Adams-Bashforth 2 (VSS BE-AB2) and analyze
convergence. Then, the stability of Constant Timestep Filtered-BE-AB2 (BE-AB2+F) is
proved. Moreover, we construct adaptive algorithms by extending the approach to variable
stepsize. Finally, numerical tests confirm the convergence rates of our method and validate
the theoretical results.

Mathematics subject classification: 65N12, 65N30, 656N50, 35Q79.
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1. Introduction

In this paper, we shall study stability and analyze convergence of a low complexity fully
discrete time-stepping finite element method (FEM), then extend the method to adaptive time-
stepping and higher order algorithms for natural convection (NC) problems [47]. We consider
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the numerical schemes for solving the time-dependent nonlinear NC equations

u; — PrAu+ (u-V)u+ Vp = PrRajT in Q x (0,T1],

V-u=0 in Q x (0,Ty],

Ti+ (u-V)T — AT =~ in Qx (0,T4], (1.1)
/pdx:O, u=0, T7T=0 on 0f,

ug(lx, 0)=u’ T(x,00=T° in Q,

where 2 is an open bounded domain in R? (d = 2 or 3) with a sufficiently smooth boundary
09,j = (0,1)T or j = (0,0,1)", Pr, Ra, Ty and v represent the Prandtl number, the Rayleigh
number, the given final time and the forcing function, respectively. The unknown functions
are velocity vector u, pressure p and temperature 7. We consider a homogeneous Dirichlet
boundary conditions in the above for simplicity and to fix the idea.

The NC convection problem (1.1) is an important system with dissipative nonlinear terms
in atmospheric dynamics [3,19]. Since this system not only contains the velocity as well as the
pressure but also includes the temperature field, finding the numerical solution to problem (1.1)
becomes a difficult task. For the research of problem (1.1), many scholars have proposed
several kinds of efficient numerical schemes. For example, the standard Galerkin FEM [40],
finite difference method [31], lattice Boltzmann method [15], the projection-based stabilized
MFEM [7,9], discontinuous Galerkin method [2, 5], domain decomposition method [37], time-
stepping method [18,52] and references therein. Moreover, NC phenomena are found in many
scientific and engineering applications, and have been intensively studied in the literature,
cf. [4,16,41,42,46,54]. Hence, it is necessary to research the problem for us nowadays.

Time accuracy is critical for obtaining physically relevant solutions in the field of compu-
tational fluid dynamics (CFD). Many flow solvers use constant time steps, but there has been
an expanding interest in variable step solvers [3,19]. These methods allow for larger time steps
for intervals of the simulation where the physics are stable, while allowing for smaller time steps
for portions that are physically interesting. This allows for a decrease in the computational cost
of the solver while simultaneously increasing its accuracy. The objective of this report is to
design an efficient novel adaptive time-stepping method for NC problems based on time filters
(TFs). TFs have some advantages:

(a) They can remove the overdamping of BE while remaining unconditionally energy sta-
ble [55].

(b) They can increase the time accuracy and add negligible additional computational com-
plexity to simple, lower accuracy methods for constant time stepsize [12,22].

(¢) They give a low cost error estimator for adapting the time stepsize to ensure time accu-
racy [23].

The first proposed time filter was the Robert-Asselin (RA) time filter [1,3,29,50], which was used
as a method to suppress the non-physical oscillation of leapfrog patterns in weather models.
Williams [48, 49] improved the RA time filter, and a Robert-Asselin-Williams (RAW) time
filter with third-order precision was obtained. Li and Trenchea [32] proposed a new RA time
filter with third-order precision. The proposed method is easy to implement programmatically.
Besides, Guzel and Layton [23] combined the backward Euler scheme and the time filter to
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obtain a new linear multistep method, which is equivalent to the classical two-step method and
is a modular method. Latterly, we find that it has been used to solve the natural convection
problems recently [51], however, the difference in our paper is that the entire nonlinear term
is treated explicitly while the remaining terms are treated implicitly, and through numerical
experiments, we found that our algorithm improves the calculation accuracy of pressure. In
addition, the error of each numerical solution can be estimated through the time filter, and the
time step adaptive algorithm can be used to solve the Navier-Stokes equation [10-12,28], and
the Stokes-Darcy model [38].

In a past paper [13], we can get a nonstandard BE-AB2 combination, where the constant
extrapolation u} ™! = up + O(At) and T = T} + O(At) in the nonlinearity is replaced with
a linear extrapolation. For constant stepsize, this means

uptt =2u) —u) T+ O(AL?), TP =210 - T+ O(AE).

The scheme has an embedded structure so that no additional Stokes solves or function
evaluations are required to compute the second-order approximation once the first-order ap-
proximation is computed. This is done with an easy-to-implement and efficient time filter as
follows. Let y and y"~! be velocity approximations at T} = Atn. If y"*! is calculated with
implicit Euler, a second-order approximation can be constructed by resetting y™*' with

1
gt = gyt - §<yn+1 — 29" + y"il) (Constant stepsize timefilter), y =u,T.

The paper is organized as follows. In Section 2, we present some notations and give mathe-
matical preliminaries that will be needed in the ensuing sections for NC problems. The stability
analyses of the VSS BE-AB2 and BE-AB2+F algorithms are given, respectively, in Section 3.
Section 4 is devoted to the error estimates of velocity, temperature, and pressure for the fully
discretized VSS BE-AB2. In Section 5, we introduce the BE-AB2+F algorithm for variable
time stepsize and construct an adaptive algorithm with performing stepsize selections to con-
trol time accuracy and computational efficiency. Then, we present numerical tests to illustrate
the validity and accuracy of our numerical methods in Section 6. The final conclusions are
given in Section 7.

2. Nation and Preliminaries

For the mathematical setting of problem (1.1), we introduce standard Hilbert spaces, some
notations, and some necessary assumptions, which will be frequently used in the following
sections. Note in passing that vector-valued functions and vector-valued spaces are identified
with bold fonts. Besides, we use C' to denote a generic positive constant that may depend
on Q,u’,T° j and 7.

2.1. Preliminaries
We now introduce the following standard Hilbert spaces used throughout this paper:
X =Hy(Q) ={veH(Q), v=0 ondQ},
X=X W =HQ),

Q=13(0) = {q e @), [ ads = o},
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V:XdiV:{VEX(V-v,q):(),VqGQ}.

The L?(2) inner product and norm are denoted by (-, -) and by || - ||, respectively, and the norm
in the Hilbert space H™(Q2) = (H™(2))? is denoted by

[V]lm = (Z IIDZ'V|2> %-

i <m

For measurable v : [0,71] — X, define for, respectively, 1 < p < oo and p = o0,

T z
IVIlzeo,mx) = (/ IV(t)Ilé’(dt) o vllzeo.mx) = ess sup [[v(t)[lk- (2.1)
0 0<t<Ty

Besides, we introduce the following discrete norms:

1

Tl/‘l'fl 2
|||V|||2,p=< > T||V“||§> v Vil , = _max [[v?[l,. (2.2)

o 0<n<Ty /T

The weak formulation of (1.1) is given by: For any ¢ € (0,7}] and for any (v,q,s) €
X x@Qx W, find (u,p,T) € X x Q x W such that

{(ut, v)+ Pr(Vu,Vv) + (u-Vu,v) — (p,V-v) + (V-u,q) = PrRa(jT,v), (2.3)

(Ty, ) + (u-VT,s) + (VT,Vs) = (v, s).

Since the finite elements we consider satisfy the inf-sup condition, we can use the following
lemma.

Lemma 2.1 ([21]). We define the trilinear form
b(u,v,w)=(u-Vv,w), Vuv,weX,
b(w,T,s) = (u-VT,s), VueX, T,seW,

and the explicitly skew-symmetric trilinear form given by

1 1
b*(u,v,w) := §(U~VV,W) — §(U~VW,V), Vu,v,w € X,

1 1
b*(u, T, s) ::§(u~VT,s)—§(u-Vs,T), VueX, T,seW.

Herein, we recall some lemmas [12,39, 53] and identify which will be used in the analyses.
For some C' > 0 and C > 0, the trilinear terms satisfy

b*(u,v,v) =0, VuveX,

— (2.4)
b*(u,s,8) =0, VYueX, selW,
Cl[Vul[[|[Vv|[[Vw], Vu,v,we X,
c vul)z || VvV \ X
b (1, v, w) < ([[ul[[[Val))= | Vl\l\ wl, VYuv,weX, (2.5)
ClIVull(IvllIVvI)z[Vw], Yu,v,weX,
1
ClIVull[[Vv((IwlVw])z, Yu,v,weX,
Cl[vul[[vT(IIVS], VueX, T,scW,
_ C 3|VT YueX, T W,
FuT,s) < ([alll[Val)=(IVT|[[|Vs, YueX, T,seW, (2.6)

CIVull(ITIIVT)? V), YueX, T,seW,
CIVullIVTl(lsIVs)?, YueX, T,seW.
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Lemma 2.2. For any a,b,c € R, the following identily holds:

3 1 3 1
(511 2b + §C> <§ab+ §c)

{a_Q (2a — b)? (ab)T

4Jr 4 + 4

- {ﬁ+ @b—o7 (bC)Q] +3a—mror (2.7)

4 4 4 4

Then, we recall some definitions [12] which will be used in the next sections.

We define the discrete system kinetic energy at time level ¢ to be

n 1 n||2 1 n n—1[2
b= "+ g lluk — w7
1 , 1 e (2.8)
e = s+ 71T =T
and the numerical dissipation,
Dy = o~ e g )
8(1 —|—wn) (2.9)
n 1 n mn— n— n— 2 ’
DT = m”Th _Th 1+wn(Th I—Th 2)“ .

Importantly, €}, €. do not depend on At,,.

2.2. Finite element approximation

Let 7, = K be a uniformly regular family of triangulation of w, and define the mesh size
h = maxger, {diam(k)}. To construct a Galerkin approximation of (1.1), we consider the
following four sequences of finite dimensional spaces:

Xy = {vh, e XNCYQ)*: vi|i € Popr(K)*, VK € 7.},
Qn = {qh cQnNC’Q):qnlx € Py(K), VK € Th},

Wy, ={¢n e WNC°Q) : ¢p|x € Poy1(K), VK € 1, },
Vi={vh€Xn:(V-vn,qn) =0, Vg, € Qn},

where Ps(K) is the set of all polynomials on K of degree less than s € N. Obviously, Taylor-
Hood elements (Py1, Ps) satisfy the discrete inf-sup condition [12,43,53]: There is a constant
£ > 0 independent of h such that

(gn, V- vi)

inf sup —— > (> 0. 2.10
ot o o VvaTTanl (2.10)

We will also assume that the mesh satisfies the following standard inverse inequalities (see [4,
Lemma 4.9.2]):

IVVL|| < ChY|vall, Vv € X, (2.11)
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Moreover, suppose that the finite element spaces satisfy the following approximation prop-

erties:
inf ||v—wvu| <ChTE, Vv e [HH(Q)]4,
vr€Xp
inf [|[V(v—wvy)| <Ch®, Vvel[HT(Q),
vr€Xp
. - < s+1 s+1
of [T —sall < CR™, VT € H*T(Q), (2.12)
inf ||V(T = sp)|l < Ch®, VT € HT(Q),
spEWp
inf |lp—qnl < CR°, Vg€ H(Q).
an€Qn
Now, we define the dual norms of Xj,, V, and W}, respectively, by
— (wv Vh) — (wv Vh) — (wa Sh)
[@llx; = sup o @llvy = o @llwy = :
" vex, [[VVal " vnev Vvl " snew IVl

Then the following lemma [12,20, 53], which will be used to derive pressure error estimates
with a technique shown in Fiordilino [17], from Galvin [20] estimates the equivalence of these
norms on Vy,.

Lemma 2.3. Suppose the discrete inf-sup condition holds, for any vy, € Vp,, the norms ||vi|x;
and ||vy||v; are equivalent.

Assumption 2.1. Assume that the true solution (u, T, p) satisfies the following regularity:
ue L®0,Ty; (H ()7, w e L2(0,Ty; (HH (W), uw € L2(0,Ty; (H ' (w))9),
wp € L2(0,T; (L2(w)) "), T e L®(0, T Ho ' (w)), Ty € L2(0,Ty; H* (),
Ty € LQ(O,Tl;Hl(w)), Tie € L2(0,T1;L2(LU)), p e L2(0,T1;HS+1((4))).

3. Numerical Algorithms and Their Stabilities

In this section, we first develop the constant stepsize fully discrete backward Euler plus time
filter algorithms, then derive the stabilities of the algorithms.

3.1. Numerical algorithms

Let At,, = t"T1 —t". The stepsize ratios are w,, = At,/At, 1. The second-order extrapo-

lation of uZ“ becomes

E" M (up) = (1 + wy)uf —wpu) ™t
T}?“ becomes

E"TN(T) = (14 wn) T — w, T
We then have the variable stepsize BE-AB2 (VSS BE-AB2) method.

This is a second-order perturbation of implicit backward Euler, and applying the time filter
results in a second-order method. In the next two subsections, we rigorously show that this new
method is variable stepsize stable and is globally convergent. In order to simplify the ensuing
analysis, we assume that u,g, u}L, and Tho, Th1 are the L? projections of the exact solution at t°
and t' onto the finite element spaces X;, and W},. In our numerical tests, when an analytic
solution is unavailable, we perform an L? projection on the initial condition to obtain uf, 7}
and then take a very small time step using BE-FE to obtain uj,, 7). The ensuing stepsizes can
quickly increase to the largest size allowed by some tolerance.
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Algorithm 3.1: Variable Stepsize BE-AB2 (VSS BE-AB2).

Given uy, Ty and uy ™', T/~
Find (u} ™, 74 pitt) satistying for all (vi, qn, k) € (Xn, Qn, Wh),

n+l _ ..n
(U,vh) +0* (B (up), E" (), vi)
— Py TV - va) + Pr(Vup T, Vvi) = PrRa(JT; T vi), (3.1)

(V ! uZ+17 Qh) = 07

Tt -1 —
(hThﬁh) + 05 (E" T (wy), E"TH(Th), sn) + (VI Vsy) = (v, sn).

Algorithm 3.2: Constant Time-step Filtered-BE-AB2 (BE-AB2+F).

Given At,u},u}~ ' and T, 77"
Find (ﬁZH,ﬁ?H,pZH) satisfying for all (v, qpn, sn) € (Xp, Qn, Wh),

artt —up
(7’1 h,vh) +b* (2uf — up !t 2uy — uZ_l,vh)

+ Pr(Vaytt vvy) — (pp Ve vi) = PrRa(GTE, vi),

(V-a5* qn) =0, (3.2)
Tr+t _
(7’1 N h ,sh) + b5 (2u) —up 2T — TP sp)
+ (Vﬁ?Jrl,Vsh) = (v, sn).
Then, compute
n ~n 1 =n n n—
w =t - §(uh+1 —2uj +upl),
1 (3.3)
n+1l _ pn+tl Tn+1 n n—1
Ty =17 — g(Th =203 + T )
Equivalently, this can be written as
3uptt/2 — 2uf +ul /2 3 1
< e/ Ath o/ ,vh> + Pr<V<§uZ+1 —uj + 5u2_1>,VVh>
_ (pz*‘l7 v - Vh) +b* (QuZ - uZ_l, 2up — uZ_l, vh)
3 1
= PTRa(j(§T£+1 - T}? + §T£1),Vh),
(3.4)

3 1
<V . <§u7}z+1 - 2u7].7; + 51121) 9 ‘Nz) - 0,

3Tt o T /9 —
(PR ) g - w2 - 1)

At

3 1
+ (V(QT,?H Ty + §T}? 1),Vsh) = (7, $n).
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3.2. Energy stability for VSS BE-AB2

In this section, we prove nonlinear, conditional stability of (3.1). We begin with a general
stability result. We then show that the timestep condition can be improved in some special
cases.

Theorem 3.1. Consider the method (3.1), let @ C R% d = 2,3, and Cstap > 0 be a constant
independent of h, Aty,,w,, Pr,u and T. Suppose that

CstabAtn (1 + wg)

— 1 _ n+1 2
M; =1 o |[VE" (up)||” > 0, .
Sta A n 1 2 '
M2:1—Ct b th( +Wn)HVEn+1(uh)H220
Then, for any N > 1 the velocity and temperature approximations satisfy
Pr Nz 2 Nl 2
T Z Aty[|Vup [+ 37 Dt < CPrRa (Il oy + k) Feh (36)
n=1 n=1
1 N-1 ) N-1 )
e+ D At|[VIEHT 4 Y 0 D <l -y + e (3.7)
n=1 n=1

Proof. Setting vy, = uZH sp = T:+1 and multiplying by At,, then applying Young’s

inequality to the right-hand side, we have

Sl = Sl + 5 ot~ g

+At b*(E"H(uh),E"H(uh) n+1) +At PTHVUZJrlH
At, PT

IN

[|[Vu "+1H + At, PrRa2HT"+1H . (3.8)

1
§||T£‘+1\!2 - gHTIJHZ + 5HT;’Z“ - ||

+ AL (B (), BT, TR + At |V Tp Y

< S ALVIT | + A2, (3.9)

Next, we deal with the nonlinearity. Applying (2.5), (2.6), using the skew symmetry of the
nonlinearity, applying the Cauchy-Schwarz-Young inequality, Poincare-Friedrichs, and inverse
inequalities we have
At b* (E™ (ay), E" (up), up ™)

= At,b* (E"'H(uh), utt aptt —ul - w, (up —up~ 1))

< CAt,h™? HVE"Jrl(uh)HHuZ‘|r1 —uj — wy (u — uZ_l)HHVuZHH

- CAt,” (1 + w?)

- h

1
- 8(1+w?)

VB ) |7+

[[uptt = up — wy (uf —up~ 1)||2, (3.10)
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At b (B (wy), BTy, T

CAt,2 (1 +w?)

L Cat Tt wn)
= h

U S

8(1+w?)

IVE ) Pz

T+ =T = wn (T = T2 Y| (3.11)

Combining above inequalities, using the parallelogram law and (2.8), (2.9), we then have

R o R

< At, PrRa®| TP (3.12)
entl — e+ DI+ %HVT;;“W + %MQHVT,;’“W

< Aty |l 12 (3.13)

Finally, using condition (3.5), letting C' = Cjtap, and summing from n = 1 to N — 1, then we
can get the result. O

Remark 3.1. In this proof, the zero Dirichlet boundary condition is selected for temperature
to reduce the analysis time. Nevertheless, it is notable that the consideration of the non-zero
boundary of temperature is of vital significance in practical applications.

Remark 3.2. In the proposed scheme, nonlinear terms are dealt with explicitly, so the Cou-
rant-Friedrichs-Lewy condition (CFL) conditions need to be imposed, but we can adopt adaptive
algorithms to take a small enough timestep to ensure the CFL conditions.

Theorem 3.2. Suppose Theorem 3.1 holds, then the pressure approximation satisfies

N-1

C
BAL, Y lop ] < (1+ 0*1){P—r [CPrRa* (v I3 —y + eF) + ]

n=1

N

+ CV/PrTL[CPrRa® (" 5 _y + k) + €]

n 2 3
+ CPrRay/Ty (V" oy +€r)® } (3.14)

Proof. Let (vp,qn) € (Vi,Qn) and isolate the discrete time derivative in (3.1). Then we
can get
n+1 n
u " —u
<h7h,vh> = —b*(E" " (uy), E" " (up), vi)
— Pr(VuZH, Vvh) + PrRa(jT,?“, vh). (3.15)

The terms on the right-hand side of (3.15) can be bounded using Lemma 2.1, the Cauchy-
Schwartz inequality, and duality, respectively

—b* (E" (wy), E" T (up), vi) < C||[VE ™ (up)[|||[VE™ (up) ||[[VVal,
—Pr(Vut, Vvy,) < Pr| VU.Z+1H||VV}L||, (3.16)
PrRa(jT7 Y, vi,) < CPrRa|| VT ||| Vv
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Using the above estimates in Eq. (3.15), dividing both sides by || Vv ||, taking the supremum

over vi, € Vp,, and using Theorem 3.1 yields
wt g
At,

< CVE" (an) [[[VE" (an) |
Vi

+ Pr||Vuptt|| + CPrRa|| VI (3.17)

Lemma 2.3 then implies

n+1 n
W, —Ww

Aty,

~elvE @l [vE )|
X5

+ Pr|[Vup || + CPrRal| 9T (3.18)

Now consider that v, € Xj,. Isolating the pressure term in (3.1) and using the estimates
from (3.16) yields

n+l _ ..n
(P, V v < (‘%T“h,vh) O VE () || VE™ (un) || va]
+ Pr||[ Vit |[[Vvp]| + CPrRa|| VT | [V val.- (3.19)

Divide both sides by ||Vvy||, take the supremum over v; € Xj,, and use both the discrete
inf-sup condition (2.10) and estimate (3.16). Then

Bllpi | < (1+ €2 [ € VE™ () [[|[VE™ (un)|
+ Pr|[Vup || + CPrRal [T (3.20)
Multiplying by At,,, summing from n = 0 to n = N — 1, using the Cauchy-Schwartz inequality

and Theorem 3.1, then the proof is complete. O

3.3. Energy stability for BE-AB2+F

Theorem 3.3. Consider the method (3.4), let @ C R% d = 2,3, and Cstap > 0 be a constant
independent of h, At, Pr and u,T. Suppose that

CstabAt

My =1 S8 9 ) 0,

(3.21)
My=1- Lt“bmuv —uY* >0

Then, for any N > 1 the velocity and temperature approximations satisfy

1 1 - 1
g\luivllz+gll2ui“ug 1||2+1||uh —uf Y’
AtPr = 3 1 2
+ 1 " Z V(QuZJr1 up + QuZ 1>
n=1

< opria? (I 1 + FITAIP + G2t~ TP + 3 - 7))

1
+1H“H’2+1H?ui—u2!\ +1Hui—u2H2a (3.22)
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1 1 _ 1 _

LI+ Ly - 1P+ L - )
A N—
vy Z

1 1
< Iy + 1T + g 27t - 72+ T - T (3.23)

2

n n 1 n—
( T +1 Th+§Th 1)

The proof is given in Appendix A.1.

Theorem 3.4. Suppose Theorem 3.3 holds, then the pressure approximation satisfies

N-1
By Atlppt (3.24)
n=1
<(1+CY|CPrh++/PrTy

1
< (oPrra (I + 1T + Jl2m - 78I + J - 7))

N

1 1 1
= lhab*+ §2al — w1+ § k- o))

1 1 1 2
eprma/T (I + 1 et -+ - 1) |
The proof is given in Appendix A.2.

4. Error Analysis

We will give and prove error analyses of Algorithm 3.1 for velocity and temperature in
Theorem 4.1, and for pressure in Theorem 4.2, respectively, in this section.

We counsider the fully-discrete variable step scheme (3.1). For all (vy, qn, sn) € (Xn, Qn, W),
assuming that the discrete inf-sup condition is satisfied, Algorithm 3.1 is equivalent to

n+1 n
<u, vh) +b* (E"Jrl (), E" ™ (up), vh) +Pr(VuZ+1, Vvh) = PrRa(jT,?H, vh) ,

At,
(V-uptt qn) =0, (4.1)
T}?H — T}? 7% ( n+1 n+1 n+1 _
Y Jsn | +0b (E (up), B (Th),sh) + (VTh ,Vsh) = (7, sn).

For the error analysis we will split the velocity, temperature and pressure as follows:
eﬁJrl _ un+1 ZJrl ( n+l Ih(unJrl)) o (uZJrl o Ih(unJrl)) _ anJrl o ¢ﬁ+1,
entl = T”+1 Tt = (T — (1)) = (T4 = LT ) = nptt — ot (4.2)

n+l )\';lH-l) n+1 )\';114-1)’

n—i—l n+1l _ _ (ph

=p" =yt =(p

where I;, is the L? projection into the discretely divergence-free space Vj; and I/Vh,)\’,frl is
the L? projection into the discretely divergence-free space Q,.
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Lemma 4.1 (Consistency Error). For u and T satisfying the regularity assumptions in As-
sumption 2.1 the following inequalities hold:

w—ut < o a2
At, Uy = n i Httl| L2 (1 ¢tnt1;L2(Q))
[V (u ! — E"+1(u))H2 < C(Atp1 + Aty Vst 2 pn1 gnir.2(0)) 43)
AR (e 2712 '
At, t > n ttllL2(tn tnt1,02(Q))>

2
V(T = E"HD)) |7 < C(Atn—1 + Atn)* [V Tit |72 (n-1 gns1. 12 () -
We now prove an estimate for the nonlinear terms which will appear in the error analysis.

Lemma 4.2 (Estimate on the Nonlinear Term). For T and u satisfying the regularity
assumptions in Assumption 2.1 the following inequality holds for the nonlinear term:

P T ) (B ), £ 68

C(Aty_1 4 Aty,)?
B VW[ F2 -1 gnt1,2(62))

Per"“H + EHVE"“(%)H2 +

+ O gl +CPrdllon |+ S Pr| Vol + o Ve

+ﬁﬂwmwmewWHmeVﬂ“H+4N|W””ﬂﬂn
1 n ne112 5Cstap Aty (1 + wy, " 9 . 5
bl - gty eS0T g s ) 2 g |

Ch(Atu_y + At,)°
Corar At (11 00n2) (IVTaellZ2in-1 g2y + V@)l 2n1 gnrrp2 ), (4:4)

b*( n+1’ n+1 n+1) —b*(EnJrl(uh),EnJrl(uh), n+1)

’a u
n " 2 C(At,_1 + Aty,)?
< 64PTHV¢ S THVE Fnw)||” + = V132 n 1 m 1,220

+ OPr3lgu| + CPr3| 6 P+ e Prl|Van | + < Prl v

¢ n n n n|l2
B @[V G [95 + e - o

5CstabAtn (1 + wn )

ML) g ) 2

n n—1/2
sl -+
| Ch(Atyy + Aty)?
CstabAtn(1+ Wn

2) (IV@eelZ2(n-1 gni1.r20y) F 1V el 72 gn-1 gni1,p2eq))- (4:5)
The proof is given in Appendix B.1.
Lemma 4.3. Let C be a constant number and ay, by, d, tx be a positive sequence and
n S
an + Z tebr < Z txdgar + C, ¥Yn > j1. (4.6)
k=j1 k=j1
If s = n, then under the assumption tipd; < 1, we have

an + Z tibr < exp ( Z : _kt:dk>07 Vn > ji. (4.7)

k=71 k=71
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Theorem 4.1 (Error Analysis for the Velocity and Temperature). Consider the VSS
BE-AB2 Algorithm 3.1. Suppose for any 1 < n < N — 1, the stability conditions from Theo-
rem 3.1 and the regularity of the solution given in Assumption 2.1 holds. Define the mazimum
stepsize ratio for 1 <n < N —1 as

WN+ = Imax  Wwy. (4.8)
Lo, N—1

.....

We then have the following error estimate:

-1 11 N—
e P+ = Z At |V P + [l ” + 55 22 Atal|Ver
n=1

n=1

<C

N-1
h**T2 + PrTvh* + T1h** + exp ( ) Atnd”)

n=1

AﬁP?‘ At1PT

1
X{!\¢t\!2+5!\¢t—¢3!\2 681" + S + b + 5 0k — o4

N—-1
£y (ChQsAtnPTHVu”“HQ + DR gy 2 1 yur=1))
n=1

CAtn (Atnfl + Atn)g
+ Pr HvuttH%Z(tn,tn+1;L2(Q))

CAt?

Pr = ||utt||L2(tn tnt+1;12(Q))
Ch*At,,
Pr
+ CRP Aty |[VT™HY[? + CAG | Tit | 22 0n gm0y

+ Ch2 WN* |:

+

" p" T2 + Ch* At, PrRal| VT2

PrRa® ([ + k) + e }

N—-1 % N-—1 %
< > AtnIIVu”“I‘*) + ( > AtnIVT"“|4> ]

n=1 n=1

ChAt, (Aty_1 + Aty)? (1 + h*)
C’stabAtn(1 + wn2)

X (”vutt||2L2(t"*1,t”+1;L2(Q)) + ||VTtt||2L2(tn1,tn+1;L2(Q)))> H . (4.9)

Proof. The true solutions of the NC satisfy, foralln=1,...,N — 1
- (p"“, V- vh) + Pr(Vu"+1, Vvh)
= PrRa(jT"H,vh) + 7'u(u"+1;vh)7
(V-up™ qn) =0,
T+l _pn
("
= (v,8n) + 70 (T 81),

3

(4.10)

Sh) +b_*(u"+1,T”+1,sh) + (VTnJrl, VSh)
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where 7, (0"t vy,), 70 (Tt 5p,) are defined as

unJrl o un
Tu (un+1;vh) = (Ttn — ut(tn), Vh) 5
Tn+1 _Tn
T sp) = | ———— — Tt :
TT( ) Sh) ( At,, t( )a Sh)
Subtracting (4.1) from (4.10) yields the error equation

(4.11)

eﬁ—i_l — 6711 *(.n n
(5525 ) vt

— b* (EnJrl(uh), En+1(uh)7 Vh)

+ Pr(Veﬁ“, Vvh) — (eZH, V- vh)

= PrRa(jey™,vi) + (0" vy),

e;Jrl - 6% Tx (1.n+1 n+1
L L s |+ (0T sp)
At,

— b_*(E"'H(uh), EnT! (Th), Sh) + (V@%Jrl, VSh)
=717 (T”Jrl; sh).
This can be equivalently written as
n+l _ n
<7¢“ A7 u , vh> + Pr(Veit!, Vvy)

_ (773+1 — Ny Vh) + Pr(Vn"H Vvh) _ (en+1 V- Vh)
Atn 9 u 9 14 9

(4.12)

+b* (u"“, u"tt, Vi) — b (E"+1(uh), E"(uy), Vi)

— Tu (u"“; vh) — PrRa(je%“, vh),
n+1

_ ¢n "
(TTHT’ Sh) + (Vont!, Vsn)

N 77%“*77?“ n+1 Tx (041 n41
= T,sh +(V77T ,Vsh)—i—b (u , T ,sh)

(4.13)

— b (E" " (ap), E"N(Th), ) — 0 (T sn).
Letting vy, =

(4.14)
2At, ¢ L using the fact that 2(n?™t — 72 v,) = 0 by the definition of L2
projection, and the polarization identity yields

ot = el + et = o2+ 280, Pr| v |
6

= 5" Ay = 204, Pr(Viptt Ve tt) — 24, (ep V- gt
=1

— 2At,Tu (u"+1; d)ﬁ"'l) — 2AtnPTRa(j %Jrl, ¢ﬁ+1)
+ 2At 0% (W u T ) — 248,07 (BT (wy), EM T (wy), 92T). (4.15)

Letting s5, = 2At,¢%"", using the fact that 2(npt — n%,s,) = 0 by the definition of L?
projection, and the polarization identity yields

o3 I1° = 1R 1° + [l — o3 ” + 28| Vort |
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4
Z to (Vi Vi) — 2At, 7 (T 9t

+2Atnb*( mHL R giEYY — oAb (BT (), EMTH(TY), 5. (4.16)
By the Cauchy-Schwarz-Young and Poincare-Friedrichs inequalities, we bound the first term on

the right-hand side
PTAtn

A <

[V ”+1|| + Aty, 51Pr||v¢"+1|| (4.17)

Next, we consider the pressure term. Since ¢t € Vy,, applying (\p, V - ¢*1) = 0 for
VA € Qp, we have

A = 288, (" = N = (i = ), V-
= 2At, (P = ALV o)
At

< ot AtV (@19

Using Lemma 4.1 and Cauchy-Schwarz-Young inequality the consistency term is bounded as

CAt% n+1
A3 ~ 6 P ||uttHL2(t" gn+l. LZ(Q)) + At PT(SQ,HVd) || (419)

Applying Cauchy-Schwarz-Young inequality yields

Ay < CAt PrRaljng |6t || + C At PrRalor™ |||z |

CAt PrRa CAt PrRa

——|n +1H + CésAt, PrRquﬁ"“H H¢"+1H . (4.20)

Lastly, the nonlinear terms are bounded using Lemma 4.2

Aot o =280 {5P 196577+ S| 9E" Gl + CPr (ol + o)

C(Aty,—1 + Atn)
* Pr

1 -
+ o Prl[ Ve +

1
190l s i, + 15 PrIIVEGIT

n n—1/2
arllen— o]

C mn n
+ o lE T ) VB ()| Vi

5CstapAty, (1 + wp, )
8h

Ch(At,_1 + Aty,)?

CsmbAtn(l + an)

IV E" ) [ o

(||vutt||2L2(t" vewepa()) IV )l zanmr g2 ()
n+1 n||2
bl - P}, (1.21)

B < %Hv R 4 Atyd | Vet (4.22)

C’At

2

By <

HTttHLZ(tn 1, 02(Q)) + At 52HV¢n+1H2, (4.23)
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c
Bt Bu s 280 { Pr| Vet +—||VE”“(%>||2+CP7"3(||¢’J||2+H¢ﬁ‘1||2)

C(Atp—1 + Aty,)
Pr

1 n—1
+ 15 0rlIVel I” +

||vutt||L2(t" Lt r2()) T PTHVW”

arlle - ol

C . n n
+ o lE T ) VB ()| [| Vo

5CstabAtn(1 + WnQ) n+1 2 n+112
%h IVE™ (an) |7 Vo7 |
Ch(Aty_y + At,)?

stabAt (1 er )

+EH¢T o5 +

X (||VTtt||2L2(t”'*1,t”+1;L2(Q)) + ||v(77T>tt|%2(tn1,t"+1;L2(Q)))}' (4.24)

Then, we can get

6w |1” = [loall” + llon™" — oull* + 24t Pr]| Vout||*
PTAt

POt |0 |7 + s PrIV G | + 2 ! = 3+

CAt
+ At 52PrHV¢n+1H n ||U-ttHL2(t" 1,12y + A Pr53HV¢n+1H
CAt,PrRa, , . CAt,PrRa
—75LQMﬂH+wmmm&wsw g ot

+2At{ Per)"“H + B HVE"+1( )H2

C(Atp—1 + Aty)
+ Pr

+CPT‘3(H¢"H + o) + 5 PT(HW‘H +IverIr)

HvuttHLz(tn 1 nt1,02(Q))

s aar (ot =l + [l - 62 )

+ o [ )|V ) |9

5C stab Aty (1 + wy?)
8h

Ch(At,—1 + Aty,)?

CstapAty, (1 + w,ﬂ)

(VB ) [ voy

X (V]| 71 pn1, 200y + |v(nu)tt||%2(t"1,t"+1;L2(Q)))}’ (4.25)

o517 = ol + 65" = o3[ + 20t Vo

CAt

Atn n n n n
|V | 4 Atad | Vet |+ ITitl13 20 41,25 c2y) + Dtz || VEF |

+2At{ Pr||veptt|® +%HVE"“(77U)H

C(Aty,_1 + Aty,)?
n ( 1 )

Vs gy + CPr (661 + 6077
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+1 Pr (19l +[vor 1)
+ - lorr = o + o - o57')

S [ ) | 9

5Catar At (1 + wa?)
8h

Ch(At,—1 + Aty)?

Cstap Aty (1 + w,ﬂ)

VB ) [ v

X (IVTaell72(m1 gns1,r20) + |V(77T)tt||%2(tn1,t"+1;L2(Q)))}' (4.26)

Taking 61, d2,03,04 = 1/32, adding and subtracting Pr||V¢y||/8, and rearranging terms, we
have

1 1
o 1* = lloall” + 3llen - all” - Sllot — oI’
4 Btnlr At, Pr 5At Pr

Ve + IVeyt |,
At PT n n At PT n ne1112
+ (Jvoi* HV%H )+ =5 (IveLl* ~ Iver (")
CAtn " " n C’Atn .
< B ||E w)[[VE “(uh>H||Wu“|| + = IVE )

+ CAtnPf?’(H%IIQ +[leu 1)
CAt, (At,_1 + At,)?
+
Pr

2
Hvutt|‘%2(t"71,t"+1;L2(Q)) + CPTAthV')’]ZJ’_lu

ChAt, (At, y + Aty,)?
CstabAtn (1 + WnQ)

CAt?
+ Pr el 2en o102 (0))

X (”vutt||2L?(t"*1,tn+1;L2(Q)) + Hv(nu)tt||2L2(tn*1,t"+1;L2(Q)))
CAty | pit
* Pr Hp

= NP+ cat PrRa(|lngt |7 + low 17 + lon ). (a27)
Next taking 6~1, S; = 1/32, we can get
1 _
o3 11” = [lo#|” + —||¢”+1 R R
11Atn 5At Pr

[ Vot + [Vt |,

CA n mn mn n
= p—rHE ) |[|vE +1(uh>HIIV77T“Il2+

| OBt (At + Atn)
B Hvutt”L?(t"*l,t”*l;Lz(Q))

C

Atn .
[VE™ ()|

) a1 (12
+ 5 At Pr|[V] 7+

+ AtV P + At Pr([ 963 + [Vor )

ChA, (At + Atn)
CstabAtn (1 + wn2)

X (HVTtt||2L2(t"*1,t”+1;L2(Q)) + ”v(nT)tt|‘%2(t"*1,t”+1;L2(Q)))
+ OOt Pro3(||on]” + |on ") + CAL | Tyl 2an insripa(ay)- (4.28)
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We note that using Cauchy-Schwarz-Young inequality and the stability estimate from Theo-
rem 3.1 we have that

CAtn n+1 n+1 n+1
; S 1B ) [ [V E ) || [V
C N—1 )
< PT( _max [|E™ (wn ) ZAt [V 2™ () [[[[ V|
1
< S8 [prega (2 4 o) + el]
(S antvrtor) (Sanlvi )
C
< PCL;N [PrRa (|||fy"+1|||2 1+6T + el (ZAt ||V77”+1H ) (4.29)
= CAt 2
Y 5B ) [ VE () |||
n=1
Cwun
< o ~[PrRa® (|||7”+1|||2 L ter) +ey (ZAt |V "+1H> (4.30)

Then, using Theorem 3.1, summing from n = 1 to n = N — 1, dropping positive terms on the
left-hand side, and using the above bound we have

X |+ = ZN Vot

N-1

—5IVRIF + e 37 Aoy’

n=1

Athr AtlpT

2 2
< oA + ot — 211 + 22 s P +

N-—-1
n CAtnwn n n—
+Z{0AtnPranu+1\!2 ([l + [V )
n=1

ChAt, (At 1 + At,)?
CstabAtn (1 + wn2)

X (||vutt||2L2(t" 1 g1, Lz(Q)) + Hv(nu)ttH%Z(t” 1 t"+1;L2(Q)))
CAt, (At,—1 + Aty)
Pr

HvuttHLz ¢n—1 nt1;02(Q))

CAt?
Pr ||UlttHL2 tn tn 1 L2 ()

+

N

c N-1
+ PL‘;N [PTRG (|||7n+1|||2 —1 +€T) + 6 (Z AthVn3+1H4>

n=1

CAty, .
B A &

+ OAt, PrRa(||ngt | + ot + Hsb%“HQ)}’ (4:31)
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0¥ + Z Aty ||Vert |

N—-1
< 051 + 56k — 63+ oPr 3 Aol

n=1

N1 s CAt,w
+y {cmnuw“n (Il + s )
n=1

ChAt, (At,—1 + At,,)3

1 ) 112
+AB (T + [t ) + el t A

x (Htht||2L2(t"*1,t"+1;L2(Q)) + ||v(77T)tt|‘%2(t"*1,t”+1;L2(Q)))
N CAt,(At,_1 + Aty,)?

PT HvuttH%Z(tn—l tn,+1.L2(Q))
CWN .
+ CAGITullzzen 122y + g [PrRa*(lly sy + €h) + €]

<ZAt NG ) +35 O At W Pri| Vet } (4.32)

Combining (4.31) and (4.32), we can get

o311 +PT ZN [76mt P+ oI + 1 ZAt Vo

n=1
2 2
< [l6L]* + 2llok - a2l +

N—-1
+3 (aPr_sAthqﬁﬁW + ﬁAtnPrHquﬁ“W
n=1

—_

Athr AtlpT

[V6%0° + b " + 5 0% — %

lon” +

1
+ <A Pr(|[ Ve + [[ven])

+ CoAt, PrRal| 6yt ||* + Coat, PrRa]| o3 |

2

+ {CAtnPr}]vn3+1}]2 +
1

CAt,wy,
Pr
ChAL, (At 1 + At,)?
CstabAtn (1 + wn2)

(Iwnel + o 1)

3
Il

X (Ve[ Fagn-1 ns,20)) + IV (a)etll Fagen—1 nt1,12(0))
+ HthtH%Z(t"*1,t”*l;LZ(Q)) + Hv(nT)ttH%%t"*%t"*l;LQ(Q)))

CAL,(At, 1 + At,)?
o IVt 72(in1 g1, 12 ()

CAt? )
+ P— Hutt||L2(tn tnt1:L2(Q))

+ C’wN
Pr3

[PrRa®(lly"* I3 —y + ef) + il

( 3 Atnuw“n“) . ( > Atnnwwr‘*) ]
n=1 n=1
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CALy 1
+—5|p

— AMH? 4 OAL, PrRal|pit |
+ oAzsn||vn;2“H2 + CAti|Ttt|%z(tn’tnﬂwz(m)}. (4.33)

Define
_3 9Pr Pr

d,, = max {aPr TR

6’\2P7’Ra C’gPrRa}

and assume At,d, < 1. Then using invoking the discrete Gronwall inequality gives and inter-
polation inequalities we can get

1N—1
TR LA YT SP L

n=1

- 1 Aty P

Sexp(ZAtndn){r\¢a\r2+5H¢a—¢31f AP o1
n=1
At P
+ P b+ Lk e

+ Z <0h2SAtnPr|Vun+1||2
n=1

Ch?s At,wy, o 1112
4 D (g2 4 = 2

ChAt, (At,—1 + Aty)3 (1 + h?9)
CstabAtn (1 + wn2)

X (”vutt||%2(t”*1,t"+1;L2((2)) + Htht||%2(t”*1,t"+1;L2((2)))

CAt,(At, 1 + At,)?
+ P IVt )|72(n1 1.2 ()

CAL?
+ Dr ”uttHLz(t” tn+1,12(Q))
Ch2 WN *

tYpr [PrRa® (v l5 -y + €F) + €]
r2

N-1 3 N-1 3
( > AtnIIVu”“I‘*) + ( > AtnIVT"“|4> ]
n=1 n=1
Ch%At
Pr

2 p" T2 + Ch* At PrRal| VT2
+ ChQSAthVTnH||2+0Ati||Ttt|%%tn,tnﬂ;m(n))) } (4.34)

Finally, by the triangle inequality, we have

<2(eR +n), e < 2(8% +np).

Applying inequality (4.34), interpolation inequalities, and absorbing constants, the result fol-
lows. The proof is complete. O
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Theorem 4.2 (Error Analysis for the Pressure). Let u,p, T satisfy Theorem 3.2. Let the
reqularity of the solution given in Assumption 2.1 be satisfied. Then there exists a constant

C > 0 such that
N-1

BAL, > [len™H| < C(At+h® + 7T, (4.35)

n=1

Proof. Using the Eq. (4.13), we have for any v, € V}, that

() e
(77732 ng,vh) +Pr(Veﬁ+1,Vvh)
12
— (p"+1 — )\ZH, V- vh) +b* (u"“, u" vh)
— b (E" (up), E" T (up), vi)
— Tu (u”“; vh) - PrRa(_]egfl Vh), (4.36)
)\ZH € Qy, is an approximation to p(t"*!). By the Lemma 4.1, Cauchy-Schwarz-Young

and Poincare-Friedrichs inequalities, we bound the seven individual terms on the right hands
as follows:

where

Cl < CAtn_% ||(nu)t||L2(t"*1,t"+1;L2(Q))vahHa Cg < P?‘"V€Z+1H||VV}L||, (437)

Cs < [|p" ™ = Xp |1Vl C7 < PrRal||Ve ||| Vvl (4.38)
un+1 —u” gl

Co < Cll—xy— — " || IVVall < CAta[lueell n2n-1 im1;02(0)) IV VR, (4.39)

Cy+Cs =b" ("t — E" ' (u),u" ™, vy) + " (E" T (u),u" ™ — B (u),vy)
+ 0" (E" T (ew), E" (), vi) + b (E" T (un), E" (ew), Vi)
< O(Atyoy + Aty)2 [ Vag| 2 (en-1 1,22 () || VO | Vv |
+ O VE"  Hew [[IIVE™ ()| Vvl
+ C||VE" ™ (wp)|[|[VE™ (ew) || VVa]|- (4.40)

Consider (4.36) and Lemma 2.3, using Cy — C7, dividing both sides by ||Vvy|| and taking
a supremum over Vp,, gives

¢n+1 (bn
At

S C Aty | Or)ill a1 onriz2goyy + Pri[ Vet | + o+ = xp |
L OBt + A [Vl et ererspan V0"
+ CVE" (ew) [IVE" (u)]]
+OVE (wn)[[[VE" (ew)|
+ At 21 2200 + PrRa]| Vet (4.41)

Separating the pressure error term for Vvy € X; and rearranging implies

n+1 n n+1 n
n+1 n+1 . — ¢ ¢ _ Tha Tha
(P =NV ) ( AL Vh) (7&5” ,Vh)
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_ Pr(VeﬁJrl, Vvh) + PTRa(j 777:‘+1’Vh)
+ (p"T = APV - vy) = b (W u T vy)
+ b* (E"Jrl (up), B (up), vh) + Tu (u"“; vh). (4.42)

Consider the estimates in C; — C7 and (4.41). Divide by ||Vvy||, and take supremum over
vy € Xj, and use discrete inf-sup condition to obtain

Bllot = A < [t H | 0ma)el zagen-s ez
+ PrVeRH | + [ = x| + Pral[vep|
+ (Atnor + At)3 [ Vaagl| 2t im0 V" [V
+[[VE" (ew) [IVE™ () |[[|Vva]
+ [|VE" (w) ||| VE™  (ew) ||| VVal]
+ Aty ||ugt]| p2gn—1 4nt1,02 Q) + Athutt||L2(t"*1,t"+1;L2(Q))}- (4.43)
Define At = max,—1,..., n—1At,, and multiplying both sides of (4.43) by At,,, summing n from

1 to N — 1, using Theorem 3.1 and triangle inequality, we obtain that

N-1
BAt, Z HeZ'HH < C[At% 1(ma)ell 20,1350 (0)) + Pry TlH\Wﬁ“Wz,o
n=1

+ VT[]t - AZ“!HM + AL |Vl 20,1y, 22(0)

+{[[VE"  (eu)l,0 + At [usel z20,1:22(52))

+ PrRay/T[[ Ve, | (4.44)
Finally, combining Theorem 4.1 and interpolation inequalities, we complete the proof. O

5. Adaptive Algorithms

In this section, we combine BE-AB2 algorithm and BE-AB2+F algorithm with general
adaptive method to construct adaptive BE-AB2 algorithm and adaptive BE-AB2+F algorithm,
respectively. Given At,, = t"*! — " w, = At,/At,_1, TOL, and TOLr are tolerable errors
for uy and T}, respectively. The adaptive algorithm we show is as follows.

Algorithm 5.1: Adaptive VSS BE-AB2.

Step 1. Given (u) ™', pp~ ', 707 Y), (up, py, T}).
Find (u}t!, ppt, 7)) satisfying for all (vi, qn, sn) € (Xn, Qn, Wh),
n+1 n
u —u * n n
(hTh,Vh) + 0% (E" (up), E" T (ug), vi)
= (pp™, Vo vy) + Pr(Vu)tt Vvy) = PrRa(GT0 4, i),

. (5.1)
(V : thrl, qh) =0,
TI:,H_I - Tf? T n+1 n+1 n+1 _
T,Sh +b (E (uh),E (Th),sh) + (VTh ,Vsh) = (’y, Sh).
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Step 2. Compute the error estimators of uZH, T,?'H

Wn n n n—
Eﬁm=1+%(%“—a+%mmwwhw, (5.2)
Wn, n n n—
ESTra= 1o (Tt = (1 + wn) T+ w, T ). (5.3)

Step 3. If |ESTy,1]| > TOLy or |[ESTr1|| > TOLy, this step is rejected and repeated
by resetting At,

, TOL, ) ( TOLy )} }
At, = maxq min< 0.7At,| ————— | ,0.7At,| ———— ,0.5At, ¢, 5.4
{ { (|ESTU,1| TESTra] (54)

otherwise, set the time step At, 11 as follows, and proceed to the next step

TOL, \°? TOLy \?
Aty = mind mind Aty [ ——=2 )" Ap, [ ——=T )L g 5A0, L .
+ mm{mm{ <||E5Tu,1|) <||ESTT,1||>} ] } (5:5)

Algorithm 5.2: Adaptive BE-AB2+-F.

Step 1. Given (u} =%, py =2, Ty 2), (up = pp =L T Y, (ug, pit, T7).

Find (uZJrl,pZJrl,T,?Jrl) and ﬁZJrl, f,;”l satisfying for all (vp,qn, sn) € (Xn, Qn, Wh),

ﬁ;zH_l - u;zl * n+1 n+1
2 vy | +b (E (uh),E (uh),vh)

— (pZH,Vvh) + Pr(VﬁZ“, Vvh) = PrRa(jf,?“,vh),

~ 5.6
(v : U.Z+1, Qh) = 07 ( )
Ti?“ — T}? 7% ( pn+1 n+1 Tn+1 _
T,Sh +b (E (uh),E (Th),Sh) + (VTh ,Vsh) = (’y,Sh),
n =n wn =n n n n, ,n—
uh+1 = U—h+1 1T 20m (uh+1 - (1+w")uy +w'uy, 1), (5.7)
n+1 _ pntl w" Fn+1 n\mn npn—1
Th = Th — 15 207 (Th - (1 +w )Th +w Th ) (5.8)

Step 2. Compute the error estimators of uZH, T,?'H
wn—lwn(l + wn)
1+ 2w, + wn_1 (1 + 4w, + 3w%)

o [t (14 wn) (1 + wa—1(1 + wn)) "
h 1+Wn71

ESTyo =

w2 wn(l+ wn,
ern(l +wn—1(1 +wn))u2_1 - Mu2_2), (5.9)
1 +wn—1
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Wn—1wn (1 + wy)
1+ 2wy, + wp—1 (1 + 4w, + 3w%)

o (e (1 +wn)(1 + wp—1(1 ern))
h 1 + wWn-1

ESTr, =

Ty

(5.10)

w2 _wn (1 + wy,
+wn(1 (1 —l—wn))T;f_l _ MT’G—Q)-

1 + wn-1 h

Step 3. If |ESTy2|| > TOLy or ||[ESTr 2| > TOLy, this step is rejected and repeated
by resetting At,,

, TOL, \3 TOLy )é} }
At, = max < min{ 0.7A, [ ——=2 )" 0744, [ ==L ) L osas, b (511
{ { (HESYLQH) (HESThzﬂ (5-11)

otherwise, set the time step At, 11 as follows, and proceed to the next step

TOL, \? TOLy \?
Aty = mind mind Aty [ ——=2 )" Ap, [ ——==T )L 1542, b 12
+ mm{mm{ (||E5Tu,2||) <||ESTT,2||)} g } (5:12)

6. Numerical Experiments

In this section, we present some numerical experiments to check the numerical theory devel-
oped in the previous sections and illustrate the efficiency of the algorithms proposed in Sections 3
and 5. Throughout this section, the computations are performed using the Freefem++ [24].
First, we consider a flow problem with a manufactured analytical solution. The second one is
the accuracy of the fully adaptive.

6.1. Examples with analytical solution

In this subsection, we consider a flow problem with a smooth analytic solution in Q =
[0,1] x [0, 1] and we take the exact solution

p(x1, 2, t) = 10221 — 1)(222 — 1) cos(t),
uy (a1, e, t) = 101’%(3@1 — 1)2302(1’2 —1)(222 — 1) cos(t),
ug (21, e, t) = =102 (21 — 1) (221 — 1)1’3(3@2 — 1)2 cos(t),

T(IEl,fEQ,t) = Ul(fEl,fEQ,t) + U2($17$2,t).

Two source terms f, and I' are determined by original problem (1.1).

We choose the parameters Pr = 1.0, Ra = 1.0, and 77 = 1.0. We now recall the naming
conventions for the various methods that we test. We use a nonstandard BE-AB2 combination
where the constant extrapolation yZH = yy'+O(At) in the nonlinearity is replaced with a linear
extrapolation, where y = u,T. For constant stepsize, this means yZH =2yp — y;fl +O(A#?).
BE-AB2+F is BE-AB2 post-processed by the time filter.

For all adaptive methods, we imposed a stepsize ratio limiter, which is a common heuristic.
The stepsizes are limited to a maximum increase of 1.5 times each timestep, and cannot be
less than half of the previous attempted timestep. However, the algorithms may reject several

solutions in a row, effectively allowing the timestep to shrink as small as necessary.
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We carry out the accuracy tests calculated by the formula log(E;/FE;t1)/log(At;/Atitq)
with respect to the timestep, where E; and F;;; are the relative errors corresponding to the
timesteps At; and At;;1, respectively. Computations are made on a fixed small enough mesh
size with different timesteps so that the spatial discretization error can be negligible compared
with the time error. For BE-AB2 and BE-AB2+F, we use the Taylor-Hood elements (P2-P1-
P2) for u,p, T, and h = 1/200. The results are given in Tables 6.1-6.2. Moreover, Tables 6.3-6.4
show the space convergence rate of L? norm and H' semi-norm when fixed At = 1/1000. For
adaptive BE-AB2 and adaptive BE-AB2+F, we choose (P3-P2-P3) for u,p, T, and h = 1/160.
The results are given in Tables 6.5-6.6.

Table 6.1: The convergence performance for the BE-AB2 method at time ¢ty =1 with h = 1/200.

At 1/15 1/30 1/45 1/60
N
IV (Quty) — w )| 6.7404E-04 3.3802E-04 2.3087E-04 1.7950E-04
[[Vu(tn)|l
Rate % 0.996 0.940 0.875
N
[u(tn) — wy | 6.7975E-04 3.3467E-04 2.2195E-04 1.6602E-04
[la(tn)l|
Rate % 1.022 1.013 1.001
_ N
W 2.6731E-05 1.3078E-05 8.6625E-06 6.4773E-06
N
Rate % 1.031 1.016 1.010
N
V(T (tx) — T3l 6.7945E-04 3.3659E-04 2.2563E-04 1.7129E-04
VT (tn)ll
Rate % 1.013 0.986 0.960
T(tn) = TN
I(tn) = Ty |l 7.0625E-04 3.4759E-04 2.3050E-04 1.7241E-04
1T ()l
Rate % 1.023 1.013 1.009

Table 6.2: The convergence performance for the BE-AB2+4F method at time ¢ty = 1 with A = 1/200.

At 1/15 1/30 1/45 1/60
t N
IV (Quty) — )| 2.5570E-03 6.1500E-04 2.77T17TE-04 1.6636E-04
[[Vu(tn)|l
Rate % 2.056 1.966 1.775
N
[u(tn) — wy || 2.5583E-03 6.1115E-04 2.6743E-04 1.4925E-04
[la(tn)l|
Rate % 2.066 2.038 2.027
t _ N
W 4.4156E-03 1.0525E-03 4.6004E-04 2.5658E-04
N
Rate % 2.069 2.041 2.030
T(tn) — TN
V(T (tx) — T3l 2.5551E-03 6.1186E-04 2.7066E-04 1.5542E-04
VT (tn)ll
Rate % 2.062 2.012 1.928
_ N
Itw) = Tyl 2.5614E-03 6.1192E-04 2.6778E-04 1.4945E-04
1T ()l
Rate % 2.066 2.038 2.027
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Table 6.3: The convergence performance for the BE-AB2 method at time txy = 1 with At = 1/1000.

h 1/4 1/8 1/16 1/32
_ N
IV (utty) —w )| 1.6360E-01 4.4349F-02 1.1399E-02 2.8735E-03
(IVu(tw)|l
Rate % 1.883 1.960 1.988
N
llu(ty) —w, | 2.5130E-02 1.9971E-03 1.3956E-04 1.6915E-05
[la(tw)|l
Rate % 3.653 3.839 3.045
_ N
W 6.8679E-03 7.1093E-04 6.3539E-05 5.3708E-06
N
Rate % 3.272 3.484 3.564
o N
V(T (tx) — T3l 9.7573E-02 2.6678E-02 6.8302E-03 1.7186E-03
VT (tn)]l
Rate % 1.871 1.966 1.991
_ N
Iitw) = Ty |l 7.0803E-03 6.8818E-04 5.0267E-05 1.0600E-05
T (tn)]]
Rate % 3.363 3.775 2.246

Table 6.4: The convergence performance for the BE-AB2+F method at time ¢ty = 1 with At = 1/1000.

h 1/4 1/8 1/16 1/32
N
IV (Quity) — w )| 1.6360E-01 4.4349F-02 1.1399E-02 2.8735E-03
[Vu(tn)|l
Rate % 1.883 1.960 1.988
N
[u(tn) — wy || 2.5123E-02 1.9897E-03 1.3202E-04 8.0489E-06
lu(tn)|l
Rate % 3.658 3.914 4.036
N
W 6.8683E-03 7.1116E-04 6.3710E-05 5.5443E-06
N
Rate % 3.272 3.481 3.522
_ N
[V(Tn) = Ty )| 9.7573E-02 2.6678E-02 6.8302E-03 1.7186E-03
VT ()l
Rate * 1.871 1.966 1.991
T(ty) = TN
Itw) = Tyl 1.1928E-02 3.3131E-03 8.3318E-04 2.0700E-04
1T ()l
Rate * 3.362 3.791 3.909

Firstly, we test the time error and space error of BE-AB2. We also compare this method

with the standard BE method [51]. Table 6.1 displays the time convergence order for L? norm
and H' semi-norm, respectively. Moreover, Table 6.3 displays the space convergence order
for L? norm and H' semi-norm, respectively. Obviously, the method has good performance
in the convergence aspect and keeps the convergence rates just like the theoretical results.
Interestingly, the time error of the velocity produced by BE and BE-AB2 is almost the same,
but BE-AB2 improves the calculation accuracy of pressure.

Secondly, we examine the time error and space error of BE-AB2+F. Table 6.2 presents the
time convergence orders for L? norm and H' semi-norm, respectively. Additionally, Table 6.4
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Table 6.5: The convergence performance of the global error for the adaptive BE-AB2 method with
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h = 1/160.
At 1/18 1/23 1/45 1/122
19 ug) — u)l ) *
Z At; e 1.4695E-03 | 6.9991E-04 | 2.4684E-04 | 8.0950E-05
=2
Rate * 3.025 1.553 1.117
1
2
<ZAt1|uHu |‘|‘2h” ) 1.4759E-03 | 7.0950E-04 | 2.5041E-04 | 8.2123E-05
Rate * 2.988 1.55 1.117
2
<ZAtz|p e ﬁ’;” ) 1.5227E-04 | 2.5846E-05 | 5.8006E-06 | 1.9883E-06
Rate * 7.233 2.226 1.073
T 2
( Z At; %) 1.9096E-03 | 7.6325E-04 | 2.5715E-04 | 8.2700E-05
=2
Rate * 3.741 1.621 1.1374
T(t:) — T7|?
<2At2” HT H“’h” ) 1.9880E-03 | 7.9487E-04 | 2.6781E-04 | 8.6127E-05
Rate * 3.740 1.620 1.1374

Table 6.6: The convergence performance of the global error for the adaptive BE-AB2+F method with

h = 1/160.
At 1/27 1/41 1/48 1/104
9 ) —u))?
ZAt,W 2.9805E-02 | 6.8292E-03 | 4.9093E-03 | 1.1238E-03
=2
Rate * 3.427 2.046 1.879
1
2
<ZAt1|u |‘|‘2h” ) 2.9826E-02 | 6.7906E-03 | 4.8859E-03 | 1.1103E-03
Rate * 3.435 2.0413 1.889
1
N N2 2
(Zmiimmt)ﬁ’;' > 34577E-02 | 1.0171E-02 | 7.4672E-03 | 2.8259E-03
=2 g
Rate * 2.841 1.916 1.238
1
Ti 2 2
(ZAQW> 2.8598E-02 | 6.5676E-03 | 4.4168E-03 | 1.1021E-03
=2
Rate * 3.415 2.460 1.769
1
T(t:) — T,
(ZAt,H ”T H;H ) 2.8334E-02 | 6.4514E-03 | 4.3292E-03 | 1.0670E-03
Rate * 3.435 2.474 1.785
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Fig. 6.1. Relative errors of the velocity u and temperature T for BEAB2 and BEAB2+F with (P2-P1-
P2) elements on log scale.

exhibits the spatial convergence sequences of the L? norm and H'! semi-norm, respectively.
Evidently, the convergence rate of this method is highly consistent with the theoretical results.
In addition, we give a log-log plot of the relative errors of u and 7" in Fig. 6.1 showing that the
application of TF results in a higher order.

Thirdly, we test convergence for the adaptive methods in the following. We let the first
At = 0.001,77 = 1, four tolerances e = {5e-5, le-5, 5e-6, 1e-6}, and the average time stepsize
At =1 /(the number of accepted steps) since the time stepsize is variable. It can be seen
that the convergence order of adaptive BE-AB2+F is also higher than adaptive BE-AB2 from
Tables 6.5-6.6.

6.2. Accuracy of the fully adaptive

In this example, we consider an exact solution problem to illustrate the efficiency of the
adaptive algorithm. The exact solution is defined as follows [12]:

up(z,y,t) = — cos(x) sin(y) F(t), us(x,y,t) = sin(x) cos(y) F(t), (6.1)

p(SC,y,t) = 7%(COS(ZE) + COS(y))Fz(t), T(Z‘,y,t) = ul(z,y,t) + ’LLQ(ZL',y,t), (62>

where F(t) is the translation and reflection function; when ¢ < 0, F(t) = 0, and when ¢ > 0,
F(t) = exp(—1/(10t)9).

F(t) is a differentiable function. Therefore, we can construct a differentiable (up to machine
precision) function by shifting and reflecting this function. This creates flat parts as well as
fast-changing parts, which need to be adaptive to solve effectively. The evolution of ||u|| with
time is shown in Fig. 6.2. The rest interval of all test initializations is k = 0.45. Each side of
this quadrilateral has 100 nodes, using (P2-P1-P2) elements, and the final time is 45. Fig. 6.2
compares two numerical solutions. One is from Algorithm 3.2 (second-order nonadaptive), and
the other is from Algorithm 5.2. With TOL = 1073, the adaptive method takes 206 steps, which
comprises 154 accepted steps and 52 rejected steps. The constant stepsize method, which took
110 steps does not accurately capture the energetic jumps. In Fig. 6.2, we plot the norms of u
and T for the adaptive BE-AB2+F and nonadaptive BE-AB2+F methods of Stokes solves,
which correspond to a tolerance of TOL = 1073. We can see that the adaptive BE-AB2+F
basically captures the transitions, while the non-adaptive BE-AB2+F shows great fluctuations.
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; Adaptive vs nonadaptive velocity norms Adaptive vs nonadaptive temperature norms
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Fig. 6.2. The nonadaptive method exhibits overshooting, while the adaptive method resolves transi-
tions.

7. Summary

Inspired by [6, 14,18, 26,27, 30] and the first-order and second-order algorithms of [13], we
first developed the VSS BE-AB2 and BE-AB2+F algorithms for NC problems and analyzed
the stability and convergence of the former and the stability of the latter. The BE-AB2+F
algorithm is constructed by combining BE-AB2 and TF, which not only does not increase the
computational and cognitive complexity, but also increases the order of BE-AB2 to 2. Then,
the new adaptive VSS BE-AB2 algorithm and BE-AB2+F algorithm are constructed without
increasing complexity. Finally, two numerical experiments are carried out to verify that our
theoretical analysis results are in good agreement with other published results, which proves
the effectiveness of the proposed algorithms. In addition, our future work will focus on the
high order extension of variable stepsize algorithm and its theoretical analysis. Based on the
methods [8,25,33-36,44,45], it seems possible to do so.

Appendix A. Proofs of Results in Section 3

A.1. Proof of Theorem 3.3

Proof. Setting
3 n+1 n 1 n—1 3 n+1 n 1
vh——§uh —uh—i——uh s Sh_—§1h —Zh—f——

multiplying by At, using Lemma 2.2, and applying Young’s inequality to the right-hand side

n—1
T,

1
R 2t =P g = )

1
= 2Ol o+ [f20p — w7 g = up )
2
+ %HUZH —2up + uZ_1H2 + AtPr

3 n n 1 n—
V(§uh+1 —uy + 5 1)

) 2 N
2

3 1
+ Atb* (Qu’,} — uZ*l’ 2up — uZ’l _UZH o _unl)

AtPr
<
- 4

3 n n 1 n—
V(§uh+1 —uy + P 1)
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2

+ AtPrRa* gT,yﬂ — TP+ %T,’j_l : (A1)
-1
1 n mn
SUT P + ez = TP+ Tt = )
1 — n mn—
= U+ ll2my == 1P+ e =)
3 n+1 mn n—112 3 n+1 n 1 n—1 :
+ T =2+ T AV ST - T+ 5T
+ Atb_*(zug —apt 2Ty T gTﬁ“ — TP+ %T,;H)
2
< %HV@TZZ“ - Ty + %TZH) + Aty 2 (A.2)

Next, dealing with the nonlinear term we use the skew symmetry of b*, b*, Poincare inequality,
inequality (2.5), (2.6), the inverse inequality and Young’s inequality

3 1
Ath* <2uZ —upt2u) —up ! §uz+1 —uy + 5“2_1)

= jan’ (2112 S S g g oug u;;—l)
At? . 2
SCTHV(2U7};7U}1 1)H2

3 n n 1 n—
V<§uh+1 —uy + T 1>
+§||u”+172u”+u"*1||2 (A 3)
4 h h h ) .
— 3 1
Atb* <2u’,; —upt Ty - T 5T;;“ — T3+ 5T,;H)
2

At? -
< 0|V (2u} —wi )|’

3 n+1 n 1 n—1
v(ET,j fTh+§Th )

- ZHT,?“ — o1y + T (A4)
Combining like terms we then have
1 n n n n n
2O 2 =g P g = i)

1 _
L i A

2

AtPr||_ (3 ., L1,
1 V(§uh+1 —uy + S 1)
AtPr 3 . N RN
+ 5 M3 V<§Uh+1 — + §uh 1)
2 3 n+1 n 1 n—1 ? A
< AtPrRa*||V S + 2 , (A.5)
-1

1
UL P 2z = Pzt = 1)

1 - n_ e
= U+ Nlome = P+ e = )
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H < Tn—i—l + 1Tn 1)

3 n—+1 mn 1 n—1
V<§Th+ - T+ 5T )

2

2

At .,
< Aty (A.6)

—M
+24

Now, letting C' = Cjtqp, using condition (3.21), and summing from n =1 to N — 1 we can get
the result

1 2 1 2 1 112
AT+ 127 = B+ gl = 1|

At /3, S D N
+T; V(§Th+1—Th+§Th 1)
o [ [ HThH + - HzTh TP + 5 HTh 7|, (A7)
1 2 1
2 g ll2ad = a +—H u) !’
AtPr = (3 0\ P
4 : n=1 v(2Uh+1_uh+ 2Uh 1)
<Nz: AtPrRa? T”*1 T"+1T"*1 : +1Hu1H2
— —~ h 9 h B 4 h

1
+ L out a4l -

1
scmﬂaomww21+\um+uwz TP + 3 - 78
2
u

1 2
+ 7l + 1“211}1 — |’ + 1”“}11 -

The proof is complete. O

A.2. Proof of Theorem 3.4

Proof. Let (vp,qn) € (Vi,Qn) and isolate the discrete time derivative in (3.4). Then we
can get

At

3 1
=—Pr (V(QUZH —u, + §u21) , Vvh)

-1

(Suh“/z —2u} +uj 1/2 )

—1
fb*(2uzfuz ,2up —uy ,vh)

3 1
+ PrRa <j <§T;;+1 — T+ 5T,;H> : vh). (A.9)

The terms on the right-hand side of (A.9) can be bounded using Lemma 2.1, the Cauchy-
Schwartz inequality, and duality, respectively

—b* (QuZ — uZﬁl, 2uy —u,” l,vh)

< C||V(2uy —up Y|V (up — up ) [[IVVal, (A.10a)
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3 n+1 n 1 n—1
—Pr{V Bkl fthrEuh , Vv

3 1
V<§uz+1 —up + —u"_1>

< Pr
2

]nwhn, (A.10b)

1
PrRa (j @T,’;“ - Ty + 5T,;H) : vh>

3 1
< CPrRa V(QT;;H -1+ §T,7_1) H||Vvh|| (A.10c)

Using the above estimates in Eq. (A.10), dividing both sides by ||[Vv}]|, taking the supremum
over vy € Vy, and using Theorem 3.1 yields

3uptt/2 —2ul +upt/2 H
At vi

< O||[v(2up -y )|+ Pr

3 1
V(G w5 )|

+ CPrRa

3 n n 1 n—
V<§Th+1 - T+ 5Ty 1) M (A.11)

Lemma 2.3 then implies

At

3uptlt/2 —2u} +up /2 H
X,

< |V (2ug )|+ Pr

3 n n 1 n—
v (G - g )H

+ CPrRa

3 n n 1 n—
V<§Th+1 - T+ 5Ty 1) H] . (A.12)

Now consider that vj, € X},. Isolating the pressure term in (3.4) and using the estimates from
(A.10) yields

N 3uptt/2 —2up +upt/2
(ph+1,V'Vh)§( n/ Ath h /,Vh)

+ ||V (2u} — )PV vall

3 1
+ Pr V(Qu;f“ —up + §u2_1) H|VVh|
3 n+1 n 1 n—1
+ CPrRal||V §Th -1y + §Th Vv (A.13)

Divide both sides by ||Vvy]|, take the supremum over v, € X;,, and use both the discrete
inf-sup condition (2.10) and estimate (A.10). Then

By < L+ oty |||V (2up — wp )| + Pr

3 n n 1 n—
v (Gt - uie g )H

+ CPrRa

3 n 13 1 mn—
V<§Th+1 - T+ 5Ty 1) H] . (A.14)
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Multiplying by At,,, summing fromn =0ton =N —1

N—1 N—1
By Attt < 1+t [0 AtV (2up —up
n=1 n=1
N—1 3 1
+Pry At} V<§u’,j+1 —up + 5u2—1> ’
n=1

N-1
3 1
+CPrRay AtHv<5T,y+1 ~ TP+ §T,’]_1) M . (A.15)
n=1

Lastly using the Cauchy-Schwartz inequality, condition (3.21) and Theorem 3.1, we can get the
result. O

Appendix B. Proofs of Results in Section 4

B.1. Proof of Lemma 4.2

Proof. Proving (4.4) first, adding and subtracting b*(u !, T, ¢IF1) b*(E"+1 (u), T,
2D b (B (ay,), T ¢t and b (E™ (wy), EnTY(TY), o), we have

b_*(un+1a Tn+17 ¢771“+1) - b_*(En+1(uh)7 En+1(Th)a gj—l)

:ﬁ(EnJrl(eu)’TnJrl’ 7;:1—1)_i_b_*(unJrl_EnJrl(u),TnJrl’ 7;:1—1)

+ 0% (E" (uy,), T — E"TH(T)), 93 ). (B.1)
For the first term on the right-hand side of (B.1) we split it into
b_*(En+1(€u), Tn-l—l’ %Jrl)

= F(E’ﬂ"rl(nu)’ Tn+1a ¢%+1) - b_*(En+1(¢u)a Tn+1a ¢%+1) . (B2)
Applying Cauchy-Schwarz-Young inequality, inequality (2.6), and Assumption 2.1
(7 ) w0
~ n+1)|2 c n+1 2
< Prey|[Vert T+ 5o IVE T )| (B.3)
Next, we have

(B" " (¢u), T, 02

b+
=0 (1 +wy)pr, T @0t h) — b (wppln ', T, ). (B.4)

Using inequality (2.6), Cauchy-Schwarz-Young inequality, and Assumption 2.1 we have
b (1 +wn)oly, T, 91
< C|| vl leul *[vor
< (el vt + <lvenllisal)
< o(ver+ ¢ (alvaul? + 3Iol) )

< PrCo||Vept||® + Pres||Vel||” + cpr||ez ). (B.5)



An Embedded Variable Step Implicit-explicit Scheme 281

Similarly,
b (wady ™ T, 0
< PrCy||Vert|? + PrCs|[ver—t||* + cPr=?|jon (B.6)

Bounding the second nonlinear term on the right-hand side of (B.1) using Cauchy-Schwarz-
Young inequality, inequality (2.6), Lemma 4.1, and Assumption 2.1

b* (u™t — B (), T o)
< O v(u = EmT ) ||| ver™|
< £ v - B w) | + Gopr|vesH |
C(Atp—1 + Aty)?
Pr
For the last nonlinear term in (B.1), adding and subtracting b*(E"(uy), 77, ¢4t1), and
using the skew-symmetry of the nonlinear term yields
b* (B (up), T — E"TN(T)), ¢
=b*(E" ! (up), e, o) + 0% (B (wy), T — EMTH(Th), 041
=07 (B" ™ (up), ™, o) + 07 (BT (up), TP — E"PH(TY), 5 1). (B.8)

||vutt||%2(tn—1,tn+1;L2(Q)) + 6(;P7’||v¢7%+1H2 (B?)

For the first term on the right-hand side we have by Cauchy-Schwarz-Young inequality and
inequality (2.6)
BB ) 0
1 1
< OB () [FIVE™ (an) [ * Vo ([ Vor™|
C
<
— Pr
For the second term on the right-hand side of (B.8) we rewrite it as
b (E™ (uy,), Tyt — E"YH(TY), 93 )
=0 (™ (up), T — E"TY(T), 97H)
— b (BE" T (up), et — E"Fer), 9. (B.10)

[+ () | [ VE™ (an) || ||V ||+ PrCa|| Vo). (B.9)

Bounding the first of these terms using Cauchy-Schwarz-Young inequality, inequality (2.6), and
Lemma 4.1

b_*(E"+1(uh),T”+1 _ En+1(T),¢%+l)
< CvE  w)[[[v(T = ETHD) [[[[Ver™|

Csta Atn 14 n2
<= 16(h : )HVE"H(uh)||2||V¢?H||2

Ch(At,—1 + Aty)?
CstabAtn(l + WnQ)

||VTtt||2L2(tn—1,tn+1;L2(Q))- (Bll)

We next rewrite the term

(B (wy), et — E"(er), ¢itt)

(B" (an)on = E" (r), o)

= b (B (up), 97 = E"TN(0r), 07, (B.12)

T
—F



282 M.R. JIANG, J.L. WU, X.L. FENG AND N. LI

Bounding the first of these terms using Cauchy-Schwarz-Young inequality, inequality (2.6), and
Lemma 4.1

F(Evn+1(uh)7 77;1“+1 - En+1(77T)a ¢%+1)
< OIvE™ () [[[V (™ = B o) [[[| V97|

Csta Atn 1+ n2
¢ CuattnlLt ) 10 s,

Ch(At,—y + Aty)?
C’ : bAt (1 T+ w 2) ||v(77T)ttH%Z(tn—l7tn+l;L2(Q)). (B13)

Finally, bounding the last term using inequality (2.6), the inverse inequality, Cauchy-
Schwarz-Young inequality, and the parallelogram law we can get
b (B (un), 05 — E" T (r), 077)
< OV ) [|6 = B or) || [V (65 - B 0m)|1F [Vt |
< Ch 2| VE" (wy) |67+ — B (60) ||| Vit

1 n+l _ pntl 2
SSAtn(1+wn2)||¢T B ()]

CstabAtn(l + wn2)
2h
| e P
= 4At, 7T T AN, T T
CstabAtn(l + wn2)
+ oh

IVE"+ (an) [ |

[VE™ ()| | Vot (B.14)

Cauchy-Schwarz-Young inequality, inequality (2.5), Assumption 2.1, Lemma 4.1, then using
the skew-symmetry of the nonlinear term and the inverse inequality, we complete the proof. [J
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