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Abstract

The main purpose of this paper is to give stability analysis and error estimates of
the ultra-weak local discontinuous Galerkin (UWLDG) method coupled with a spectral
deferred correction (SDC) temporal discretization method up to fourth order, for solving
the fourth-order equation. The UWLDG method introduces fewer auxiliary variables than
the local discontinuous Galerkin method and no internal penalty terms are required for
stability, which is efficient for high order partial differential equations (PDEs). The SDC
method we adopt in this paper is based on second-order time integration methods and
the order of accuracy is increased by two for each additional iteration. With the energy
techniques, we rigorously prove the fully discrete schemes are unconditionally stable. By
the aid of special projections and initial conditions, the optimal error estimates of the
fully discrete schemes are obtained. Furthermore, we generalize the analysis to PDEs with
higher even-order derivatives. Numerical experiments are displayed to verify the theoretical
results.

Mathematics subject classification: 65M60, 65M12, 35K25.
Key words: Ultra-weak local discontinuous Galerkin method, High order equations, Spec-
tral deferred correction method, Stability, Error estimate.

1. Introduction

In this paper, we present the stability analysis and error estimates of the ultra-weak local
discontinuous Galerkin method coupled with a spectral deferred correction temporal discretiza-
tion methods for linear partial differential equations with high order spatial derivatives. We
first consider the following fourth-order equation:

Ut + Uggzzr = 0, (:C,t) € [aa b] X [Oa T]v

1.1
w(@,0) = uo(z), = € [a,b] (1.1)

with periodic boundary conditions. Then we generalize the stability analysis and error estimate
to PDEs with even-order derivatives.
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The UWLDG method was first developed to solve time dependent PDEs with high order
derivatives by Tao et al. [14]. It combines the advantages of local discontinuous Galerkin (LDG)
method and ultra-weak discontinuous Galerkin (UWDG) method. The main idea of the LDG
method [6,21,22] is to rewrite the high order equations into a first-order system, then apply
the traditional DG method [11,12] to the system and design suitable numerical fluxes to ensure
stability. The UWDG method [3,4] is based on repeated integration by parts to move all spatial
derivatives to the test function in the weak formulation, and ensure stability by suitable numer-
ical fluxes. Recently, the UWLDG method has been successfully used to solve PDEs with high
order derivatives, and the theoretical analysis for the semi-discrete UWLDG method [13,15] are
also presented. Compared to the LDG method, the UWLDG method requires fewer auxiliary
variables, thus reduces memory and computational costs. Compared to the UWDG method,
no internal penalty terms are required to ensure stability.

To relax the severe time step restriction of explicit time marching methods for PDEs with
high order derivatives, several semi-implicit time marching methods have been studied, such as
the implicit-explicit (IMEX) time discretization [1,2] and the SDC methods [7,8,10,24]. The
semi-implicit SDC method proposed in [8] is based on second-order time integration methods
and the order of accuracy is increased by two for each additional iteration. In [23], the SDC
method coupled with the LDG spatial discretization was studied for parabolic equations. In
this paper, we consider the UWLDG method and study the stability and error estimates when
coupled with the novel SDC method.

Wang et al. [16-18] presented the stability analysis of the Runge-Kutta type IMEX time
discretization coupled with LDG method for convection-diffusion problems and fourth-order
equations [20]. Further, Wang et al. [19] studied the analysis of the IMEX-UWDG method for
convection-diffusion problems and the optimal error estimate was obtained for fully discrete
schemes up to third order. The Runge-Kutta type IMEX methods have some limitations, for
example, it is more difficult to construct for higher order accuracy. While for the SDC method,
an advantage of this method is that it is a one step method and can be constructed easily and
systematically for any order of accuracy. As far as the authors know, there is no theoretical
analysis for the fully discrete IMEX-UWLDG scheme. In this paper, we perform the analysis
of the stability and error estimates for some fully discrete SDC-UWLDG schemes up to fourth
order both in space and time.

Our contribution here is that we first take the fourth-order equation as an example and rig-
orously prove that the SDC-UWLDG schemes are unconditionally stable. The main technique
is the symmetric and dissipative properties of the semi-discrete UWLDG scheme, which plays
a key role in establishing negative definite quadratic forms for the semi-implicit discretization
of the high order derivative part. The stability results contain information about the initial
numerical approximation of the second-order derivative, making the choice of the initial condi-
tions crucial for optimal error estimates. Following the same idea as that in [9], we would like
to define the special elliptic projection with respect to the semi-discrete UWLDG scheme and
derive optimal error estimates of the initial numerical approximation. By carefully choosing
projections, we proceed to obtain the optimal error estimates of the SDC-UWLDG schemes up
to fourth order both in time and space. Moreover, we generalize the analysis to PDEs with
higher even-order derivatives.

The rest of this paper is organized as follows. We first present some notations and pro-
jections in Section 2. Then we present the semi-discrete UWLDG scheme for the fourth-order
equation in Section 3. In Section 4, we give the stability analysis of the second-order and fourth-
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order fully discrete SDC-UWLDG schemes. In Section 5, we give the optimal error estimates
for the fourth-order fully discrete SDC-UWLDG scheme. We extend the analysis to PDEs with
even-order derivatives in Section 6. Numerical results are given in Section 7 to verify the main
theoretical results. Finally, we give some conclusions in Section 8.

2. Notations

In this section, we introduce some notations that will be used later.

2.1. Notation for the mesh, function space and norms

Let a = 2175 < 23)9 < -+ < Tny41/2 = b be a subdivision of the spatial domain Q = [a, b].
We denote the length of the element I = (x;_1/2,%j41/2) by hj = Tj41/2 — xj_1/2 and set
h = maxi<j<n hj. In addition, we assume the mesh is quasi-uniform, that is, there exists
a positive constant C' such that h < Ch; for j = 1,2,...,N. Associated with the mesh, we
define the finite element space as

Vi ={veL*Q):v|;, € P*I;), j=1,2,...,N},

where P*(I ;) denotes the space of polynomials of degree at most k on I;. In addition, we define
the standard inner product and its norm as

(v, w); = / owdz, o], = /(0,0);.

I;

We also consider the following broken Sobolev space:
Hi ={veL*Q):vl, e H(I;), j=1,2,...,N},

where H®(D) represents the usual Sobolev space on the sub-domain D C Q and the associated
norm is denoted by || -|| s (p) for any integer s > 0. Note that the functions in the finite element
space are allowed to have discontinuities across element interfaces. We define the left and right
- +
i—1y2 and vy o,
interfaces is denoted by [v],;_1 /2= v]f"_l /2~ ’Uj__l /2° Summing over all the element, we denote

limits of v at the point x;_1,5 by v respectively. Thus, the jump of v at cell

N

N N
w) => (@w)y, [o>=>"1vlZ, vli@ =D Il
j=1 j=1

j=1

2.2. Projection properties

Now, we present the definition of the special projections Pf. For any periodic function
u € H*(Q2) with s > 2, the projections Pfu € V}, are defined as follows: If k > 2, then in each
element IJ = (ZCj,l/Q, $j+1/2)

(Pru,v), = (u,0);, Voe P(1p), (2.1)
and
P‘h"u(xré) = u(w;t%), (P;u)z (x;;%) = U, (x;;%), (2.2)
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If k = 1, only conditions (2.2)-(2.3) are needed. Since the projections P are defined element-
wise, the existence and uniqueness can be verified straightforwardly. Then by the standard
scaling argument [5], we can obtain the following approximation property:

1l 0y < CR™PFHLTI= | e, (2.4)

where n = ]P’fu —u, 0 <m < min{r, k+1}. The positive constant C' is independent of h and w.
For more details about the projections, we refer readers to [3].

3. Semi-discrete Methods

3.1. The UWLDG scheme

To derive the UWLDG scheme for the fourth-order problem (1.1), we first rewrite the
equation as a system of second-order equations. Let ¢ = u;, and we have

Ut + Qoe =0, q— Uz =0. (3.1)

Then following [14], we can get the semi-discrete UWLDG scheme: Find uy,, g, € V}, such that
for any v,r € V},, there holds

((un)esv); = =(an,vae) + @z ey = Giod iy = (@)a)v ey + (@)e) o]y, )
(ans)s = (unsTaw)y = Ty |y + @t |y + (@) ey = (un)a) ™,y
Here 1y, g, and (Zh)\z, @ are the numerical fluxes, which can be chosen as
=gy (e = ()f, Go=d; (e = (an);- (3.3)

Remark 3.1. The choice of numerical fluxes mainly follows the principle of alternating fluxes,
that is, (up), and g, come from the opposite sides, and U and (gp). come from the opposite
sides. Thus, we can also take the following numerical fluxes:

o — ——

un =uf, (un)e = (un)y, G=q5, (an)e=(an);,
’L/L; = u}:a (uh)z = (Uh);a q71 = q;l_a (Qh)z = (Qh);a

Up = Uy, , (uh)z - (Uh);_a q71 = Q}:a (qh)z = ((Zh) .

For simplicity, we rewrite (3.2) as

((un)e,v); = =L5 (an,v),  (qn,7); = L (un,7), (3.4)
where
Eji(v,r) = (v,722)j — (virg)ﬂ_% + (virj)j_% + (v;tr*)jJr% — (vfrJr)j_%. (3.5)
Summing up the variational formulations (3.4) over j = 1,2,..., N and setting
N
LE(w,r) = Z[,Ji (v,7), (3.6)
j=1

we get the global form of the semi-discrete UWLDG scheme

((un)e,v) = =L (qn,v),  (qn,7) = L (un, 7). (3.7)
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3.2. The properties of the UWLDG scheme

In this subsection, we will present some properties of the semi-discrete UWLDG scheme,
which can be obtained by integration by parts. More details about the proof can be found
in [19]. Here, we only consider periodic boundary conditions for simplicity.

Lemma 3.1. Suppose the discrete UWLDG operator LF is defined by (3.6), then for any
v,r € Vi, we have
LT (v,r) =L (r,v). (3.8)

Proof. From (3.5) and integration by parts, we get

£80) = 3 () = (755) 1+ (070) y + (87, = (050), )
= ) (— (Vgy72)j — ([v]r;)j+1 — (’U:[T])j-l-%)'

Here we use the periodic boundary condition. Similarly,

L™ (r,v) = Z ((r, Vgz)j — (r‘v;)ﬁ% + (T_U;)];

j=1

-

(= (rasva)y = (il

&

S~—
<
+

=

\
—~
=

8

=

SN~—
<.
+
D=
N—

Jj=1

Thus, the property (3.8) can be obtained. |

Lemma 3.2. For any pairs of (u1,q1) and (us, g2) belonging to Vi, X Vi, if
(ql,T):£+(’LL1,T), (q27T):£+(u25r)a

then we have

L7 (q1,u2) = (g2,q1), L7 (q2,u1) = (q1,42)- (3.9)

Proof. Tt follows from the property (3.8) and the semi-discrete UWLDG scheme (3.7) that
L7 (q1,u2) = LT (uz, ¢1) = (g2, 00),
L7 (q2,u1) = L7 (u1,q2) = (a1, 2)-

The proof is complete. O
Lemma 3.3. Suppose the discrete UWLDG operator L is defined by (3.6), then we have
Lt (PZU -, r) =0, L~ (P;’U - ’U,T) =0. (3.10)

Proof. This conclusion can be easily obtained from the definitions of (3.6) and (2.1). O



Stability and Error Estimates of UWLDG and SDC Methods 291
4. The Fully Discrete Schemes and Their Stability Analysis

In this section, we study the stability of several fully discrete UWLDG schemes. For tempo-
ral discretization, we would like to adopt the SDC schemes proposed in [8]. The SDC method
is based on second-order time integration methods and the order of accuracy is increased by
two for each additional iteration. Here we omit the detailed description of the SDC time
discretization methods to save space.

Let {t, = n7}*, be uniform partition of the time interval [0, 7], and 7 is time step. To
define the SDC method, we then divide the time interval [t,,, t,+1] into P subintervals by setting
tn = tno < tpi1 < -+ < tnp = tny1, where {t, . }2 _, are Gauss-Lobatto nodes on [t,, ;1]
and Aty m = tynmt1 — tn,m. For a more detailed description of the SDC time discretization
methods, the reader is referred to [23]. Denote u} as the numerical solution at time level ¢”,
the numerical solution UZH is obtained by the following fully discrete SDC-UWLDG schemes.

4.1. Second-order SDC-UWLDG scheme

The second-order SDC-UWLDG scheme is: Find uZH, qZH € V}, such that, for any v,r €
V4, it holds

(u5*1,0) = (o) = 7 (e + 3o ), (@)
(qZJrl,T) LY (u ”Jrl,r). (4.2)
Obviously, it is the Crank-Nicolson time discretization to solve (3.7).

Theorem 4.1. Let (u} ™', ™) be the numerical solution of the second-order SDC-UWLDG
scheme (4.1)-(4.2). Then we have the unconditional energy stability

it 17+ Sl 1 < ekl + 5 k-

Proof. Take the test function v = uZ‘H in (4.1) to get the following energy equation:

|| A || R+ H up |t = L7 (g g,

Then, by properties (3.9) and (4.2), we derive

—s (@ g = = Flla N - St an) < ~ e+ gl
Therefore,
2
i 17+ S a1 < Mkl + 5 i
which completes the proof. O

4.2. Fourth-order SDC-UWLDG scheme

The fourth-order SDC-UWLDG scheme is: Find UZ+1, q}f"’l €V}, such that, for any v,r €V},
it holds

n n T . (1 1
(uh’l,v):(uh,v)—§£ (2 qn’ +2qh’ )a (4‘33‘)
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(up®,0) = (up ) = 5/3 <§qh’2 T 5 > (4.3b)
n _(1 1
(up®,v) = (ut,v) 2£ (2 +2qh, )+2£ (2 + 5h, )
5T — n T — 7,
- ﬂﬁ (qh,v) =L ( , ) + ﬂﬁ (qh 2,1}), (4.3¢)
n n (1, 1., (1, 1,
() = (*0) = 3o (Gait + gaitoo) + 32 (3a + o)
T - n T — n, 57— —_ n,
+ ﬂﬁ (Qh,v) - §£ (qh 17’0) - ﬂﬁ (qh 27 )7 (43d)
and
(q,’i’l, r) =Lt (W r), 1=0,1,2,3,4. (4.4)
Finally, we have uZH = uy’ * and q"Jrl = qh’

Following [23], we introduce some notations for the convenience of analysis. For any func-
tion w", let

Dlwn — wn,l o wn, D2wn —_ wn,Q o ,wn,l7
Dyw" = 203 — w™? —w", Dyw" = w™* — w™?3, (4.5)
Dsw™ = w™3 — w".

Then by some algebraic manipulations, we derive

1
L7 (g + gqi’f,v) + %E_ (an* +ap' ),
L7 (ay" +av) + 55 L (g g )

1
L~ (ng =+ g(]Z,’U) - 2‘67 (q}TL174 - q}?,’l)),

n n — n n _ n 1 n
L (%71 + g, v) + ;_4£ (%’2 + %71,7)) - %5 (%73 + g‘ZhaU)-

01 oy 001 ol e

(D5UZ, U) =

Theorem 4.2. Let (u "Jrl,qZJrl) be the numerical solution of the fourth-order SDC-UWLDG
scheme (4.3)-(4.4). Then we have the unconditional energy stability

2
it 17+ a0 < ekl + i (4.7)

Proof. Taking v = )" +ul, ul +ut, 3(up® +up /3)/2, 2u}*, —2up in (4.6), respectively,
and adding them together, we get the followmg energy equation:

[ e

where

I*+ Gl =]l ol

+ 7 llun® = oy

+ HUZA — Uy,

T T
R=—2L7 (g +aqiuy +up) = L7 (a7 + a0t up® + )
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T . 2 1 3,1 37 . 3, 1 3,1
+§E <qZ +qyuy, +§UZ> *Zﬁ <¢IZ +§q;’Z,UZ +§UZ
T =, m1 4 T A/ n2 1 n4
-4 (a7 +ap,up *uﬁ)ﬂLﬁﬁ (g~ +ap sy ™ — up)
T A 3,1 4 T ho( nd 4
- e (e et ) - Tt ).

Denote

n,3

1
T 1 2 1 4
W (q,’i +an s, +§QZ,qZ QZ)-

Then, by properties (3.9) and (4.4), we get

R— ,T/ WTAWdz — Z||qZ’4||QJr ZH(HZHQ’
Q 4 4

where ) 1
- 0 0 -
4 8
1 1 1
O 1 "1 wm
A= (4.8)
0 1 3 1
4 4 4
1 1 1 1
8 24 4 4
Since A is symmetric positive definite and S > 0, the energy equality turns out to be
n,4(2 nll2 T n,ay2 T nl2
ek 17 = Ml ™ < = a1 + Z lab ][
Note that (up ™, ¢ ™) = (uj*, ¢*). The stability result (4.7) is obtained. O

5. Error Estimates for Fully Discrete Schemes

With the stability results and properties of the semi-discrete UWLDG operator, the error
estimates for the fully discrete SDC-UWLDG schemes will be studied in this section. We will
only give the optimal error estimates for the fourth-order scheme (4.3)-(4.4) as an example.
The proof for the second-order fully discrete scheme (4.1)-(4.2) is similar and we omit it to save
space.

5.1. Reference functions and error equation

Following [23], we first define the reference function associated with the fourth-order SDC
time discretization. Let

uO (@, t) = u(z,t), ¢ (z.t) = q(a,1)
be the exact solution of Eq. (3.1), and
uM(a,t) = u® (@, 1) = 7 (¢l @, 6) + ¢ (@, 1)), (5.1a)

u® (x,t) = u(l)(ac, t) — %(qu) (x,t) + qgc) (m,t)), (5.1b)
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(3) — 4,00 (3) (2) (1) (0) 1
U (e, 1) = uO(e, 1) = Ta@ ) + 7@ t) — gD 1) - 2w r), (510
¢ (@, t) = ul)(z,t), 1=1,2,3. (5.1d)

Thus, the reference functions satisfy the following property:

= u® _r Zq® —o®

T (,4) + ¢ (2, 1) + e(a, 1), (5.2)

12 24

where (x,t) is the local truncation error in time and ||e(z,t)|| < C75. The positive constant C
is independent of h and 7 but depends on the regularity of u. The proof can be easily obtained
by definitions of reference functions and the Taylor expansion.

Take t = t,, and let y™! =y (z,t,),1 = 0,1,2,3 and y™* = y(z,t,41) for y = u, q. At each
stage time, the errors between the exact solution and the numerical solution are denoted by

n,l

_ ol n,l __ en,l n,l _
v =Y Yy =6y, Y=g,

where

é-nl (P+ n,l uz,l), n;z,l _ (P+un’l - un,l),
&' = Bt =), = (B =),

Following the same lines as that in [23], we derive the error equation

(Dr2v) = 3£ + &) + (B v),
(D2l v) = —2£7 (652 + €571 0) + (Daniv),
(D€, v) = —5L7 <§"3+ sén ) SL(E7 + € ) + (Danlv),
(Daglv) = —gL£7 (67 +€50) + 52 £7 (67 + €57 v) (5.3)
-G (@) - T -G+ B + )
(D5l v) = — gL (6 +&50) + 57 L7 (67 + f?*lw)
—(en3 Lo n
- ££ (6(]13 + ggqav) + (D5nuav)a

and
(5"r) = £ (€tr) + (o), 1=0,1,23.4 oY

where " = e(x,t,) and the notation D,, is defined by (4.5). Here we use the property (3.10).
In addition, by (2.1) and (2.4) as well as the smoothness of the exact solution u, we have

[t + |[not|] < CREFY, |[Dpit|| < CR¥r, 1=10,1,2,3,4. (5.5)

The positive constant C' is independent of h and 7 but depends on the regularity of u.
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5.2. Estimates for the energy equalities

Lemma 5.1. There exists a constant C > 0, independent of h, T such that

4
n n mn, n T n,
eI = Nlez” + e I” - < leall” + ZZHE P+ Cr@ 2 475, (5.6)
=0
where )
8= glle? — €l + 2llen® — nll” + et — enl + et - e

Proof. For the Eq. (5.3), taking test functions v = ¥ + £n €2 4 ¢ml 3(¢m3 + ¢ /3) /2,
2¢m4 —2¢" | respectively, and adding them together, we get the following energy equality:

lewt? - ezl + S =R+ T,
where
- ||s"2 P+ et el + Sl - et + et - el
Co(g e e e - gL (g et e )
<§" g+ ge) - To (g0 ggat+ )
LGt g at - ) + LG g - )

R

O »:;H Y \1

o (53;3 + 5«5;25374 - «sz) - STt e,
T = @il +€0) + a2+ €0) + 5 (Dan €2 + 362
+2(Dunf, €5°) - 2(Dor ) + 2", 1Y)
Denote

n n ¢n n n 1 n ¢n n
<§q11+§q7§q12+§q11,§q73+§§q7§q14fq )

1
~ny et m’;)-

—T
Vo= (772’1 gy Aoyt g

Then by (5.4) and (3.9), we get
R=r / W AWde + 7 / V' AWz — et
Q Q 4
T n T n n T n n
+allell + gt ep) = 3 (. €).

where A is defined by (4.8). In addition, by the Cauchy-Schwarz inequality and Young’s in-
equality, we obtain

4
T 13 e+ S (Sl + 1)
=0
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Thus, the energy equality turns out to be
ez (" - llez ) +3
< —T/QWTAWd:EwLT/QVTAWd:E
— 2l + e + 5 ety = 5 (i €5)

4
o llel + :(Z D[ + |e”||2>.
=0 =1

By the approximation property (5.5), Cauchy-Schwarz inequality and Young’s inequality, we
derive

n,4|2 n||2 T l1gn,al2 THenl|2 .
le 1™ = el + gl - gllez ™ +5
4
T —_” =T I\
<2 lle —T/QW (A‘%H)Wd“OT(W*QM%.

Noting that A — /20 is positive definite, we get

4
n n n, n T n
et = Nlez” + e I” - < leall” + Zzngu’l\f+cT<h2k+2+Ts)_
=0

The proof is complete. O

Similarly, we have the following estimates for ¢! 1 =1,2,3.
Lemma 5.2. There exists a constant C' > 0, independent of h, T such that
et |)? < cllen|)? + erh?h2, 1=1,2,3. (5.7)

For the initial condition, we take gp,(x,0) =P, ¢(z,0) with ¢(z,0) = uz.(z,0), and up(z,0)
to satisfy

(qn,7); = Ej(uh,r), / up(x,0)dr = / u(z,0)dz, 1€ V. (5.8)
Q Q
Then we have the following property.

Lemma 5.3. Suppose u(z,0) is sufficiently smooth, then up(x,0) is well defined and we have

|u(z,0) — up(z,0)|| < CRF*,
llg(z,0) — qn(x,0)|| < ChF*L,

Proof. The proof of this lemma follows from [9, Lemma 5.1], but with a slight difference. We
only show the error estimates for the initial condition, and the well-posedness can be obtained
in a similar way. From the property of the special projection, we have known that

lg(z,0) = g (x, 0)[| = lla(x, 0) — P, q(z,0)|| < CR**.
For the estimate of uy(x,0), consider the elliptic linear problem

(" =E& in Q, 77* = C;z in Q
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with periodic boundary conditions. In addition, we assume the elliptic regularity result

(¢ T2 (e) + 11€7 72 (0) < Cilln™]-
Taking n* = u — uy, in the elliptic linear problem, we have
(U — Up,u — up);
= (u—unGa),
= (U —up, (¢ = P};C’F)xr)]
+ (u — uy, (P;C*)m)]
By integration by parts and the property of the projection in (2.3), we derive
(1= (€ = B C)as),
= ((u —Un)aa, " — P;C*)j
—(u—un)(C" =By ¢l s
+ (=)o (€ =B ) (5.9)

Recalling the error equation

(@ = anr)j = (u—un, 1)y — (w—wn) g [+ (w—wn)Trf |y
+,.— +,.+
+ (U - uh)zr ‘j+% - (U - uh)zr ’j,%a
and taking r = IP, ¢*, we have
(U — Uh, (]P}:C*)zz)j
=(q—qn, P, ¢"); + (u— Uh)+(PﬁC*)ﬂj+%
- (u - uh)Jr(]P)};é.*);r}J_% - (u - uh);r(]P}Zc*)ib_,_%

(=) BNy (5.10)

Combining (5.9) and (5.10), by the continuity of ¢* and the property of the projection P, ", we
obtain

(u— up,u — up)
= ((u - P}:U)zm C* - P;C*) + (q - QhaP;C* - C*) + (q — 4h, C*)
< Chk+1||<*||H2(Q) + Chk+3”<*”H2(Q) + Cth”C*H

< CRM ¢ 2y < CREFfu — ],
where periodic boundary conditions have been used. Consequently,
u(z,0) — up(x,0)[| < ChF,

The proof is complete. O

Now we can obtain the optimal error estimates of the fourth-order fully discrete SDC-
UWLDG scheme (4.3)-(4.4).
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Theorem 5.1. Let u be the exact solution of (1.1) and sufficiently smooth with bounded deriva-
tives. Suppose u} is the numerical solution of the fully discrete scheme (4.3)-(4.4) and the initial
condition satisfies (5.8). Let Vi, be the space of piecewise polynomials P* k > 1. Then it holds
that
—ull| < C(hFT 471, 11
max [|u(z, ) — uj|| < O +7%) (5.11)

Proof. Tt follows from estimates (5.6) and (5.7) that
eI = exll + glles1” - Slenl” < orllea])® + or™+2 + %),
here we use the fact that
el < Sllewt — ) + S e < S+l
if 7 < 1. In addition, by the estimates of the initial condition in Lemma 5.3, we have
[€a]] < [lun(z,0) = u(z, 0)|| + [[u(z,0) — By u(=,0)|| < CR*,
€91 < llgn(z,0) = g(z,0)|| + [lg(x,0) — B} q(x, 0)|| < CR**!.
Combining the above estimates and using the discrete Gronwall inequality, we can derive
l€4)|* < C(h2F+2 4 75),

Finally, by the triangle inequality and properties (5.5), we arrive at the optimal error esti-
mate (5.11). O

6. Extension to PDEs with Even-order Derivatives

In this section, we generalize the stability analysis and error estimate to PDEs with even-
order derivatives. Consider the following problem:

with periodic boundary conditions and s > 4 is an even number. qu’ denotes the s-th order

derivative with respect to x.

6.1. Semi-discrete UWLDG scheme for the general even-order PDE

Following [14], we rewrite (6.1) into an s/2-th-order system. Let ¢ = u$’? | we have

ur + (*1)%(];%) =0,
(3) _ 0.

q— Uz

(6.2)

Then we can get the semi-discrete UWLDG scheme: Find wup,qn € Vj such that, for any
v,r € V3, we have

((un)e,v); = = (an, 05,

J
-1

_ ZZO ((f1)§+m (é;(%—l—m) (vg(cm))*|j+% . q;(g—l—m) (’U;m))+}j_%))7
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(gns7); = (— 1>%(uh, ),

-5 (e (@ ) ey ), L))

(s/2—1—m) —~(s/2—1—m)

Here ¢, and U, are the numerical flux, which can be chosen as

G, 3m1m — (q;%flfm)—’ n—mm) (ugcéflfm))ﬂ m:O,l,...,%—l. (6.3)

For the convenience of analysis, we rewrite the UWLDG scheme as the following form:
((uh)tav) = _‘Cs_ (Qh,’U),
(qha 7’) = (71)%‘6;"_(1”1; 7’),

where

LE(v,r) Z,c (6.5)

s,J
51
S4+m (3—1-m)\+ m (5—1-m)\+ m
32 (CF (T )y 0T ) )
m=0

Next, we introduce the properties of the operator £F, which will play an important role in the
stability analysis.

Lemma 6.1. For any r,v € Vj, we have
LE(r,v) = (—1)2L; (v,7). (6.6)

Proof. From the definition of the operator £F and by integration by parts, we get

N 5-1
L5 v) = (ros?)+ 30 D (0 E () i) - ) ) )
j=1m=0

N
_ (—1)5(7“:(5),1;) +Z (_1)m(r;m),ua(c§71*m)‘j_+% _r;m)vigflfm)‘;; )

N
£y (o) = (07) = 303D DR )y,

which completes the proof. O
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By the aid of Lemma 6.1 and the definition of the operator (6.5), we can easily derive the
following property.
Lemma 6.2. For any (u1,q1) € Vi, X Vi, if

s

(q1,7) = (=15 LY (ur, 1), (g2,7) = (=1)2 L (uz,7),

then we have
L (q1,u2) = (q2,q1), L5 (q2,u1) = (q1,92)- (6.7)

For the optimal error estimates, the projection plays a key role and will be defined as
follows, corresponding to the UWLDG scheme of the general even-order PDEs. For any periodic
function u, the projection Rfu € V), satisfies

Gt ) —u (), ve P)

,1)(xj_—+%

(SIS

(R;u,v)j = (u,v);, (R;u)i%_l)(ac._ )= u(z

T ), wve P,

where i = 2,4, ...,s. The above projection is a local projection and we can easily get the unique
existence and optimal approximation properties of the projection [3, 5],

hmin{k-{-l,r}—

Iz @) < C "l @),

where n = Rfu —u,0 < m < min{r,k+1}. The positive constant C' is independent of h and w.
By the special projection R,jfu and the definition of £F in (6.5), we obtain the following results
directly.

Lemma 6.3. Suppose LT is defined by (6.5), then we have

LI (Rfv—v,r)=0, L;(R,v—v,7)=0. (6.8)

6.2. Fully discrete scheme for the general even-order PDE

In this subsection, we would like to show the unconditional stability and optimal error
estimate of the fully discrete scheme for the general even-order PDE (6.1), in which the SDC
temporal discretization and UWLDG spatial discretization are employed.

The second-order SDC-UWLDG scheme is defined as follows: Find UZH, qZH € V}, such
that, for any v, r € V4, it holds

1 1
(uptt,v) = (up,v) — 7L (5(12“ + —qZ,v),

2 (6.9)
(qZJrl, T) = (71)%Ej (uZJrl, T).

The fourth-order SDC-UWLDG scheme is defined as follows: Find uZH, qZH € V}, such that,
for any v,r € V4, it holds

n n L= 1 n 1 n

(uh,1,v) = (Uha”) T 9% (5%71 + 5%7“), (6.10a)
n n — 1 n 1 n

(uh,2av) = (tha’U) - 5‘65 (5‘]}172 + 5(]}1’1;7}), (610b)
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T . (1 1 T, (1 1
(6 0) = (o) - 35 (54 + qatoo) + 55 (50 + a0

2 2 2
O i/ m T o m, T A/ m,
_ ﬂﬁs (qh,v) — §£S (qh 1,1)) + ﬂﬁs (qh 2,1)), (6.10c)
" n, T (1, 1., T (1, 1.,
(uh’4,v) = (uh 3,1}) — §ES <§qh 1y iqh 3,v> + 5[,5 <§qh 24 §qh 1,v>
T Cim T . /o, 9T _/ n,
+ ﬂﬁs (qh,v) - gﬁs (qh 1,1}) — ﬂﬁs (qh 2,1}), (6.10d)
and
(gp'r) = ()2 LH(uplr), 1=0,1,2,3,4. (6.11)
Finally, we have u}™! = uZA and ¢t = qZA.

Along the same lines with the proof of Theorems 4.1-4.2, we get the stability result by
property (6.7).

Theorem 6.1. We have the unconditional stability
n+1 2 T n+1 2 nll2 T nll2
+ - < + - ;
™+ Sl 1 < ™+ Sllai]

where p = 2 if uy and g are the numerical solution of the second-order SDC-UWLDG scheme
(6.9) and p =4 for the fourth-order SDC-UWLDG scheme (6.10)-(6.11).

For the initial condition, we take g,(z,0) = R, ¢(z,0) with ¢(x,0) = ug(vs/Q)(:c,O), and
up(z,0) to satisfy

(qn,r); = (—1)%£Ij(uh,r), /Quh(x,O)dac = /Qu(x,O)dac, r € V. (6.12)

Following the same lines as that in Lemma 5.3, we have the optimal error estimates for the
initial solution.

Lemma 6.4. Suppose u(x,0) is sufficiently smooth, then up(x,0) is well defined and we have

|w(z, 0) — up(z,0)|| < ChFFL,
llg(z,0) — qn(x,0)| < ChF*L,

Similar to the fourth-order equations, we also obtain the optimal error estimates of the fully
discrete scheme for the general even-order problems (6.1).

Theorem 6.2. Suppose u is the exact solution of (6.1) and sufficiently smooth with bounded
derivatives. Let Vi, be the space of piecewise polynomials P*, k > s/2—1. If the initial conditions
are taken as (6.12), then it holds that

max |u(z, tn) —ujt|| < C(RFH +7P),

where p = 2 if u}} is the numerical solution of the second-order SDC-UWLDG scheme (6.9) and
p =4 for the fourth-order SDC-UWLDG scheme (6.10)-(6.11).

Remark 6.1. We remark that extension to PDEs with high odd-order derivatives is not trivial.
The main technique used in the analysis is the symmetric and dissipative properties of the semi-
discrete UWLDG scheme, which plays a key role in establishing negative definite quadratic
forms for the semi-implicit discretization of the high order derivative part. However, for PDEs
with high odd-order derivatives, e.g. KdV equations, the space operator is not symmetric, thus
the energy equations for the fully discrete schemes are not easily derived.
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Remark 6.2. Following the same idea as that in one-dimensional space, the stability analysis
and optimal error estimate of the fully discrete SDC-UWLDG schemes for the general even-
order problems can be easily extended to multidimensional Cartesian meshes with Q* elements,
where Q* means the tensor product of polynomials of degree k in each variable.

7. Numerical Results

In this section, we give some numerical examples to verify the theoretical analysis of the

fully discrete SDC-UWLDG schemes.
7.1. The fourth-order equation
Example 7.1. Consider the fourth-order equation

Ut + Ugzaw = 0,  (z,t) € [0,27] x [0, 27],

u(z,0) = sin(z), z € [0,2n]
with periodic boundary conditions. The exact solution is

u(x,t) = e 'sin(z).

The flux is chosen as (3.3). The final time is T = 27 with the time step 7 = 0.4h, where
h = 27/N,N = 8,16,32,64. The errors and the corresponding orders of accuracy of the
numerical solution are shown in Table 7.1. We observe that when k& > 1, the fully discrete
SDC-UWLDG schemes can reach optimal convergence rate, which agrees with the theoretical
results.

Table 7.1: Errors and orders of accuracy for the fourth-order equation in one dimension.

N | L' error | Order | L? error | Order | L™ error | Order
8 2.78E-02 — 1.25E-01 - 7.04E-02 —
pl 16 | 1.24E-02 1.17 5.50E-02 1.19 3.10E-02 1.18
32 | 3.60E-03 | 1.78 | 1.60E-02 1.78 9.00E-03 1.78
64 | 9.35E-04 1.95 4.14E-03 1.95 2.34E-03 1.95
8 | 6.42E-03 - 1.15E-02 - 2.57E-02 -
p2 16 | 1.10E-03 2.54 1.96E-03 2.55 4.41E-03 2.54
32 | 1.52E-04 2.86 2.69E-04 2.86 6.08E-04 2.86
64 | 1.95E-05 2.96 3.45E-05 2.96 7.79E-05 2.96
8 1.16E-03 - 5.07E-04 - 2.77E-04 -
ps 16 | 6.79E-05 4.10 3.01E-05 4.08 1.69E-05 4.04
32 | 4.14E-06 4.04 1.83E-06 4.04 1.03E-06 4.03
64 | 2.57TE-07 4.01 1.14E-07 4.01 6.43E-08 4.01

Example 7.2. We consider the two-dimensional fourth-order equation
up + A%u =0, (z,y)€[0,27] x [0, 27],
u(z,y,0) = sin(z) sin(y)
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Table 7.2: Errors and orders of accuracy for the fourth-order equation in two dimension.

N x N | L' error | Order | L? error | Order | L° error | Order
8x8 4.09E-00 - 7.75E-01 - 2.30E-01 -
pt 16x16 | 1.17E-00 1.80 2.28E-01 1.76 7.14E-02 1.69
32x32 | 3.04E-01 1.95 5.96E-02 1.94 1.89E-02 1.92
64x64 | 7.68E-02 1.99 1.51E-02 1.98 4.79E-03 1.98
8x8 7.50E-01 — 1.30E-01 — 2.99E-02 —
pe 16x16 | 9.52E-02 | 2.98 1.68E-02 2.96 3.94E-03 2.92
32x32 | 1.19E-02 | 3.00 | 2.10E-03 | 3.00 4.86E-04 3.02
64x64 | 1.48E-03 | 3.00 | 2.69E-04 | 3.01 6.13E-05 2.99
8x8 7.42E-02 — 1.40E-02 — 4.22E-03 —
p3 16x16 | 4.40E-03 | 4.08 | 8.18E-04 | 4.09 2.46E-04 4.10
32x32 | 3.01E-04 | 3.87 | 5.42E-05 3.92 1.50E-05 4.04
64x64 | 1.92E-05 | 3.97 | 3.41E-06 | 3.99 9.36E-07 4.00

with periodic boundary conditions. The exact solution is

u(z,y,t) = e sin(x) sin(y).
The final time is T' = 27 with the time step 7 = h. The errors and orders of accuracy of the
numerical solution are shown in Table 7.2. We can see the optimal convergence rate for the

fully discrete SDC-UWLDG schemes when k£ > 1.

7.2. The sixth-order equation

Example 7.3. We consider a one-dimensional sixth-order equation

Ut — Ugpzzrzr — 0, (1', t) S [0, 27T] X [0, 27T],
u(z,0) =sin(z), =€ 0,27

with periodic boundary conditions. The exact solution is
u(x,t) = e 'sin(z).

The numerical flux is chosen as (6.3) with s = 6. We compute the problem up to T' = 27
with the time step 7 = 0.4h. The errors and the corresponding orders of accuracy for the
fourth-order scheme (6.10) are shown in Table 7.3. Optimal orders of accuracy can be observed
from Table 7.3.

We also show temporal accuracy test of the SDC-UWLDG scheme for the sixth-order equa-
tion. In this test, the finite element space with k = 3 and N = 320 will be used to make sure
that the error of time discretization is dominant. The final time is 7" = 10, and the errors and
orders of accuracy are presented in Table 7.4.
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Table 7.3: Errors and orders of accuracy for the sixth-order equation in one dimension.

N | L' error | Order | L? error | Order | L™ error | Order
8 | 1.14E-02 — 4.98E-03 — 2.71E-03 —

16 | 7.34E-04 | 3.96 | 3.24E-04 | 3.94 1.81E-04 3.90
32 | 4.59E-05 | 4.00 | 2.03E-05 3.99 1.14E-05 3.98
64 | 2.86E-06 | 4.00 1.27E-06 | 4.00 7.15E-07 4.00

P3

Table 7.4: Temporal accuracy test for the sixth-order equation in one dimension.

T L' error | Order | L? error | Order | L™ error | Order

1 4.69E-02 - 9.94E-03 - 6.55E-02 -
0.5 3.15E-03 | 3.90 | 6.71E-04 | 3.89 5.29E-03 3.63
0.25 2.05E-04 | 3.94 | 443E-05 | 3.92 3.84E-04 3.78
0.125 1.32E-05 | 3.96 | 2.84E-06 | 3.96 2.60E-05 3.88
0.0625 | 8.34E-07 | 3.99 | 1.79E-07 | 3.99 1.69E-06 3.94
0.03125 | 5.45E-08 | 3.93 | 1.12E-08 | 4.00 1.08E-07 3.97

Example 7.4. We consider the two-dimensional sixth-order equation

up — Adu =0, (
u(i, y,0) = sin(z)

y) € 10,27 x [0, 27],

:C)
sin(y)

with periodic boundary conditions. The exact solution is
u(z,y,t) = e 3 sin(x) sin(y).

The final time is T' = 27 with the time step 7 = h. The errors and the corresponding orders
of accuracy of the numerical solution are shown in Table 7.5. We can observe the desired
fourth-order accuracy.

In addition, we show temporal accuracy test of the fully discrete scheme for the two-
dimensional sixth-order equation. In this test, the finite element space with k = 3 and N = 60
will be used to make sure that the error of time discretization is dominant. The final time is
T = 10, and the errors and orders of accuracy are presented in Table 7.6, which implies that
the fourth-order fully discrete SDC-UWLDG scheme can reach the desired order.

Table 7.5: Errors and orders of accuracy for the sixth-order equation in two dimension.

N x N | L' error | Order | L? error | Order | L® error | Order
8x8 3.92E-01 - 7.57TE-02 - 2.31E-02 -
16x16 | 2.55E-02 | 3.95 | 4.95E-03 | 3.94 1.56E-03 | 3.90
32x32 | 1.62E-03 3.98 3.13E-04 3.99 9.85E-05 3.98
64x64 | 1.03E-04 3.97 1.95E-05 4.00 6.24E-06 3.98

P3
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Table 7.6: Temporal accuracy test for the sixth-order equation in two dimension.

T L' error | Order | L? error | Order | L® error | Order
1 7.85E-02 - 1.55E-02 - 4.92E-03 -

0.5 6.68E-03 | 3.55 1.16E-03 | 3.74 4.36E-04 3.50
0.25 4.80E-04 | 3.80 | 7.78E-05 3.90 3.20E-05 3.77

0.125 3.11E-05 | 3.95 | 4.59E-06 | 4.08 2.08E-06 3.94
0.0625 2.09E-06 | 3.90 | 2.78E-07 | 4.05 1.50E-07 3.79
0.03125 | 1.32E-07 | 3.99 1.71E-08 | 4.02 1.00E-08 3.91

8. Conclusion

In this paper, we have analyzed the UWLDG method coupled with a novel SDC temporal
discretization method for solving the fourth-order equation. With the energy techniques, we
obtain the unconditional stability of the SDC-UWLDG schemes. The key is the symmetric and
dissipative properties of the semi-discrete UWLDG scheme. By carefully choosing projections
and initial conditions, the optimal error estimates of the proposed fully discrete schemes up to
fourth order are derived. Furthermore, we extend the analysis to PDEs with higher even-order
derivatives. The analysis can also be extended to multi-dimensional problems straightforwardly.
Numerical examples in one and two space dimensions are provided to verify our theoretical
results.
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