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Abstract

The objective of the paper is to develop the quadratic discontinuous finite volume

methods (DFVM) for solving elliptic equations with variable coefficients. The proposed

numerical schemes are composed of the discontinuous Galerkin (DG) method with different

interior penalty formulations (IIPG, NIPG, SIPG) and the finite volume element method

which the trial function is discontinuous quadratic element function. Subsequently, with

the specialized projection techniques, we built up a bridge between the bilinear form of

DFVM and that of DG method, which simplifies the analysis and proves the optimal error

estimate of the schemes in the broken H1 norm. Finally, we provide numerical simulations

to validate the theoretical findings.
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1. Introduction

In this paper, we explore the following second-order elliptic boundary value problem:

{
−∇ · (B∇u) = f in Ω,

u(x) = 0 on ∂Ω,
(1.1)

where Ω is a bounded, convex polygonal domain in R2 with boundary ∂Ω. The matrix-value

function B = (bij)2×2 ∈ W 1,∞(Ω)4 satisfies the uniformly elliptic condition: There exists

a constant β > 0 such that

βδ⊤δ ≤ δ⊤Bδ, ∀ δ ∈ R2.

In 1973, Reed and Hill [17] developed the discontinuous Galerkin method for linear hyper-

bolic problems. Due to its discontinuous nature across internal element boundaries, the DG

method offers several advantages, including high accuracy, the ability to handle meshes with

hanging nodes, strong parallel computing capabilities, and excellent performance in handling
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complex geometries. Consequently, it has attracted numerous scholars to further explore its

potential [1–5,12,22]. The finite volume element (FVM) method is a classical numerical method

that not only can handle complex geometries, like the finite element method (FEM), but is also

favored for its ability to maintain local conservation of mass, momentum, or energy. However,

most of the existing finite volume methods for solving partial differential equations are of low

order [10, 13, 18, 19, 24, 25, 28]. The theoretical analysis of the higher-order FVM schemes re-

mains challenging due to the dependence of their discrete bilinear form on the region division.

However, significant progress has been made in recent years regarding high-order finite volume

research. Some researchers [6–9] established the convergence analysis of the higher-order FVM

method for elliptic problems under minimum angle conditions based on elementwise stiffness

matrix analysis. Additional relevant research advances can be referred to [21, 23, 29].

Noting the significant advantages of DG and FVM, Ye [26] combined the two methods to

propose the discontinuous finite volume method in 2004, and applied it to solving elliptic prob-

lems, as well as deriving the corresponding error estimates under the mesh-dependent norm.

In 2007, literature [11] established a general framework for analyzing the class of finite volume

methods that employ continuous or totally discontinuous trial functions and piecewise constant

test functions, and derived optimal error estimates in both H1 and L2 norms. The discontinu-

ous finite volume method combines some advantages of the finite volume element method and

the internally penalized discontinuous Galerkin method, and has the characteristics of conserva-

tion, flexibility in mesh refinement, ability to handle complex geometric shapes, and simplicity

of implementation. The uniqueness of discontinuous finite volume element lies in the fact that

the size of its control body is only half or even smaller than that of the traditional finite volume

method. Most importantly, it only involves one triangular element in the primary partition,

which has better locality and is conducive to parallel computing. In addition, in some exist-

ing DFVM research on time-dependent problems [15], it can be seen that the mass matrix of

DFVM is block diagonal, extending the advantage of DG to the finite volume method, which

is also an attractive feature. However, the discontinuous finite volume method currently can-

not approximate with arbitrary-order polynomials like the DG method, and its construction

is indeed more complex than the DG method. The optimal convergence rate of L2 error is

also affected by dual partition and penalty parameter, which is also an area that needs further

optimization and research. Some recent developments on the DFVM can be found in [14, 20],

but the approximate functions used in these literatures are of low order.

In this paper, we construct the second-order discontinuous finite volume element algorithms

with different internal penalty formulations for solving variable coefficient elliptic problems,

which incorporate the merits of the classical discontinuous Galerkin method and the finite vol-

ume method. With the favorable properties of the special projection, we obtain the continuity

and the uniform ellipticity of the bilinear form of the DFVM algorithms, which enables us to

obtain corresponding error analysis of the scheme in the broken H1 norm. Finally, the correct-

ness of the theoretical analysis and the strengths and weaknesses of the proposed algorithm are

verified by numerical examples. The proposed DFVM algorithm is not only easy to implement

and capable of achieving the desired accuracy, but also has the property of local conservation of

physical quantities. Furthermore, the sensitivity of the DFVM algorithm with different internal

penalty terms to penalty parameters is consistent with the performance of the corresponding

DG scheme, that is, the nonsymmetric interior penalty Galerkin (NIPG) scheme is less sensi-

tive to penalty parameters compared to the incomplete interior penalty Galerkin (IIPG) and

symmetric interior penalty Galerkin (SIPG) schemes.
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This paper is organized in 6 sections. We introduce dual decomposition, abstract function

space, and a novel mapping in Section 2. In Section 3, we propose three DFVM algorithms for

elliptic problems and discuss the properties of the bilinear form of the DFVM. In Section 4, we

give error estimate for the DFVM schemes. In Section 5, the characteristics of the algorithms

are verified by numerical experiments. Finally, conclusions are given in Section 6.

Throughout the paper, the letter C denotes a positive constant independent of the mesh

size and may indicate different values in different places.

2. Preliminaries and Notations

Let Th = {k} denote a regular triangulation of the region Ω, such that Ω̄ = ∪k∈Th
k,

and diam(k) ≤ h. With respect to the trial space Uh, we choose the discontinuous Lagrange

quadratic element space associated with the primary partition Th as follows:

Uh :=
{
u ∈ L2(Ω), u|k ∈ P2(k), ∀ k ∈ Th

}
, (2.1)

where Pn(k) represents the space of polynomial functions of degree equal to or less than n

over k.

Next, we shall specify the construction of dual partition T ∗
h = {k∗} of the primal mesh Th,

whose element is called dual element or control volume. Each control volume k∗ is a polygon

that corresponds to a vertex or a midpoint of a triangular element. First, for any triangle k =

△A1A2A3 ∈ Th, we write its barycenter as O, and the midpoints of the edges A2A3, A3A1, A1A2

as m1,m2,m3, respectively. Then, we need to select some dual nodes qi, i = 1, 2, 3 and gij ,

i, j = 1, 2, 3, i 6= j on edges Aimi and AiAj , respectively, such that the following relations

holds:
|Aigij |
|AiAj |

= a,
|Aiqi|
|Aimi|

= b, (2.2)

where gij is required to be closer to Ai than to Aj , and a and b are two mesh parameters.

The control volume k∗A1
of vertex A1 is constructed by sequentially connecting its surround-

ing dual nodes g12, q1, g13, A1, g12, as depicted in red line in Fig. 2.1. Similarly, the control

volume k∗m1
of the midpoint m1 can be obtained by successively connecting its surrounding

dual nodes g23,m1, g32, q3, O, q2, g23, as indicated by the blue line in Fig. 2.1. The control

volumes of the remaining nodes of the triangle k ∈ Th are constructed in a similar way.

Fig. 2.1. Schematic of a control volume on a triangular element with dual mesh parameters a = b =

(1− 1/
√
3)/2.
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It is easy to notice that once the values of the dual mesh parameters a and b are changed,

different dual partitions will be obtained. The effects and relationships of the dual mesh pa-

rameters a and b on the quadratic FVM scheme have been discussed in the literature [7,23]. In

this paper, we take the values of the dual mesh parameters a and b both to be (1 − 1/
√
3)/2.

And it is not hard to prove

|kA∗

i
| =

(
1

3
− 1

2
√
3

)
|k|, |km∗

i
| = 1

2
√
3
|k|. (2.3)

The test function space U∗
h is taken to be the piecewise constant function space associated

with the dual decomposition T ∗
h as follows:

U∗
h =

{
ξ ∈ L2(Ω) : ξ|k∗ ∈ P0(k

∗), ∀ k∗ ∈ T ∗
h

}
. (2.4)

In this paper, we use the standard notations for the Sobolev spaces Hk(Ω) = W k,2(Ω),

(1 ≤ k ≤ ∞) with the norm ‖ · ‖k,Ω and seminorm | · |k,Ω. And ‖ · ‖e is L2 integration on edge e.

The operation between two matrix-valued variables σ and τ is defined by σ:τ=
∑2

i,j=1 σijτij .

Let k1 and k2 be two neighboring elements in the triangulation Th. And e = ∂k1 ∩ ∂k2,

n1 = n|∂k1
and n2 = n|∂k2

are the exterior unit normal vectors on ∂k1 and ∂k2, respectively.

In order to deal with the discontinuity of finite element functions crossing the interface of

elements, the following average {·} and jump [·] on e for scalar q and vector w are defined by

{q} =
1

2
(q|∂k1

+ q|∂k2
), [q] = q|∂k1

n1 + q|∂k2
n2,

{w} =
1

2
(w|∂k1

+w|∂k2
), [w] = w|∂k1

· n1 +w|∂k2
· n2.

If the edge e ⊂ ∂Ω, then

{q} = q, [w] = w · n.

Let Γ be the set of edges of all triangles k in Th and Γ0 := Γ \ ∂Ω. After a simple derivation,

it is not difficult to obtain the following classic identity equation:

∑

k∈Th

∫

∂k

qv · nds =
∑

e∈Γ

∫

e

[q] · {v}ds+
∑

e∈Γ0

∫

e

{q}[v]ds. (2.5)

Let U(h) = Uh + (H2(Ω)∩H1
0 (Ω)). We now introduce a mapping γ : U(h) → U∗

h satisfying

γv|k∗

Ai
= v(Ai)|k, ∀ v ∈ U(h),

γv|k∗

mi
=

2√
3
v(mi)|k +

1

2

(
1− 2√

3

)(
v(Ai+1)|k + v(Ai+2)|k

)
, ∀ v ∈ U(h),

where Ai, i = 1, 2, 3, is vertex of the triangle element k ∈ Th and mi, i = 1, 2, 3, is the midpoint

of the opposite edge of vertex Ai, i = 1, 2, 3. Based on the results of the literature [27, 29],

some desirable properties of the above mapping γ are listed below. If the parameters a and b of

the dual mesh fulfill a ∈ (0, 1/2) and b ∈ (0, 2/3), respectively, then there exist two constants

c > 0, C > 0 such that

c‖w‖0,k ≤ ‖γw‖0,k ≤ C‖w‖0,k, ∀w ∈ Uh, ∀ k ∈ Th, (2.6)

‖w − γw‖0,k ≤ Chk|w|1,k, ∀w ∈ U(h), ∀k ∈ Th. (2.7)
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Suppose k1 and k2 are two neighboring elements in Th and e = ∂k1 ∩ ∂k2, then

∫

e

(v − γv)|kds = 0, ∀ v ∈ Uh, (2.8)

∫

e

w|k(v − γv)|kds = 0, ∀ v ∈ Uh, w ∈ Qh, (2.9)

where k = k1 or k2,

Qh :=
{
v ∈ L2(Ω) : v|k ∈ P1(k), ∀ k ∈ Th

}
.

Note that Eqs. (2.8) and (2.9) also hold for boundary edges e ∈ Γ ∩ ∂Ω.

And for all k ∈ Th, ∫

k

(v − γv)dxdy = 0, ∀ v ∈ Uh. (2.10)

3. Discontinuous Finite Volume Element Scheme

Our central task of this section is to establish the quadratic DFVM schemes for the elliptic

problem (1.1) and make the corresponding theoretical analysis for these schemes.

We multiply both sides of the elliptic equation (1.1) by ξ ∈ U∗
h . Then, by integrating the

obtained results over the entire region and applying Green’s formulation, we can derive

−
∑

k∗∈T ∗

h

∫

k∗

∇ · (B∇u) · ξdxdy = −
∑

k∗∈T ∗

h

∫

∂k∗

B∇u · nξds =
∑

k∗∈T ∗

h

∫

k∗

fξdxdy, (3.1)

where n is the unit outward normal vector on ∂k∗.

For ∀k ∈ Th, the above formulation can be represented as

−
∑

k∗∈T ∗

h

∫

∂k∗

B∇u · nξds

= −
∑

k∈Th

(
3∑

j=1

∫

gj j+1qj+qjgj j+2

B∇u · nξds

+

3∑

j=1

∫

Oqj+qjgj j+1+gj+1 jqj+1+qj+1O

B∇u · nξds+
∫

∂k

B∇u · nξds
)
,

when j + 1 > 3 or j + 2 > 3, we take j + 1 = (j + 1)mod3 and j + 2 = (j + 2)mod 3.

For the sake of brevity of writing, we set ∂k∗,0 to be the dual side that is inside the trian-

gle k ∈ Th. Then the above formulation can be rewritten as

−
∑

k∗∈T ∗

h

∫

∂k∗

B∇u · nξds = −
∑

k∈Th

(
∑

k∗∈k

∫

∂k∗,0

B∇u · nξds+
∫

∂k

B∇u · nξds
)
. (3.2)

By employing the classical relation (2.5) in discontinuous Galerkin method and noting the

fact that [B∇u] = 0 for u ∈ H1
0 (Ω) ∩H2(Ω) on Γ0, it can be concluded that

−
∑

k∈Th

∫

∂k

B∇u · nξds = −
∑

e∈Γ

∫

e

{B∇u} · [ξ]ds. (3.3)
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Substituting (3.2), (3.3) into (3.1), one gets

−
∑

k∗∈T ∗

h

∫

∂k∗

B∇u · nξds

= −
∑

k∈Th

∑

k∗∈k

∫

∂k∗,0

B∇u · nξds−
∑

e∈Γ

∫

e

{B∇u} · [ξ]ds

=
∑

k∗∈T ∗

h

∫

k∗

fξdxdy. (3.4)

We define the bilinear forms as follows:

A∗(u, ξ) = −
∑

k∈Th

∑

k∗∈k

∫

∂k∗,0

B∇u · nγξds,

A1(u, v) = A∗(u, v)−
∑

e∈Γ

∫

e

{B∇u} · [γv]ds+ α
1

he

∑

e∈Γ

∫

e

[γu] · [γv]ds,

where α ≥ 0 is the penalty parameter commonly used in the discontinuous Galerkin method

and will be specified later.

Since [γu] = 0, it follows that the exact solution u of the elliptic equations (1.1) satisfies

A1(u, v) = (f, γv), ∀ v ∈ Uh. (3.5)

Algorithm 3.1: DFVM-IIPG.

The quadratic discontinuous finite volume scheme with incomplete interior penalty

for (1.1) aims to find a solution uh ∈ Uh such that

A1(uh, v) = (f, γv), ∀ v ∈ Uh. (3.6)

Next, we establish two other quadratic discontinuous finite volume algorithms based on the

internal penalty discontinuous Galerkin formulation. We define

A2(u, v) = A1(u, v) +
∑

e∈Γ

∫

e

{B∇v} · [γu]ds.

Algorithm 3.2: DFVM-NIPG.

The quadratic discontinuous finite volume element method with nonsymmetric interior

penalty for (1.1) is to seek uh ∈ Uh such that

A2(uh, v) = (f, γv), ∀ v ∈ Uh.

And, we define

A3(u, v) = A1(u, v)−
∑

e∈Γ

∫

e

{B∇v} · [γu]ds.



The Quadratic Discontinuous Finite Volume Element Schemes for Elliptic Problems 7

Algorithm 3.3: DFVM-SIPG.

The quadratic discontinuous finite volume element method with symmetric interior

penalty for (1.1) is to find uh ∈ Uh such that

A3(uh, v) = (f, γv), ∀ v ∈ Uh.

Algorithms 3.1-3.3 can be uniformly represented as finding uh ∈ Uh such that

A(uh, v) = (f, γv), ∀ v ∈ Uh, (3.7)

where

A(u, v) = A1(u, v) + θ
∑

e∈Γ

∫

e

{B∇v} · [γu]ds,

and θ = −1, 0 and 1 lead to the Algorithms 3.3, 3.1 and 3.2, respectively.

Let ∇hv be the functions whose restriction to each element k ∈ Th are equal to ∇v.

The specific definition of the norm for the space U(h) is as follows:

|||v|||21 = |v|21,h +
∑

e∈Γ

1

he

∫

e

[γv]2eds,

|||v|||2 = |||v|||21 +
∑

k∈Th

h2
k|v|22,k,

where

|v|21,h =
∑

k∈Th

|v|21,k.

From the standard inverse inequality, it can be discovered that ||| · ||| and ||| · |||1 are equivalent.
We recall the following trace theorem (see [2]). Let k be a triangular element and let e

denote one of its edges. The theorem states that there exists a constant C1, C2 > 0 such that

for any function g ∈ H2(k),

‖g‖2e ≤ C1

(
h−1
k ‖g‖2k + hk|g|21,k

)
, (3.8)

∥∥∥∥
∂g

∂n

∥∥∥∥
2

e

≤ C2

(
h−1
k |g|21,k + hk|g|22,k

)
, (3.9)

where C1, C2 are associated only with the minimum angle of element k.

Lemma 3.1. For any u, v ∈ U(h), we have

A∗(u, v) = (B∇hu,∇hv) +
∑

k∈Th

∫

∂k

(γv − v)B∇u · nds+
∑

k∈Th

(∇ ·B∇u, v − γv)k. (3.10)

Furthermore, if u, v ∈ Uh, then

A∗(u, v) ≥ (B∇hu,∇hv)− C∗h|||u||| |||v|||. (3.11)
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Proof. First, note that after applying the projection operator γ, the γv is a constant on

each control volume. Then we apply the divergence theorem on each control volume, followed

by the Green’s formula, which allows us to derive

A∗(u, v) =
∑

k∈Th

3∑

j=1

∫

AjAj+1

B∇u · nγvds−
∑

k∈Th

∑

k∗∈k

∫

∂k∗

B∇u · nγvds

=
∑

k∈Th

3∑

j=1

∫

AjAj+1

B∇u · nγvds−
∑

k∈Th

∑

k∗∈k

∫

k∗

∇ · (B∇u)γvdxdy

=
∑

k∈Th

∫

∂k

B∇u · n(γv − v)ds+
∑

k∈Th

∫

∂k

B∇u · nvds−
∑

k∈Th

(
∇ · (B∇u), γv

)
k

=
∑

k∈Th

∫

∂k

B∇u · n(γv − v)ds+
∑

k∈Th

(B∇u,∇v)k +
∑

k∈Th

(
∇ · (B∇u), v − γv

)
k

= (B∇hu,∇hv) +
∑

k∈Th

∫

∂k

B∇u · n(γv − v)ds+
∑

k∈Th

(
∇ · (B∇u), v − γv

)
k

=:

3∑

i=1

Ti. (3.12)

If u, v ∈ Uh, and assuming that B̃ denotes the function value of B at the midpoint of the

side of the triangle, with the help of the trace inequality and Hölder inequality, we get

T2 =
∑

k∈Th

∫

∂k

(B − B̃)∇u · n(γv − v)ds

≤
∑

k∈Th

‖B − B̃‖L∞(∂k)

∫

∂k

∇u · n(γv − v)ds

≤
∑

k∈Th

‖B − B̃‖L∞(k)

∫

∂k

∇u · n(γv − v)ds

≤
∑

k∈Th

Ch‖B‖1,∞‖γv − v‖L2(∂k)‖∇u · n‖L2(∂k).

Thanks to inequalities (3.8) and (3.9) and the operator property (2.7), we arrive at

T2 ≤ Ch‖B‖1,∞
(
∑

k∈Th

(
h−1
k ‖γv − v‖2k + hk|γv − v|21,k

)
) 1

2

×
(
∑

k∈Th

(
h−1
k ‖∇u‖2k + hk|∇u|21,k

)
) 1

2

≤ Ch‖B‖1,∞
(
∑

k∈Th

hk|v|21,k

) 1
2
(
∑

k∈Th

(
h−1
k |u|21,k + hk|u|22,k

)
) 1

2

≤ Ch‖B‖1,∞
(
∑

k∈Th

|v|21,k

) 1
2
(
∑

k∈Th

(
|u|21,k + h2

k|u|22,k
)
) 1

2

≤ Ch|||v||| |||u|||. (3.13)
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As for T3 term, we have

T3 =
∑

k∈Th

(∇B · ∇u, v − γv)k +
∑

k∈Th

(
B∇ · (∇u), v − γv

)
k
=: T31 + T32. (3.14)

For the first term of T3, we once again apply the Hölder inequality and property (2.7), we can

reach

|T31| ≤ C
∑

k∈Th

‖∇B‖L∞(k)‖∇u‖L2(k)‖v − γv‖L2(k)

≤ C‖B‖1,∞
(
∑

k∈Th

|u|21,k

) 1
2
(
∑

k∈Th

h2|v|21,k

) 1
2

≤ C3h‖B‖1,∞|||u||| |||v|||. (3.15)

As for the second term T32, it is assumed that B∗ is the function value of B at the barycenter

of the triangle element. Similar to the proof of T2, it holds that

T32 =
∑

k∈Th

(B −B∗)
(
∇ · (∇u), v − γv

)
k

≤ C
∑

k∈Th

‖B −B∗‖L∞(k)‖∇ · (∇u)‖L2(k)‖v − γv‖L2(k)

≤ Ch‖B‖1,∞
(
∑

k∈Th

|u|22,k

) 1
2
(
∑

k∈Th

h2
k|v|21,k

) 1
2

≤ Ch‖B‖1,∞
(
∑

k∈Th

h2
k|u|22,k

) 1
2
(
∑

k∈Th

|v|21,k

) 1
2

≤ C4h‖B‖1,∞|||u||| |||v|||. (3.16)

Thus, combining (3.13),(3.15) and (3.16), if u, v ∈ Uh, we get

A∗(u, v) ≥ (B∇hu,∇hv)− C∗h|||u||| |||v|||.

The proof is complete. �

Lemma 3.2. ∀u, v ∈ U(h), there exists a positive constant C such that

A(u, v) ≤ C|||u||| |||v|||. (3.17)

Proof. It follows from Lemma 3.1, we can derive

|A∗(u, v)| ≤ |(B∇hu,∇hv)|+
∣∣∣∣∣
∑

k∈Th

∫

∂k

(γv − v)B∇u · nds
∣∣∣∣∣+
∣∣∣∣∣
∑

k∈Th

(∇ ·B∇u, v − γv)k

∣∣∣∣∣

≤ C

(
|u|1,h|v|1,h +

(
∑

k∈Th

|v|21,k

) 1
2
(
∑

k∈Th

(
|u|21,k + h2|u|22,k

)
) 1

2

+

(
∑

k∈Th

|u|21,k

) 1
2
(
∑

k∈Th

h2|v|21,k

) 1
2
)

≤ C|||u||| |||v|||. (3.18)
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Next, we prove the boundedness of the remaining terms of the bilinear form A(u, v)

∣∣∣∣∣−
∑

e∈Γ

∫

e

{B∇u} · [γv]ds
∣∣∣∣∣

≤ C
∑

e∈Γ

(∫

e

he{B∇u}2ds
) 1

2
(∫

e

h−1
e [γv]2ds

) 1
2

≤
(
∑

k∈Th

(
‖B∇u‖20,k + h2

k|B∇u|21,k
)
) 1

2
(
∑

e∈Γ

∫

e

h−1
e [γv]2ds

) 1
2

≤ C

(
∑

k∈Th

(
‖B‖2L2(k)|u|21,k + h2

k|B|21,k|u|22,k
)
) 1

2

|||v|||1

≤ C

(
|u|21,h +

∑

k∈Th

h2
k|u|22,k

) 1
2

|||v|||1 ≤ C|||u||| |||v|||. (3.19)

Similarly, it can be obtained that

∣∣∣∣∣θ
∑

e∈Γ

∫

e

{B∇v} · [γu]ds
∣∣∣∣∣ ≤ C|||u||| |||v|||. (3.20)

For the penalty terms, one derives

α
1

he

∑

e∈Γ

∫

e

[γu]|e : [γv]|eds

≤ Cα

(
∑

e∈Γ

∫

e

1

he

[γu]2eds

) 1
2
(
∑

e∈Γ

∫

e

1

he

[γv]2eds

) 1
2

≤ C|||u||| |||v|||. (3.21)

Together with (3.18)-(3.21), one can conclude that

A(u, v) = A∗(u, v)−
∑

e∈Γ

∫

e

{B∇u} · [γv]ds

+ θ
∑

e∈Γ

∫

e

{B∇v} · [γu]ds+ α
1

he

∑

e∈Γ

∫

e

[γu] · [γv]ds

≤ C|||u||| |||v|||.

The proof is complete. �

Now, we discuss the coercivity of the bilinear form A(· , ·) with respect to the norm ||| · |||.

Lemma 3.3. ∀ v ∈ Uh, there is a constant C such that when α large enough and h small

enough, the uniform ellipticity

A(v, v) ≥ C|||v|||2 (3.22)

holds true.
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Proof. According to the conclusion of Lemma 3.1, inequality (3.19), Hölder inequality,

ǫ-inequality as well as the trace inequality (3.8) and the inverse inequality, we deduce that

A(v, v) = A∗(v, v) −
∑

e∈Γ

∫

e

{B∇v} · [γv]ds

+ α
∑

e∈Γ

1

he

∫

e

[γv]|2eds+ θ
∑

e∈Γ

∫

e

{B∇v} · [γv]ds

≥ C1|v|21,h − C∗h|||v|||2 + α
1

he

∑

e∈Γ

∫

e

[γv]|2eds

− (1− θ)2

2ǫ

(
∑

e∈Γ

∫

e

he{B∇v}2ds
)

− ǫ

2

(
∑

e∈Γ

∫

e

h−1
e [γv]2ds

)

≥ C1|v|21,h +
(
α− ǫ

2

)(∑

e∈Γ

∫

e

h−1
e [γv]2ds

)

− C2(1− θ)2

2ǫ

(
∑

k∈Th

(
|v|21,k + h2

k|v|22,k
)
)

− C∗h|||v|||2

≥
(
C1 −

C∗
2 (1 − θ)2

2ǫ

)
|v|21,h +

(
α− ǫ

2

)(∑

e∈Γ

∫

e

h−1
e [γv]2ds

)
− C∗h|||v|||2. (3.23)

For the aforementioned inequality relation, in order to ensure that

(
C1 −

C∗
2 (1 − θ)2

2ǫ

)
|v|21,h − C∗h|||v|||2 ≥ 0, (3.24)

we must take ǫ > 0 large enough and h small enough. In addition, the penalty parameter α is

required to be sufficiently large relative to ǫ. �

4. Error Analysis

The main goal of this section is to give the broken H1 optimal error estimate for the

numerical solution of three DFVM schemes proposed in this paper.

Define Lagrange interpolation operator π1
k from H3(k) to P2(k), it was proved in [27] that

∥∥u− π1
ku
∥∥
s,k

≤ Ch3−s|u|3,k, ∀u ∈ H3(k), s = 1, 2, 3. (4.1)

Similar to reference [16], we define Π1 : H1
0 (Ω) ∩H3(Ω) → Uh by

Π1u|k = π1
ku, ∀u ∈ H1

0 (Ω) ∩H3(Ω), ∀ k ∈ Th. (4.2)

Based on the definition of the norm ||| · ||| and (4.1), we obtain

|||u−Π1u|||2 = |u−Π1u|21,h +
∑

e∈Γ

1

he

∫

e

[|γ(u−Π1u)|]2eds+
∑

k∈Th

h2
k|u−Π1u|22,k

≤ C
∑

k∈Th

h4
k|u|23,k +

∑

e∈Γ

1

he

∫

e

[|γ(u−Π1u)|]2eds.

Since Lagrange interpolation keeps node values unchanged, we can get [|γ(u−Π1u)|] = 0.
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Thus,

|||u−Π1u|||2 ≤ C
∑

k∈Th

h4
k|u|23,k, ∀u ∈ H1

0 (Ω) ∩H3(Ω). (4.3)

Theorem 4.1. Let u be the exact solution of (1.1) satisfies u ∈ H1
0 (Ω) ∩H3(Ω) and uh ∈ Uh

be the solution of the quadratic DFVM scheme (3.7). If triangulation Th is quasi-uniform, then

there exists a constant C > 0, which is independent of h such that

|||u− uh||| ≤ Ch2‖u‖3. (4.4)

Proof. Subtracting (3.6) from (3.5), we can obtain

A(u− uh, v) = 0, ∀ v ∈ Uh. (4.5)

Choosing v = uh −Π1u in (4.5), one can deduce

A(uh −Π1u, uh −Π1u) = A1(uh − u+ u−Π1u, uh −Π1u)

= A(u −Π1u, uh −Π1u). (4.6)

With the help of the (3.17) in Lemma 3.2, we arrive at

|A(uh −Π1u, uh −Π1u)| ≤ C|||u−Π1u||| |||uh −Π1u|||. (4.7)

According to the coercive property of A(·, ·), equality (4.6), inequality (4.7) and the interpola-

tion estimate (4.3) that

C̃|||uh −Π1u|||2 ≤ A1(uh −Π1u, uh −Π1u)

≤ C|||u−Π1u||| |||uh −Π1u|||
≤ Ch2‖u‖3|||uh −Π1u|||. (4.8)

Finally, utilizing the triangle inequality enables us to obtain the desired estimation

|||u− uh||| ≤ |||u−Π1u|||+ |||uh −Π1u||| ≤ Ch2‖u‖3.

The proof is complete. �

5. Numerical Experiments

In this section, we will explore the validity and practicability of the quadratic discontinuous

finite volume method for elliptic problems described above by using two concrete numerical

examples.

Example 5.1. Consider the problem (1.1) with Ω = [0, 1] × [0, 1], B = 1, and the function f

is chosen such that the smooth exact solution is given below

u = exp(x+ y).

We present in Tables 5.1-5.3 the errors as well as the convergence rates of the quadratic dis-

continuous finite volume element Algorithm 1 with incomplete internal penalty terms (DFVM-

IIPG) for solving the elliptic problem under different penalty parameters, respectively. Observ-

ing the data in these tables, it is obvious that for the three selected penalty parameters, the
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Table 5.1: Errors and convergence rates of Algorithm 1 (IIPG) with dual partition parameters a = b =

(1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.7574E-04 1.6300E-01 16

1/8 3.8555E-05 2.84 4.0700E-02 2.00 64

1/16 5.2417E-06 2.88 1.0200E-02 2.00 256

1/32 7.4646E-07 2.81 2.5000E-03 2.03 1024

1/64 1.2657E-07 2.56 6.3766E-04 1.97 4096

Table 5.2: Errors and convergence rates of Algorithm 1 (IIPG) with dual partition parameters a = b =

(1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.1076E-04 1.6320E-01 10

1/8 6.5020E-05 2.26 4.0300E-02 2.02 10

1/16 1.5854E-05 2.04 1.0000E-02 2.01 10

1/32 3.9803E-06 1.99 2.5000E-03 2.00 10

1/64 1.0006E-06 1.99 6.1942E-04 2.01 10

Table 5.3: Errors and convergence rates of Algorithm 1 (IIPG) with dual partition parameters a = b =

(1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 6.2000E-03 2.7710E-01 0.5

1/8 1.3000E-03 2.25 5.9400E-02 2.22 0.5

1/16 3.0010E-04 2.11 1.3200E-02 2.17 0.5

1/32 7.3100E-05 2.04 3.1000E-03 2.09 0.5

1/64 1.8113E-05 2.01 7.2978E-04 2.09 0.5

Table 5.4: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.6323E-04 1.6270E-01 16

1/8 3.6608E-05 2.85 4.0600E-02 2.00 64

1/16 4.8246E-06 2.92 1.0200E-02 1.99 256

1/32 6.1239E-07 2.98 2.5000E-03 2.03 1024

1/64 7.6848E-08 2.99 6.3765E-04 1.97 4096

Table 5.5: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.9361E-04 1.6280E-01 10

1/8 5.9448E-05 2.30 4.0100E-02 2.02 10

1/16 1.4411E-05 2.04 9.9000E-03 2.02 10

1/32 3.6220E-06 1.99 2.5000E-03 1.99 10

1/64 9.1178E-07 1.99 6.1683E-04 2.02 10
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error estimates in the broken H1 norm for the numerical solutions all reach the second order

accuracy, which is consistent with the conclusion of Theorem 4.1. In addition, it is also evident

that when solving the elliptic problem on the dual partition constructed by the current dual

parameters, the L2 error order of the discontinuous finite volume solution is less than third

order, which is the same as the conclusion of the corresponding continuous quadratic FVM

scheme.

Tables 5.6-5.8 and Tables 5.11-5.12 respectively provide numerical results for solving the

elliptic problem utilizing quadratic discontinuous finite volume element Algorithms 3.2 and 3.3

Table 5.6: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.3000E-03 1.5530E-01 0.1

1/8 2.6958E-04 2.27 3.6500E-02 2.09 0.1

1/16 6.0318E-05 2.16 8.8000E-03 2.05 0.1

1/32 1.4282E-05 2.08 2.1000E-03 2.07 0.1

1/64 3.4770E-06 2.04 5.3011E-04 1.99 0.1

Table 5.7: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.4000E-03 1.5650E-01 0.001

1/8 2.7953E-04 2.32 3.6700E-02 2.09 0.001

1/16 6.2315E-05 2.17 8.8000E-03 2.06 0.001

1/32 1.4706E-05 2.08 2.1000E-03 2.07 0.001

1/64 3.5736E-06 2.04 5.3050E-04 1.99 0.001

Table 5.8: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.9976E-04 1.5860E-01 10

1/8 8.7353E-05 2.19 3.8900E-02 2.03 10

1/16 2.1339E-05 2.03 9.6000E-03 2.02 10

1/32 5.3371E-06 2.00 2.4000E-03 2.00 10

1/64 1.3381E-06 2.00 5.9415E-04 2.01 10

Table 5.9: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.2004E-04 1.6040E-01 16

1/8 3.9238E-05 3.03 4.0600E-02 1.98 64

1/16 4.9206E-06 3.00 1.0200E-02 1.99 256

1/32 6.1561E-07 3.00 2.5000E-03 2.03 1024

1/64 7.6941E-08 3.00 6.3765E-04 1.97 4096
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Table 5.10: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.8046E-04 1.5820E-01 10

1/8 8.1749E-05 2.22 3.8800E-02 2.03 10

1/16 1.9961E-05 2.03 9.6000E-03 2.01 10

1/32 5.0037E-06 2.00 2.4000E-03 2.00 10

1/64 1.2566E-06 1.99 5.9158E-04 2.02 10

Table 5.11: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.8529E-04 1.7380E-01 10

1/8 2.2793E-05 3.02 4.3400E-02 2.00 10

1/16 3.7191E-06 2.62 1.0800E-02 2.01 10

1/32 7.8748E-07 2.24 2.7000E-03 2.00 10

1/64 1.8730E-07 2.07 6.7746E-04 1.99 10

Table 5.12: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.1851E-04 1.6650E-01 16

1/8 3.6165E-05 2.60 4.0700E-02 2.03 64

1/16 5.0444E-06 2.84 1.0200E-02 2.00 256

1/32 7.2670E-07 2.80 2.5000E-03 2.03 1024

1/64 1.2478E-07 2.54 6.3766E-04 1.97 4096

Table 5.13: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.8061E-04 1.7350E-01 10

1/8 2.0179E-05 3.16 4.3300E-02 2.00 10

1/16 2.5813E-06 2.97 1.0800E-02 2.00 10

1/32 4.1610E-07 2.63 2.7000E-03 2.00 10

1/64 8.5464E-08 2.28 6.7546E-04 2.00 10

Table 5.14: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.1480E-04 1.6620E-01 16

1/8 3.5503E-05 2.60 4.0700E-02 2.03 64

1/16 4.7910E-06 2.89 1.0200E-02 2.00 256

1/32 6.1131E-07 2.97 2.5000E-03 2.03 1024

1/64 7.6826E-08 2.99 6.3765E-04 1.97 4096
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Table 5.15: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.1.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.0171E-04 1.6320E-01 120

1/8 3.8374E-05 2.98 4.0800E-02 2.00 240

1/16 4.8543E-06 2.98 1.0200E-02 2.00 480

1/32 6.1102E-07 2.99 2.5000E-03 2.03 960

1/64 7.6664E-08 2.99 6.3757E-04 1.97 1920

with different penalty parameters. The computational results show that the ‖|u−uh‖| of Algo-
rithms 3.2 and 3.3 have the same second-order convergence rate as that of Algorithm 3.1, which

is consistent with the results of the theoretical analysis. In addition, the L2 error estimates of

the numerical solutions obtained by Algorithms 3.2 and 3.3 with the current dual parameters

also failed to reach the optimal order, which is the identical to that of Algorithm 3.1. We also

investigated the sensitivity of the three algorithms with respect to the penalty parameter. The

calculations in Tables 5.6-5.8 show that even if the penalty parameter is quite small, the con-

vergence rate of the numerical solution in the NIPG scheme is not affected, which also matches

the results of the corresponding discontinuous finite element method, i.e., the NIPG scheme is

insensitive to the penalty parameter. This also reveals that the discontinuous FVM method not

only maintains the same accuracy as the discontinuous FEM method, but also has the feature

of local conservation.

Example 5.2. Let the calculation area be Ω = [−1, 1]× [−1, 1], and the coefficient B = 1. We

choose the source term f for the elliptic problem (1.1), such that it has the exact solution as

follows:

u = cos
(πx

2

)
cos
(πy

2

)
.

Tables 5.16-5.18, Tables 5.21-5.23 and Tables 5.26-5.27 present the calculation results of

solving elliptic equation of the three DFVM constructed in this paper. The numerical results

show that the brokenH1 error estimate of the numerical solutions of the three schemes (DFVM-

IIPG, DFVM-NIPG, and DFVM-SIPG) can achieve the expected accuracy under different

penalty parameters. In addition, when α = 0.1 and α = 0.001, the calculation accuracy of

|||u−uh||| obtained by the NIPG scheme is on the same order of magnitude as that of |||u−uh|||
obtained by α = 10, and both attain second-order accuracy, which once again verifies the

insensitivity of the NIPG scheme to the penalty parameter. This demonstrates that the DFVM

Table 5.16: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.5000E-03 1.4700E-01 16

1/8 2.9828E-04 3.07 3.7400E-02 1.97 64

1/16 4.5894E-05 2.70 9.4000E-03 1.99 256

1/32 9.1117E-06 2.33 2.4000E-03 1.97 1024

1/64 2.1093E-06 2.11 5.9058E-04 2.02 4096
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Table 5.17: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.2000E-03 1.4560E-01 10

1/8 7.9872E-04 2.00 3.6300E-02 2.00 10

1/16 2.0348E-04 1.97 9.0000E-03 2.01 10

1/32 5.1564E-05 1.98 2.3000E-03 1.97 10

1/64 1.2990E-05 1.99 5.6312E-04 2.03 10

Table 5.18: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 4.4400E-02 1.7190E-01 0.5

1/8 1.1800E-02 1.91 4.1400E-02 2.05 0.5

1/16 3.0000E-03 1.98 1.0100E-02 2.04 0.5

1/32 7.7186E-04 1.96 2.5000E-03 2.01 0.5

1/64 1.9435E-04 1.99 6.2402E-04 2.00 0.5

Table 5.19: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 2.0000E-03 1.4650E-01 16

1/8 2.0347E-04 3.30 3.7400E-02 1.97 64

1/16 2.2902E-05 3.15 9.4000E-03 1.99 256

1/32 2.7657E-06 3.05 2.4000E-03 1.97 1024

1/64 3.4232E-07 3.01 5.9055E-04 2.02 4096

Table 5.20: Errors and convergence rates of Algorithm 3.1 (IIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.2000E-03 1.4560E-01 10

1/8 7.9872E-04 2.00 3.6300E-02 2.00 10

1/16 2.0348E-04 1.97 9.0000E-03 2.01 10

1/32 5.1564E-05 1.98 2.3000E-03 1.97 10

1/64 1.2990E-05 1.99 5.6312E-04 2.03 10

Table 5.21: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.1100E-02 1.3410E-01 0.1

1/8 2.8000E-03 1.99 3.1900E-02 2.07 0.1

1/16 6.9010E-04 2.02 7.8000E-03 2.03 0.1

1/32 1.7216E-04 2.00 1.9000E-03 2.04 0.1

1/64 4.2988E-05 2.00 4.7407E-04 2.00 0.1



18 Y. LOU, H. RUI AND X. FENG

Table 5.22: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.1300E-02 1.3490E-01 0.001

1/8 2.8000E-03 2.01 3.2000E-02 2.08 0.001

1/16 6.9416E-04 2.01 7.8000E-03 2.04 0.001

1/32 1.7283E-04 2.01 1.9000E-03 2.04 0.001

1/64 4.3113E-05 2.00 4.7605E-04 2.00 0.001

Table 5.23: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 4.5000E-03 1.4260E-01 10

1/8 1.2000E-03 1.91 3.5300E-02 2.01 10

1/16 3.0106E-04 1.99 8.8000E-03 2.00 10

1/32 7.6632E-05 1.97 2.2000E-03 2.00 10

1/64 1.9338E-05 1.99 5.4616E-04 2.01 10

Table 5.24: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 3.0000E-03 1.4490E-01 16

1/8 2.7813E-04 3.43 3.7300E-02 1.96 64

1/16 2.6347E-05 3.40 9.4000E-03 1.99 256

1/32 2.8911E-06 3.19 2.4000E-03 1.97 1024

1/64 3.4634E-07 3.06 5.9055E-04 2.02 4096

Table 5.25: Errors and convergence rates of Algorithm 3.2 (NIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 4.0000E-03 1.4210E-01 10

1/8 1.0000E-03 2.00 3.5200E-02 2.01 10

1/16 2.7139E-04 1.88 8.7000E-03 2.02 10

1/32 6.9240E-05 1.97 2.2000E-03 1.98 10

1/64 1.7494E-05 1.98 5.4315E-04 2.02 10

Table 5.26: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.3000E-03 1.5380E-01 10

1/8 1.9975E-04 2.70 3.8200E-02 2.01 10

1/16 4.1220E-05 2.28 9.5000E-03 2.01 10

1/32 9.7206E-06 2.08 2.4000E-03 1.98 10

1/64 2.3928E-06 2.02 5.9443E-04 2.01 10
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Table 5.27: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = b = (1− 1/
√
3)/2 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.3000E-03 1.5000E-01 16

1/8 2.1616E-04 2.59 3.7500E-02 2.00 64

1/16 3.9630E-05 2.45 9.4000E-03 2.00 256

1/32 8.6678E-06 2.19 2.4000E-03 1.97 1024

1/64 2.0802E-06 2.06 5.9058E-04 2.02 4096

Table 5.28: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.0000E-03 1.5340E-01 10

1/8 1.2480E-04 3.00 3.8100E-02 2.01 10

1/16 1.5686E-05 2.99 9.5000E-03 2.00 10

1/32 2.1705E-06 2.85 2.4000E-03 1.98 10

1/64 3.6390E-07 2.58 5.9214E-04 2.02 10

Table 5.29: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.2000E-03 1.4970E-01 16

1/8 1.6501E-04 2.86 3.7400E-02 2.00 64

1/16 2.1504E-05 2.94 9.4000E-03 1.99 256

1/32 2.7193E-06 2.98 2.4000E-03 1.97 1024

1/64 3.4094E-07 3.00 5.9055E-04 2.02 4096

Table 5.30: Errors and convergence rates of Algorithm 3.3 (SIPG) with dual partition parameters

a = (1− 1/
√
3)/2, b = (6 +

√
3−

√

21 + 6
√
3)/9 for Example 5.2.

h ‖u− uh‖0 Rate |||u− uh||| Rate α

1/4 1.4000E-03 1.4970E-01 120

1/8 1.7173E-04 3.03 3.7600E-02 1.99 240

1/16 2.1654E-05 2.99 9.4000E-03 2.00 480

1/32 2.7186E-06 2.99 2.4000E-03 1.97 960

1/64 3.4057E-07 3.00 5.9043E-04 2.02 1920

method in this paper preserves both the local conservation properties of the finite volume

element method and the flexibility and accuracy of the DG method.

It is worth noting that the L2-norm error estimate of quadratic FVM is affected by dual parti-

tion. The authors of reference [21] studied the L2-norm error analysis of higher-order continuous

finite volume method for linear elliptic problems. It is shown that when the dual parameters

defined in (2.2) are respectively valued as a = (1− 1/
√
3)/2, b = (6 +

√
3−

√
21 + 6

√
3)/9, the

error in L2-norm of the corresponding quadratic FVM approximation solution can achieve the

optimal convergence rate.
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In this paper, the error of the quadratic discontinuous FVM scheme with parameters a = (1−
1/

√
3)/2, b = (6 +

√
3−

√
21 + 6

√
3)/9 for solving the elliptic problem is also calculated, and

the specific error data for Example 5.1 are shown in Tables 5.4-5.5, Tables 5.9-5.10, Tables 5.13-

5.15, and for Example 5.2 are shown in Tables 5.19-5.20, Tables 5.24-5.25, Tables 5.28-5.30,

respectively. Figs. 5.1-5.3, and Figs. 5.4-5.6 plot the error convergence rates for numerical

solutions obtained by the three DFVM schemes under different penalty parameters and dual

parameters for Examples 5.1 and 5.2, respectively.

It can be found from the data in these tables and figures that when the problem is solved on

the dual partition constructed by the above parameters and the penalty parameter α is 1/h2

for three schemes or α is 30/h for Algorithm 3.3, the calculation results satisfy the L2-norm

error order of the approximate solution is third-order. However, the L2-norm errors of three

quadratic discontinuous finite volume solution both fails to achieve optimal convergence rate

when the penalty parameter α is set at 10. This indicates that the L2 estimates for quadratic

DFVM solution is also related to the penalty parameter.

Fig. 5.1. The convergence rates of the Algorithm 3.1 (IIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.1.

Fig. 5.2. The convergence rates of the Algorithm 3.2 (NIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.1.
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Fig. 5.3. The convergence rates of the Algorithm 3.3 (SIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.1.

Fig. 5.4. The convergence rates of the Algorithm 3.1 (IIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.2.

Fig. 5.5. The convergence rates of the Algorithm 3.2 (NIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.2.
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Fig. 5.6. The convergence rates of the Algorithm 3.3 (SIPG) with the different dual partition a = b =

(1− 1/
√
3)/2, b1 = (6 +

√
3−

√

21 + 6
√
3)/9 and penalty parameter α for Example 5.2.

6. Conclusions

For the second-order elliptic problem, we propose the quadratic discontinuous finite volume

element algorithms with incomplete symmetric, nonsymmetric, and symmetric internal penalty

types, respectively, which not only can achieve the second-order accuracy as the discontinuous

Galerkin methods, but also possess local conservation of physical quantities within the control

volume. Additionally, the convergence analysis of three algorithms is also provided. Numerical

experiments are conducted to validate the performance of the three DFVM algorithms, con-

firm the theoretical results, and investigate the effects of different dual partitions and penalty

parameters on the DFVM algorithms. In future work, we will further explore the relationship

between the optimal order L2 error estimation and the penalty parameter in the theoretical

aspect of higher-order DFVMs.
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