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Abstract

This report presents a series of implicit-explicit (IMEX) variable stepsize algorithms

for natural convection equations. The presented method requires a minimally intrusive

modification to an existing program, does not add to the computational complexity, and

is conceptually simple. Here, IMEX means the nonlinear term is treated fully explicitly,

while the remaining terms are treated implicitly. Due to the increasing demand for low

memory solvers, the addition of time adaptive can improve the accuracy and efficiency of

the algorithms. For the first-order algorithm, we prove the stability of the variable stepsize

backward Euler scheme combined with Adams-Bashforth 2 (VSS BE-AB2) and analyze

convergence. Then, the stability of Constant Timestep Filtered-BE-AB2 (BE-AB2+F) is

proved. Moreover, we construct adaptive algorithms by extending the approach to variable

stepsize. Finally, numerical tests confirm the convergence rates of our method and validate

the theoretical results.
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1. Introduction

In this paper, we shall study stability and analyze convergence of a low complexity fully

discrete time-stepping finite element method (FEM), then extend the method to adaptive time-

stepping and higher order algorithms for natural convection (NC) problems [47]. We consider
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the numerical schemes for solving the time-dependent nonlinear NC equations





ut − Pr∆u+ (u · ∇)u+∇p = PrRajT in Ω× (0, T1],

∇ · u = 0 in Ω× (0, T1],

Tt + (u · ∇)T −∆T = γ in Ω× (0, T1],∫

Ω

p dx = 0, u = 0, T = 0 on ∂Ω,

u(x, 0) = u0, T (x, 0) = T 0 in Ω,

(1.1)

where Ω is an open bounded domain in Rd (d = 2 or 3) with a sufficiently smooth boundary

∂Ω, j = (0, 1)⊤ or j = (0, 0, 1)⊤, P r,Ra, T1 and γ represent the Prandtl number, the Rayleigh

number, the given final time and the forcing function, respectively. The unknown functions

are velocity vector u, pressure p and temperature T . We consider a homogeneous Dirichlet

boundary conditions in the above for simplicity and to fix the idea.

The NC convection problem (1.1) is an important system with dissipative nonlinear terms

in atmospheric dynamics [3,19]. Since this system not only contains the velocity as well as the

pressure but also includes the temperature field, finding the numerical solution to problem (1.1)

becomes a difficult task. For the research of problem (1.1), many scholars have proposed

several kinds of efficient numerical schemes. For example, the standard Galerkin FEM [40],

finite difference method [31], lattice Boltzmann method [15], the projection-based stabilized

MFEM [7, 9], discontinuous Galerkin method [2, 5], domain decomposition method [37], time-

stepping method [18, 52] and references therein. Moreover, NC phenomena are found in many

scientific and engineering applications, and have been intensively studied in the literature,

cf. [4, 16, 41, 42, 46, 54]. Hence, it is necessary to research the problem for us nowadays.

Time accuracy is critical for obtaining physically relevant solutions in the field of compu-

tational fluid dynamics (CFD). Many flow solvers use constant time steps, but there has been

an expanding interest in variable step solvers [3,19]. These methods allow for larger time steps

for intervals of the simulation where the physics are stable, while allowing for smaller time steps

for portions that are physically interesting. This allows for a decrease in the computational cost

of the solver while simultaneously increasing its accuracy. The objective of this report is to

design an efficient novel adaptive time-stepping method for NC problems based on time filters

(TFs). TFs have some advantages:

(a) They can remove the overdamping of BE while remaining unconditionally energy sta-

ble [55].

(b) They can increase the time accuracy and add negligible additional computational com-

plexity to simple, lower accuracy methods for constant time stepsize [12, 22].

(c) They give a low cost error estimator for adapting the time stepsize to ensure time accu-

racy [23].

The first proposed time filter was the Robert-Asselin (RA) time filter [1,3,29,50], which was used

as a method to suppress the non-physical oscillation of leapfrog patterns in weather models.

Williams [48, 49] improved the RA time filter, and a Robert-Asselin-Williams (RAW) time

filter with third-order precision was obtained. Li and Trenchea [32] proposed a new RA time

filter with third-order precision. The proposed method is easy to implement programmatically.

Besides, Guzel and Layton [23] combined the backward Euler scheme and the time filter to
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obtain a new linear multistep method, which is equivalent to the classical two-step method and

is a modular method. Latterly, we find that it has been used to solve the natural convection

problems recently [51], however, the difference in our paper is that the entire nonlinear term

is treated explicitly while the remaining terms are treated implicitly, and through numerical

experiments, we found that our algorithm improves the calculation accuracy of pressure. In

addition, the error of each numerical solution can be estimated through the time filter, and the

time step adaptive algorithm can be used to solve the Navier-Stokes equation [10–12, 28], and

the Stokes-Darcy model [38].

In a past paper [13], we can get a nonstandard BE-AB2 combination, where the constant

extrapolation un+1
h = un

h +O(∆t) and T n+1
h = T n

h +O(∆t) in the nonlinearity is replaced with

a linear extrapolation. For constant stepsize, this means

un+1
h = 2un

h − un−1
h +O(∆t2), T n+1

h = 2T n
h − T n−1

h +O(∆t2).

The scheme has an embedded structure so that no additional Stokes solves or function

evaluations are required to compute the second-order approximation once the first-order ap-

proximation is computed. This is done with an easy-to-implement and efficient time filter as

follows. Let y and yn−1 be velocity approximations at T1 = ∆tn. If yn+1 is calculated with

implicit Euler, a second-order approximation can be constructed by resetting yn+1 with

yn+1 ⇐= yn+1 −
1

3
(yn+1 − 2yn + yn−1) (Constant stepsize timefilter), y = u, T.

The paper is organized as follows. In Section 2, we present some notations and give mathe-

matical preliminaries that will be needed in the ensuing sections for NC problems. The stability

analyses of the VSS BE-AB2 and BE-AB2+F algorithms are given, respectively, in Section 3.

Section 4 is devoted to the error estimates of velocity, temperature, and pressure for the fully

discretized VSS BE-AB2. In Section 5, we introduce the BE-AB2+F algorithm for variable

time stepsize and construct an adaptive algorithm with performing stepsize selections to con-

trol time accuracy and computational efficiency. Then, we present numerical tests to illustrate

the validity and accuracy of our numerical methods in Section 6. The final conclusions are

given in Section 7.

2. Nation and Preliminaries

For the mathematical setting of problem (1.1), we introduce standard Hilbert spaces, some

notations, and some necessary assumptions, which will be frequently used in the following

sections. Note in passing that vector-valued functions and vector-valued spaces are identified

with bold fonts. Besides, we use C to denote a generic positive constant that may depend

on Ω,u0, T 0, j and T1.

2.1. Preliminaries

We now introduce the following standard Hilbert spaces used throughout this paper:

X = H1
0 (Ω) =

{
v ∈ H1(Ω), v = 0 on ∂Ω

}
,

X = Xd, W = H1
0 (Ω),

Q = L2
0(Ω) =

{
q ∈ L2(Ω),

∫

Ω

qdx = 0

}
,
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V = Xdiv =
{
v ∈ X (∇ · v, q) = 0, ∀ q ∈ Q

}
.

The L2(Ω) inner product and norm are denoted by (· , ·) and by ‖ ·‖, respectively, and the norm

in the Hilbert space Hm(Ω) = (Hm(Ω))d is denoted by

‖v‖m =

(∑

|i|≤m

‖Div‖2

) 1
2

.

For measurable v : [0, T1] → X, define for, respectively, 1 ≤ p < ∞ and p = ∞,

‖v‖Lp(0,T1;X) =

(∫ T1

0

‖v(t)‖p
X
dt

) 1
p

, ‖v‖L∞(0,T1;X) = ess sup
0≤t≤T1

‖v(t)‖p
X
. (2.1)

Besides, we introduce the following discrete norms:

|||v|||2,p =

(
T1/τ−1∑

n=0

τ‖vn‖2p

) 1
2

, |||v|||∞,p = max
0≤n≤T1/τ

‖vn‖p. (2.2)

The weak formulation of (1.1) is given by: For any t ∈ (0, T1] and for any (v, q, s) ∈

X×Q×W , find (u, p, T ) ∈ X×Q×W such that
{
(ut,v) + Pr(∇u,∇v) + (u · ∇u,v)− (p,∇ · v) + (∇ · u, q) = PrRa(jT,v),

(Tt, s) + (u · ∇T, s) + (∇T,∇s) = (γ, s).
(2.3)

Since the finite elements we consider satisfy the inf-sup condition, we can use the following

lemma.

Lemma 2.1 ([21]). We define the trilinear form

b(u,v,w) = (u · ∇v,w), ∀u,v,w ∈ X,

b(u, T, s) = (u · ∇T, s), ∀u ∈ X, T, s ∈ W,

and the explicitly skew-symmetric trilinear form given by

b∗(u,v,w) :=
1

2
(u · ∇v,w) −

1

2
(u · ∇w,v), ∀u,v,w ∈ X,

b∗(u, T, s) :=
1

2
(u · ∇T, s)−

1

2
(u · ∇s, T ), ∀u ∈ X, T, s ∈ W.

Herein, we recall some lemmas [12, 39, 53] and identify which will be used in the analyses.

For some C > 0 and C > 0, the trilinear terms satisfy

b∗(u,v,v) := 0, ∀u,v ∈ X,

b∗(u, s, s) = 0, ∀u ∈ X, s ∈ W,
(2.4)

b∗(u,v,w) ≤





C‖∇u‖‖∇v‖‖∇w‖, ∀u,v,w ∈ X,

C(‖u‖‖∇u‖)
1
2 ‖∇v‖‖∇w‖, ∀u,v,w ∈ X,

C‖∇u‖(‖v‖‖∇v‖)
1
2 ‖∇w‖, ∀u,v,w ∈ X,

C‖∇u‖‖∇v‖(‖w‖‖∇w‖)
1
2 , ∀u,v,w ∈ X,

(2.5)

b∗(u, T, s) ≤





C‖∇u‖‖∇T ‖‖∇S‖, ∀u ∈ X, T, s ∈ W,

C(‖u‖‖∇u‖)
1
2 ‖∇T ‖‖∇s‖, ∀u ∈ X, T, s ∈ W,

C‖∇u‖(‖T ‖‖∇T ‖)
1
2 ‖∇s‖, ∀u ∈ X, T, s ∈ W,

C‖∇u‖‖∇T ‖(‖s‖‖∇s‖)
1
2 , ∀u ∈ X, T, s ∈ W.

(2.6)
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Lemma 2.2. For any a, b, c ∈ R, the following identity holds:

(
3

2
a− 2b+

1

2
c

)(
3

2
a− b+

1

2
c

)

=

[
a2

4
+

(2a− b)2

4
+

(a− b)2

4

]

−

[
b2

4
+

(2b− c)2

4
+

(b− c)2

4

]
+

3

4
(a− 2b+ c)2. (2.7)

Then, we recall some definitions [12] which will be used in the next sections.

We define the discrete system kinetic energy at time level tn to be

ǫn
u
:=

1

2

∥∥un
h

∥∥2 + 1

4

∥∥un
h − un−1

h

∥∥2,

ǫnT :=
1

2

∥∥T n
h

∥∥2 + 1

4

∥∥T n
h − T n−1

h

∥∥2,
(2.8)

and the numerical dissipation,

Dn
u :=

1

8
(
1 + ω2

n

)
∥∥un

h − un−1
h + ωn

(
un−1
h − un−2

h

)∥∥2,

Dn
T :=

1

8
(
1 + ω2

n

)
∥∥T n

h − T n−1
h + ωn

(
T n−1
h − T n−2

h

)∥∥2.
(2.9)

Importantly, ǫnu, ǫ
n
T do not depend on ∆tn.

2.2. Finite element approximation

Let τh = K be a uniformly regular family of triangulation of ω, and define the mesh size

h = maxK∈τh{diam(k)}. To construct a Galerkin approximation of (1.1), we consider the

following four sequences of finite dimensional spaces:

Xh =
{
vh ∈ X ∩C0(Ω)d : vh|K ∈ Ps+1(K)d, ∀K ∈ τh

}
,

Qh =
{
qh ∈ Q ∩ C0(Ω) : qh|K ∈ Ps(K), ∀K ∈ τh

}
,

Wh =
{
φh ∈ W ∩C0(Ω) : φh|K ∈ Ps+1(K), ∀K ∈ τh

}
,

Vh =
{
vh ∈ Xh : (∇ · vh, qh) = 0, ∀ qh ∈ Qh

}
,

where Ps(K) is the set of all polynomials on K of degree less than s ∈ N . Obviously, Taylor-

Hood elements (Ps+1, Ps) satisfy the discrete inf-sup condition [12, 43, 53]: There is a constant

β > 0 independent of h such that

inf
06=qh∈Qh

sup
06=vh∈Xh

(qh,∇ · vh)

‖∇vh‖‖qh‖
≥ β > 0. (2.10)

We will also assume that the mesh satisfies the following standard inverse inequalities (see [4,

Lemma 4.9.2]):

‖∇vh‖ ≤ Ch−1‖vh‖, ∀vh ∈ Xh. (2.11)
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Moreover, suppose that the finite element spaces satisfy the following approximation prop-

erties:
inf

vh∈Xh

‖v − vh‖ ≤ Chs+1, ∀v ∈ [Hs+1(Ω)]d,

inf
vh∈Xh

‖∇(v − vh)‖ ≤ Chs, ∀v ∈ [Hs+1(Ω)]d,

inf
sh∈Wh

‖T − sh‖ ≤ Chs+1, ∀T ∈ Hs+1(Ω),

inf
sh∈Wh

‖∇(T − sh)‖ ≤ Chs, ∀T ∈ Hs+1(Ω),

inf
qh∈Qh

‖p− qh‖ ≤ Chs, ∀ q ∈ Hs(Ω).

(2.12)

Now, we define the dual norms of Xh,Vh and Wh, respectively, by

‖ω‖X∗

h
= sup

vh∈Xh

(ω,vh)

‖∇vh‖
, ‖ω‖V∗

h
= sup

vh∈Vh

(ω,vh)

‖∇vh‖
, ‖ω‖W∗

h
= sup

sh∈Wh

(ω, sh)

‖∇sh‖
.

Then the following lemma [12, 20, 53], which will be used to derive pressure error estimates

with a technique shown in Fiordilino [17], from Galvin [20] estimates the equivalence of these

norms on Vh.

Lemma 2.3. Suppose the discrete inf-sup condition holds, for any vh ∈ Vh, the norms ‖vh‖X∗

h

and ‖vh‖V∗

h
are equivalent.

Assumption 2.1. Assume that the true solution (u, T, p) satisfies the following regularity:

u ∈ L∞
(
0, T1;

(
Hs+1(ω)

)d)
, ut ∈ L2

(
0, T1;

(
Hs+1(ω)

)d)
, utt ∈ L2

(
0, T1;

(
H1(ω)

)d)
,

uttt ∈ L2
(
0, T1;

(
L2(ω)

)d)
, T ∈ L∞

(
0, T1;H

s+1(ω)
)
, Tt ∈ L2

(
0, T1;H

s+1(ω)
)
,

Ttt ∈ L2
(
0, T1;H

1(ω)
)
, Tttt ∈ L2

(
0, T1;L

2(ω)
)
, p ∈ L2

(
0, T1;H

s+1(ω)
)
.

3. Numerical Algorithms and Their Stabilities

In this section, we first develop the constant stepsize fully discrete backward Euler plus time

filter algorithms, then derive the stabilities of the algorithms.

3.1. Numerical algorithms

Let ∆tn = tn+1 − tn. The stepsize ratios are ωn = ∆tn/∆tn−1. The second-order extrapo-

lation of un+1
h becomes

En+1(uh) := (1 + ωn)u
n
h − ωnu

n−1
h ,

T n+1
h becomes

En+1(Th) := (1 + ωn)T
n
h − ωnT

n−1
h .

We then have the variable stepsize BE-AB2 (VSS BE-AB2) method.

This is a second-order perturbation of implicit backward Euler, and applying the time filter

results in a second-order method. In the next two subsections, we rigorously show that this new

method is variable stepsize stable and is globally convergent. In order to simplify the ensuing

analysis, we assume that u0
h,u

1
h, and T 0

h , T
1
h are the L2 projections of the exact solution at t0

and t1 onto the finite element spaces Xh and Wh. In our numerical tests, when an analytic

solution is unavailable, we perform an L2 projection on the initial condition to obtain u0
h, T

0
h

and then take a very small time step using BE-FE to obtain u1
h, T

1
h . The ensuing stepsizes can

quickly increase to the largest size allowed by some tolerance.
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Algorithm 3.1: Variable Stepsize BE-AB2 (VSS BE-AB2).

Given un
h, T

n
h and un−1

h , T n−1
h .

Find (un+1
h , T n+1

h , pn+1
h ) satisfying for all (vh, qh, sh) ∈ (Xh, Qh,Wh),

(
un+1
h − un

h

∆tn
,vh

)
+ b∗

(
En+1(uh), E

n+1(uh),vh

)

−
(
pn+1
h ,∇ · vh

)
+ Pr

(
∇un+1

h ,∇vh

)
= PrRa

(
jT n+1

h ,vh

)
,

(
∇ · un+1

h , qh
)
= 0,

(
T n+1
h − T n

h

∆tn
, sh

)
+ b∗

(
En+1(uh), E

n+1(Th), sh
)
+
(
∇T n+1

h ,∇sh
)
= (γ, sh).

(3.1)

Algorithm 3.2: Constant Time-step Filtered-BE-AB2 (BE-AB2+F).

Given ∆t,un
h,u

n−1
h and T n

h , T
n−1
h .

Find (ûn+1
h , T̂ n+1

h , pn+1
h ) satisfying for all (vh, qh, sh) ∈ (Xh, Qh,Wh),

(
ûn+1
h − un

h

∆t
,vh

)
+ b∗

(
2un

h − un−1
h , 2un

h − un−1
h ,vh

)

+ Pr
(
∇ûn+1

h ,∇vh

)
−
(
pn+1
h ,∇ · vh

)
= PrRa

(
jT̂ n+1

h ,vh

)
,

(
∇ · ûn+1

h , qh
)
= 0,

(
T̂ n+1
h − T n

h

∆t
, sh

)
+ b∗

(
2un

h − un−1
h , 2T n

h − T n−1
h , sh

)

+
(
∇T̂ n+1

h ,∇sh
)
= (γ, sh).

(3.2)

Then, compute

un+1
h = ûn+1

h −
1

3

(
ûn+1
h − 2un

h + un−1
h

)
,

T n+1
h = T̂ n+1

h −
1

3

(
T̂ n+1
h − 2T n

h + T n−1
h

)
.

(3.3)

Equivalently, this can be written as

(
3un+1

h /2− 2un
h + un−1

h /2

∆t
,vh

)
+ Pr

(
∇

(
3

2
un+1
h − un

h +
1

2
un−1
h

)
,∇vh

)

−
(
pn+1
h ,∇ · vh

)
+ b∗

(
2un

h − un−1
h , 2un

h − un−1
h ,vh

)

= PrRa

(
j

(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)
,vh

)
,

(
∇ ·

(
3

2
un+1
h − 2un

h +
1

2
un−1
h

)
, qh

)
= 0,

(
3T n+1

h /2− 2T n
h + T n−1

h /2

∆t
, sh

)
+ b∗

(
2un

h − un−1
h , 2T n

h − T n−1
h , sh

)

+

(
∇

(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)
,∇sh

)
= (γ, sh).

(3.4)
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3.2. Energy stability for VSS BE-AB2

In this section, we prove nonlinear, conditional stability of (3.1). We begin with a general

stability result. We then show that the timestep condition can be improved in some special

cases.

Theorem 3.1. Consider the method (3.1), let Ω ⊂ Rd, d = 2, 3, and Cstab > 0 be a constant

independent of h,∆tn, ωn, P r,u and T . Suppose that

M1 = 1−
Cstab∆tn

(
1 + ω2

n

)

Prh

∥∥∇En+1(uh)
∥∥2 ≥ 0,

M2 = 1−
Cstab∆tn

(
1 + ω2

n

)

h

∥∥∇En+1(uh)
∥∥2 ≥ 0.

(3.5)

Then, for any N > 1 the velocity and temperature approximations satisfy

ǫNu +
Pr

4

N−1∑

n=1

∆tn
∥∥∇un+1

h

∥∥2 +
N−1∑

n=1

Dn+1
u ≤ CPrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1u, (3.6)

ǫNT +
1

4

N−1∑

n=1

∆tn
∥∥∇T n+1

h

∥∥2 +
N−1∑

n=1

Dn+1
T ≤ |||γn+1|||

2

2,−1 + ǫ1T . (3.7)

Proof. Setting vh = un+1
h , sh = T n+1

h and multiplying by ∆tn, then applying Young’s

inequality to the right-hand side, we have

1

2

∥∥un+1
h

∥∥2 − 1

2

∥∥un
h

∥∥2 + 1

2

∥∥un+1
h − un

h

∥∥2

+∆tnb
∗
(
En+1(uh), E

n+1(uh),u
n+1
h

)
+∆tnPr

∥∥∇un+1
h

∥∥2

≤
∆tnPr

4

∥∥∇un+1
h

∥∥2 +∆tnPrRa2
∥∥T n+1

h

∥∥2
−1

, (3.8)

1

2

∥∥T n+1
h

∥∥2 − 1

2

∥∥T n
h

∥∥2 + 1

2

∥∥T n+1
h − T n

h

∥∥2

+∆tnb∗
(
En+1(uh), E

n+1(Th), T
n+1
h

)
+∆tn

∥∥∇T n+1
h

∥∥2

≤
∆tn
4

∆tn
∥∥∇T n+1

h

∥∥2 +∆tn‖γ
n+1‖2−1. (3.9)

Next, we deal with the nonlinearity. Applying (2.5), (2.6), using the skew symmetry of the

nonlinearity, applying the Cauchy-Schwarz-Young inequality, Poincare-Friedrichs, and inverse

inequalities we have

∆tnb
∗
(
En+1(uh), E

n+1(uh),u
n+1
h

)

= ∆tnb
∗
(
En+1(uh),u

n+1
h ,un+1

h − un
h − ωn

(
un
h − un−1

h

))

≤ C∆tnh
− 1

2

∥∥∇En+1(uh)
∥∥∥∥un+1

h − un
h − ωn

(
un
h − un−1

h

)∥∥∥∥∇un+1
h

∥∥

≤
C∆tn

2
(
1 + ω2

n

)

h

∥∥∇En+1(uh)
∥∥2∥∥∇un+1

h

∥∥2

+
1

8
(
1 + ω2

n

)
∥∥un+1

h − un
h − ωn

(
un
h − un−1

h

)∥∥2, (3.10)
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∆tnb∗
(
En+1(uh), E

n+1(Th), T
n+1
h

)

≤
C∆tn

2
(
1 + ω2

n

)

h

∥∥∇En+1(uh)
∥∥2∥∥∇T n+1

h

∥∥2

+
1

8
(
1 + ω2

n

)∥∥T n+1
h − T n

h − ωn

(
T n
h − T n−1

h

)∥∥2. (3.11)

Combining above inequalities, using the parallelogram law and (2.8), (2.9), we then have

ǫn+1
u

− ǫn
u
+Dn+1

u
+

Pr∆tn
4

∥∥∇un+1
h

∥∥2 + Pr∆tn
2

M1

∥∥∇un+1
h

∥∥2

≤ ∆tnPrRa2
∥∥T n+1

h

∥∥2
−1

, (3.12)

ǫn+1
T − ǫnT +Dn+1

T +
∆tn
4

∥∥∇T n+1
h

∥∥2 + ∆tn
2

M2

∥∥∇T n+1
h

∥∥2

≤ ∆tn‖γ
n+1‖2−1. (3.13)

Finally, using condition (3.5), letting C = Cstab, and summing from n = 1 to N − 1, then we

can get the result. �

Remark 3.1. In this proof, the zero Dirichlet boundary condition is selected for temperature

to reduce the analysis time. Nevertheless, it is notable that the consideration of the non-zero

boundary of temperature is of vital significance in practical applications.

Remark 3.2. In the proposed scheme, nonlinear terms are dealt with explicitly, so the Cou-

rant-Friedrichs-Lewy condition (CFL) conditions need to be imposed, but we can adopt adaptive

algorithms to take a small enough timestep to ensure the CFL conditions.

Theorem 3.2. Suppose Theorem 3.1 holds, then the pressure approximation satisfies

β∆tn

N−1∑

n=1

∥∥pn+1
h

∥∥ ≤
(
1 + C−1

∗

){ C

Pr

[
CPrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1

u

]

+ C
√
PrT1

[
CPrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1u

] 1
2

+ CPrRa
√
T1

(
|||γn+1|||

2

2,−1 + ǫ1T
) 1

2

}
. (3.14)

Proof. Let (vh, qh) ∈ (Vh, Qh) and isolate the discrete time derivative in (3.1). Then we

can get

(
un+1
h − un

h

∆tn
,vh

)
= −b∗

(
En+1(uh), E

n+1(uh),vh

)

− Pr
(
∇un+1

h ,∇vh

)
+ PrRa

(
jT n+1

h ,vh

)
. (3.15)

The terms on the right-hand side of (3.15) can be bounded using Lemma 2.1, the Cauchy-

Schwartz inequality, and duality, respectively

−b∗
(
En+1(uh), E

n+1(uh),vh

)
≤ C

∥∥∇En+1(uh)
∥∥∥∥∇En+1(uh)

∥∥‖∇vh‖,

−Pr
(
∇un+1

h ,∇vh

)
≤ Pr

∥∥∇un+1
h

∥∥‖∇vh‖,

P rRa
(
jT n+1

h ,vh

)
≤ CPrRa

∥∥∇T n+1
h

∥∥‖∇vh‖.

(3.16)
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Using the above estimates in Eq. (3.15), dividing both sides by ‖∇vh‖, taking the supremum

over vh ∈ Vh, and using Theorem 3.1 yields

∥∥∥∥
un+1
h − un

h

∆tn

∥∥∥∥
V∗

h

≤ C
∥∥∇En+1(uh)

∥∥∥∥∇En+1(uh)
∥∥

+ Pr
∥∥∇un+1

h

∥∥+ CPrRa
∥∥∇T n+1

h

∥∥. (3.17)

Lemma 2.3 then implies

∥∥∥∥
un+1
h − un

h

∆tn

∥∥∥∥
X∗

h

≤ C−1
∗

[
C
∥∥∇En+1(uh)

∥∥∥∥∇En+1(uh)
∥∥

+ Pr
∥∥∇un+1

h

∥∥+ CPrRa
∥∥∇T n+1

h

∥∥
]
. (3.18)

Now consider that vh ∈ Xh. Isolating the pressure term in (3.1) and using the estimates

from (3.16) yields

(
pn+1
h ,∇ · vh

)
≤

(
un+1
h − un

h

∆tn
,vh

)
+ C

∥∥∇En+1(uh)
∥∥∥∥∇En+1(uh)

∥∥‖∇vh‖

+ Pr
∥∥∇un+1

h

∥∥‖∇vh‖+ CPrRa
∥∥∇T n+1

h

∥∥‖∇vh‖. (3.19)

Divide both sides by ‖∇vh‖, take the supremum over vh ∈ Xh, and use both the discrete

inf-sup condition (2.10) and estimate (3.16). Then

β
∥∥pn+1

h

∥∥ ≤
(
1 + C−1

∗

)[
C
∥∥∇En+1(uh)

∥∥∥∥∇En+1(uh)
∥∥

+ Pr
∥∥∇un+1

h

∥∥+ CPrRa
∥∥∇T n+1

h

∥∥
]
. (3.20)

Multiplying by ∆tn, summing from n = 0 to n = N − 1, using the Cauchy-Schwartz inequality

and Theorem 3.1, then the proof is complete. �

3.3. Energy stability for BE-AB2+F

Theorem 3.3. Consider the method (3.4), let Ω ⊂ Rd, d = 2, 3, and Cstab > 0 be a constant

independent of h,∆t, P r and u, T . Suppose that

M3 = 1−
Cstab∆t

Prh

∥∥∇
(
2un

h − un−1
h

)∥∥2 ≥ 0,

M4 = 1−
Cstab∆t

h

∥∥∇
(
2un

h − un−1
h

)∥∥2 ≥ 0.

(3.21)

Then, for any N > 1 the velocity and temperature approximations satisfy

1

4

∥∥uN
h

∥∥2 + 1

4

∥∥2uN
h − uN−1

h

∥∥2 + 1

4

∥∥uN
h − uN−1

h

∥∥2

+
∆tPr

4

N−1∑

n=1

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥
2

≤ CPrRa2
(
|||γn+1|||

2

2,−1 +
1

4

∥∥T 1
h

∥∥2 + 1

4

∥∥2T 1
h − T 0

h

∥∥2 + 1

4

∥∥T 1
h − T 0

h

∥∥2
)

+
1

4

∥∥u1
h

∥∥2 + 1

4

∥∥2u1
h − u0

h

∥∥2 + 1

4

∥∥u1
h − u0

h

∥∥2, (3.22)
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1

4

∥∥TN
h

∥∥2 + 1

4

∥∥2TN
h − TN−1

h

∥∥2 + 1

4

∥∥TN
h − TN−1

h

∥∥2

+
∆t

4

N−1∑

n=1

∥∥∥∥∇
(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)∥∥∥∥
2

≤ |||γn+1|||
2

2,−1 +
1

4

∥∥T 1
h

∥∥2 + 1

4

∥∥2T 1
h − T 0

h

∥∥2 + 1

4

∥∥T 1
h − T 0

h

∥∥2. (3.23)

The proof is given in Appendix A.1.

Theorem 3.4. Suppose Theorem 3.3 holds, then the pressure approximation satisfies

β

N−1∑

n=1

∆t‖pn+1
h ‖ (3.24)

≤ (1 + C−1
∗ )

[
CPrh+

√
PrT1

×

(
CPrRa2

(
|||γn+1|||

2

2,−1 +
1

4

∥∥T 1
h

∥∥2 + 1

4

∥∥2T 1
h − T 0

h

∥∥2 + 1

4

∥∥T 1
h − T 0

h

∥∥2
)

+
1

4

∥∥u1
h

∥∥2 + 1

4

∥∥2u1
h − u0

h

∥∥2 + 1

4

∥∥u1
h − u0

h

∥∥2
) 1

2

+ CPrRa
√

T1

(
|||γn+1|||

2

2,−1 +
1

4

∥∥T 1
h

∥∥2 + 1

4

∥∥2T 1
h − T 0

h

∥∥2 + 1

4

∥∥T 1
h − T 0

h

∥∥2
) 1

2

]
.

The proof is given in Appendix A.2.

4. Error Analysis

We will give and prove error analyses of Algorithm 3.1 for velocity and temperature in

Theorem 4.1, and for pressure in Theorem 4.2, respectively, in this section.

We consider the fully-discrete variable step scheme (3.1). For all (vh, qh, sh) ∈ (Xh, Qh,Wh),

assuming that the discrete inf-sup condition is satisfied, Algorithm 3.1 is equivalent to

(
un+1
h −un

h

∆tn
,vh

)
+b∗

(
En+1(uh), E

n+1(uh),vh

)
+Pr

(
∇un+1

h ,∇vh

)
=PrRa

(
jT n+1

h ,vh

)
,

(
∇ · un+1

h , qh
)
= 0,

(
T n+1
h − T n

h

∆tn
, sh

)
+ b∗

(
En+1(uh), E

n+1(Th), sh
)
+
(
∇T n+1

h ,∇sh
)
= (γ, sh).

(4.1)

For the error analysis we will split the velocity, temperature and pressure as follows:

en+1
u = un+1 − un+1

h =
(
un+1 − Ih(u

n+1)
)
−
(
un+1
h − Ih(u

n+1)
)
= ηn+1

u − φn+1
u ,

en+1
T = T n+1 − T n+1

h =
(
T n+1 − Ih(T

n+1)
)
−
(
T n+1
h − Ih(T

n+1)
)
= ηn+1

T − φn+1
T ,

en+1
p = pn+1 − pn+1

h =
(
pn+1 − λn+1

h

)
−
(
pn+1
h − λn+1

h

)
,

(4.2)

where Ih is the L2 projection into the discretely divergence-free space Vh and Wh, λ
n+1
h is

the L2 projection into the discretely divergence-free space Qh.
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Lemma 4.1 (Consistency Error). For u and T satisfying the regularity assumptions in As-

sumption 2.1 the following inequalities hold:
∥∥∥∥
un+1 − un

∆tn
− un+1

t

∥∥∥∥
2

≤ C∆tn‖utt‖
2
L2(tn,tn+1;L2(Ω)),

∥∥∇
(
un+1 − En+1(u)

)∥∥2 ≤ C(∆tn−1 +∆tn)
3‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω)),

∥∥∥∥
T n+1 − T n

∆tn
− T n+1

t

∥∥∥∥
2

≤ C∆tn
2‖Ttt‖

2
L2(tn,tn+1;L2(Ω)),

∥∥∇
(
T n+1 − En+1(T )

)∥∥2 ≤ C(∆tn−1 +∆tn)
3‖∇Ttt‖

2
L2(tn−1,tn+1;L2(Ω)).

(4.3)

We now prove an estimate for the nonlinear terms which will appear in the error analysis.

Lemma 4.2 (Estimate on the Nonlinear Term). For T and u satisfying the regularity

assumptions in Assumption 2.1 the following inequality holds for the nonlinear term:

b∗
(
un+1, T n+1, φn+1

T

)
− b∗

(
En+1(uh), E

n+1(Th), φ
n+1
T

)

≤
5

64
Pr
∥∥∇φn+1

T

∥∥2 + C

Pr

∥∥∇En+1(ηu)
∥∥2 + C(∆tn−1 +∆tn)

3

Pr
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω))

+ CPr−3
∥∥φn

u

∥∥2 + CPr−3
∥∥φn−1

u

∥∥2 + 1

16
Pr
∥∥∇φn

u

∥∥2 + 1

16
Pr
∥∥∇φn−1

u

∥∥2

+
C

Pr

∥∥En+1(uh)
∥∥∥∥∇En+1(uh)

∥∥∥∥∇ηn+1
T

∥∥2 + 1

4∆tn

∥∥φn+1
T − φn

T

∥∥2

+
1

4∆tn

∥∥φn
T − φn−1

T

∥∥2 + 5Cstab∆tn
(
1 + ωn

2
)

8h

∥∥∇En+1(uh)
∥∥2∥∥∇φn+1

T

∥∥2

+
Ch
(
∆tn−1 +∆tn

)3

Cstab∆tn
(
1 + ωn

2
) (‖∇Ttt‖

2
L2(tn−1,tn+1;L2(Ω)) + ‖∇(ηT )tt‖

2
L2(tn−1,tn+1;L2(Ω))

)
, (4.4)

b∗
(
un+1,un+1, φn+1

u

)
− b∗

(
En+1(uh), E

n+1(uh), φ
n+1
u

)

≤
5

64
Pr
∥∥∇φn+1

u

∥∥2 + C

Pr

∥∥∇En+1(ηu)
∥∥2 + C(∆tn−1 +∆tn)

3

Pr
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω))

+ CPr−3
∥∥φn

u

∥∥2 + CPr−3
∥∥φn−1

u

∥∥2 + 1

16
Pr
∥∥∇φn

u

∥∥2 + 1

16
Pr
∥∥∇φn−1

u

∥∥2

+
C

Pr

∥∥En+1(uh)
∥∥∥∥∇En+1(uh)

∥∥∥∥∇ηn+1
u

∥∥2 + 1

4∆tn

∥∥φn+1
u

− φn
u

∥∥2

+
1

4∆tn

∥∥φn
u − φn−1

u

∥∥2 + 5Cstab∆tn
(
1 + ωn

2
)

8h

∥∥∇En+1(uh)
∥∥2∥∥∇φn+1

u

∥∥2

+
Ch(∆tn−1 +∆tn)

3

Cstab∆tn
(
1 + ωn

2
) (‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω)) + ‖∇(ηu)tt‖

2
L2(tn−1,tn+1;L2(Ω))

)
. (4.5)

The proof is given in Appendix B.1.

Lemma 4.3. Let C be a constant number and ak, bk, dk, tk be a positive sequence and

an +

n∑

k=j1

tkbk ≤

s∑

k=j1

tkdkak + C, ∀n ≥ j1. (4.6)

If s = n, then under the assumption tkdk < 1, we have

an +

n∑

k=j1

tkbk ≤ exp

(
n∑

k=j1

tkdk
1− tkdk

)
C, ∀n ≥ j1. (4.7)
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Theorem 4.1 (Error Analysis for the Velocity and Temperature). Consider the VSS

BE-AB2 Algorithm 3.1. Suppose for any 1 ≤ n ≤ N − 1, the stability conditions from Theo-

rem 3.1 and the regularity of the solution given in Assumption 2.1 holds. Define the maximum

stepsize ratio for 1 ≤ n ≤ N − 1 as

ωN∗ = max
n=1,...,N−1

ωn. (4.8)

We then have the following error estimate:

∥∥eNu
∥∥2 + Pr

4

N−1∑

n=1

∆tn
∥∥∇en+1

u

∥∥2 +
∥∥eNT

∥∥2 + 11

16

N−1∑

n=1

∆tn
∥∥∇en+1

T

∥∥2

≤ C

[
h2s+2 + PrT1h

2s + T1h
2s + exp

(
N−1∑

n=1

∆tndn

)

×

{
∥∥φ1

u

∥∥2 + 1

2

∥∥φ1
u − φ0

u

∥∥2 + ∆t1Pr

4

∥∥φ1
u

∥∥2 + ∆t1Pr

8

∥∥φ0
u

∥∥2 +
∥∥φ1

T

∥∥2 + 1

2

∥∥φ1
T − φ0

T

∥∥2

+

N−1∑

n=1

(
Ch2s∆tnPr

∥∥∇un+1
∥∥2 + Ch2s∆tnωn

Pr
(‖∇un‖2 + ‖∇un−1‖2)

+
C∆tn(∆tn−1 +∆tn)

3

Pr
‖∇utt‖

2
L2(tn,tn+1;L2(Ω))

+
C∆t2n
Pr

‖utt‖
2
L2(tn,tn+1;L2(Ω))

+
Ch2s∆tn

Pr
‖pn+1‖2 + Ch2s∆tnPrRa‖∇T n+1‖2

+ Ch2s∆tn‖∇T n+1‖2 + C∆t2n‖Ttt‖
2
L2(tn,tn+1;L2(Ω))

+
Ch2sωN∗

Pr
3
2

[
PrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1

u

]

×

[(
N−1∑

n=1

∆tn‖∇un+1‖4

) 1
2

+

(
N−1∑

n=1

∆tn‖∇T n+1‖4

) 1
2
]

+
Ch∆tn(∆tn−1 +∆tn)

3(1 + h2s)

Cstab∆tn(1 + ωn
2)

×
(
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω)) + ‖∇Ttt‖

2
L2(tn−1,tn+1;L2(Ω))

))}]
. (4.9)

Proof. The true solutions of the NC satisfy, for all n = 1, . . . , N − 1,

(
un+1 − un

∆tn
,vh

)
+ b∗

(
un+1,un+1,vh

)

−
(
pn+1,∇ · vh

)
+ Pr

(
∇un+1,∇vh

)

= PrRa
(
jT n+1,vh

)
+ τu

(
un+1;vh

)
,

(
∇ · un+1

h , qh
)
= 0,

(
T n+1 − T n

∆tn
, sh

)
+ b∗

(
un+1, T n+1, sh

)
+
(
∇T n+1,∇sh

)

= (γ, sh) + τT
(
T n+1; sh

)
,

(4.10)
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where τu(u
n+1;vh), τT (T

n+1; sh) are defined as

τu
(
un+1;vh

)
=

(
un+1 − un

∆tn
− ut(tn),vh

)
,

τT
(
T n+1; sh

)
=

(
T n+1 − T n

∆tn
− Tt(tn), sh

)
.

(4.11)

Subtracting (4.1) from (4.10) yields the error equation
(
en+1
u

− en
u

∆tn
,vh

)
+ b∗

(
un+1,un+1,vh

)

− b∗
(
En+1(uh), E

n+1(uh),vh

)

+ Pr
(
∇en+1

u ,∇vh

)
−
(
en+1
p ,∇ · vh

)

= PrRa
(
jen+1

T ,vh

)
+ τu

(
un+1;vh

)
,

(
en+1
T − enT
∆tn

, sh

)
+ b∗

(
un+1, T n+1, sh

)

− b∗
(
En+1(uh), E

n+1(Th), sh
)
+
(
∇en+1

T ,∇sh
)

= τT
(
T n+1; sh

)
.

(4.12)

This can be equivalently written as
(
φn+1
u

− φn
u

∆tn
,vh

)
+ Pr

(
∇φn+1

u
,∇vh

)

=

(
ηn+1
u

− ηn
u

∆tn
,vh

)
+ Pr

(
∇ηn+1

u
,∇vh

)
−
(
en+1
p ,∇ · vh

)

+ b∗
(
un+1,un+1,vh

)
− b∗

(
En+1(uh), E
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(
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(
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T ,vh

)
, (4.13)

(
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T − φn

T

∆tn
, sh

)
+
(
∇φn+1

T ,∇sh
)

=

(
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∆tn
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)
+
(
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T ,∇sh
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(
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)
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(
En+1(uh), E
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)
− τT

(
T n+1; sh

)
. (4.14)

Letting vh = 2∆tnφ
n+1
u , using the fact that 2(ηn+1

u − ηnu,vh) = 0 by the definition of L2

projection, and the polarization identity yields
∥∥φn+1

u
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u
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u
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u

)
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u
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∗
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En+1(uh), E
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u

)
. (4.15)

Letting sh = 2∆tnφ
n+1
T , using the fact that 2(ηn+1

T − ηnT , sh) = 0 by the definition of L2

projection, and the polarization identity yields
∥∥φn+1

T

∥∥2 −
∥∥φn

T

∥∥2 +
∥∥φn+1

T − φn
T
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T
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≡

4∑

i=1

Bi = 2∆tn
(
∇ηn+1
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T

)
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(
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T
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(
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T

)
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(
En+1(uh), E
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T

)
. (4.16)

By the Cauchy-Schwarz-Young and Poincare-Friedrichs inequalities, we bound the first term on

the right-hand side

A1 ≤
Pr∆tn

δ1

∥∥∇ηn+1
u

∥∥2 +∆tnδ1Pr
∥∥∇φn+1

u

∥∥2. (4.17)

Next, we consider the pressure term. Since φn+1
u

∈ Vh, applying (λh,∇ · φn+1
u

) = 0 for

∀λh ∈ Qh, we have

A2 = 2∆tn
[(
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h

)
−
(
pn+1
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h

)
,∇ · φn+1

u

]
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(
pn+1 − λn+1

h ,∇ · φn+1
u

)

≤
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δ2Pr
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h

∥∥2 +∆tnδ2Pr
∥∥∇φn+1

u

∥∥2. (4.18)

Using Lemma 4.1 and Cauchy-Schwarz-Young inequality the consistency term is bounded as

A3 ≤
C∆t2n
δ3Pr

‖utt‖
2
L2(tn,tn+1;L2(Ω)) +∆tnPrδ3

∥∥∇φn+1
u

∥∥2. (4.19)

Applying Cauchy-Schwarz-Young inequality yields

A4 ≤ C∆tnPrRa
∥∥ηn+1

T

∥∥∥∥φn+1
u

∥∥+ C∆tnPrRa
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T
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u
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≤
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T
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u
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T

∥∥2. (4.20)

Lastly, the nonlinear terms are bounded using Lemma 4.2

A5 +A6 ≤ 2∆tn

{
5
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∥∥φn−1

u
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∥∥2 + 1

4∆tn

∥∥φn
u − φn−1

u

∥∥2
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∥∥2
}
, (4.21)

B1 ≤
∆tn

δ̃1

∥∥∇ηn+1
T

∥∥2 +∆tnδ̃1
∥∥∇φn+1

T

∥∥2, (4.22)

B2 ≤
C∆tn

2

δ̃2
‖Ttt‖

2
L2(tn,tn+1;L2(Ω)) +∆tnδ̃2

∥∥∇φn+1
T

∥∥2, (4.23)
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B3 +B4 ≤ 2∆tn
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. (4.24)

Then, we can get
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, (4.25)
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+
1
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. (4.26)

Taking δ1, δ2, δ3, δ4 = 1/32, adding and subtracting Pr‖∇φn
u‖/8, and rearranging terms, we

have
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Next taking δ̃1, δ̃2 = 1/32, we can get
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We note that using Cauchy-Schwarz-Young inequality and the stability estimate from Theo-

rem 3.1 we have that
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Then, using Theorem 3.1, summing from n = 1 to n = N − 1, dropping positive terms on the

left-hand side, and using the above bound we have
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Combining (4.31) and (4.32), we can get

∥∥φN
u

∥∥2 + Pr

4

N−1∑

n=1

∆tn
∥∥∇φn+1

u

∥∥2 +
∥∥φN

T

∥∥2 + 11

16

N−1∑

n=1

∆tn
∥∥∇φn+1

T

∥∥2

≤
∥∥φ1

u

∥∥2 + 1

2

∥∥φ1
u
− φ0

u

∥∥2 + ∆t1Pr

4

∥∥φ1
u

∥∥2 + ∆t1Pr

8

∥∥∇φ0
u

∥∥2 +
∥∥φ1

T

∥∥2 + 1

2

∥∥φ1
T − φ0

T

∥∥2

+
N−1∑

n=1

(
Ĉ1Pr−3∆tn

∥∥φn
u

∥∥2 + 5

32
∆tnPr

∥∥∇φn+1
u

∥∥2

+
1

8
∆tnPr

(∥∥∇φn
u

∥∥2 +
∥∥∇φn−1

u

∥∥2)

+ Ĉ2∆tnPrRa
∥∥φn+1

u

∥∥2 + Ĉ3∆tnPrRa
∥∥φn+1

T

∥∥2
)

+

N−1∑

n=1

{
C∆tnPr

∥∥∇ηn+1
u

∥∥2 + C∆tnωn

Pr

(∥∥∇ηn
u

∥∥2 +
∥∥∇ηn−1

u

∥∥2)

+
Ch∆tn(∆tn−1 +∆tn)

3

Cstab∆tn
(
1 + ωn

2
)

×
(
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω)) + ‖∇(ηu)tt‖

2
L2(tn−1,tn+1;L2(Ω))

+ ‖∇Ttt‖
2
L2(tn−1,tn+1;L2(Ω)) + ‖∇(ηT )tt‖

2
L2(tn−1,tn+1;L2(Ω))

)

+
C∆tn(∆tn−1 +∆tn)

3

Pr
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω))

+
C∆t2n
Pr

‖utt‖
2
L2(tn,tn+1;L2(Ω))

+
CωN∗

Pr
3
2

[
PrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1

u

]

×

[(
N−1∑

n=1

∆tn
∥∥∇ηn+1

u

∥∥4
) 1

2

+

(
N−1∑

n=1

∆tn
∥∥∇ηn+1

T

∥∥4
) 1

2
]
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+
C∆tn
Pr

∥∥pn+1 − λn+1
h

∥∥2 + C∆tnPrRa
∥∥ηn+1

T

∥∥2

+ C∆tn
∥∥∇ηn+1

T

∥∥2 + C∆t2n‖Ttt‖
2
L2(tn,tn+1;L2(Ω))

}
. (4.33)

Define

dn = max

{
Ĉ1Pr−3,

5Pr

32
,
P r

8
, Ĉ2PrRa, Ĉ3PrRa

}
,

and assume ∆tndn < 1. Then using invoking the discrete Gronwall inequality gives and inter-

polation inequalities we can get

∥∥φN
u

∥∥2 + Pr

4

N−1∑

n=1

∆tn
∥∥∇φn+1

u

∥∥2 +
∥∥φN

T

∥∥2 + 11

16

N−1∑

n=1

∆tn
∥∥∇φn+1

T

∥∥2

≤ exp

(
N−1∑

n=1

∆tndn

){
∥∥φ1

u

∥∥2 + 1

2

∥∥φ1
u
− φ0

u

∥∥2 + ∆t1Pr

4

∥∥φ1
u

∥∥2

+
∆t1Pr

8

∥∥∇φ0
u

∥∥2 +
∥∥φ1

T

∥∥2 + 1

2

∥∥φ1
T − φ0

T

∥∥2

+
N−1∑

n=1

(
Ch2s∆tnPr‖∇un+1‖2

+
Ch2s∆tnωn

Pr
(‖∇un‖2 + ‖∇un−1‖2)

+
Ch∆tn(∆tn−1 +∆tn)

3(1 + h2s)

Cstab∆tn
(
1 + ωn

2
)

×
(
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω)) + ‖∇Ttt‖

2
L2(tn−1,tn+1;L2(Ω))

)

+
C∆tn(∆tn−1 +∆tn)

3

Pr
‖∇utt‖

2
L2(tn−1,tn+1;L2(Ω))

+
C∆t2n
Pr

‖utt‖
2
L2(tn,tn+1;L2(Ω))

+
Ch2sωN∗

Pr
3
2

[
PrRa2

(
|||γn+1|||

2

2,−1 + ǫ1T
)
+ ǫ1u

]

×

[(
N−1∑

n=1

∆tn‖∇un+1‖4

) 1
2

+

(
N−1∑

n=1

∆tn‖∇T n+1‖4

) 1
2
]

+
Ch2s∆tn

Pr
‖pn+1‖2 + Ch2s∆tnPrRa‖∇T n+1‖2

+ Ch2s∆tn‖∇T n+1‖2+C∆t2n‖Ttt‖
2
L2(tn,tn+1;L2(Ω))

)}
. (4.34)

Finally, by the triangle inequality, we have

enu ≤ 2
(
φn
u + ηnu

)
, enT ≤ 2

(
φn
T + ηnT

)
.

Applying inequality (4.34), interpolation inequalities, and absorbing constants, the result fol-

lows. The proof is complete. �
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Theorem 4.2 (Error Analysis for the Pressure). Let u, p, T satisfy Theorem 3.2. Let the

regularity of the solution given in Assumption 2.1 be satisfied. Then there exists a constant

C > 0 such that

β∆tn

N−1∑

n=1

∥∥en+1
p

∥∥ ≤ C(∆t+ hs + hs+1). (4.35)

Proof. Using the Eq. (4.13), we have for any vh ∈ Vh that

(
φn+1
u − φn

u

∆tn
,vh

)
=

7∑

i=1

Ci

=

(
ηn+1
u − ηnu
∆tn

,vh

)
+ Pr

(
∇en+1

u ,∇vh

)

−
(
pn+1 − λn+1

h ,∇ · vh

)
+ b∗

(
un+1,un+1,vh

)

− b∗
(
En+1(uh), E

n+1(uh),vh

)

− τu
(
un+1;vh

)
− PrRa

(
jen+1

T ,vh

)
, (4.36)

where λn+1
h ∈ Qh is an approximation to p(tn+1). By the Lemma 4.1, Cauchy-Schwarz-Young

and Poincare-Friedrichs inequalities, we bound the seven individual terms on the right hands

as follows:

C1 ≤ C∆tn
− 1

2 ‖(ηu)t‖L2(tn−1,tn+1;L2(Ω))‖∇vh‖, C2 ≤ Pr
∥∥∇en+1

u

∥∥‖∇vh‖, (4.37)

C3 ≤
∥∥pn+1 − λn+1

h

∥∥‖∇vh‖, C7 ≤ PrRa
∥∥∇en+1

T

∥∥‖∇vh‖, (4.38)

C6 ≤ C

∥∥∥∥
un+1 − un

∆tn
− un+1

t

∥∥∥∥ ‖∇vh‖ ≤ C∆tn‖utt‖L2(tn−1,tn+1;L2(Ω))‖∇vh‖, (4.39)

C4 + C5 = b∗
(
un+1 − En+1(u),un+1,vh

)
+ b∗

(
En+1(u),un+1 − En+1(u),vh

)

+ b∗
(
En+1(eu), E

n+1(u),vh

)
+ b∗

(
En+1(uh), E

n+1(eu),vh

)

≤ C(∆tn−1 +∆tn)
3
2 ‖∇utt‖L2(tn−1,tn+1;L2(Ω))‖∇un+1‖‖∇vh‖

+ C
∥∥∇En+1(eu)

∥∥‖∇En+1(u)‖‖∇vh‖

+ C
∥∥∇En+1(uh)

∥∥∥∥∇En+1(eu)
∥∥‖∇vh‖. (4.40)

Consider (4.36) and Lemma 2.3, using C1 − C7, dividing both sides by ‖∇vh‖ and taking

a supremum over Vh, gives
∥∥∥∥
φn+1
u − φn

u

∆tn

∥∥∥∥
X∗

h

≤ C
[
∆tn

− 1
2 ‖(ηu)t‖L2(tn−1,tn+1;L2(Ω)) + Pr

∥∥∇en+1
u

∥∥+
∥∥pn+1 − λn+1

h

∥∥

+ C(∆tn−1 +∆tn)
3
2 ‖∇utt‖L2(tn−1,tn+1;L2(Ω))‖∇un+1‖

+ C
∥∥∇En+1(eu)

∥∥‖∇En+1(u)‖

+ C
∥∥∇En+1(uh)

∥∥∥∥∇En+1(eu)
∥∥

+∆tn‖utt‖L2(tn−1,tn+1;L2(Ω)) + PrRa
∥∥∇en+1

T

∥∥
]
. (4.41)

Separating the pressure error term for ∀vh ∈ Xh and rearranging implies

(
pn+1
h − λn+1

h ,∇ · vh

)
=

(
φn+1
u

− φn
u

∆tn
,vh

)
−

(
ηn+1
u

− ηn
u

∆tn
,vh

)
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− Pr
(
∇en+1

u
,∇vh

)
+ PrRa

(
jen+1

T ,vh

)

+
(
pn+1 − λn+1

h ,∇ · vh

)
− b∗

(
un+1,un+1,vh

)

+ b∗
(
En+1(uh), E

n+1(uh),vh

)
+ τu

(
un+1;vh

)
. (4.42)

Consider the estimates in C1 − C7 and (4.41). Divide by ‖∇vh‖, and take supremum over

vh ∈ Xh and use discrete inf-sup condition to obtain

β
∥∥pn+1

h − λn+1
h

∥∥ ≤ C
[
∆tn

− 1
2 ‖(ηu)t‖L2(tn−1,tn+1;L2(Ω))

+ Pr
∥∥∇en+1

u

∥∥+
∥∥pn+1 − λn+1

h

∥∥+ PrRa
∥∥∇en+1

T

∥∥

+ (∆tn−1 +∆tn)
3
2 ‖∇utt‖L2(tn−1,tn+1;L2(Ω))‖∇un+1‖‖∇vh‖

+
∥∥∇En+1(eu)

∥∥‖∇En+1(u)‖‖∇vh‖

+
∥∥∇En+1(uh)

∥∥∥∥∇En+1(eu)
∥∥‖∇vh‖

+∆tn‖utt‖L2(tn−1,tn+1;L2(Ω)) +∆tn‖utt‖L2(tn−1,tn+1;L2(Ω))

]
. (4.43)

Define ∆t = maxn=1,...,N−1∆tn, and multiplying both sides of (4.43) by ∆tn, summing n from

1 to N − 1, using Theorem 3.1 and triangle inequality, we obtain that

β∆tn

N−1∑

n=1

∥∥en+1
p

∥∥ ≤ C
[
∆t

1
2 ‖(ηu)t‖L2(0,T1;L2(Ω)) + Pr

√
T1

∣∣∣∣∣∣∇en+1
u

∣∣∣∣∣∣
2,0

+
√
T1

∣∣∣∣∣∣pn+1 − λn+1
h

∣∣∣∣∣∣
2,0

+∆t
5
2 ‖∇utt‖L2(0,T1;L2(Ω))

+
∣∣∣∣∣∣∇En+1(eu)

∣∣∣∣∣∣
2,0

+∆t2‖utt‖L2(0,T1;L2(Ω))

+ PrRa
√
T1

∣∣∣∣∣∣∇en+1
T

∣∣∣∣∣∣
2,0

]
. (4.44)

Finally, combining Theorem 4.1 and interpolation inequalities, we complete the proof. �

5. Adaptive Algorithms

In this section, we combine BE-AB2 algorithm and BE-AB2+F algorithm with general

adaptive method to construct adaptive BE-AB2 algorithm and adaptive BE-AB2+F algorithm,

respectively. Given ∆tn = tn+1 − tn, ωn = ∆tn/∆tn−1, TOLu and TOLT are tolerable errors

for uh and Th, respectively. The adaptive algorithm we show is as follows.

Algorithm 5.1: Adaptive VSS BE-AB2.

Step 1. Given (un−1
h , pn−1

h , T n−1
h ), (un

h, p
n
h, T

n
h ).

Find (un+1
h , pn+1

h , T n+1
h ) satisfying for all (vh, qh, sh) ∈ (Xh, Qh,Wh),

(
un+1
h − un

h

∆tn
,vh

)
+ b∗

(
En+1(uh), E

n+1(uh),vh

)

−
(
pn+1
h ,∇ · vh

)
+ Pr

(
∇un+1

h ,∇vh

)
= PrRa

(
jT n+1

h ,vh

)
,

(
∇ · un+1

h , qh
)
= 0,

(
T n+1
h − T n

h

∆tn
, sh

)
+ b∗

(
En+1(uh), E

n+1(Th), sh
)
+
(
∇T n+1

h ,∇sh
)
= (γ, sh).

(5.1)
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Step 2. Compute the error estimators of un+1
h , T n+1

h

ESTu,1 =
ωn

1 + 2ωn

(
un+1
h − (1 + ωn)u

n
h + ωnu

n−1
h

)
, (5.2)

ESTT,1 =
ωn

1 + 2ωn

(
T n+1
h − (1 + ωn)T

n
h + ωnT

n−1
h

)
. (5.3)

Step 3. If ‖ESTu,1‖ > TOLu or ‖ESTT,1‖ > TOLT , this step is rejected and repeated

by resetting ∆tn

∆tn = max

{
min

{
0.7∆tn

(
TOLu

‖ESTu,1‖

) 1
2

, 0.7∆tn

(
TOLT

‖ESTT,1‖

) 1
2
}
, 0.5∆tn

}
, (5.4)

otherwise, set the time step ∆tn+1 as follows, and proceed to the next step

∆tn+1 = min

{
min

{
∆tn

(
TOLu

‖ESTu,1‖

) 1
2

,∆tn

(
TOLT

‖ESTT,1‖

) 1
2
}
, 1.5∆tn

}
. (5.5)

Algorithm 5.2: Adaptive BE-AB2+F.

Step 1. Given (un−2
h , pn−2

h , T n−2
h ), (un−1

h , pn−1
h , T n−1

h ), (un
h , p

n
h, T

n
h ).

Find (un+1
h , pn+1

h , T n+1
h ) and ûn+1

h , T̂ n+1
h satisfying for all (vh, qh, sh) ∈ (Xh, Qh,Wh),

(
ûn+1
h − un

h

∆tn
,vh

)
+ b∗

(
En+1(uh), E

n+1(uh),vh

)

−
(
pn+1
h ,∇vh

)
+ Pr

(
∇ûn+1

h ,∇vh

)
= PrRa

(
jT̂ n+1

h ,vh

)
,

(
∇ · ûn+1

h , qh
)
= 0,

(
T̂ n+1
h − T n

h

∆tn
, sh

)
+ b∗

(
En+1(uh), E

n+1(Th), sh
)
+
(
∇T̂ n+1

h ,∇sh
)
= (γ, sh),

(5.6)

un+1
h = ûn+1

h −
ωn

1 + 2ωn

(
ûn+1
h − (1 + ωn)un

h + ωnun−1
h

)
, (5.7)

T n+1
h = T̂ n+1

h −
ωn

1 + 2ωn

(
T̂ n+1
h − (1 + ωn)T n

h + ωnT n−1
h

)
. (5.8)

Step 2. Compute the error estimators of un+1
h , T n+1

h

ESTu,2 =
ωn−1ωn(1 + ωn)

1 + 2ωn + ωn−1

(
1 + 4ωn + 3ω2

n

)

×

(
un+1
h −

(1 + ωn)
(
1 + ωn−1(1 + ωn)

)

1 + ωn−1
un
h

+ ωn

(
1 + ωn−1(1 + ωn)

)
un−1
h −

ω2
n−1ωn(1 + ωn)

1 + ωn−1
un−2
h

)
, (5.9)
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ESTT,2 =
ωn−1ωn(1 + ωn)

1 + 2ωn + ωn−1

(
1 + 4ωn + 3ω2

n

)

×

(
T n+1
h −

(1 + ωn)
(
1 + ωn−1(1 + ωn)

)

1 + ωn−1
T n
h

+ ωn

(
1 + ωn−1(1 + ωn)

)
T n−1
h −

ω2
n−1ωn(1 + ωn)

1 + ωn−1
T n−2
h

)
. (5.10)

Step 3. If ‖ESTu,2‖ > TOLu or ‖ESTT,2‖ > TOLT , this step is rejected and repeated

by resetting ∆tn

∆tn = max

{
min

{
0.7∆tn

(
TOLu

‖ESTu,2‖

) 1
3

, 0.7∆tn

(
TOLT

‖ESTT,2‖

) 1
3
}
, 0.5∆tn

}
, (5.11)

otherwise, set the time step ∆tn+1 as follows, and proceed to the next step

∆tn+1 = min

{
min

{
∆tn

(
TOLu

‖ESTu,2‖

) 1
3

,∆tn

(
TOLT

‖ESTT,2‖

) 1
3
}
, 1.5∆tn

}
. (5.12)

6. Numerical Experiments

In this section, we present some numerical experiments to check the numerical theory devel-

oped in the previous sections and illustrate the efficiency of the algorithms proposed in Sections 3

and 5. Throughout this section, the computations are performed using the Freefem++ [24].

First, we consider a flow problem with a manufactured analytical solution. The second one is

the accuracy of the fully adaptive.

6.1. Examples with analytical solution

In this subsection, we consider a flow problem with a smooth analytic solution in Ω =

[0, 1]× [0, 1] and we take the exact solution

p(x1, x2, t) = 10(2x1 − 1)(2x2 − 1) cos(t),

u1(x1, x2, t) = 10x2
1(x1 − 1)2x2(x2 − 1)(2x2 − 1) cos(t),

u2(x1, x2, t) = −10x1(x1 − 1)(2x1 − 1)x2
2(x2 − 1)2 cos(t),

T (x1, x2, t) = u1(x1, x2, t) + u2(x1, x2, t).

Two source terms fu and Γ are determined by original problem (1.1).

We choose the parameters Pr = 1.0, Ra = 1.0, and T1 = 1.0. We now recall the naming

conventions for the various methods that we test. We use a nonstandard BE-AB2 combination

where the constant extrapolation yn+1
h = ynh+O(∆t) in the nonlinearity is replaced with a linear

extrapolation, where y = u, T . For constant stepsize, this means yn+1
h = 2ynh − yn−1

h +O(∆t2).

BE-AB2+F is BE-AB2 post-processed by the time filter.

For all adaptive methods, we imposed a stepsize ratio limiter, which is a common heuristic.

The stepsizes are limited to a maximum increase of 1.5 times each timestep, and cannot be

less than half of the previous attempted timestep. However, the algorithms may reject several

solutions in a row, effectively allowing the timestep to shrink as small as necessary.
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We carry out the accuracy tests calculated by the formula log(Ei/Ei+1)/log(∆ti/∆ti+1)

with respect to the timestep, where Ei and Ei+1 are the relative errors corresponding to the

timesteps ∆ti and ∆ti+1, respectively. Computations are made on a fixed small enough mesh

size with different timesteps so that the spatial discretization error can be negligible compared

with the time error. For BE-AB2 and BE-AB2+F, we use the Taylor-Hood elements (P2-P1-

P2) for u, p, T , and h = 1/200. The results are given in Tables 6.1-6.2. Moreover, Tables 6.3-6.4

show the space convergence rate of L2 norm and H1 semi-norm when fixed ∆t = 1/1000. For

adaptive BE-AB2 and adaptive BE-AB2+F, we choose (P3-P2-P3) for u, p, T , and h = 1/160.

The results are given in Tables 6.5-6.6.

Table 6.1: The convergence performance for the BE-AB2 method at time tN = 1 with h = 1/200.

∆t 1/15 1/30 1/45 1/60

‖∇(u(tN )− u
N

h )‖

‖∇u(tN)‖
6.7404E-04 3.3802E-04 2.3087E-04 1.7950E-04

Rate ∗ 0.996 0.940 0.875

‖u(tN )− u
N

h ‖

‖u(tN)‖
6.7975E-04 3.3467E-04 2.2195E-04 1.6602E-04

Rate ∗ 1.022 1.013 1.001

‖p(tN )− pNh ‖

‖p(tN )‖
2.6731E-05 1.3078E-05 8.6625E-06 6.4773E-06

Rate ∗ 1.031 1.016 1.010

‖∇(T (tN)− TN

h )‖

‖∇T (tN)‖
6.7945E-04 3.3659E-04 2.2563E-04 1.7129E-04

Rate ∗ 1.013 0.986 0.960

‖T (tN )− TN

h ‖

‖T (tN)‖
7.0625E-04 3.4759E-04 2.3050E-04 1.7241E-04

Rate ∗ 1.023 1.013 1.009

Table 6.2: The convergence performance for the BE-AB2+F method at time tN = 1 with h = 1/200.

∆t 1/15 1/30 1/45 1/60

‖∇(u(tN )− u
N

h )‖

‖∇u(tN)‖
2.5570E-03 6.1500E-04 2.7717E-04 1.6636E-04

Rate ∗ 2.056 1.966 1.775

‖u(tN )− u
N

h ‖

‖u(tN)‖
2.5583E-03 6.1115E-04 2.6743E-04 1.4925E-04

Rate ∗ 2.066 2.038 2.027

‖p(tN )− pNh ‖

‖p(tN )‖
4.4156E-03 1.0525E-03 4.6004E-04 2.5658E-04

Rate ∗ 2.069 2.041 2.030

‖∇(T (tN)− TN

h )‖

‖∇T (tN)‖
2.5551E-03 6.1186E-04 2.7066E-04 1.5542E-04

Rate ∗ 2.062 2.012 1.928

‖T (tN )− TN

h ‖

‖T (tN)‖
2.5614E-03 6.1192E-04 2.6778E-04 1.4945E-04

Rate ∗ 2.066 2.038 2.027
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Table 6.3: The convergence performance for the BE-AB2 method at time tN = 1 with ∆t = 1/1000.

h 1/4 1/8 1/16 1/32

‖∇(u(tN )− u
N

h )‖

‖∇u(tN)‖
1.6360E-01 4.4349E-02 1.1399E-02 2.8735E-03

Rate ∗ 1.883 1.960 1.988

‖u(tN )− u
N

h ‖

‖u(tN)‖
2.5130E-02 1.9971E-03 1.3956E-04 1.6915E-05

Rate ∗ 3.653 3.839 3.045

‖p(tN )− pNh ‖

‖p(tN )‖
6.8679E-03 7.1093E-04 6.3539E-05 5.3708E-06

Rate ∗ 3.272 3.484 3.564

‖∇(T (tN)− TN

h )‖

‖∇T (tN)‖
9.7573E-02 2.6678E-02 6.8302E-03 1.7186E-03

Rate ∗ 1.871 1.966 1.991

‖T (tN )− TN

h ‖

‖T (tN)‖
7.0803E-03 6.8818E-04 5.0267E-05 1.0600E-05

Rate ∗ 3.363 3.775 2.246

Table 6.4: The convergence performance for the BE-AB2+F method at time tN = 1 with ∆t = 1/1000.

h 1/4 1/8 1/16 1/32

‖∇(u(tN )− u
N

h )‖

‖∇u(tN)‖
1.6360E-01 4.4349E-02 1.1399E-02 2.8735E-03

Rate ∗ 1.883 1.960 1.988

‖u(tN )− u
N

h ‖

‖u(tN)‖
2.5123E-02 1.9897E-03 1.3202E-04 8.0489E-06

Rate ∗ 3.658 3.914 4.036

‖p(tN )− pNh ‖

‖p(tN )‖
6.8683E-03 7.1116E-04 6.3710E-05 5.5443E-06

Rate ∗ 3.272 3.481 3.522

‖∇(T (tN)− TN

h )‖

‖∇T (tN)‖
9.7573E-02 2.6678E-02 6.8302E-03 1.7186E-03

Rate ∗ 1.871 1.966 1.991

‖T (tN )− TN

h ‖

‖T (tN)‖
1.1928E-02 3.3131E-03 8.3318E-04 2.0700E-04

Rate ∗ 3.362 3.791 3.909

Firstly, we test the time error and space error of BE-AB2. We also compare this method

with the standard BE method [51]. Table 6.1 displays the time convergence order for L2 norm

and H1 semi-norm, respectively. Moreover, Table 6.3 displays the space convergence order

for L2 norm and H1 semi-norm, respectively. Obviously, the method has good performance

in the convergence aspect and keeps the convergence rates just like the theoretical results.

Interestingly, the time error of the velocity produced by BE and BE-AB2 is almost the same,

but BE-AB2 improves the calculation accuracy of pressure.

Secondly, we examine the time error and space error of BE-AB2+F. Table 6.2 presents the

time convergence orders for L2 norm and H1 semi-norm, respectively. Additionally, Table 6.4
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Table 6.5: The convergence performance of the global error for the adaptive BE-AB2 method with

h = 1/160.

∆̃t 1/18 1/23 1/45 1/122

(
N∑

i=2

∆ti
‖∇(u(ti)− u

i

h)‖
2

‖∇u(ti)‖2

) 1
2

1.4695E-03 6.9991E-04 2.4684E-04 8.0950E-05

Rate ∗ 3.025 1.553 1.117
(

N∑

i=2

∆ti
‖u(ti)− u

i

h‖
2

‖u(ti)‖2

) 1
2

1.4759E-03 7.0950E-04 2.5041E-04 8.2123E-05

Rate ∗ 2.988 1.55 1.117
(

N∑

i=2

∆ti
‖p(ti)− pih‖

2

‖p(ti)‖2

) 1
2

1.5227E-04 2.5846E-05 5.8006E-06 1.9883E-06

Rate ∗ 7.233 2.226 1.073
(

N∑

i=2

∆ti
‖∇(T (ti)− T i

h)‖
2

‖∇T (ti)‖2

) 1
2

1.9096E-03 7.6325E-04 2.5715E-04 8.2700E-05

Rate ∗ 3.741 1.621 1.1374
(

N∑

i=2

∆ti
‖T (ti)− T i

h‖
2

‖T (ti)‖2

) 1
2

1.9880E-03 7.9487E-04 2.6781E-04 8.6127E-05

Rate ∗ 3.740 1.620 1.1374

Table 6.6: The convergence performance of the global error for the adaptive BE-AB2+F method with

h = 1/160.

∆̃t 1/27 1/41 1/48 1/104

(
N∑

i=2

∆ti
‖∇(u(ti)− u

i

h)‖
2

‖∇u(ti)‖2

) 1
2

2.9895E-02 6.8292E-03 4.9093E-03 1.1238E-03

Rate ∗ 3.427 2.046 1.879
(

N∑

i=2

∆ti
‖u(ti)− u

i

h‖
2

‖u(ti)‖2

) 1
2

2.9826E-02 6.7906E-03 4.8859E-03 1.1103E-03

Rate ∗ 3.435 2.0413 1.889
(

N∑

i=2

∆ti
‖p(ti)− pih‖

2

‖p(ti)‖2

) 1
2

3.4577E-02 1.0171E-02 7.4672E-03 2.8259E-03

Rate ∗ 2.841 1.916 1.238
(

N∑

i=2

∆ti
‖∇(T (ti)− T i

h)‖
2

‖∇T (ti)‖2

) 1
2

2.8598E-02 6.5676E-03 4.4168E-03 1.1021E-03

Rate ∗ 3.415 2.460 1.769
(

N∑

i=2

∆ti
‖T (ti)− T i

h‖
2

‖T (ti)‖2

) 1
2

2.8334E-02 6.4514E-03 4.3292E-03 1.0670E-03

Rate ∗ 3.435 2.474 1.785
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Fig. 6.1. Relative errors of the velocity u and temperature T for BEAB2 and BEAB2+F with (P2-P1-

P2) elements on log scale.

exhibits the spatial convergence sequences of the L2 norm and H1 semi-norm, respectively.

Evidently, the convergence rate of this method is highly consistent with the theoretical results.

In addition, we give a log-log plot of the relative errors of u and T in Fig. 6.1 showing that the

application of TF results in a higher order.

Thirdly, we test convergence for the adaptive methods in the following. We let the first

∆t = 0.001, T1 = 1, four tolerances ǫ = {5e-5, 1e-5, 5e-6, 1e-6}, and the average time stepsize

∆̃t = 1/(the number of accepted steps) since the time stepsize is variable. It can be seen

that the convergence order of adaptive BE-AB2+F is also higher than adaptive BE-AB2 from

Tables 6.5-6.6.

6.2. Accuracy of the fully adaptive

In this example, we consider an exact solution problem to illustrate the efficiency of the

adaptive algorithm. The exact solution is defined as follows [12]:

u1(x, y, t) = − cos(x) sin(y)F (t), u2(x, y, t) = sin(x) cos(y)F (t), (6.1)

p(x, y, t) = −
1

4

(
cos(x) + cos(y)

)
F 2(t), T (x, y, t) = u1(x, y, t) + u2(x, y, t), (6.2)

where F (t) is the translation and reflection function; when t ≤ 0, F (t) = 0, and when t > 0,

F (t) = exp(−1/(10t)10).

F (t) is a differentiable function. Therefore, we can construct a differentiable (up to machine

precision) function by shifting and reflecting this function. This creates flat parts as well as

fast-changing parts, which need to be adaptive to solve effectively. The evolution of ‖u‖ with

time is shown in Fig. 6.2. The rest interval of all test initializations is k = 0.45. Each side of

this quadrilateral has 100 nodes, using (P2-P1-P2) elements, and the final time is 45. Fig. 6.2

compares two numerical solutions. One is from Algorithm 3.2 (second-order nonadaptive), and

the other is from Algorithm 5.2. With TOL = 10−3, the adaptive method takes 206 steps, which

comprises 154 accepted steps and 52 rejected steps. The constant stepsize method, which took

110 steps does not accurately capture the energetic jumps. In Fig. 6.2, we plot the norms of u

and T for the adaptive BE-AB2+F and nonadaptive BE-AB2+F methods of Stokes solves,

which correspond to a tolerance of TOL = 10−3. We can see that the adaptive BE-AB2+F

basically captures the transitions, while the non-adaptive BE-AB2+F shows great fluctuations.
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Fig. 6.2. The nonadaptive method exhibits overshooting, while the adaptive method resolves transi-

tions.

7. Summary

Inspired by [6, 14, 18, 26, 27, 30] and the first-order and second-order algorithms of [13], we

first developed the VSS BE-AB2 and BE-AB2+F algorithms for NC problems and analyzed

the stability and convergence of the former and the stability of the latter. The BE-AB2+F

algorithm is constructed by combining BE-AB2 and TF, which not only does not increase the

computational and cognitive complexity, but also increases the order of BE-AB2 to 2. Then,

the new adaptive VSS BE-AB2 algorithm and BE-AB2+F algorithm are constructed without

increasing complexity. Finally, two numerical experiments are carried out to verify that our

theoretical analysis results are in good agreement with other published results, which proves

the effectiveness of the proposed algorithms. In addition, our future work will focus on the

high order extension of variable stepsize algorithm and its theoretical analysis. Based on the

methods [8, 25, 33–36,44, 45], it seems possible to do so.

Appendix A. Proofs of Results in Section 3

A.1. Proof of Theorem 3.3

Proof. Setting

vh =
3

2
un+1
h − un

h +
1

2
un−1
h , sh =

3

2
T n+1
h − T n

h +
1

2
T n−1
h ,

multiplying by ∆t, using Lemma 2.2, and applying Young’s inequality to the right-hand side

1

4

(∥∥un+1
h

∥∥2 +
∥∥2un+1

h − un
h

∥∥2 +
∥∥un+1

h − un
h

∥∥2)

−
1

4

(∥∥un
h

∥∥2 +
∥∥2un

h − un−1
h

∥∥2 +
∥∥un

h − un−1
h

∥∥2)

+
3

4

∥∥un+1
h − 2un

h + un−1
h

∥∥2 +∆tPr

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥
2

+∆tb∗
(
2un

h − un−1
h , 2un

h − un−1
h ,

3

2
un+1
h − un

h +
1

2
un−1
h

)

≤
∆tPr

4

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥
2
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+ ∆tPrRa2
∥∥∥∥
3

2
T n+1
h − T n

h +
1

2
T n−1
h

∥∥∥∥
2

−1

, (A.1)

1

4

(∥∥T n+1
h

∥∥2 +
∥∥2T n+1

h − T n
h

∥∥2 +
∥∥T n+1

h − T n
h
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−
1

4

(∥∥T n
h

∥∥2 +
∥∥2T n

h − T n−1
h

∥∥2 +
∥∥T n
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+
3

4

∥∥T n+1
h − 2T n
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3

2
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h − T n

h +
1

2
T n−1
h
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2

+∆tb∗
(
2un
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h , 2T n

h − T n−1
h ,

3

2
T n+1
h − T n

h +
1

2
T n−1
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≤
∆t

4
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(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)∥∥∥∥
2

+∆t‖γn+1‖2−1. (A.2)

Next, dealing with the nonlinear term we use the skew symmetry of b∗, b∗, Poincare inequality,

inequality (2.5), (2.6), the inverse inequality and Young’s inequality

∆tb∗
(
2un

h − un−1
h , 2un

h − un−1
h ,

3

2
un+1
h − un

h +
1

2
un−1
h

)

=
3

2
∆tb∗

(
2un

h − un−1
h ,

3

2
un+1
h − un

h +
1

2
un−1
h ,un+1

h − 2un
h + un−1

h
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≤ C
∆t2

h
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2un

h − un−1
h
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3

2
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2
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2

+
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∥∥2, (A.3)
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Combining like terms we then have

1
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+
∆t

4

∥∥∥∥∇
(
3

2
T n+1
h − T n

h +
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2
T n−1
h
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Now, letting C = Cstab, using condition (3.21), and summing from n = 1 to N − 1 we can get

the result

1

4

∥∥TN
h
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The proof is complete. �

A.2. Proof of Theorem 3.4

Proof. Let (vh, qh) ∈ (Vh, Qh) and isolate the discrete time derivative in (3.4). Then we

can get

(
3un+1
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The terms on the right-hand side of (A.9) can be bounded using Lemma 2.1, the Cauchy-

Schwartz inequality, and duality, respectively
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Using the above estimates in Eq. (A.10), dividing both sides by ‖∇vh‖, taking the supremum

over vh ∈ Vh, and using Theorem 3.1 yields
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Lemma 2.3 then implies
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Now consider that vh ∈ Xh. Isolating the pressure term in (3.4) and using the estimates from

(A.10) yields
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(
2un

h − un−1
h

)∥∥2‖∇vh‖

+ Pr

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥‖∇vh‖

+ CPrRa
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(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)∥∥∥∥‖∇vh‖. (A.13)

Divide both sides by ‖∇vh‖, take the supremum over vh ∈ Xh, and use both the discrete

inf-sup condition (2.10) and estimate (A.10). Then

β
∥∥pn+1

h

∥∥ ≤
(
1 + C−1

∗

)
[
C
∥∥∇
(
2un

h − un−1
h

)∥∥2 + Pr

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥

+ CPrRa

∥∥∥∥∇
(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)∥∥∥∥

]
. (A.14)
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Multiplying by ∆tn, summing from n = 0 to n = N − 1

β

N−1∑

n=1

∆t
∥∥pn+1

h
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(
1 + C−1

∗

)
[
C

N−1∑

n=1

∆t
∥∥∇
(
2un

h − un−1
h

)∥∥2

+ Pr

N−1∑

n=1

∆t

∥∥∥∥∇
(
3

2
un+1
h − un

h +
1

2
un−1
h

)∥∥∥∥

+ CPrRa
N−1∑

n=1

∆t

∥∥∥∥∇
(
3

2
T n+1
h − T n

h +
1

2
T n−1
h

)∥∥∥∥

]
. (A.15)

Lastly using the Cauchy-Schwartz inequality, condition (3.21) and Theorem 3.1, we can get the

result. �

Appendix B. Proofs of Results in Section 4

B.1. Proof of Lemma 4.2

Proof. Proving (4.4) first, adding and subtracting b∗(un+1, T n+1, φn+1
T ), b∗(En+1(u), T n+1,

φn+1
T ), b∗(En+1(uh), T

n+1, φn+1
T ) and b∗(En+1(uh), E

n+1(Th), φ
n+1
T ), we have

b∗
(
un+1, T n+1, φn+1

T

)
− b∗

(
En+1(uh), E

n+1(Th), φ
n+1
T

)

= b∗
(
En+1(eu), T

n+1, φn+1
T

)
+ b∗

(
un+1 − En+1(u), T n+1, φn+1

T

)

+ b∗
(
En+1(uh), T

n+1 − En+1(Th), φ
n+1
T

)
. (B.1)

For the first term on the right-hand side of (B.1) we split it into

b∗
(
En+1(eu), T

n+1, φn+1
T

)

= b∗
(
En+1(ηu), T

n+1, φn+1
T

)
− b∗

(
En+1(φu), T

n+1, φn+1
T

)
. (B.2)

Applying Cauchy-Schwarz-Young inequality, inequality (2.6), and Assumption 2.1

b∗
(
En+1(ηu),u

n+1, φn+1
u

)

≤ PrC̃1

∥∥∇φn+1
T

∥∥2 + C

Pr

∥∥∇En+1(ηu)
∥∥2. (B.3)

Next, we have

b∗
(
En+1(φu), T

n+1, φn+1
T

)

= b∗
(
(1 + ωn)φ

n
u
, T n+1, φn+1

T

)
− b∗

(
ωnφ
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u

, T n+1, φn+1
T

)
. (B.4)

Using inequality (2.6), Cauchy-Schwarz-Young inequality, and Assumption 2.1 we have

b∗
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∥∥2. (B.5)
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Similarly,

b∗
(
ωnφ

n−1
u

, T n+1, φn+1
T

)

≤ PrC̃4

∥∥∇φn+1
T

∥∥2 + PrC̃5

∥∥∇φn−1
u

∥∥2 + CPr−3
∥∥φn−1

u

∥∥2. (B.6)

Bounding the second nonlinear term on the right-hand side of (B.1) using Cauchy-Schwarz-

Young inequality, inequality (2.6), Lemma 4.1, and Assumption 2.1

b∗
(
un+1 − En+1(u), T n+1, φn+1

T

)

≤ C
∥∥∇
(
un+1 − En+1(u)
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∥∥2. (B.7)

For the last nonlinear term in (B.1), adding and subtracting b∗(En+1(uh), T
n+1
h , φn+1

T ), and

using the skew-symmetry of the nonlinear term yields

b∗
(
En+1(uh), T

n+1 − En+1(Th), φ
n+1
T

)

= b∗
(
En+1(uh), e

n+1
T , φn+1

T

)
+ b∗

(
En+1(uh), T

n+1
h − En+1(Th), φ

n+1
T

)

= b∗
(
En+1(uh), η

n+1
T , φn+1

T

)
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(
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h − En+1(Th), φ
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T

)
. (B.8)

For the first term on the right-hand side we have by Cauchy-Schwarz-Young inequality and

inequality (2.6)

b∗
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En+1(uh), η

n+1
T , φn+1

T

)
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For the second term on the right-hand side of (B.8) we rewrite it as

b∗
(
En+1(uh), T

n+1
h − En+1(Th), φ

n+1
T

)

= b∗
(
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(
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T

)
. (B.10)

Bounding the first of these terms using Cauchy-Schwarz-Young inequality, inequality (2.6), and

Lemma 4.1

b∗
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We next rewrite the term
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. (B.12)
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Bounding the first of these terms using Cauchy-Schwarz-Young inequality, inequality (2.6), and

Lemma 4.1

b∗
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Finally, bounding the last term using inequality (2.6), the inverse inequality, Cauchy-

Schwarz-Young inequality, and the parallelogram law we can get
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Taking C̃1, C̃2, C̃4, C̃6, C̃7 = 1/64, C̃3, C̃5 = 1/16, the result follows. Similarly, combining

Cauchy-Schwarz-Young inequality, inequality (2.5), Assumption 2.1, Lemma 4.1, then using

the skew-symmetry of the nonlinear term and the inverse inequality, we complete the proof. �
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