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Abstract

In this paper, we consider a class of three-composite nonconvex optimization problems,
in which the nonsmooth function is further composed with a linear operator. This prob-
lem has many applications such as sparse signal recovery, image processing and machine
learning. Based on the conjugate duality theory, we present an accelerated preconditioned
primal-dual gradient algorithm for this problem. Compared with the existing algorithms,
our algorithm only needs to calculate the proximal mapping of the conjugate function h*
which is always convex and lower semicontinuous and it does not need to calculate the
proximal mapping of nonconvex functions. This may significantly reduce the computation
load. We prove that the sequence generated by the proposed algorithm globally converges
to a critical point when the function satisfies the Kurdyka-Lojasiewicz property. We also
obtain the convergence rate of the proposed algorithm. Finally, numerical results on sparse
signal recovery and image processing illustrate the efficiency and competitiveness of the
proposed algorithm.

Mathematics subject classification: 90C26, 90C30, 90C33.
Key words: Nonconvex composite optimization, Primal-dual algorithm, Convergence, Spa-
rse signal recovery, Image processing.

1. Introduction

Let X and Y be finite-dimensional vector spaces, f and g : X — R be two continuously
differentiable functions, which are not necessarily convex, h: Y — R U {+o0} be a simple and
possibly nonsmooth, nonconvex function, and A : X — Y be a linear operator. In this paper,
we are concerned with the following nonconvex composite optimization problem:

min f(z) + h(Az) + g(2). (1.1)
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This problem has received much attention by many authors due to its extensive applications
in many fields such as sparse signal recovery, image processing and low-rank minimization. We
now provide three concrete examples of problem (1.1) as following.

Example 1.1 ([42]). Consider an elastic net problem which can be characterized as the
following optimization problem:

1 A2
min 0z = b + MilJally + 223, (12)

where C' € RP*? is a matrix where its columns are features and b € RP is the measurement
vector, A\ > 0 and Ay > 0 are regularization parameters. Problem (1.2) can be expressed in
the form of problem (1.1) with f(x) = ||Cz — b||?/2, h(Ax) = M\||z||; (A = I is the identity
operator) and g(z) = A\a|z||3/2.

Example 1.2 (Image Processing, [24]). Consider a weighted difference of anisotropic and
isotropic total variation model for image processing as follows:

min 210z — b2+ A[Dao, (1.3)
where D is the well-known discrete gradient operator, C' is a linear operator, b is a degraded
image with noise, A > 0 is a regularization parameter and « is a weighted parameter. Generally,
we may specify p = 2 for Gaussian noise and p = 1 for salt and pepper noise, respectively.
Problem (1.3) can be expressed in the form of problem (1.1) with f(z) = ||Cx —b||?/2, h(Az) =
A|Dz|lo (Az = Dz) and g(z) = 0.

When the functions f, g and h are convex, there are many primal-dual algorithms for solving
model (1.1). These include the Condat-Vu algorithm [14,33], the primal-dual three-operator
algorithm [39], the primal-dual Davis-Yin algorithm [30], the primal-dual fixed point algorithm
[19], the primal-dual Bregman algorithm [12,20], the primal-dual hybrid gradient algorithm [11]
(when g = 0), the golden ratio primal-dual algorithm (when g = 0) [13], the Arrow-Hurwicz
algorithm [32] (when h = 0), and the Davis-Yin splitting algorithm [15] (when A = I). Some
relevant results can be found in [12,16,41].

When the functions f, g and h are nonconvex and A = I (I is an identity operator), Bian and
Zhang [6] proposed a three-operator splitting algorithm for solving model (1.1) and established
the convergence and the convergence rate of the algorithm when the involved functions are
semialgebraic. When g = 0, Li and Pong [22] proposed the alternating direction method of
multiplier to solve problem (1.1), where f and h are possibly nonconvex. Guo et al. [17]
proposed a preconditioned primal-dual gradient algorithm to solve problem (1.1) with g = 0.
They also established the convergence and the convergence rate of the algorithm under the
Kurdyka-Lojasiewicz property. When h = 0, many authors discussed this problem, we refer
to [1,3,21,27,31,34-38,40] and the references therein.

However, to the best of our knowledge, there does not exist any results about the fully
nonconvex problem (1.1) in the literature. So, motivated by the works of [6,17], we study the
fully nonconvex problem (1.1). Our contributions in this paper are two aspects:

(a) We present the accelerated preconditioned primal-dual gradient algorithm to solve the
nonconvex problem (1.1), where all three functions are nonconvex. We prove that the
sequence generated by the proposed algorithm globally converges to a critical point when
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the function satisfies the Kurdyka-Lojasiewicz property. We also obtain the convergence
rate of the proposed algorithm. Compared with the results obtained in [14,19,33,39], we
do not need the assumption of the convexity of functions.

(b) Compared with the algorithms introduced in [6, 23], our algorithm does not require the
calculation of proximal mapping of nonconvex functions at each iteration. Moreover,
our algorithm adopts an extrapolation technique which accelerates the convergence speed
of the algorithm. The numerical experiments show that our algorithm is efficient and
converges faster than the algorithms given in [6,23].

The rest of the paper is organized as follows. In Section 2, we recall some basic definitions
and results. In Section 3, we propose an accelerated preconditioned primal-dual gradient algo-
rithm for solving problem (1.1) and analyze the convergence and the convergence rate of the
algorithm. Some numerical experiments are given in Section 4 to illustrate the performance of
the algorithm.

2. Preliminaries

Throughout this paper, let X, Y be two finite-dimensional real vector spaces equipped with
standard inner product (-,-) and norm || -||. Let X*,Y™* be the dual spaces of X, Y respectively.
The operator norm of a linear operator A : X — Y is

|A]l ;== max{||Az|| : z € X, ||z| < 1}.
Let g : X = RU {400} be a mapping, the domain of g is defined by
domyg := {z € X : g(z) < +o0}.

We said that g is proper if domg # @) and is lower semicontinuous if, for any z € X, g(z) <
liminf,,, g(z). The conjugate function of g, denoted by ¢g*, is defined by

g (y) == Sgg{@,@ —g(@)}, yeX"

From [28, Theorem 4.3], the conjugate function ¢g* is always convex and lower semicontinuous.
Let g be a convex function, the subdifferential of g at € X is defined by

dg(x) :={€ € X : g(y) > g(z) + (§,y — ), Yy € X}.
Let C' C X be a closed set, z € X, the distance of x to C is defined by
dist(z,C) = inf{||ly — z|| : y € C}.

Definition 2.1. A continuously differentiable function f : X — R is said to be Lg-smooth
over X if there exist a constant Ly > 0 such that for any x,z € X, one has

IVf(z) =V < Lillz = 2]

Definition 2.2 ([28]). A set-valued mapping F : X =Y is said to satisfy the outer semicon-
tinuous at x, if for any u € Y, there exist x,, — x and u, — u with u, € F(x,) such that
u € F(x).
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Remark 2.1. From [28, Theorem 24.4], if g : X — R U {+o0} is lower semicontinuous, proper
and convex, the set-valued mapping dg is outer semicontinuous.

Definition 2.3 ([4]). The extended proximal mapping of g associated to a positive definite
linear operator M is defined by

. 1
Prox)! (y) := arg min {g(x) +5lle - y||?w} :

Here, ||z||3; := (Mz, ).

We next recall the Kurdyka-Lojasiewicz (KL) property which plays a important role in
convergence analysis. For n € (0,+o0], we denote by ©,, the class of concave and continuous
functions ¢ : [0,7) — [0, +00) such that ©(0) = 0, ¢ is continuously differentiable on (0,7) and
¢ (s) > 0 for all s € (0,7).

Definition 2.4 (Kurdyka-Lojasiewicz Property and KL Function, [2]). Let f : X —
(=00, +00] be a proper and lower semicontinuous function. f is said to have Kurdyka-Eojasie-
wicz property at xo € dom(9f) if there exist n € (0, +00], a neighborhood U of xg and a function
¢ € O, such that for all

zeUn{zxeX: f(xo) < f(x) < f(xo) +n},

the following KL inequality holds:

’

¢ (f(z) = flxo)) - dist(0,0f(x)) > 1.

Furthermore, If f satisfies the KL property at each point of dom(df), then f is called a KL
function.

Lemma 2.1 (Uniformized KL Property, [7, Lemma 6]). Let C C X be a compact set
and let f: X — (—o0,+00] be a proper and lower semicontinuous function. Assume that f
is constant on C' and f satisfies the KL property at each point of C. Then, there exist € > 0,
n >0 and ¢ € O, such that for all xo € C' and for all

{z € X :dist(0,C) <e}n{z e X : f(xo) < f(x) < f(zo) +n},
the following inequality holds:
@ (f(2) = f(0)) - dist (0,0f (x)) > 1.
We also need the following assumption.

Assumption 2.1. The functions f and g are Lg-smooth and Lg-smooth on X, respectively.

Remark 2.2. From Assumption 2.1, we can deduce the following;:

f(xn-i-l) < f(xn) + <Vf($n)a$n+1 - wn) + %Hwn-‘rl - $n||2a (2-1)

L
9(@ny1) < g(@n) +(Vg(@n), Tny1 — n) + 79Hxn+1 - wnH2 (2.2)
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3. A Preconditioned Primal-dual Gradient Algorithm

In this section, we present a preconditioned primal-dual gradient algorithm for solving prob-
lem (1.1). We analyze the convergence and the convergence rate of the proposed algorithm.
Let

L(z,y) == f(z) + g(z) + (y, Az) — h"(y).
By the conjugate duality theory presented in [9, Section 2.5.3], we have that the dual problem
of (1.1) is

inf I . 1
max{ inf L(z,y)} (3.1)

From [9, Theorem 2.158], if inf,ex L(z,y) > —oo for any y € Y*, then z( and yo are optimal
solutions of (1.1) and (3.1), respectively, if and only if the following hold:

To € arg ;nel)I(l L(IE, yO);

(3.2)
0 = h(Axo) + h*(yo) — (Yo, Axo).
By the definition of conjugate function, if (3.2) is satisfied, we have 0 € 9L(xo,yo), i-e.,
0=V f(zo) + Vg(xo) + AT yo, (3.3)
0e —8h*(yo) + Axo,

where AT is the adjoint operator of A. Denote by critL the set of critical points of L, that is
critL := {(zg,y0) € X x Y™ : 0 € OL(x0,y0)}-

First, we propose the following algorithm.

Algorithm 3.1: Accelerated Preconditioned Primal-dual Gradient Algorithm.

Initialization: Choose parameters 7 > 0,6 > 0 and a positive definite matrix M, for
givenz1 € X, y1:=9yp € Y*. Set n=1.
Step 1. Update 41, yn+1 as follows:

Tyl = Tp — T(ATyn + Vf(2n) + Vg(zn)),
Zp = Yn + e(yn - yn,l),
Yn+1 = Proxt (zn + M A(22041 — 2 + TVG(T0) — TVG(Tn41))). (3.4)

Step 2. Set n:=n+ 1 and go to Step 1.

Remark 3.1. (i) We remark that (3.4) can be regarded as a proximal gradient step coupled
with the preconditioning technique introduced in [26] for the relation 0 € —0h*(yo)+ Axo.
It is easy to see that (3.4) is equivalent to

. " 1
sn =g nin {17 (0)= (0 A (241 -0+ 795(00) =7V a(00) + 5l 20 B -

Moreover, by the definition of Prox% , there exists a vector s,41 € Oh*(yn+1) such that

Snt1 = —M (Yny1 — 2n) + A(2zn+1 —xn, +7Vg(xy) — TVg(xn+1)). (3.5)
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If the sequence {(xy,yn)} converges to (zo, o), then by Assumption 2.1, (3.5) and the
outer semicontinuity of Oh*, one has Az € Oh*(yo).

(ii) If g = 0 and 6 = 0, then Algorithm 3.1 reduces to the algorithm PPDG considered in [17].

Remark 3.2. From Remark 3.1(i), we know that Algorithm 3.1 only need to calculate the
proximal mapping of the conjugate function h* rather than calculating the proximal mapping
of nonconvex functions. And hence, the computation load may be significantly reduced.

Remark 3.3. From Algorithm 3.1 and Assumption 2.1, we have

AT (ynt1 — yn) || = H (M —Vf(rni1) — Vg(xn+1))
- (B 9 - Vo) |

< Dot = nsall 4 (2424 L) foia =l (36)
To prove the main results of this paper, we also need the following assumption.
Assumption 3.1. (i) The linear operator A is surjective.
(ii) infrex L(z,y) > —oo for any y € Y.
(iii) The convex hull of h is proper.

Remark 3.4. (i) The linear operator A is surjective if and only if the matrix associated with
AAT is positive definite. Thus, Assumption 3.1(i) implies that a natural choice of M in
Algorithm 3.1 is TAAT. Particularly, if A is the identity operator, then we can choose
M = 71 and hence the extended proximal mapping Prox%() reduces to the classical
proximal mapping Proxy-/,(-). Moreover, for any y € Y*, we have

Alyll < ATy, (3.7)
where \ := VAmin(AAT) and Apin(AAT) denotes the smallest eigenvalue of AAT.

(ii) Assumption 3.1(ii) guarantees that the sequence generated by Algorithm 3.1 is well-
defined, and it is also essential for the analysis of convergence (see Theorem 3.1).

(iii) By [5, Theorem 4.3], without any assumption on h, the conjugate function h* is lower
semicontinuous and convex. However, in order to ensure that h* is proper, an addi-
tional assumption is required; see Assumption 3.1(iii). Obviously, h* is proper if Assump-
tion 3.1(iii) is satisfied; see [29, Theorem 11.1].

Define the following Lyapunov function:
E(Iﬁ,y, ’U,,’U,U}) = L(ZL', y) - (IHZE - ’U,||2 + b”l’ - UH2
+clr —w|? Vzuv,weX, yeY*r
Let

30 13 30 TL% 370(L;+ L, +1/7)2
b:zﬁ_(Lg'i_Lf)__— f T0(Ly + L, + /T),
T T

2T 40 2
1 2
C:TG(Lf+Lg+_) ’
T
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where 0 is defined in Algorithm 3.1 satisfying a > 0,0 > 0 and ¢ > 0. Let

2 TL? 70 2
d::b—(5—7—2(Lf+Lg)+—+—x—2>,

26 2 T (3.9)
2 2
oo 2 _2LytLy) T 2
257 5 2 72

By an elementary calculation, if we choose 6 correctly, which is sufficient to guarantee d > 0
and e > 0. So, in this paper, we assume that d > 0 and e > 0.
Let S denote the set of cluster points of the sequence {(z, y,)} generated by Algorithm 3.1.
We next prove the following lemmas.

Lemma 3.1. Let z,u,v,we X, yeY™*. Then, (z,y,u,v,w)EcritL is equivalent to (x,y) EcritL
andu=v=w = x.

Proof. From the definition of £ and (z,y, u,v,w) € critL, we have

0=V.L(x,y,u,v,w) =V, L(x,y) — 2a(x —u) + 2b(x — v) + 2¢(x — w),
0€ 0yL(z,y,u,v) = 0yL(z,y),

0=V.L(z,y,u,v,w) = 2a(x — u),

0=V,L(x,y,u,v,w) = 2b(v — x),

0=VuLl(z,y,u,v,w)=2c(w— x).

The latter three relations imply that © = v = w = z. Using the first two relations, we obtain
0 € 0L(z,y). It follows that (z,y) € critL. The converse is obvious. O

Lemma 3.2. Let Assumptions 2.1 and 3.1 hold. For all n > 1, we have

1 Ly+L
A g e Gt | R

+ <yn+1 — Yn, TA(vf(‘Tn—l) - Vf($n))>
= O0Wnt1 = Yn> M(Yn—1 — Yn—2)),

where M = TAAT .

Proof. Combining (2.1) and (2.2) yields

f(xn-i-l) + g(xn-i-l)

Li+ L
< (on) + g(en) + (VI (2n) + V(o). 2nst = ) + o 1 —
1 Ly+L
= f(@n) +9(en) + —(En = Tngt, Tnsr = 2n) = Yns Alengs = 20)) + == angn = 2
1 Ly+L
= Fn) 4 o) o Al =) = (£ = ) s P

By (3.5) and the convexity of h*,

—h* (ynJrl) < *h*(yn)+<yn7yn+1; A(2zn*$n71+7—vg(xn71> 7TVg(xn>) 7M(yn*2n71)>-



8 X.J. LONG, J.L. NIE, G.X. LI AND Z.Y. PENG

Adding the term (y,41, Az, 1) on both sides of the above inequality, we get

1 L+ L
L(Zn41,Yn+1) < L(@n, yn) — (; - %) lzni1 — an2
+ <yn+1 — Yn, A(:En-i-l —Xp + Tp-1— -Tn)>
+ <yn+1 — Yn, TA(Vg(zn> - Vg(xnfl))

=+ M(yn —Yn—-1— 9(yn71 - yn72))>- (310)
Note that 11 = 2, — 7(ATy, + Vf(2,) + Vg(x,)) and M = TAAT, we have

(Unt1 = Yns A(@ng1 = Tn + Tn-1 — Tn))
+ (Ynt1 = Yn, TA(Vg(n) = Vg(@n-1)) + M (Yn = Yn-1 = 0(yn—1 — yn—2)))
= (Yn+1 = Yn, (TAAT = M)(yn—1 = yn)) + (Uns1 — Y, TA(V f (@n-1) — V[ (20)))
= 0Ynt1 — Yns M(Yn—1 — Yn—2))-

This together with (3.10) yields the conclusion. This completes the proof. (|

Lemma 3.3. Let Assumptions 2.1 and 3.1 hold, and 7 < 1/(5(Ly + Ly)). Then, for alln > 1,

E(anrlvynJrl;zn+2;zn7$n71)
+ d(”szrl - anQ + Hxn - $n71||2) + e”szrl - $n71||2

S E(:En;ynaxn-i-l;xn—laxn—Q)a (311)

where d and e are defined in (3.8).

Proof. From Lemma 3.2 and the Cauchy-Schwarz inequality, we have
1 Ly+1L
L(@n41,Ynt1) < L(n, yn) — (— - =L

= 2L s - P

= 0Un+1 = Yns M(Yn—1 — Yn—2)) + <yn+1 ~ Yn, TA(Vf(xnfl) - Vf(xn)»
9 1 Ly+ L

< Ll ) = g llew = 3l = (g7 = 252 s = P

2
Ly

20

= 0Yn+1 = Yns M(Yn—1 — Yn)) — OYnt1 — Yn, M (Yn — Yn—2))
2 2(L;+L,)

e _ 2
2 Abrrl) )mﬂ -

0
+ %HAT(%H - yn)H2 + [

9
< Llonsti) — sllons — 2l

2 0
+ (2 - 2L +29) low = s+ G AT s = )|

TL?” 2 T 2
+ 59 |z — Tn_1]| +T€HA (Ynt1 —yn)H
70 2 70 2
+ 5 AT oy =)+ AT Wz = v (3.12)
where the second inequality follows from the Lipschitz continuity of V f and the fact

0 1
(@) < 5ll=l” + 551yl
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the third inequality follows from the
2 < 4 2 2
—allz +yl” < —zallz]” + dallylI” (o >0).

Combining (3.6) and (3.12) yields

9 376 1 >0 2
L(@nt1, Yns1) < L(@n, yn) — <— - X2 (; +Lf+ Lg) -5 X ;) €41 — 2n?

2 TL: 9 2
+ (_ = 2(Ly + Ly) + L+ x ﬁ) [ — zp—1||®

5T 20 2
370 2 9
o >x= lZnt2 — Tpyl
2 2L;+Ly) T 2 )
- (E T T3 X3 [Zn+1 — Tp-1l|

Using (3.8) and (3.9), we obtain
L(@nt1,Yn+1) < L(@n,yn) = (a+ b+ d)l|lznts — zal* + (0 = d)l|lzn — 2|
+allznte = 2ot l? = (e + €)llentt — 21 + cllzn — znalf?,
or equivalently,
L(@nt1,Ynt1) — allZnge — T |I” + bl|zngr — 2n]® + cllznis — o1

+ d(”szrl — zp|* 4 [l — zn71||2) +ellznin — zp-1]?

< L(%n, yn) — allzngr — xn||2 + 0|z — xn—1H2 + cllzn — xn—2||2-
It follows that (3.11) holds. This completes the proof. O

Denote
T'n = (xnv Yny Tn+1,Tn—1, 1'",2>,

By Lemma 3.3, the sequence {£(r,)} is nonincreasing. Let
dp = (Vo L(rn), Azn — 55, VuL(rn), Vo L£(ryn), Vi L(rn)),

where
Sp = 7M(yn - Zn71> + A(21'n — Tp—1+ TVg(xnfl) - TVQ(zn))

It follows from (3.5) that s, € Oh*(y,). And so d,, € OL(ry,) by the definition of £. In next
lemma, we give the bound of d,.

Lemma 3.4. Let Assumptions 2.1 and 3.1 hold. Then
ldull < tillzn — zn-1ll + tallzntr — 2ol + t3l|l2n — zn—2ll,

where
2
f=2(Ls + Lo) + b+ ~ 4 (1 +0)(2+7(Ly + Ly)) + 7Lo) A

1
ty :=4da + - + (1+20)||A]l, t3:=0(1+7(Ls+ Ly))| Al + 4c.
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Proof. From the definition of £, we have

[VoL(ra)| = ||V f(zn) + Vg(z,) + Ay, —2a(xy — Tpy1) + 2b(xp — Tp_1) — 2¢(xp — Tn—a)||
= va(fcn) — Vf(@n-1) + Vg(xn) = Vg(@n1) + AT (Yn — Yn-1) + Vf(Tn_1)
+ Vg(xn_1) + ATy, — 2a(xy — Tpy1) + 20(xn — Tp—1) — 2¢(2y — xn_g)H
< (Lf 4 Lg +20)[|#n — n—a [l + 2a]|n g1 — 2all + HAT(yn - yn—l)H
+ IVf (@n=1) + Vg(2n_1) + ATyn,ln + 2¢||zn — Tn—2|-

This together with (3.6) gives

1 1
V2L < (204 ) fnen = +2 (g4 Ly 454 3 )l = 0l
+ 2¢||xn — Tpn_2]|- (3.13)
On the other hand, from (3.5), we obtain

|Azy, — sp| = HM(yn —2n-1) — A(Tn — Tn—1) + TA(Vg(xn) - Vg(xn—l)) H
=M (yn = Yn-1 = 0(Wn-1 — Yn-2)) — A(xn — xn-1) + TA(Vg(2n) — Vg(zn_1))||
< TIANAT (n = yn—1)|| + TN AN AT (yn—1 = ya) || + TON AN AT (yn — yn—)
+ [ Allllzn — zn-all + Tl Al| Lg[l2n — 2n—1]]-

This fact together with (3.6) yields that

| Azp — snll = (14 OTIAN|AT (yn-1 — ya) || + 701 ANl AT (yn — yn—2)|
+ 1 Allzn = a1l + TI AN Lg [0 — zp1 |

1 1
< WOl (Fllon = niall+ (7 4+ Lo+ Lo ) lon = 0l

1 1
+ 70| Al (;||$n+1 — Tpo1]| + (; + Ly + Lg) lxn — xn_2||)
+ 1A zn — o1 + T AN Lyl 2n — zn_1]|

1
= (@ OrlAl (5 4+ L+ L) + 141+ 7IAILq ) o = 2]
1
(A 0rIAlx 1) sl
1
#0141 (34 Ly + Ly ) o — 2

+ (8141 % 2 ) onin = 2
= (A+0)(1+7(Ls + Lg)) + 1+ 7Lg) [ Allllzn — 2n—1]
+ @+ 0)[Alllznt1 — znl
+0(1+7(Ly + Lg)) | Allllzn — 22
+ O A nt1 — 2 + 25 — Tpa |
< ((L+0)(A+7(L+Lg)) + 14 7Ly + 0) | Al [|2r, — 2n—1]|
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+ (1404 0)[Alllznsr —
01+ 7(Ls + L)) | All [ — 7|

= (A +0)(2+ 7Ly + Ly)) + L) [Allllan — s |
+ (1 20)| Alll@nss — zall + 01+ 7(Ly + Lo)) [Allllen — 2ol (3.14)

It is easy to see that

IVuL(rn)ll = 2al|Tn+1 — 2n,
Vo L(ra)ll = 2b]|zn — 1],
IV L(rn)l] = 2¢||n — Tn—2]|.

This together with (3.13) and (3.14) yields
2
ldull < (22 + L) 440+ 24 (A4 0)(2-4 75 + L) + 7L AT )l — 2]
1
(40 5+ 0 20141 ) o =l + 00+ 7Ly + EDIA +40) [, = o]

This completes the proof. O
By Lemmas 3.1-3.3, we get the following results.

Theorem 3.1. Let Assumptions 2.1 and 3.1 hold, and the sequence {(xn,yn)} be bounded.
Then,

() T Nnss = 2nll? < 00 and S lymss — yall” < oo.

(ii) S is a nonempty compact set and lim,,_,o dist((zn, yn),S) = 0.
(ii) S C critL.

(iv) L is finite and constant on S.

Proof. (i) By Assumption 3.1(ii), inf,, L(2y,y,) > —oo. Note that {x,} is bounded. Then,
inf,, £L(r,) > —oo. It follows from Lemma 3.2 that there exists a constant £ such that

lim L(r,) = L. (3.15)

n—o0

Summing (3.11) over n =1,...,m, we get

m m
dz (”szrl - xn”Q +l|zn — zn71||2) + ez lZnt1 — $n71||2 < L(r1) = L(rm+1)-
n=1

n=1

Let m — oo and by the convergence of {L(r,)},
> llznt1 — znll* < oo
n=1

Combining (3.7) and (3.6) yields

o0
D ynt1 — ynll* < 0.

n=1
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(ii) From (i), we obtain
nh_{rgo [Zn41 — 2n| =0, nh_?;o [9n+1 = ynll = 0. (3.16)

Similar to the proof of [7, Lemma 5(iii)], we can conclude the compactness of S. Note that the
sequence {(zn,yn)} is bounded. Then we obtain that S is nonempty and for any (zg,y0) € S,
there exists a subsequence {(zn,,Yn, )} of {(zn,yn)} such that

lim |z, — 20l =0, lim ||yn, —yol = 0. (3.17)
k— o0 k—o0
From the definition of the distance function, we obtain

dist((:cn,yn),S) < lzn — zoll + lyn — yol|
< llzn — 2zl + 20, — ol + [1yn — Yl + Y0 — wol-

This together with (3.16) and (3.17) gives that dist((zn,yn),S) converges to 0.

(iii) For any (zg,y0) € S, we need to prove (xg,yo) € critL. Let ro := (xg, Yo, Zo, o, To)-
We observe that r,, — 79,dn, € 0L(ry,), by Lemma 3.4, d,,, — 0. Since 0L is outer semi-
continuous, 0 € 9L(rg). And so (xo,yo, X0, o, xo) € critL. Therefore, (xg,yo) € critL from
Lemma 3.1.

(iv) From Remark 3.4(iii), we know that the conjugate function h* is proper lower semicon-
tinuous and convex. By [5, Theorem 2.22], h* is continuous over its domain domh*. It follows
that L is continuous on X x domh*. Therefore,

lim (xnkaynk) = L($an0)-

k—o0

It follows that

lim ‘C(rnk) = lim (L(xnkaynk) - a”xnk - xnk-i-lHQ + benk - ‘r"k_1||2 + CH'T’% - xnk—2||2)
k—o0 k—o0

= L(z0,y0) = L(r0).
This together with (3.15) yields
L(zo,y0) = L. (3.18)

By the arbitrariness of (xq,yo) in .S, we can get the conclusion. |

Remark 3.5. The condition that the sequence {(z,,y,)} is bounded, which is a standard
assumption in the global convergence analysis of nonconvex optimization algorithms, see, for
instance, [7,8,10].

The following theorem is the main convergence result for Algorithm 3.1 which requires the
objective function satisfying the KL property.

Theorem 3.2. Let Assumptions 2.1 and 3.1 hold. Suppose that L is a KL function and the
sequence {(n,yn)} generated by Algorithm 3.1 is bounded. Then, {(xn,yn)} converges to a crit-
ical point of L and

(o] o0
Yl —zal <00, Y llynts — yall < oo
n=1

n=1
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Proof. By Theorem 3.1(iv), lim,, o0 £(rn) = L, where L is the constant value of L over S.

If there exists a number [y > 0 such that £(r;,) = £, then by Lemma 3.3, £(r,,) = £ and
i1 = p for all n > ly. From (3.6), we have y,11 = y, for all n > ly. It follows that
(ZnyYn) = (Xnt1,Yns1) for all n > lg. This shows the claim.

Otherwise, since {L£(r,)} is nonincreasing by Lemma 3.3, thus £(r,,) > £ for any n > 0.
Note that lim,, o, £(7,,) = L. Tt follows that for any 1 > 0, there exists an integer I; > 0 such
that

L(r,) < L+mn, ¥Yn>I.

Let D be the set of cluster points of {r,}. In the similar way to Theorem 3.1(ii) and 3.1(iv),
we can get that the function £ is constant on the nonempty compact set D and dist(r,, D) — 0
as n — oo. This implies that for any € > 0, there exists ls > 0 such that

dist(r,,D) <e, n>ls.
Let Ny := max{ly,l2}. By the above discussion, we have
r, € {r:dist(r,D) <e}N[L<L<L+mn], VYn> N

Since L is a KL function, by Lemma 2.1, there exists a continuous concave function ¢ such that
for all n > Ny,
¢ (L(rn) — L) - dist(0,0L(ry)) > 1. (3.19)

By the concavity of ¢,
P(L(rnen) = £) < (£0ra) = £) + ¢ (£0) = £) - (Llrns) — £0)). (3:20)
Using Lemma 3.4, we obtain
dist (0,0L(rn)) < tillzn — zn-1|| + tol|Tnt1 — znll + t3llzn — zn—2|

<(t1 +t3)[len — Tn_1ll + t2ol|wnt1 — @all + ts]l2n—1 — 202
<t(lzns1 — 2ol + 20 — 2p-all + [|2n—1 — zn—2]), (3.21)

where ¢ := max{tq, (t1 + t3)}. From (3.19)-(3.21), we have
Hm,n = @(‘C(TM) - E) - CP(E(T”) - E)
satisfies

r L ’I“n) — L(ry, )
Huner 2 @ (L) = L) - (£(rn) = L(rns)) 2 W
A(||Zns1 = 2nll® + |20 — 2n_1]1?) + ellzn — 201 |2
t(|Zns1 — 2ol + |20 — o1 || + |Tn_1 — Tn_a]|)
d(H:Cn+1 - an2 + H:Cn — xn71|‘2)

~ tlTntr — zall + |20 — Tp-a |l 4+ |20-1 — xn—QH).

It follows that

Hanrl - xn”Q + ”zn - xnleQ

t
< E,Hn,n-‘rl(Hxn-i-l = Zp || + |70 — Tn—1ll + [Tn—1 — Tn—2]]).
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This implies that

A

t
|Zns1 — zn| < _Hn,nJrl(Hanrl = Zoll + |z — 1|l + [[Tn—1 — Tn—2||)
d

3t 1
< Q_dHn,nJrl + E(Hszrl = ol + |0 — a1l + [[2a—1 — Tu—2|)),

or equivalently,

1

1 3t
§||zn+1 — x| < Q_dHn,nJrl + E(Hzn = ZTn—1| + [[Tn-1 — 2| = 2||Tnt1 — zal).

Summing up from n = Ny to m with m > Ny, we obtain

1 m
) Z |41 — znl

n=DNp
3t 1
< g MNome1 + g(llxNo = No-1ll = |Tm+1 — Zml|)
1
+glllzne-1 = zno-2ll + llowg = o1l = llom = 2m-1ll = lTmt1 = zm])
3t 1 1
< Q—dHNo,erl + §||$No — N1l — §H~’0m+1 — T |
.y |- ||
— || 1 — X _ — — || — Ly —
6 No 1 N[) 2 6 m m—1
3t 1 1
< Q_dHNO’erl + g”zNo - :CNole + EH:CNU - :CNU*1||7 (322)

and so

i 3t 2 1
Z |2nt1 — znll < EHNO,mH + §||96N0 — TNy—1]| + ngNo —TNy-1|
n=~Ny
3t _ 2 1
< Ew(ﬁ(rm) - L)+ §||$No — TNy-1] + gHﬂﬁNo = ZNy-1[s (3.23)

where the second inequality follows from the fact that ¢ > 0 on (0,7). Similarly, we can derive

m
Z |z — 21|

m
S lensr = zall + w2

n=Np n=~Ny
3t - 5 1
< E@(‘C(TNO) - ﬁ) =+ g”zNo - :CNole + ngNofl - zNo*QHﬂ (324)
m m
> lan-r =22l < D lan — o]l + one-1 — 2r 2|l
n=DNp n=Np

3t - ) 4
< E@(‘C(TN()) - ﬁ) =+ ngNo - :CNU*1|| + §H$N071 - :CN072Ha (325)
Let m — oo in (3.23), using the first term of (3.16), we obtain

oo
Z [#n41 — n|| < .

n=Np

This together with (3.6) yields

[e ]
D Mynt1 — ynll < o0
n=~Ny
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It follows that {(x,,yn)} is a Cauchy sequence by the same line of analysis as [5, Theorem 1(ii)].
Therefore, the sequence {(x,,yn)} converges to a limit (zg,yo) that is a critical point of L by
Theorem 3.1(iii). This completes the proof. O

The following result illustrates the convergence rate of Algorithm 3.1.

Theorem 3.3. Let Assumptions 2.1 and 3.1 hold. Assume that the sequence {(Tn,yn)} is
bounded and L is a KL function with p(s) = as'=® for some o >0 and 0 € [0,1). Let (zo,0)
be the limit of {(xn,yn)}, then the following assertions hold:

(i) If a =0, then the sequence {(xn,yn)} converges in finite steps.
(ii) If o € (0,1/2], then there exist constants > 0,0 < € < 1 and a positive integer N such

that
N

||:Cn - :COH < ,ueni ) Hyn - yO” < luleniNa Vn > N,
where p' == p(1/7+ Ly + Lg)/j\ and X is given in (3.7).
(i) If a € (1/2,1), then there exist a constant v > 0 and a positive integer N’ such that
lon = @oll < vn 72T,y —yoll S¥nTIT, Ynz N

where v := v(1/7 4+ L + L,)/A and X is given (3.7).

Proof. (i) Let @« =0 and Ny := max{n : 41 # ©,}. We claim that Nj is a finite number.
Suppose by contradiction that N; is sufficiently large such that (3.19) holds for all n > Nj.
Since p(s) = as, by (3.19) and (3.21),

. 1
t(lzn+1 — 2ol + (|20 = Tne1 || 4 |Zn—1 — Tp—2]|) > dist (0,0L(ry)) > pe Vn > Ny,
which
L(rn+1) < L(ry) — d(Hanrl — zp|* + [l — $n71||2) —ellznir — zaa?,
E(Tn) < E(rnfl) - d(Hxn - $n71H2 + H:cn,1 - zanHQ) - 6”5”71 - zanHQ-

Adding the above two equations, together with Lemma 3.3 and using the fact

2
a4+ b2+ 2 > (a—i_%c)
and Lemma 3.3, we have

L(rps1) < L(rp-1) = dl|znir = znl® = 2d[|2n — 2p1]|* = dl|2n—1 — 20o|?
< ﬁ(rnfl) - d(Hanrl - anQ + Hxn - $n71H2 + H:cn,1 - zanHQ)
d

S E(Tnfl) — W

Taking the limit n — oo in the previous inequality and using (3.15) and (3.18), we obtain

d

L(:z:o,yo) < L(moayo) - 31252’
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which gives a contradiction. Thus, N7 is a finite number and {z,} converges in finite steps.
Combining (3.6) and (3.7) yields

z lZnt1 — 2al|

1 1/t+Ly+ L
lyn+1 — ynll < —=llTnt1 — Tnaol| + /+
A A

1/7+ L+ L
VT L Ly ol 4 s — )

B A
1/7+Ly+ L
< %(”szrl = Tn2ll + [[Tnt1 — Tl + [0 — Tn_1]])-
This implies that {y,} also converges in finite steps. And so the conclusion holds.
(ii) Let
oo
Np = (lonpr — el + ok — zpoall + lzx-1 — zx—2]).

k=n

From (3.23)-(3.25), we have that A,, < oo for any n > 1 and {(2,,y.)} converges to (zo, yo),
where (zg,yo) is a critical point of L. It follows that ||a, — o] < A, and

oo
1/t+ L+ L
lom = s0ll €3 llgwsn — el < LT EE T Lo f
k=n
Now, we estimate the term of A,. If A, = 0 for some n, then ||zx11 — zk|| = 0 for k > n

and {(z,,yn)} converges in finite steps. Hence, without loss of generality, we may assume that
Ay, >0 for any n > 1.
For a € (0, 1), since ¢(s) = 051~ taking m — oo in (3.23) and by (3.19), for any n > N,

9to —a
Dpy1 <A, < T(E(Tn) - L(iﬂoayo))l + 4Hxn - xn—lll + 2Hxn—1 - xn—QH
Qto'é . 1-a
< ((1 — a)dlst(O, 8£(Tn))) * A4z, — o + 2l|Tn — Tn—2||-

By the definition of A, and (3.21),

9t01/0‘ 1—a
Apy1 < [t(l - O‘)(An - AnJr1>] o+ 4(An - AnJrl)
=t/ (D — Dpg1) 5 +4(Ap — Dpyr), (3.26)
where 9
= E(ta)é(l — ).

Let o € (0,1/2]. Since 0 < A, — Apg1 <1 when n > N and N > Ny is large enough, from
(3.26) and (1 — a)/a > 1, we have

An-ﬁ-l < (t/ + 4)(An - An-i-l)-
Let € := (t' +4)/(t' +5). It is easy to see that ¢ < 1. The above inequality implies that
An-|-1 S GAn-

It follows that for any n > NV,
An < Mean

3

where p := Ay is a finite number. This shows the claim.
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(iii) Let o € (1/2,1). Let N’ > Ny be large enough such that 0 < A,, — A,41 < 1 for all
n > N'. By the fact 0 < (1 — o)/ < 1 and (3.26), for all n > N’|

l—a

An-i-l < (tl + 4)(An - An—i—l) *

or equivalently,

A < +4)T (Dn — D)
Define H : (0, +00) — R by H(s) = s~*/(1=%) and let Q € (1, 400). Taking n > N’ such that
H(Ap+1) < QH(A,). By rewriting the above equation as

Cl (An - AnJrl)

a/(l—a
)

1<

)

where C; = (' +4)*/(1=2)_ Tt follows that
1 S Cl(An - AnJrl)I{(AnJrl) S ch(An - AnJrl)I{(An)

A
n 1—a 1—2a 1—2a
< ch/ H(s)ds < QCri—am [A5% — AT .

JAVSERY

Let 1 = 2a—1)/((1 — a)QC4) and p := (1 — 2a)/(1 — «). Obviously, v1 > 0 and p < 0. The
above inequality gives that
(Dnt1)’ = (An)? > vy

Summing up from n > N’ to m for any m > N’, we have
(B}’ = (m— N + (D).

From p < 0, it follows that there exists positive constant v such that

=

Ny < [(mfN')l/lJr(ANr)p]% <wvmer.

This shows the claim. This completes the proof. 0

4. Numerical Experiments

In this section, we give the applications of Algorithm 3.1 to image processing and sparse
signal recovery. We focus on All numerical experiments are carried out using MATLAB R2018a
on a PC Intel(R) Core(TM) i5-8250U CPU (1.60 GHz).

In all experiments, to apply Algorithm 3.1, we should calculate

Yntl = Prox% (zn + MﬁlA(2zn+1 —xn, +7Vyg(x,) — TVg(xn+1)))

with M = 7AAT at each iteration. To avoid computing the inverse of M, in practice we
calculate the following term as an approximation:

Yn+1 = Proxgp- (zn + ﬂA(Q:cn+1 —xn +7Vg(xy) — TVg(zn+1))),

where 3 = 1/(7]|A||?).
The stopping condition of all algorithms is

[Zn+1 — @all

— < err or n < maxiter
max{|[|z,41]], 1} ’

where err is a given error and maxiter is a given max iteration.
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4.1. A nonconvex image processing problem

In this subsection, we apply Algorithm 3.1 to solve the following image processing problem:
1 2
min =z — b3 + |Vl (4.1)

where b € RY*P represents the noisy input image, x is the result after denoising, A > 0 is
a regularization parameter, and I' = {x € R?*? : ¢; < (Vz);; < ¢z} for two given con-
stants ¢, cz. Problem (4.1) can be expressed in the form of (1.1) with f(z) = |z — b||%/2,
h(z) = M|zllo+Zp(z) and g = 0, where D = {z : ¢1 < 2;; < ¢a}, Zp(+) is the indicator function
of D, and A is the linear operator associated with Vz such that Az = V.

In this experiment, we illustrate the performance of Algorithm 3.1 by comparing with the
algorithms PPDG [17] and ADMM [22]. The following signal-to-noise ratio (SNR) is used as
a measure of the quality of the denoised image:

where z* is the original image without any noisy, x,+41 is the output image.

In the following, we test three images named “Boat”, “Man” and “Lena”. The test images
are added the Gaussian white noise with a mean 0 and a standard deviation 0.01. Taking
c1 = —1l,c0 =1, A = 0.1,err = 107° and maxiter = 200. The original clean images, the
input noisy images and the denoising images recovered by Algorithm 3.1, PPDG and ADMM,
respectively, are shown in Fig. 4.1.

Table 4.1 reports the number of iterations, CPU time and the SNR value of Algorithm 3.1,
PPDG and ADMM for all test problems. From Table 4.1, we conclude that these algorithms can
deal with problem (4.1) effectively. It is easy to see that Algorithm 3.1 has significant advantages
over PPDG and ADMM in terms of taking less iterations and computing time in seconds (time
for short) for all test problems. We can observe that, from Fig. 4.1, Algorithm 3.1 outperforms
ADMM and PPDG in terms of denoising capability, and from Table 4.1, Algorithm 3.1 is
superior to ADMM and PPDG in view of running time and SNR.

4.2. A compressive sensing problem

In this subsection, we will investigate the numerical performance of Algorithm 3.1 by solving
a compressive sensing problem (1.2).

In our numerical experiments, for given (p,q,s), we generate Cpx, and b as below: first,
each entry of C is drawn from a standard Gaussian, and then each column of C' is normalized;
second, let b = Cx* 4 0.01p, where p € RP is a random vector with Gaussian entries and
z* ={(Z,0,...,0)} € RY (¢ > s) in which ¥ € R® is a standard Gaussian vector.

Table 4.1: Comparison between Algorithm 3.1, PPDG and ADMM for test problems.

Image “Boat” Image “Man” Image “Lena”
Iter time SNR Iter time SNR Iter time SNR
Algorithm 3.1 | 93 | 32.5625 | 39.6524 | 95 33.1406 | 40.0870 | 94 | 32.7813 | 40.9717
PPDG 168 | 67.5781 | 39.6503 | 169 | 68.9531 | 40.0861 | 169 | 66.1094 | 40.9550
ADMM 200 | 102.4688 | 32.8312 | 200 | 102.7656 | 33.0176 | 200 | 103.2031 | 32.0099
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(c) Original image

(f) Noisy image

(m) ADMM (n) ADMM (o) ADMM

Fig. 4.1. The first row contains the original images; the second row represents the Gaussian noised
images; the third, fourth and fifth rows are the denoised images by Algorithm 3.1, PPDG and ADMM,
respectively.
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Let (p, q, s) = (7204, 28804, 90¢) for i = 1/4,1/2,1,2,3,4. We generate 10 instances randomly
as described above and report the number of iterations (Iter), CPU times in seconds (Time)
and the relative error (rerr), where

where % is the recovered sparse solution by algorithms. We compare Algorithm 3.1 with algo-
rithms ADMM [23], DCA [25], DYS [6] and PPDG [17]. The numerical results are presented in
Tables 4.2 and 4.3, and Figs. 4.2 and 4.3, where A\; = 1 x 107% and A\; = 1 x 10~° respectively.
All parameters of these compared algorithms follow the default settings as used in the original
papers.

It can be seen from Tables 4.2 and 4.3 that the size has no influence on the number of
iterations and the relative error of algorithms. It is easy to see that Algorithm 3.1 is superior
to algorithms ADMM [23], DCA [25], DYS [6] and PPDG [17] in Iter, time and rerr, respec-
tively. Moreover, Figs. 4.2 and 4.3 also show that by running a same number of iterations,
Algorithm 3.1 outperforms all other algorithms.

100 7 T 1500 I T
Alg1 Algi
90 —DYS — Y5
— DCA —CA
80 ADMM ADMM
PPDG PPDG
o ™ o1
E & 1000
5 1 %
2 w0 1 2
8 8
o 1 =
(@] O s00
30 1
20 1
10 1
0 : : 0 : ;
4] 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
lterations lterations
(a) p =180, ¢ = 720 (b) p = 2880, ¢ = 11520
Fig. 4.2. Objective value with A\; = 107% under different dimentions.
100 1500 7
) Alg1 Algl
90 —— DY'S — DY S
—DCA —Dca
80 ADMM ADMM
PPDG PPDG
@ w0 b}
2 S 1000
5 @ 1 ¢
2 w0 I
8 8
g @ 1 =
(@] O so0
30 1
20 1
10 1
0 . . 0 ! |
4] 50 100 150 200 250 300 350 400 450 500 ) 50 100 150 200 250 300 350 400 450 500

lterations
(a) p =180,q = 720

Fig. 4.3. Objective value with

lterations
(b) p = 2880, ¢ = 11520

A1 = 107° under different dimentions.
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Table 4.2: Comparison of four Algorithms with A1 = 1079,

21

Algorithm 3.1 DYS DCA
b 1 3 Iter | Time rerr Iter | Time rerr Iter | Time rerr
180 | 720 | 20 [ 161 | 0.0356 |1.9244e-04 | 427 | 0.0409 | 71.8169e-04 | 401 | 0.0449 0.0012
360 | 1440 | 40 | 163 | 0.0996 |6.4215e-05 | 443 | 0.1256 | 4.6097e-04 | 416 | 0.1359 | 3.1493e-05
720 | 2880 | 80 | 162 | 0.5756 |6.0756e-06 | 432 | 1.0367 | 5.7965e-05 | 405 | 0.9971 | 3.2699e-05
1440 | 5760 | 160 | 162 | 2.3314 | 3.4608e-06 | 431 | 4.3895 | 3.6912e-05 | 405 | 4.1318 | 2.3416e-05
2160 | 8640 |240| 166 | 5.7996 |7.6193e-07 | 433 | 11.4936 | 1.4763e-06 | 406 | 10.7057 | 3.5314e-06
2880 | 11520 | 320 | 164 | 9.3141 |2.0543e-07 | 434 | 19.8208 | 3.7273e-06 | 407 | 18.6239 | 1.4575e-06
ADMM PPDG
P 1 B Iter | Time rerr Iter | Time rerr
180 | 720 | 20 | 348 | 0.0585 0.0014 169 | 0.0518 | 7.6869e-04
360 | 1440 | 40 | 361 | 0.1495 |3.1874e-05 | 174 | 0.1030 | 4.5422e-04
720 | 2880 | 80 | 352 | 0.8803 |3.3088e-05 | 171 | 0.6781 | 5.7072e-05
1440 | 5760 | 160 | 352 | 3.6357 |2.3697e-05 | 170 | 3.1788 | 3.6407e-05
2160 | 8640 |240| 353 | 9.3718 |3.5728e-06 | 171 | 7.6091 | 1.4510e-06
2880 | 11520 | 320 | 354 | 16.2507 | 1.1713e-06 | 171 | 15.3682 | 3.6692e-06
Table 4.3: Comparison of four Algorithms with A1 = 107°.
Algorithm 3.1 DYS DCA
P 1 B Iter | Time rerr Iter | Time rerr Iter | Time rerr
180 | 720 | 20 | 107 | 0.0106 |1.7677e-05| 263 | 0.0170 | 8.9156e-04 | 254 | 0.0167 | 8.4106e-04
360 | 1440 | 40 | 119 | 0.0235 | 6.0148e-06 | 288 | 0.0706 | 3.5545e-05 | 278 | 0.0528 | 3.3962¢-05
720 | 2880 | 80 | 119 | 0.4547 | 4.3010e-06 | 280 | 0.6962 |4.2654e-05 | 271 | 0.5919 | 2.1097e-05
1440 | 5760 | 160 | 121 | 1.8941 |2.1491e-06 | 281 | 2.7577 | 2.9787e-05 | 272 | 2.6437 | 1.0635e-05
2160 | 8640 | 240 | 120 | 3.9854 | 7.2764e-07 | 283 | 7.2395 | 1.4242e-06 | 274 | 7.0496 | 3.1340e-06
2880 | 11520 | 320 | 124 | 7.1472 | 8.4316e-07 | 281 | 12.5600 | 1.9829¢-06 | 271 | 12.1165 | 1.9022e-06
ADMM PPDG
b 1 B Iter | Time rerr Iter | Time rerr
180 | 720 | 20 | 223 | 0.0160 |9.0620e-04 | 119 | 0.0111 | 8.7183e-04
360 | 1440 | 40 | 243 | 0.0519 | 3.6891e-05 | 127 | 0.0284 | 3.4787e-05
720 | 2880 | 80 | 237 | 0.5826 |2.5836e-05 | 125 | 0.3810 |4.1734e-05
1440 | 5760 | 160 | 237 | 2.3527 | 1.1518e-05 | 125 | 6.9893 | 2.9148e-05
2160 | 8640 | 240 | 239 | 6.3154 | 3.3931e-06 | 126 | 4.4888 | 1.3937¢e-06
2880 | 11520 | 320 | 237 | 10.5621 | 2.0607e-06 | 129 | 8.1427 | 5.8535e-06
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