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Abstract

In this work, a subdiffusion equation with constant time delay 7 is considered. First,
the regularity of the solution to the considered problem is investigated, finding that its first-
order time derivative exhibits singularity at ¢ = 0" and its second-order time derivative
shows singularity at both ¢ = 07 and 7+, while the solution can be decomposed into its
singular and regular components. Then, we derive a fully discrete finite element scheme
to solve the considered problem based on the standard Galerkin finite element method in
space and the Griinwald-Letnikov type approximation in time. The analysis shows that
the developed numerical scheme is stable. In order to discuss the error estimate, a new
discrete Gronwall inequality is established. Under the above decomposition of the solution,
we obtain a local error estimate in time for the developed numerical scheme. Finally, some
numerical tests are provided to support our theoretical analysis.

Mathematics subject classification: 65M06, 65M12, 65M60.
Key words: Subdiffusion equation with constant time delay, Finite element method, Griin-
wald-Letnikov type approximation, Discrete Gronwall inequality, Error estimate.

1. Introduction

It is well known that differential equation is a powerful tool for understanding and describing
some complex phenomena in the natural world. In view of the fact that there exist numerous
real-world systems which depend on their historical states, this makes the delay differential
equation show wide application potential in various fields such as physics, biology and medicine
[12,33]. The emergence of this trend has aroused great interest of mathematicians in delay
differential equations [2,4,11,13]. Compared with integer-order model, fractional differential
equation often exhibits high reliability in capturing memory effect, hereditary characteristic and
non-locality of complex systems. Therefore, the fractional models often are used to describe
these practical problems [6,15,16,34]. It is noteworthy that some systems, such as biological
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systems, inherently possess time delay and exhibit long-range memory. Traditional models,
including integer-order equations with delay and fractional equations without delay, are difficult
to comprehensively capture the complex interplay between memory and delay. Since models
with fractional operator and time delay allow greater degrees of freedom in modeling and
in describing systems with long-time memory, they provide a powerful tool for disclosing the
underlying laws governing these systems [3,10,30,31,40]. In this paper, we consider the following
time-fractional diffusion equation with constant time delay:

Opu(x,t) = 0}~ O‘(pAu(:c t) + au(z,t)) + bu(z,t — 7) + f(z,t), (x,t) € Qx (0,K7], (1.1)

u(z,t) = p(z, (z,t) € A x [-7,0], (1.2)
u(z,t)|oa =0, te[-1, K1, (1.3)

where Q@ = (0,L), L,p,a,b are some constants satisfying L>0,p>0,a < 0,b # 0, f(x,t) is
a continuous function, 7 > 0 is the time delay parameter, K is a given positive integer, o(x,t)
is a continuous function in € x [—7, 0], and dlu denote as the I-th order derivative with respect
to variable ¢t and 9;(-) := 9}(-) . The Riemann-Liouville fractional derivative 8} *u(x,t) is
defined by [5]

¢
of “u(x,t) = %/o wa(t — s)u(x, s)ds, 0<a<l,

where wg(t) := t#~1/T(B) for 3,t > 0 is the convolution kernel function.

At present, there have been some advancements in the theoretical studies of fractional diffu-
sion equations with delay. Prakash et al. [29] proposed the invariant subspace approach to find
the exact solution of time-fractional reaction-diffusion equation with time delay. Zhu et al. [44]
investigated the local and nonlocal existence of mild solution for a nonlinear time delay fractional
reaction-diffusion equation. By using the semigroup theory of operators and the monotone it-
erative technique, reference [19] obtained the existence and uniqueness of mild solutions for
a time-space diffusion equation involving delay. Yao and Yang [37] investigated the asymptotic
stability and long-time decay rates for a fractional diffusion-wave equation with time delay.
Meanwhile, some researchers proposed a lot of effective numerical methods to solve the time
fractional diffusion equation with delay. For example, in [18,43], researchers discussed finite
difference methods for constant time delay subdiffusion equation. In [1,20,41], some finite dif-
ference schemes were devised to solve the time fractional diffusion-wave equations with delay.
We also noted that some studiers use finite difference method to solve distributed order frac-
tional diffusion equation [28]. In [26,27], the authors considered the finite element methods for
the time delay subdiffusion equation and investigated their convergence and superconvergence.
Based on L1 formula in time and Galerkin spectral method in space, Zaky et al. [38] developed
an effective numerical method for variable-order time fractional reaction-diffusion equation with
delay. In order to analyze the stability and convergence of finite difference scheme of time fac-
tional multi-delayed diffusion equation, Hendy and Macias-Diaz [14] proposed a novel discrete
Gronwall inequality.

Recently, Tan et al. [35] discuss a constant time delay fractional diffusion equation from both
theoretical and numerical perspectives. They not only derive its exact solution, but also reveal
the multiple singularity phenomena of the solution in time. Furthermore, Cen and Vong [8]
obtain a sharp multi-singularity result of a class of delay fractional ordinary differential equation,
and two corrected L-type schemes are constructed in [7] to overcome this multi-singularity.
Subsequently, by using variable-step L1 method, references [5,25] obtain effective numerical
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schemes with satisfactory temporal convergence accuracy when the exact solution has multiple
singularities in time. It is worth pointing out that the regularity results of references [5,8,25]
show that the first derivative of the solution with respective to variable ¢ satisfies

9| < C (1 +(t— (k- 1)7)’“”“1) L te ((k—1)r krl, (1.4)

where k = 1,2,... . However, compared with previous works, there are some different regularity
results for the present problem (1.1)-(1.3). Therefore, it motivates us to develop new numerical
method to handle the different smoothness. In this paper, the main contributions of this work
are threefold:

e We investigate the problem (1.1)-(1.3) and discover that the first derivative of the solution
with respective to variable ¢ has

|Opu| < CL+t*7Y), te((k—1Dr k7], k=1,2,...,K, (1.5)

the second derivative of the solution with respective to variable ¢ satisfies

‘a?u‘ S C(l + ta_Q)a te (O?T]) (1 6)
|Oful <C(1+ (t—7)*""), te ((k—1)7 k7] .
for £k = 2,3,..., K, and the solution can be decomposed into its singular and regular com-

ponents. The regularity results (1.5) and (1.6) indicate that d;u will blow up only at ¢t = 0,
and 9}u will blow up only at ¢ = 0 and ¢ = 7. It implies that the problem (1.1)-(1.3) has better
regularity than the problem considered in [5,8,25].

e In view of the good regularity of exact solution and in order to avoid the round-off error
which may be caused by dense graded mesh, we use the Griinwald-Letnikov type approximation
to discretize the time fractional operators, propose a fully discrete finite element scheme for
(1.1)-(1.3), and discuss its stability.

¢ We establish a new discrete Gronwall inequality, and utilize it to investigate the conver-
gence based on the regularity results (1.5)-(1.6). It is worth noting that the obtained results
are pointwise-in-time error estimates.

The structure of this work is as follows. In Section 2, the exact solution of (1.1)-(1.3) is
obtained and its regularity is discussed. In Section 3, we establish a fully discrete finite element
scheme for the problem (1.1)-(1.3), and investigate the stability. Based on the regularity results,
the convergence is discussed in Section 4. Finally, numerical tests are presented to verify the
theoretical results in Section 5 and the conclusion is given in Section 6.

Notation. In this paper, C is a general constant, which can be different in different
situations. Denote (-,-) and || - [lo as the inner product and norm of L?(0,L). Define the
solution u(zx,t),t € ((k — 1)7, k7] of (1.1)-(1.3) by ui,(x,t), and u-(x,t) := ur,(x,t).

2. The Regularity of the Solution

In this section, the solution to (1.1)-(1.3) is obtained by the variable separation method and
the Laplace transform method, and we discuss its regularity. First, when (z,t) € [0, L] x (0, 7],
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the problem (1.1)-(1.3) can be written as

du(z,t) =0, (- Gu)) + Fr(z,t), 0<z<L, 0<t<r,
u(z,t) = p(z,t), 0<z<L, —7<t<0, (2.1)
u(0,t) =0, wu(L,t)=0, —-T<t<T,

where

G(u) := —pAu(z,t) — au(z,t), Fr(z,t) :=bu(x,t—71)+ f(z,t).

Similar to [5], it follows from the variable separation method that

t) =Y Tit)Xi(x), Ti(t) = (ur(z,t),X;), (2.2)
i=1

where X; is the eigenfunction corresponding to the eigenvalue \; > 0 satisfying || X;|lo = 1 and
G(Xi) = \iXi, Xi(0) = X;(L) =0, (2.3)

and .
oz, t—7) Z et — 1) X;(x), Fr(z,t)= Z F.i(t)X;(x), (2.4)

i=1

where

pilt—71) = (ga(z,t— T),Xi), F. ()= (FT(:L',t),Xi), t € (0,7].
Combining (2.1), (2.2) and (2.4), then we have

OUTi(t) = O}~ (= ML) + Fra(t).

Taking the Laplace transform of the above equation yields

sTi(s) — i (0) = —s*=NT;(s) 4 Eri(s),
i.e.
~ ©:(0) Fra(s)
T; = . .
(5) s+ Nsl—a ' s 4 )\sl@

Furthermore, from the inverse Laplace transform, one has

t

T;(t) = @i(O)Ea( — )\ito‘) —l—/o ( Ais ) it — s)ds, (2.5)
where _
Jz:; I'(jp+v)

is the Mittag-Leffler function. Therefore, we can obtain the solution of (2.1) by substituting
the above equation into (2.2) as follows:

Z (901 — it®) + /Ot Eo = Nis®) Fri(t — s)ds) Xi(x). (2.6)
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In fact, (2.6) implies that the problem (1.1)-(1.3) exists a unique solution in the domain [0, L] x

(0, 7]. Moreover, by performing similar manipulation to [0, L] x ((k — 1)7, k7], k =2,3,..., K,
it is clear that the problem (1.1)-(1.3) has a unique solution in [0, L] x ((k — 1)7, k7], i.e.,

Upr (2, 1) = Z <%—(0)Ea( — Ait®) +/0 Eol = \is®) Fri(t — s)ds> X;(2), (2.7)

where 901(0) = (50(1'5 0)7 Xl)v Fk‘rﬁi(t) = (Fk‘l'(za t)v Xl(z))a and
bo(x,t — 1) + f(x,t), 0<z<L, 0<t<rT,
bur(x, t — 1) + f(x,1), 0<z<L, 17<t<27
Frr(z,t) =< (2.8)
bup—1y-(x,t —7)+ f(z,t), 0<z<L, (k—1)7<t<kr
In order to investigate the regularity of the solution, we give two auxiliary lemmas firstly.
Lemma 2.1 ([32]). Ifa > 0,A > 0,t > 0 and positive integer m € N, then

dm

dt—mEa’l (—)\ta) = _)\toz—mEa,a_erl (—)\ta)

Moreover, if 0 < o <1 andn > 0, then Ey o(—1n) > 0.

From Lemma 2.1, it is easy to know that
t
/ |Nis® T Eqa(—Xis®)|ds =1 — Eq1(— Ait®) < C. (2.9)
0

Let v > 0. Define the space D(G") and its norm as follows [5]:

D(G7) = {g € L(0,1) : Y AP |(Xig)? < oo} ,

i=1

lolle = (z Afwxi,gn?) |

i=1
Lemma 2.2. Suppose that
@ lle(x,t = 7)llgsr2 < C and |0p(z,t = T)|gr/2 < C, t €10,7];
(I ||f(z,t)]|gsre < C, t € [0, K7], and ||0;f (z,t)||gr/2 < C(1 +t*71), t € (0, KT].
Then for k > 1, ||ukr(z,t)||gss2, || Fir (2,1) || gas2 € L (((k — 1)1, k7)),
10¢urr (2, )[|G /2 < O+ 2@D) 0 Fr (2,12 < C(L+ 171,
and fork>2,t € (jr,(j + 1)7] with0<j <k —1,

|0 Frer (2, 8) || grr2 < C(l + (t— T)afl).
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Proof. When k = 1, it follows from (2.8), the conditions (I) and (II) that

1Pz (2, ) Gare = b, t = 7) + f (2, ) [ Ga2
< C [l t = 7)lIGase + 1 (2, 6)IGs/2] - (2.10)

Therefore, (2.10) implies that ||F-(z,t)|gs;2 € L*=(]0,7]). By (2.5) and the boundedness of
Mittag-Leffler function, we know that

(2.11)

TP < (ool + [ (- s>|ds)2 <cllwop+ [ Ea - stas|.

The combination of (2.5), (2.6) and (2.11) yields

=1

tr s )2 = S NT? < © [||sa<z,o>||é3/z " / I\, (o, t s>||é3/zds] <c (212)

Hence, (2.12) indicates that ||ur(z,t)||gs/2 € L*=((0,7]). Now, we suppose that ||ug,(z, )| gs/2,
| Err(z,t)|| g2 € L°(((k — 1)7, k7]) are true for k < n. When k =n + 1, (2.8) gives

1 E ey (@, D) Ga/2 = lbunr (2,8 = 7) + f(z,1)[|Gs2

< Cllunr(@,t = 7)l[Gre + 1 (@, )1 Gara] < C

<C. (2.13)
Besides, from (2.7), one has

|u(n+1)'r,i(t) |2 < C

) (n+1)7 )
0 (0) + / | Finsyrat — 5)2ds |

The above inequality leads to

||u(n+1)‘r($7 t)H2GS/2 < C

(n+1)7
o, )| e + / | Fonstyr (2 8)|Pasadls

According to (2.13), (2.14) and mathematical induction, we can conclude that ||ug,(z,t)||@s/2,
|1 Frr (z, )| gas2 € L®°(((k — 1)1, k7]) hold for k=1,2,... K.

Next, we discuss || Osurr ()|l 172 and [|0yFgr (t)||g1/2. First, it is easy to know that the above
results imply

Z |Fk‘r,i(t)| < (Z %) (Z )\i|FkT,i(t)|2> <C,
i=1 t i=1

<cC. (2.14)

(2.15)
i=1
o 00 1 2 00 . ) 2
Sarois (1) (Smaor) <e 210
=1 =1 =1
where the well known fact \; ~ i? is used. Taking the first derivative of ug, (x,t),k = 1,2,..., K
with respect to ¢ and applying Lemma 2.1, it yields

oo

(’)tukT(x, t) = Z { - )\ita_l(pi(O)Ema( - )\ita) + Ea( - )\ita)Fkﬂi(O)
i=1

¢ d
+ / Ea( — )\isa) thk‘r,i(t — S)dS}Xl(.T)
0
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= Z { = Ait" 10 (0) Ega ( — Ait®) + Eq(0)Frri(t)
i=1
t
+ / ( — /\isa‘fl)ana( — /\is”‘)FkTﬁi(t — S)dS}Xi(:L'), (2.17)
0
where the integration by parts is used. Therefore, one has

[Brueri (0)* < C [ 7VAT |03 (0) + | Fir (1)

+ (/Ot Ai(t = 8)* 1 Eq o — Nt — s)”‘)FkT,i(s)d3>2] _ (2.18)

Applying the Young’s inequality for convolution, the Cauchy-Schwarz inequality and (2.9), it
holds

|Brunr(8)]* < O |2CVAF|0i(0)]? + | Feri ()]

+ (/Ot |Ais® " Eaa( — )\isa)|ds>2 (/Ot |F,W(S)|2ds)]

t
< O [P NAOR + FursOF + [ 1Furso)Pas]
0

The above inequality demonstrates

o) e t
DN N i (0)7 + Y Nl Frri (1) +/ Z)‘i|FkT7i(3)|2d‘3]
0 =1

i=1 i=1

< C(14#2e7h), (2.19)

|Osunr (2, 8)]| G/ < C

Since

OpFir (x,t) = bOsp(x,t — 7) + O f (m,t) for k=1,
8tFk-,—(1', t) = batuj'r(zﬂ t— T) + atf(xvt);
jr<t<(j+l)r 1<j<k—-1 for k=23,... K,

it is clear that the conditions (I) and (II) give

10 Fier (2, t)][81/2 < C [[10sp(x,t = T Es2 + 106 (2, 1) [31/2]
<C1 4@y for k=1, (2.20)

and for k >2,1<j<k—1,t€ (jr,(j + 1)7], one has

10:Fir (2, )| Z/2 < C [[100ujr (.t = T)|G1/2 + 100f (2, 8) |G /2]
<O(1+ (t—7)2eh). (2.21)

This complete the proof of Lemma 2.2. O

Now we state the regularity result.
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Theorem 2.1. Suppose that the assumptions (I) and (II) of Lemma 2.2 hold. Then the solution
of (1.1)-(1.3) which is expressed by (2.6) and (2.7) satisfies

|Obugr (2,1)] < C(1+ 71, k=1,2,...,K, 1=0,1,
‘8u7xt’<01+t0‘ H,

|07 uer (2, 1) <C(1+(t—7)*""), k=2,3,... K,

|00 uer (2,t)| < C, k=1,2,...,K, n=0,1,2.

Furthermore, under the conditions (I) and (I1) of Lemma 2.2 and |G™ 1 (p(x,0))| < C, the
solution of (1.1)-(1.3) can be decomposed as

m

u(w,t) =Yyt +qt+Y(2,t), (2,t) €[0,L] x [0,K7], (2.22)
j=0

where m s the smallest positive integer to ensure that (m + 1)a > 1, v; and 7 are bounded
functions with respect to the variable x, and Y (-,t) satisfies

Y(+,0) = 8Y (- t)|t=0 = 0, Y(-,t) € C'0, K], (223)
0Y (1) < C(L 4Dl - 92y () € LYo, K7, '
Proof. First, according to (2.6), (2.7) and (2.15), it is obvious that
¢
lugr (2, t)| = { -\ to‘) / Ea( - )\iso‘)ka(t - s)ds} Xi(x)
P 0
Zm |+/ Z|F,m t—s)|ds| <O +1t%). (2.24)

Moreover, it follows from the condition (I) and (2.15)-(2.17) that

t‘HZAiI% |+Z|F,m |+/ - alZMFk” |ds]

=1

< C(1+t7h. (2.25)

|Opugr (z,t)| < C

Now we discuss |02uy, (z,t)|,k = 1,2,..., K. Taking the first time derivative on both sides of
(2.17) yields

afu;”(x, t) = Z { — )\ita72Ea7a,1( — )\ita)gﬁi(()) + Ea(O)atka-(t)
1=1

+ (it Eaa (= Ait®)) Firi(0)

t
+ / —/\iso‘flEaﬁa( — )\iso‘)&ngT,i(t — S)dS}Xi(:L'). (2.26)
0

Furthermore, we have

|07 upr (2, )] < C

o2 Z Ailpi(0)] + Z |0y Fori ()] + > Z il Fier,:(0)
i=1 i=1

i=1
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|

t
+t“’1||FkT(x,O)HG3/2+/O ||ast7—(l‘,S)||G1/2d8:|. (2.27)

A8 Eq o (= Nis®) 0 Fiori(t — 8)ds

< c[t“w(x, 0)llgsro + 104 Fir (2, 8) |

According to Lemma 2.2, when k£ = 1 it yields
|07 ur(z,t)] < C(14t72), (2.28)

and when k£ > 2 it gives

T t
0 s (2,1)| < C {1 bt )t +/ 10 Fior (2, 8)| /2l +/ 104 Fior (2, )| 1 /2 ds
0 T
<ClL+(t—7)*71, (2.29)

where the fact that &k > 2 means ¢ > 7 is used.
Next we discuss the boundedness of 07uk,(z,t), n = 1,2. By [24, pp. 151-152], it is easy to
know that

Z% M) XM (@) <C, n=1,2 (2.30)
In addition, by performing analogous manipulation of [24, pp. 151-152], it is obvious that
3 }ka-(t — 8)Ea(— Aisa)Xi(”)(x)} <C, n=1,2. (2.31)
i=1
Since
| urr (2,1)] = | Y 0i(0) B (— At®) X (2)
i=1
t o0
+/ ZFk”(t $)Ea(— Xis® )X(n)(z)ds
0 =1
<Y i0)Ea (= At?) X (2)
i=1

Fk” (t—s) i Xi(") (x)| ds, (2.32)
Eo (= Ais®)

we can immediately obtain |07 ug,(z,t)] < C;n = 1,2 from (2.30) and (2.31).
Now we discuss (2.22) and (2.23). For t € ((k — 1)1, k7], let

1z, 1) Z/ ) Firi(t — 8)ds - X; — Eo(0)F-(x,0)t,

(o)
PILCP> ﬁ

j=m+1

7
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Then it follows from (2.6) and (2.7) that the solution of (1.1)-(1.3) can be written as

(-1pee
F(ja+1)

upr(x,t) G (¢(2,0)) + Eq(0)Fr (2,00t + Y (2,1),

<.
Il
o

M

<
I
o

Y+t + Y (2,t), te ((k—1)7 k7], (2.33)

where Y (z,t) = Y1(z,t) + Ya(x,t). First, it is obvious that +; is bounded, and the boundedness
of Mittag-Leffler function and the continuity of ¢, f can ensure the boundedness of 4. According
to the definition of Y;(x,t) and Ya(z,t), it is easy to check Y (-,0) = 0. Furthermore, it follows
from (2.6) and (2.7) that

Yi(z,t) = upr (2, 1) Z% —Xit®) X;(2) = Eo (0)Fy (2,0)t,  (x,t) € [0, L]x ((k—1)7, k7).

Taking the first derivative on both sides of the above equation on ¢t and according to (2.17), it
yields

oo

i (x,t) = {Ea(o)ka-(t) + /Ot (= Xis ) Ega(— Xis®) Firi(t — s)ds} X, ()
i=1
— By (0)Fr(2,0), (x,t) €[0,L] x ((k—1)7,k7].
Besides, it follows from (2.6)-(2.8) that Fj, is obviously a continuous function on ¢. Therefore
OY1(5,t)|i=0 =0, Yi(-,t) € C'0,K7], |0:Yi(-t)] <C.
Note that
02Y1(x,t) = fi{ (0)0:Fior,i(t) + (At ' Ega( — Ait™)) Frri(0)

i=1

t
+ / —)\iso‘_lEa,a( - )\isa)atFkT,i(t - s)ds}Xi(ac)
0
t
<C [H@tFkT(:c,t)||G1/z+||FkT(x,0)|G3/2t0‘_1+/ |0t Frr (2, — 8)||ga/2ds| . (2.34)
0

Hence Lemma 2.2 implies that

02Y1 (z,1)

<O+, t e (0,7],
Y1 (x,t) < C

(1+(@—7)""), te(r,Kr]
For 0;Ys(x,t), it is clear that

o0

)i e
aY t ; 0 m+1t(m+1a 1X
1Yo (, Z@x ZFjaJr m+1))

J=

The boundedness of the Mittag-Leffler function gives

10:Ya(x, )| < C|G™H (p(x,0)) [t
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Similarly, we can also obtain
|02Y5(z, )] < C|G™F (p(x,0)) [t D=2,
Therefore, when (m + 1)a: > 1, one has
O Ya(-,t)i=o =0, Ya(,,t) € CH0,K7], |07Ya(-,t)| < ClmtDa—2,

The above discussion means that (2.22) and (2.23) hold. O

3. Fully Discrete Scheme and Its Stability

Similar to [5, Eq. (3.1)] to take the Riemann-Liouville integral ¢} ~* to the both sides of
(1.1), then by [17, Property 2.4] the problem (1.1)-(1.3) can be transformed into

§ DR ul, t) = pAule,t) + au(e, 1) + bl e, t — 7) + f(a,1), (2.t) € Qx (0,K7), (3.1)

u(ac, t) = (p(.%',ﬁ), ($, t) €O x [—T, 0], (32)
u(x,t)]sq =0, t € [-1, K],
where

olPu(z,t) == /t wp(t — s)u(x, s)ds, f(x,t) = oI}~ f(x,t)
0

and § D¢u(x,t) is the Caputo fractional derivative defined by

¢
YD u(x,t) = / wi—a(t — s)0su(z, s)ds.
0

In order to establish a suitable numerical scheme to facilitate the discussion of error estimates,
when ¢t > 7, we rewrite the third term of the right-hand side of (3.1) as
t

ol utast = 1) = [

T

wWi—a(t —s)u(z,s — 7)ds + / wi—a(t — s)p(x,s — 71)ds
0
t—7 t
= / wi—a(t — 7 — s)u(z, s)ds + / wi—a(t —8)p(x,s — 7)ds
0 0

_at‘p(xao)/
/O_T(ula(tTS)(U(l',S) 790(5070))618

t

wWi—a(t —8)(s — 7)ds — ¢(x, 0)/ wWi—q(t — s)ds

+ /0 wi—a(t — s)(@(ac, s—1)— p(z, —T))ds

- (gm0 - oot )| (3.4

where

~ )= (p(.’L',f—T), tSTa
plat=7) {&gﬁ(z, 0)(t —7)+ p(x,0), t>T. (3:5)
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The above equality implies that

o1 (gl =) = ol =) + g —ayel@ =) L<T
oI u(z,t — 1) = { oy =8 (ul, t) — o(2,0)) + ol (@(a, t — T) — pla, —7)) (3.6)
(t—r)*~ te
Eoa O gt

Therefore, for t = t,, (3.1) can be rewritten as
S Du(x,t,) = pAu(z, tn) + au(z, t,) + bo I} ~u(z, t, — 1) + F" (), (3.7)
where

OItl_a (@(xvtn - 7_) - 50(1'5 77_))7 tn < T,
OItlia (@(xvtn - 7_) - 50(1'5 77_)) + OItl:‘ra (’U,(ZL', tn) - 90(:67 0))7 tn > T,

Ol_tl_au(ac, tn —T) = {

and

fn(x)+bn7)90(xv 77—)5 tn <,

f”(m) —-b [%77-)&)&615@(56,0) — F(I;"i:aa)go(x, —7)|, tn>T

Now we consider the discretization of fractional operators. For a given integer N > 0, let
p=7/N,t, =np, —N <n < KN,u* = u(ty) and Viu* = u¥ —uF~1,1 < k < KN, where
u(ty) denotes the value of u at t = ¢. According to [16, Remark 2.13] and Theorem 2.1, we
notice that

§ D u(t) = 0 (u(t) — u(0)). (3.8)

Therefore, the Griinwald-Letnikov type approximation [9, Eq. (7)] gives

§ Dju™ = Zg@ o)+ (3.9)
where
and r7' is the corresponding local truncation error. Furthermore, we generalize the above

Griinwald-Letnikov type approximation to discretize the fractional integral operators. If ¢,, < 7,
then

of} = (p(tn — 7) — p(~7)) = p'° Zg(a D(pth — 1) = (=) + 71577, (3.10)
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and if ¢, > 7, then

013*Q(¢<tn —7) = p(=7) + oI (ultn) — 0(0))

n

[
Z

=Y Bl — 1) — o(7) + ot D g (ults) — 9(0)) 5

k=0 0

N-1 n—N n
—a a—1) ~ —a a—1 —« a—1) ~
=p 0N g Vet — )+ ot Y g ) + o g et — 1)
k=0 k=0 k=N

B
Il

n—N

—a a—1 —a a—1 n—
—p(=7) - p* ,Sk’ p(0) - p 7 3 gl Y
k=0 k=0
a a—1 a a—1
1 Zg’flk)ukN 1 Zg( )k_T)
—p(=7) - pe Zg;i;” +rpN, (3.11)

k=0

It should be pointed out that the above discretization of fractional integrals can be considered
as a special case of Lubich’s convolution quadrature method [22,23], and (3.10) and (3.11) can
be uniformly written as

Ojtlfaun—N:JI—aun—N+Hn+rg N7 (312)

where

n

Jlfauan 1 azg(a 1) k— N

= 0ip(0) - p' @ Z g(a 1) (ty —7) —p(=7) - p' r(za kl),

k=0
and the local truncation error
N = g IlmoynN — glmeynN _ g
In addition, according to [9], one has
9 = p* (Ax = A1)
with Ik )
A1 = p_am,ia)lo:(k)’ k> 1.
Hence (3.9) can be further rewritten as
§ Du( Z Ap_ 1 Veuk 477 = 8O‘u" + 7. (3.13)

k=1

We also note that
(a=1) _ F(k +1-— a)
T T TA-alk+1)
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It means that .
TN = p " AN, (3.14)
k=0
Let X}, be a continuous piecewise linear finite element space of Hg(£2) under the quasi-uniform
partition on Q with the maximum diameter h. By (3.12) and (3.13), we propose the fully
discrete finite element scheme of problem (3.1)-(3.3): Find u} € Xp,n = 1,2,..., KN such
that

(Ot on) = ~p(Ves, on) + (o vn) + (7'~ wn)
L B(H™, o) + (F™0n), Von € X, (3.15)

where u} € Xp,, —N < n <0 is a suitable approximation of the initial value function ¢(¢,).
In order to discuss the stability of the fully discrete finite element scheme (3.15), we introduce
three useful lemmas firstly.

Lemma 3.1. For the coefficients A,, 1 <n < KN, one has

- o _ta®
An>0, pZAk<p1 +m.
k=0

Proof. According to the definition of A,, it is obvious that A,, > 0 and

- 11—« s F(k B Oé)
ka:OAk:p ;m (3.16)

From [9, Egs. (3) and (4)], we know that
I'k—a) (k—1)

k> 2. 3.17
TI—al(k) “Tl-a) "= (8.17)
Therefore
n n+1 _
—a —a k—1)"¢
pY i< gy S
k=0 k=2
plia n+l  k—1
-« —a
<p + = / s %ds
I'(1l-a) kZZQ k—2
1 tlfa
T = 3.18
<P e (3.18)
The proof is complete. O
Define
1 1 n—1
Ph=—, P,=— Pi(A,_ i1 — Ap_j), 3.19
0 AO, AO J_ZO J( j—1 ]) ( )
and -
1—n"~
1+ — 1
Kgn = + B—-1" p#L (3.20)
1+ 1Inn, B8 =1

Then the following inequality and properties hold.
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Lemma 3.2 ([9,21]). Let {g]}KN and {u] I be given nonnegative sequences. Suppose that
there exists a constant A such that A > Z 0 M cmd the step size satisfies p- {/2maT(2 — a)A < 1.

Then, for any nonnegative sequence {UJ}KN such that

iAn,kvtvk < i i+ g, 1 <n<KN, (3.21)
k=1 k=1
it holds that
k .
v < 2F, (QWAAtg) 00+ 1?132{”;Pk_jg] , 1<n<KN, (3.22)

where the value of Ta, i.e. T4 = 2% has been discussed in [9].

Lemma 3.3 ([9]). For the discrete coefficient P;, it has the following properties:
292
ZPn 5 <
F I(1+a)

ZPn Aj =1, 1<k<n,
j=k

(03

n o p n a—1 1 n\o—
(i10) 3 Py <70+ s [Kﬂvn ) +2(3) }
j=1

KN.

where 8 > 0 is a constant andn =1,2,...,

Now we state the stability of the fully discrete finite element scheme (3.15).

Theorem 3.1. Let up be the solution to (3.15), and denote ¢ = supy<j<y |uy=Nlo. Then for
1<n< KN, it holds

0 a0 g0rfo
|unlly, < 2Ba (27 Aty) (||u2HO + Tita) 1?1?§nyk) : (3.23)

where if 1 <n < N, then

Y tl—oz
A=0 o =l (57 s ) e+ Tl + 1P o

and if N+1<n < KN, then

(K7)'—* al
=l (o' + — F=clb Ap—j + |b||| H* F¥lo.
(0 + ) o = 03 ey + I o+ L
Proof. Taking v, = u} in (3.15), we have

(531/,5,1/,5) (Vuh,Vuh)—l—a(uh,uh)—i—b(Jl “up” N uZ)

+b(H", upy) + (F",up), (3.24)
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i.e.

n—1
Aol < 3 s — )il + Ans gl — P2 + a2
0 0 0 0 0 o 0

k=1

+ [el[|-7 =™ lollahllo + B okl + 1™ o k- (3.25)
Using the fact p > 0,a < 0 and Ax_; > Aj, mentioned in [9], (3.25) leads to
> A ellully < 1T [ + BLE o + [ F o (3.26)
k=1

It follows from Lemma 3.1 and (3.26) that if 1 <n < N, then
S A Vel < blo S Axlle N, + blo S Axlie(—r)llo + 1F7]o
k=1 k=0 k=0

1 tl—oz
<y (p oy

ﬂ) (¢ +lle(=7)llo) + IF"lo, (3.27)

and if N +1<n < KN, then

n N n
S Ana Ty < 103" Awcalll g+ o 32 Ancilla= o+ I o + 15
k=1 k=1 k=N+1

n—N N
<Jblp 3 Akl + <c|b|pZAnk + Il o + |F”|o> . (3.28)

k=1 k=0

Applying Lemma 3.2 to (3.27) and (3.28), and noting that inequalities mentioned in Lemmas 3.1
and 3.3, it yields (3.23) immediately. O

4. Convergence Analysis

In this section, we consider the convergence of the fully discrete scheme (3.15). Now we give
three useful lemmas.

Lemma 4.1 ([39, Lemma 2.1]). Let w(t) =t°, 0 > 0 and 5 is a real number. Then

B . n__ B - B), n—j é [(o+1) o—1-p 2,0-2-8
rLDg 0" —p Zgj w7 §C’<2 ‘ﬁ(o—ﬁ) pto + p“t? , (4.1)

§=0
where RLDgtw represents the Riemann-Liouville fractional derivative 8?11) for B > 0, and

RLDgtw is the Riemann-Liouville fractional integral OI;ﬁw for B <0.

Lemma 4.2 ([42, Theorem 1]). Assume that w(t) € C'0,K7],0?w(t) € L'[0,K7] and
w(0) = dyw(0) = 0. Then
‘OCDf‘w" - 5;‘w"| < Cp. (4.2)
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Combining (2.22), (2.23), (3.8), Lemmas 4.1 and 4.2, it is clear that the local truncation
error 77" in (3.13) can be bounded by

" (| T(ja+1)
e ZOF((J'—l)a) .

Jj=1

ts}jfl)afl +p2t51jl)a2) +pt;a+p2t’;a71 +p

< C(pt, '+ Pt + pt, %) < COpt, (4.3)

Lemma 4.3 ([23, Theorem 3.1]). Assume that w(t) € C*[0, KT]. Then

l-a, n  1—«a (a=1) i —a 0
oly “w"™ —p ZJQn_j w!| < Ct %p <|w | + ¢, omax |8tw(s)|) . (4.4)
‘7:

Suppose that
p(t) € CH([=7,0]), |0ep(t)] <C (4.5)

for all x € [0, L]. Then it follows from Lemmas 4.1 and 4.3 that
‘r37N| <Cp, n=>1, (4.6)
where the splitting
u= i%tﬂ‘a + 7t | + (¢(0) +Y)
j=1
mentioned in (2.22) is used. Furthermore, for P; defined in (3.19), the combination of Lem-
ma 3.3(2) and (4.6) gives

> Pail [ < Cp. (4.7)
j=1

In order to obtain a new Gronwall inequality to discuss the convergence of the numerical
scheme (3.15), we give the following lemma.
Lemma 4.4. Let
Zi=p(1,1,---,1)T eR",

Zy = pap ((1 + 1nn)t%71, (1 +ln(n — 1))tz‘:%, e ,t?_l)T ,

and
0 0 1
0 0 0
0O --- 00 0 --- 1
M = psp O --- 00 0 --- 0 ) (4.8)
0O --- 0 0 O 0 nxn
——

where p1,pa, ps are some nonnegative constants and n € [(k — 1)N + 1,kN],k > 1. Then we
have
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(i) M7 =0, j>k.
(i) For M1Z1, q=0,1,...,k — 1, the following inequalities hold:

.
MquSCZH(LL"'71a07"'70) ) (49)

——.

gN

k-l T
ZMJZ1§Cp1( kyook k=1, k=1, 1, ,1) : (4.10)
— —_— — ——
J n—(k—1)N N N

(ii) For M1Zy, q=1,2,...,k — 1, the following inequalities hold:

.
M9Zy < Cp(l +ln(n —gN),1+In(n—gN —1),---,1,0,-- ,0) , (4.11)
———
gN

and

k=1 k—1 k—1

> MIZy < Cp<(k1)+21n(nj]\7),--- (k=1 4> In((k—1-j)N +1),

j=1 j=1 j=1

n—(k—1)N

.
1+ (2N —1),---,1,0,- - ,0) o (4.12)
——

N N

Proof. First, it follows from the mathematical induction that () can be obtained easily. For
M%Z,, we notice that (i7) is obviously true for ¢ = 0. Suppose that (i7) holds for ¢ <. Then

T
MlJrlz1 ZM-MlZl SCP1M<1715"' ,1,0,--- ,0)
——

IN
-
SCplp(nf(qul)N,nf(l+1)N71,--- ,1,0,---0)
——
(I+1)N
-
<Cpi(11,4,1,0,4,0) (4.13)
———
(I+1)N
k=1 -
ZM]Zlngl( ok k=1 k=1, 1, 1) . (4.14)
— H,_/ —,_/ A,_/
7= n—(k—1)N N
Therefore the mathematical induction implies that (i7) is true.
Now we discuss (iii). For ¢ = 1, one has
.
n—N n—N-1
M Zy = Apap? 1+Inj)ts—, (I +Ing)ts=t - 68750, ,0 4.15
> = Apap Z( 7) z_: 7) ; (4.15)
j=1 j=1 N
-
n—N n—N—1
<Cp't™ | (1+In(n—N 14+In(n—N— 1 --,1,0,---,0
< Cp (1+In(n—N)) > 57, ( ) > 5

Jj=1 Jj=1 N
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Since

n—N n—N

pa Z jafl < pa <1+/ Sa1d8> < C,

j=1 0

M Z5 can be bounded by
-
MZs < Cp<1+1n(n—N),1 Yl —N—1),--,1,0,-- ,o) . (4.16)
——
N

Suppose that (4.11) holds for ¢ <I. When ¢ =1+ 1, then
M1 Zy =M - M'Z,

n—(l+1)N n—(+1)N—1 T
2 . .
<Cp ( ; (1+1Iny), ; (I1+1Inj),---,1,0, ,0)
-
< cp(1 Yl — (I + D)N),1+In(n— (@ +1)N —1),---,1,0,--- ,o) . (4a7)
(I+1)N
Thus it is clear that (éi4) is true from the mathematical induction. O
Using the above results, we state a new Gronwall inequality as follows.
Lemma 4.5. Assume that {2z} is a non-negative real sequence and satisfies
" <psp . 2N 4 pr+pap(l+Inn)ts
o (4.18)
(k—1)N+1<n<EkN, k=12,... K.

)

Then

e
|
—_

2" < C |kpr+p (1+In(n—jN)) +p2(l +Inn)td " | | . (4.19)
1

Proof. For (k—1)N+1<n<kN,let Z = (2",2""1,--- 2)T. Then it follows from (4.18)
that

<.
Il

Z<MZ+Zy+ Zs. (4.20)
Applying this inequality repeatedly and noting that the fact M* = Q, it yields
Z<MMZ+Z1+Z2)+ Z1+ Z

1 1
SMZ+Y MZy+Y Mz
3=0 §=0

k—1 k—1

<Y MIZy+> Mz, (4.21)
j=0 §=0

The combination of (4.10) and (4.12) gives
k—1
2" <C |kp1+p (I14+In(n—jN)) +p2(1+Inn)td" || . (4.22)

j=1

The proof is complete. O
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In order to discuss the spatial error, we introduce the orthogonal projection operator Pj, :
H}(0,L) — X}, defined by
(VPro,Vop) = (Vo, Vo), Yo, € Xp. (4.23)
In fact, it has a well known property (see [36, Lemma 1.1]), i.e
1Pr¢ = dllo < Ch?[|6|l 2 (0,1)- (4.24)
Now we state the convergence of the numerical scheme (3.15).

Theorem 4.1. Assume that u(z,t) is the solution of (1.1)-(1.3) which can be decomposed into
(2.22)-(2.23), u(x,t) € H*(0,L) for fized t, the condition (4.5) is satisfied, and ul} € Xp,
—N <n <0 in (3.15) is a suitable approzimation of ¢(x,t,) such that ||uf — @(x,t,)|| < Ch2.
Then the numerical solution uj to (3.15) satisfies

Ju — i, < ©

k—1
h? +p (Z (1+1In(n—jN)) + (1 + 1nn)t$;—1)] : (4.25)

where (k—1)N+1<n<kN,k=1,2,...,K.
Proof. First, (3.7) gives
(thau", vh) = —p(Vu”, Vvh) + a(u",vh) + b(ol_tlfau"_N, vh) + (F”, vh). (4.26)
Let e} = u} — Ppu™. The combination of (3.15) and (4.26) yields
(52‘52,%) = —p(VEZ, Vvh) + a(zsz, vh) + b(JlfD‘EZ_N, vh)
+ (11 on) + (95 (u" = Pau),vn)
- a(u" - Phu",vh) - b(rng, vh)
+ (S (PN —u" N op). (4.27)

Taking vj, = €} into (4.27) leads to

Aolerllg = An-1(chep) + :z:i(An—k—l — Ani)(ebel) — || Ver||
+a||€h||0+b(J1 epNoep) + (i en) + (05 (u™ — Pyu™),ep)
"~ P ) — b3 )+ b (P — ). )
< An-luszuo+-§§§c4n-k-1-—A4n-k>uszuo+-uﬂqu-asz-Nuo-+Hr?uo
+183 wn — Paa)ly — allu - Py + Bl
+ [bf]| S (P —u"*N)HO llewl,- (4.28)
The above inequality implies that
S Vbl < BT+ Il + 135 0 — B, — ol — P,

=1
101 [l + 1]} (Pa? = = W) (4.29)
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Multiplying P,—; on both sides of (4.29) and summing on j from 1 to n give
el = 3= I+ 32 Pl = il =3 P =
Jj=0 j=1 j=1

1Y Pasgllrd ™y + Bl D B =i+ ] (4.30)
j=1

=0
For %, Pl lo, Lemma 3.3 and (4.3) imply that

n ) n a—1 a—1
> Pusslillly < €3 Pacsi < 0 [ s () (5) 4 2 (5))]

j=1 j=1
< Cp(1+Inn)tat. (4.31)

Similarly we can also easily obtain that

> PN, < Cp. (4.32)
j=1
Taking the estimates (4.31) and (4.32) into (4.30), and noting that the fact ||u/ — u} o < Ch?
and the assumption [|e7 " |lo < Ch? for j = 0,1..., N, one has
lenlly < lolo > [len Y|, + Ch* + Cp(1 + Inn)tg . (4.33)
j=N+1

Therefore it follows from Lemma 4.5 that

k—1
lerlly <C P> +p [ D (1+I(n—jN)) + (1 +mn)g=" || (4.34)
j=1
The proof is complete. O

In view of Theorem 2.1, we also have an alternative version of the error estimate.

Theorem 4.2. Assume that u(x,t) is the solution of (1.1)-(1.3), the conditions of Theorem 2.1
and (4.5) hold, and uy € Xp,—N < n < 0 in (3.15) is a suitable approzimation of ¢(z,t,)
such that ||ufl — @(x,t,)|| < Ch?. Then the numerical solution u} to (3.15) satisfies

k—1
" —upll, <C |2 +p [ D (1+In—jN))+ (1 +nn)ta" ||, (4.35)

Jj=1

where (k—1)N+1<n<kN,k=1,2,..., K.

5. Numerical Experiment

In this section, some numerical tests are presented to support the achieved theoretical results.
In the first case, an exact solution is provided for the considered problem, which can obviously
be decomposed into (2.22)-(2.23). Therefore we will use it to check the Theorem 4.1. Then,
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in the next case, we do not provide the exact solution, but give suitable right hand function
and initial value function which satisfy the conditions of Theorem 4.2. The obtained numerical
results will be used to test the Theorem 4.2. Define E(h, N, k) = max,_1)n+1<n<in |27 —u}o

E(h, N, k) E(h, N, k)
rate; := logy m , rates :=logy m )

where 4" = u™ when the exact solution is known, otherwise 4™ represents an approximation

and

of u™ on a sufficiently fine mesh.

Example 5.1. For the problem (1.1)-(1.3) on the time and space domain (0, 3] and [0, 1], two
cases are considered as follows:

e In the first case, let 7 = 1,p=1/5,a=0,b =1, and ¢(z,t) = —'(a + 1)sin(7z) /7. We
take

I 1
<# + t°‘> sin(mz), 0<t<,
T
- 1
u(z,t) = <% +t* 4+ (t— 1)0‘+1> sin(mx), 1<t<2,
—TI'(a+1) o o )
(T +t 4 (t— 1) 4+ (- 2) +2) sin(rz), 2<t<3

as the exact solution. The right hand function f(z,t) can be computed by the exact solution
and initial value function.

e In the second case, instead of giving the exact solution, we give

tsin(mz), 0<t <1,
f(x,t) = ¢ (t+ (t —1)?) sin(mz), 1<t<2,
(t+ (t—1)%+ (t — 2)}) sin(rz), 2<t<3,

o(x,t) = (14 0.1t) sin (7z), and choose the parameters 7 =1, p=1/100, a = —1,b = 1.

The numerical results of the first case are presented in Tables 5.1 and 5.2, and the numerical
tests of the second case are shown in Tables 5.3 and 5.4. In Tables 5.1 and 5.3, we fix h = 1/1000

Table 5.1: Numerical temporal accuracy for different .

o N k=1 k=2 k=3
E(h,N,k) | ratey | E(h,N,k) | rate: | E(h,N,k) | rates
400 | 9.4632e-04 4.3779e-04 1.5550e-03
07 800 | 5.8905e-04 | 0.683 | 2.1786e-04 | 1.006 | 7.7459e-04 | 1.005
1600 | 3.6511e-04 | 0.690 | 1.0774e-04 | 1.015 | 3.8416e-04 | 1.011
3200 | 2.2570e-04 | 0.693 | 5.2634e-05 | 1.033 | 1.8888e-04 | 1.024
400 | 1.2244e-04 6.3351e-04 2.2168e-03
0.9 800 | 6.6105e-05 | 0.889 | 3.1553e-04 | 1.005 | 1.1050e-03 | 1.004

1600 | 3.5548e-05 | 0.894 | 1.5644e-04 | 1.012 | 5.4887e-04 | 1.009
3200 | 1.9066e-05 | 0.898 | 7.6877e-05 | 1.024 | 2.7075e-04 | 1.019
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Table 5.2: The temporal accuracy and spatial accuracy for a = 0.7 at txn.

N k=1 k=2 k=3
luN —ullljo | rate: | |u®™ —uN|lo | rate: | [[u*N —uwiN|o | rate;
400 1.9718e-05 4.4021e-04 1.5612e-03

800 9.7579e-06 | 1.014 2.2028e-04 0.998 7.8079e-04 0.999
1600 | 4.8601e-06 1.005 1.1016e-04 0.999 3.9035e-04 1.000
3200 | 2.4361e-06 | 0.996 5.5051e-05 1.000 1.9507e-04 1.000

h lu —ul|lo | rates | |[u®™ —uiN|o | rates | [[u*™ —ui |0 | rates
1/8 1.3786e-02 4.0332e-02 1.0297e-01

1/16 | 3.4693e-03 1.990 1.0142e-02 1.991 2.5891e-02 1.991
1/32 8.6928e-04 1.996 2.5273e-03 2.004 6.4395e-03 2.007
1/64 | 2.1796e-04 1.996 6.1931e-04 2.028 1.5652e-03 2.040

Table 5.3: Numerical temporal accuracy for different a.

o N k=1 k=2 k=3
E(h,N,k) | rater | E(h,N,k) | rate: | E(h,N,k) | rate:
400 4.1103e-03 3.8838e-04 8.9101e-04
04 800 3.1522e-03 | 0.382 | 1.9445e-04 | 0.998 | 4.4578e-04 | 0.999
1600 | 2.4100e-03 | 0.387 | 9.7313e-05 | 0.998 | 2.2299e-04 | 0.999
3200 | 1.8385e-03 | 0.390 | 4.8685e-05 | 0.999 | 1.1153e-04 | 0.999
400 1.2744e-03 4.7951e-04 1.0567e-03
0.6 800 8.2696e-04 | 0.623 | 2.4074e-04 | 0.994 | 5.2949e-04 | 0.996

1600 | 5.3841e-04 | 0.619 | 1.2074e-04 | 0.995 | 2.6518e-04 | 0.997
3200 | 3.5159e-04 | 0.614 | 6.0513e-05 | 0.996 | 1.3275e-04 | 0.998

Table 5.4: The temporal accuracy and spatial accuracy for o« = 0.4 at tyn.

N k=1 k=2 k=3
lu —ul|lo | rates | ||u®™ —uiN|o | rater | ||[u®Y —uiN o | rates
400 1.3858e-04 3.8838e-04 8.9101e-04

800 6.9385e-05 | 0.998 1.9445e-04 0.990 4.4578e-04 0.999
1600 | 3.4722e-05 | 0.998 9.7313e-05 0.998 2.2299e-04 0.999
3200 1.7371e-05 | 0.999 4.8685e-05 0.999 1.1153e-04 0.999

2 ]

h lu™ —ul o | rates | ||u rates | |lu o | rates
1/8 9.7302e-03 1.9471e-02 4.5101e-02
1/16 | 2.4393e-03 1.996 4.8819e-03 1.995 1.1308e-02 1.995
1/32 6.1026e-04 1.998 1.2213e-03 1.999 2.8290e-03 1.998

1/64 1.5259e-04 1.999 3.0539e-04 1.999 7.0739e-04 1.999

and h = 1/5000 respectively to ignore the spatial error. Then, o = 0.7 and o = 0.9 are chosen
for the former, and o = 0.4 and a = 0.6 are taken for the latter to examine the temporal
convergence rate. The numerical results of these two tables show that the time convergence
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order is near « in the first time interval, and the convergence order is 1 in the following two
time intervals. In Tables 5.2 and 5.4, we test the convergence rate at t = 1,2,3. In these two
tables, h = 1/5000 is chosen to test the convergence in time. It is clear that the results of
these two tables are different from those of Tables 5.1 and 5.3 because these results show that
the convergence order at ¢ = 1,2,3 is 1. Then we fix p = 1/10000 and choose different A in
Tables 5.2 and 5.4, the results show that the spatial convergence rate is near 2. The above
results are obviously agree with the expected cases mentioned in Theorems 4.1 and 4.2.

6. Conclusion

In this paper, we derive the exact solution of a time-fractional diffusion equation with
constant time delay, investigate its regularity, and decompose the solution into its singular and
regular parts. Unlike the previous works which show that the solutions of those fractional
differential equations with constant time delay have multi-singularity at ¢t = k7, the solution
we consider is only exhibits singularity at ¢ = 07 for its first time derivative, and at both
t =07 and 77 for its second time derivative. Therefore, we choose the Griinwald-Letnikov type
approximation to handle the time-fractional operators, and establish the fully discrete finite
element scheme. For the developed numerical scheme, it is proved to be stable. Then, in order
to discuss the convergence, the temporal local truncation error based on the decomposition of
the solution mentioned in Theorem 2.1 is discussed. Under a established new discrete Gronwall
inequality, we obtain the error estimate of the proposed numerical scheme. Finally, some
numerical tests are provided to verify our theoretical results.
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