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Abstract

The rate of convergence of the augmented Lagrangian method for solving nonlinear
programming is studied under the Jacobian uniqueness conditions. It is demonstrated that,
for a given multiplier vector (u, A), the rate of convergence of the augmented Lagrangian
method is linear with respect to |[(u, A) — (™, A")|| and the ratio constant is proportional
to 1/c when the ratio ||(u, A)—(u*, A*)||/c is small enough, where c is the penalty parameter
that exceeds a threshold ¢* > 0 and (u*,\*) is the multiplier corresponding to a local
minimum point. Importantly, the ratio constant of the @-linear convergence of the sequence
of multiplier vectors is estimated by the second-order derivative of the value function of
the nonlinear optimization problem. This characterization gives an explicit expression for
the rate constant of the @-linear convergence of the sequence of multiplier vectors.

Mathematics subject classification: 90C30.
Key words: Nonlinear programming, Jacobian uniqueness conditions, Augmented La-
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1. Introduction

Consider the nonlinear programming problem of the form

min f(z)
s.t. h(x) =0, (1.1)
g(z) <0,

where f : R® - R, h: R® — R? and g : R™ — RP are twice continuously differentiable in
a neighborhood of a feasible point T € R™. Let the Lagrange function for problem (1.1) be

Lz, p, A) = f(2) + p " h(z) + ATg(x), (z,1,)) € R* x RI X RP.
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The augmented Lagrangian method (ALM) was initiated by Hestenes [5] and Powell [7] for
solving optimization problems with equality constraints and was generalized by Rockafellar [9] to
inequality constrained optimization problems. For convex programming, convergence properties
of the augmented Lagrangian method were systematically studied by Rockafellar, see [9-11].

Let IIx denote the projection operator onto a convex cone K, then the corresponding
augmented Lagrange function is defined by

Le(w, 1, A) = f(x) + p"h(z) + gllh(:c)l\2 + i (HHRi (A + cg(@))||* - H)\HQ) .

The augmented Lagrange method for solving problem (1.1) can be expressed of the following
form:

Step 0. Given ¢o > 0,2° € R", % € R? and X\’ € R,k = 0.

Step 1. If
VoL, 1%, 9|+ [ h(@®)[| + [N = Tee (A + g(2%))[| = 0,

then stop and (z*, u*, A\F) is a Karush-Kuhn-Tucker (KKT) pair.

Step 2. Solve the following problem:
2" € argmin L, (z, u*, \¥)
and compute

P = b eph(aF ), AT = Togy (A 4 cgg ().

Step 3. Update cgy1, set k+ 1 to k, and go to Step 1.

The study about local convergence properties of the augmented Lagrangian method for
nonlinear programming is relatively complete. For the equality constrained problem, Powell [7]
proved that the augmented Lagrangian method converges locally at a linear rate to a local mini-
mum point when the linear independence constraint qualification and the second-order sufficient
condition are satisfied. This result was stated in Bertsekas [1, Proposition 2.4] followed by an im-
plicit function theorem based proof. Moreover, [1, Proposition 2.7] gave an important result
about the linear rate of convergence in terms of the Hessian of the primal functional (namely
value function popularly used in literatures). However, for nonlinear programming with both
equality and inequality problems, the Jacobian uniqueness conditions, namely the conditions
in assumption (ST) in [1, p. 161] are used to analyze the augmented Lagrange method. Bert-
sekas [1, p. 162] pointed out that, under the Jacobian uniqueness conditions, the results about
augmented Lagrange method for equality constrained optimization problems can be extended
to studying problem (1.1). In this paper, we give detailed analysis of convergence properties of
the augmented Lagrange method for solving problem (1.1), including demonstrating the theo-
rem about the rate of convergence, and estimating the ratio constant of the linear convergence
under the Jacobian uniqueness conditions.

We should point out that, without assuming the strict complementarity condition, Conn
et al. [2], Contesse-Becker [3], and Ito and Kunisch [6] derived linear convergence rate for
the augmented Lagrangian method in a weak formation compared with the result stated in
Section 3.
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The paper is organized as follows. In Section 2, we develop some properties of the augmented
Lagrangian function under the Jacobian uniqueness conditions for problem (1.1), which will be
used to prove results about the rate of convergence of ALM. In Section 3, we demonstrate the
linear rate of convergence of ALM. In Section 4, the asymptotical convergence rate of Lagrange
multipliers is analyzed, which estimates the ratio constant of the @Q-linear convergence of the
sequence of multipliers generated by ALM.

2. Properties of the Augmented Lagrangian

Let T be a feasible point of problem (1.1) around which f, h and g are twice differentiable. We
need the following conditions, which are named as Jacobian uniqueness conditions in [1, pp. 161
162].

Definition 2.1. We say Jacobian uniqueness conditions are satisfied at (T, [, A) € R*XRIXRP, if

(i) The point T is a stationary point and (@, \) is its corresponding multiplier, namely

V.L(Z,m,\) =0, h(Z) =0, 0>g(@)L\A>0.

(ii) The linear independence constraint qualification holds at T, namely the set of vectors
[VRL(@),-.., Vho(@)} U {V5(a) : j € 1(@)}
are independent, where I(T) = {i: ¢;(T) =0,i=1,...,p}.
(i) The strict complementarity condition holds, namely X\ — g(T) > 0.

(iv) The second-order sufficiency optimality conditions holds at (T, T, \), namely for any d €
C(z),d £0,
0TV, L V) > 0,

where C(T) is the critical cone of problem (1.1) at T defined by
C(T) = {d ER™: Th(T)d =0, Jg(T)d € Tyr (9(T)), V(@) d < o} .

In this section, we will present some important properties of the Jacobian uniqueness con-
ditions of problem (1.1) and properties of the augmented Lagrangian function under this set of
conditions. These properties are crucial for studying the rate of augmented Lagrange method.

For a KKT pair (Z,7r, ), assume that (iii) holds for « = I(Z) and v = {1,...,p} \ «, then
a={i: A\ >0}, y={i: A\ =0},

and
9a(T) =0, g4(T) <0, Ag>0, A, =0.

Under these conditions, for any d € C(T), we have that Jg,(Z)d < 0 and
- T
T L@, 1, \)d = T f(@)d+ 1 Th@)d+ X Tg(T)d = 0.
Then the critical cone C(T) is reduced to the following subspace:

C@)={deR": Jh(T)d =0, Tga(T)d = 0}. (2.1)



4 Y. ZHANG, J. ZHANG AND J. WU

If (iv) of Jacobian uniqueness conditions holds, then there exists Sy > 0 such that

d"V2,L(@ 1N d > Bo|ld]|?, Vde C@). (2.2)
Define
VaiL(z,pu, N
Uz, p, A) = h(x) : (2.3)

H]Ri (g(x) + )\) - A

Then the Jacobian of ¥(z, i, A), denoted by Ko(x, i, A), is expressed as

ViaL(@, 1, A) Th(z)" Tg(x)"
Ko(z, u, \) = Jh(x) 0 0 : (2.4)
Tlgr (9(x) +A)Tg(x) 0 —I,+ Jlgr (g(x) + )

It is easy to prove that Ko(T, T, A) is nonsingular under the Jacobian uniqueness conditions.

Lemma 2.1. Let T € R™ be a point around which f,h and g are twice continuously differen-
tiable. Let (7i,\) € R x RP be the multiplier such that the Jacobian uniqueness conditions hold

at (T, @, \). Then Ko(Z, T, A) is nonsingular.

Proof. Consider the equation

KO(fv ﬁa X) du = 07

where d, € R",d, € R?,dy € RP. This equation is equivalent to

V2, L(Z, 0\ d, + Th(Z) d, + Tg(T) " dy =0, (2.5a)
Jh(@)d, =0, (2.5b)
Tgr (9(T) +X) T 9(T)dz — dx + Tge (9(T) + X)dx = 0. (2.5¢)

From the equality (2.5¢c) and the strict complementarity condition, we have [dy], = 0, and
J9a(T)dy = 0. Under the assumptions of Jacobian uniqueness conditions, we know from (2.1)
that d, € C(%). Then, multiplying d; to the Eq. (2.5a), we obtain that d] V2 L(Z, T, \)d, = 0.
It follows from the second-order sufficiency optimality conditions that d, = 0, which together
with the equality (2.5a) and the linear independence constraint qualification implies d,, = 0,

dyx = 0. So we obtain that Ko(Z, &, A) is nonsingular. O

The following result shows that @ — L.(x, u, A) is strictly convex in a neighborhood of
when (u, \) is sufficiently close to (%, A) and c is large enough. It should be pointed out that
even without strict complementarity, similar results can been established, see, for example,
[12, Proposition 5]. Here we state its conclusion under the Jacobian uniqueness conditions for

consistency.

Proposition 2.1. Let (Z,71, \) be a KKT point of problem (1.1) at which the Jacobian unique-
ness conditions are satisfied. Then there exists positive numbers cj > 0 and 69 > 0 such that
V2, Le(x, 11, \) is positively definite when (x,u, \) € Bs, (T, T, \) and ¢ > cf.
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Proof. 1t is easy to check
ViLe(, 1, A) = Vf(2) + Th(@) " (1 + ch(@)) + Tg(x) gy (A + cg(x)).
If A+ cg(x) # 0, then Ilgr is differentiable at A 4 cg(z). In this case,
VieLe(r, 1, 0) = Vi, L, pu+ ch(z), Her (A + cg(2)))
+eTh(@)" Thiz) + cTg(w) " Tler (X + cg(x)) T g(x).
Then we obtain for any d € R™,

A"V, Le(T, 1, \)d = d" V2, L(T, 75, \)d + | Th(z)d||®
+(Tg(@)d, Tgr (A + cg(7)) T g(T)d)
= d" V2, LT EN)d + | Th(E@)d|* + ¢| T g (@)d]*.

From (2.2) and the expression C(Z) of (2.1), noting (Jh(Z)" Jga(Z)") has full column rank,
by [4], we have that there exists a positive number ¢} > 0 such that

TV, L@ 7N > L, vexz

Therefore there exist positive numbers ¢ > ¢ and &y > 0 such that V2_L.(z, 1, \) is positively

definite when(z, u, ) € By, (T, 1, A) and ¢ > ¢f. O

Suppose that Z(z, A\, t) = g(z) + (¢ + 1)\ # 0 such that Ilgr is differentiable at Z(x, A\ 1),
in this case we define a matrix of the form

ViaL(, 1. A) Th(a)" Tg(x)"
K(z,pu,\t) = Jh(x) —tl, 0 . (2.6)
Ty (Z(2, 1)) T9(z) 0 —(t+ 1)1, + Tgr (Z(2, A, 1))

The following proposition shows that K (7,7, \,t) is nonsingular and has a bounded inverse
when ¢ > 0 is small enough.

Proposition 2.2. Let (T,1, \) be a KKT point of problem (1.1) at which Jacobian uniqueness
conditions are satisfied and cjy be given in Proposition 2.1. Then there exists a positive number
¢t > ¢ large enough such that K (T, T, A, t) is nonsingular and

K@, 07| < Bo

for some positive constant By > 0, if t € [0,t;], where t; = [c}]71.

Proof. Since K(T,7i,\,0) = Ko(%, 7, )\), we have from Lemma 2.1 that K(Z,7, \,0) is
nonsingular. Now we consider the case where ¢ > 0. Consider the equation
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where d, € R",d, € RY,dy € RP. This equation is equivalent to

V2, L(Z, Ny + Th(@) " d, + Tg(@) " dy =0, (2.7a)
Jh(F)d, — td, =0, (2.7b)
Tlgr (9(@) + (1 +)X) T g(@)de — (1 +t)dx + Tgr (9(@) + (1 +)X)dr = 0. (2.7¢)

From the equality (2.7b), we have
d, =t Th(T)d,
From the equality (2.7c), we have that
(e = 71T ga@)ds, [l = 0.
Then, multiplying d] to the equality (2.7a), we obtain
0=d, Vi, LT, 5Y)d, +d; Th(T) " dy, + (T9(T)d., dy)

= AV, L7 B V) + | Th@) ) + T ga(@)de

=d, Vi, L1 (T, 7Y )da,
which implies d, = 0 from Proposition 2.1 when ¢t < [c}]™*

dy =0 and K (7,7, Y,t) is nonsingular when ¢ < [c}] 1.
Noting, for Z = g(Z) + A, we have Z(Z, \,t) = Z +t\ and Z(%, \,0) = Z. Therefore, we get

K(Z,75, A\, t) — K(T, T, X, 0)

. Therefore, we obtain d, = 0,

0 0 0
_ 0 —tI, 0
[jHRp (Z+1X) - Tlar ()| Tg@ 0t + [jHRzi (Z +1X) — Tllgy (7)}
0 0 0
=lo —t, o0 |. (2.8)
0o 0 -t

Thus, we have, for ¢ € [0, [c§]™!), that

Therefore there exists a positive number ¢} > ¢ large enough, for t; = [¢5]71, if t € [0, }], then
K (z, @, \, t) is nonsingular and

1K@, 7207 < Bo
for some positive constant Sy > 0. The proof is complete. 0

The following result gives an estimate of the norm of K (z,u,\,t)~! when (z,u,\) is in

a neighborhood of (Z, 77, \) and small ¢ > 0, which is crucial in proving the main result of the
paper.
Corollary 2.1. Let (Z,7i, \) be a KKT point of problem (1.1) at which Jacobian uniqueness
conditions are satisfied. Then there exist 1 > Bo,01 € (0,d0), and c5 > ¢ for t5 = [e5] 72,
K(x,p, A\ t) is nonsingular and

1K (ar, s A ) 7| < B
if (z, 1, ) € Bs, (T,1, \) and t € [0,13).

Proof. The result comes from the continuity of K (z, s, A, t). O
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3. The Rate of Convergence of the Augmented Lagrange Method

In this section, we consider the local convergence rate of the augmented Lagrange method
for the nonlinear programming problem when the Jacobian uniqueness conditions are satisfied

at (Z,m, \). For 6 > 0, define
D(C*’(S) = {(:u’)‘ac) : H(:uv)‘) - (ﬂax)ll <dc, ¢ > C*}'

Theorem 3.1. Under Jacobian uniqueness conditions, there exist § > 0,¢* > 0,e > 0 and
B > 0 such that for any (u, A, c) € D(c*,d), problem

min L.(z,u, \)

s.t. x € B(T) (3.1)

has a unique solution, denoted by x(u, A, ¢), which is differentiable on int D(c*,§). Furthermore,
for all (p, A, ¢) € int D(c*,4),

(.2, €) =7 < 28 2) ~ @ ),

i 2. 0) 71 < 2(8.3) ~ @D (32)
3020 = 3 < D) — @ )

where

(A, e) = p+ ch(:c(u, A, c)), AMp, Ay c) = H]Ri ()x + Cg(:c(u, A, c)))

Proof. If x is a local minimizer of L.(-, u, A), then, in view of the definition of (&, \), we get

V(@) + Thx) i+ Tg(x)TA =0,

1 ~
h(z) + E(,U —R) =0, (3.3)
1~
TIge (g(x) + —)\) —=A=0
c
Define
1 _ - 1
n=-lk-m, &=-A-A, t=-,
noting

1 1~ ~ 1~ 1 ~
JNEY: (g(z)Jr—)\)—)\() = A+ =\ =g (g(x)+—)\+)\),
+ c c c + c
then (3.3) is equivalently expressed as F(z, i, \;n,&,t) = 0, where

V(@) + Th(@) i+ Tg(z)TX
F(x, i, \in, &, t) = h(x) +n+th — th
Tz (9(x) + A+ € +1X) — (1 +1)A

Obviously we have
F(E,ﬁ7x;070’t) :07 vte [0’t§/2],
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V2. L@ 7, N) JIh(@)" JT9(@)*
- Th(Z) —tI 0
Jgr (9(T) + (1 +1)A) T9(T) 0 —(L+ 1), + Tz (9(T) + (1 +1)A)

Obviously, from the definition K (z, i, A, t) in (2.6), we have

T i F @ 1,X0,0,) = K(T,7,\, 1)

Then from Proposition 2.1, we have that ‘7(z o X)F(f, 77, ); 0,0, t) is nonsingular when ¢ € [0,£3).
Define t* = t3/2 and ¢* = [t*]~! and

Q={0} x {0} x [0,t"] C R" x R? x R,

it follows from of [1, Implicit Function Theorem 2, p. 12] that there exists § € (0,t5/2) with
0 < 61,0 < € < 61 and mapping

which is differentiable on int B(2, ) and satisfies

(T, 7, N) = (2(0,0,1),7(0,0,), A(0,0,1)),

N (3.4)
F(Z(n,&,t), A, &, ), A(n, &, t);m,&,t) =0, ¥V (n,&,t) € B(Q,9).

From Proposition 2.1 and Corollary 2.1, we may choose § > 0 and € > 0 small enough such that
constraint nondegeneracy condition holds at Z(n, &, t), V2, L,—1(Z(n, &, t), a(n, &, 1), A(n, &,1)) is
positively definite and

K (@, &, 1), i, &, 6), X, &, 8),8) || < Bry Y (n,&, 1) € B(Q,0).

Differentiating the three equations in (3.4) with respect to (n,&,t), we obtain

Z(n,&,1)
K (Z(n,&,6), i(n, &,1), A0, &, ), ) Tine.y | B, €, 1)
A, &,1)
0 0 0
= |-y 0 i(n, & t) — @ , (3.5)

0 _jH]Ri (215(77’ 6) t)) /): - jHRi (215(77’ 6) t))X

where
Zy(n,&,t) = g(Z(n, 1)) + X1, &, ) + € + LA,

It follows from (3.5) for

2(s) = (s, sU, st), Z(s) = g(z(2(s))) + X(z(s)) + &+ sh
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with ¢ € [0,45/2] that

/1'\(777 >‘a t) -z /1'\(777 >‘a t) - f(ov Oa 0)
E(nvAat) 72 = E(%)\,t) 72(07050)
)‘(na)‘at) - A )‘(na)‘at) - )‘(05030)

Noting that
K @(2(9), 1 (2(9), A=), ) 7| <
for (n,&,t) € B(Q,9) and s € [0,1], we obtain from (3.6) and

7Tz (9(2(2(5))) + A(x(s)) + €+ ) || <1,
that
1801, A,8) = 712 + 1aCn, A, €)= 72 + 13, A, 8) = X2

<45 / [l + [[7(=()) = 7" + 1€l + A (=) = N|[*¢2] as

28 [ 19 (a(2(()) + 3(e(0) + €+ 1) T2 as
Noting that Ilgs is twice continuously differentiable at g(Z) + (s + 1)\, we have
T e (g(f(z(s))) +A(z(s) + €+ sX) A
= Jler (9(T) + (s + DA X
+X Ve (9(2) + (s + )X { )))+§ 9(®) + A(2(s)) ~ ]

~

+0 (|lg(@(()) + € — 9@ +A(2(5)) = X] ).

It is easy to check the equality JIlgr (¢9(Z) + (s + 1)A\)A = 0. Then, when § > 0 is chosen small

enough, there exists a positive constant xg > 0 such that

|71 (9((:160) + Ret) + &+ 53) 7|
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<2 ‘XTVQHM (9(Z) + (s + 1)) [g(@(z(s))) +€— g(@) + A2(s)) — X} ‘
< o [llgl + 1 (=()) =7 + IA(2(5)) = N

when (1,£,t) € B(Q,6) and s € [0, 1].
Combine this estimate with (3.7), we obtain

H/‘T\(na)‘at) _E”2 + ||ﬁ(na)‘at) _E”2 + ||)‘(na)‘at) - XHQ
< 4B7||nll* + 4587 [1 + s5t?] 1€

+ 430 /0 (=) = 7* + (1 + 268) A (=(5)) = X|* + 263 [[3(2(5)) ~ 7] as. (3.8)

&mmmmg@maw@msw>xnsw> <<@»ﬁ@@mﬂam>m@&yM®
[ (=(5)) = 2" + [(=() = 7ll" + [A()) =3
s4&mw2+@ﬁp+n&ﬂmw

1
+ 43 /0 (=) = 7* + (1 + 268) A (=(5)) = N|* + 263][3(2(5) — 7] as. (3.9)
From the arbitrariness of s € [0,1] in (3.9), we obtain

mae {[[#(=(9) 7 + [[A(=()) = 7" + I3 (=) =X}

0<s<1
< 4B7lInll* + 4871 + r5t*] €)1

+ 46 (1+268)¢ - max {[[2(=()) = 7 + [[(=()) = 7* + |A(=()) = 3|*}

<s<1

which implies
1Z(n, A, t) = ZII* + [I72(n, A, ) — &lI* + 1A, A, ) — Al
463 [1 + K§t?]

< Tama s agE I Y6n €B@D)
1 0

or
P06 1)~ 7
A1) — T VLT (e, Y (60) € B@,8). (310)
)‘(77’ N X \/1_461 1+2"€0)

Define

2, Ay e) =B, &,8),  filps Ae) = A, 6,8), A &) = A, &,1), ¥ (n,&,t) € B(Q,0).

From the definitions of D(cy,d) and €, we have that

(X0 € Dlend) = (1) B, (&0 = (M2

It follows from (3.4) that
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and
VaoLe(z(p, N ), 11, X) = VoL (2(p, A, €), fi(, A, €), Mg, A, €)) =0,
fi(p, Ay c) = pt ch(z(p, A €)), A, A ) = Tge (A + cg(a(p, A, ).

Noting that (z(u, A, ¢), gk, )\,c),X(u, A\ ) € BA(T, M, \) and € < 61 < &g and ¢ > ¢* > ¢ we
have from Proposition 2.1 that

V2o Le(x(i, A, €), 1, A) > 0.

Thus, z(u, &, ¢) is the unique solution of problem (3.1) and differentiable on int D(c*, d). With-
out loss of generality, suppose

> \/mg + 887 (1 +2x3),
and define 8 = 46;. The for any (u, A, ¢) € D(c*, ), we obtain from (3.10) that

ZC(/L, )‘a C) -

z
~ <7
Al A e) = || < = [l =2l + 1A = Al (3.11)
>\(,LL, >‘a C) —A
which implies the estimates (3.2). O

4. Asymptotical Superlinear Convergence Rate of Multipliers

In Theorem 3.1, the rate of convergence of the augmented Lagrange method is characterized
by (3.2), which involves a constant 8. In this section, we estimate 8 by the eigenvalues of the
second-order derivative of the value function of problem (1.1).

Let (Z, 7, ) be a Kurash-Kuhn-Tucker point of problem (1.1). Consider the following system
of equations in (x, i, A, u):

Vi(x)+ Th(z)" p+ Tg(x) " A =0,
h(z) + up =0, (4.1)
Igs (c(g9(x) +ug) +X) =X =0,
then (Z,7,\) is a solution of (4.1) for any where ¢ > 0. By the standard implicit function
theorem, there exist a constant § > 0 and functions (z(-), u(-), A(-)) € C*(Bs(0)) such that

2(0) =7, w0) =7 M0)=A\
and for |lul| < d, where u = (up,uy) € R? x RP,

Vi (2(u) + Th(z(w)  plu) + Tg(z(u))  Au) =0,
h(z(u)) 4+ up =0, (4.2)
Mg (c(g(x(w) +ug) + Aw)) = AMu) =0.

Moreover, there exists € > 0 such that

2(u) € B(@), p(u) € B-(), Au)€B.(N)
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for |Ju|| < é. Define the following function p : B5(0) — R,
p(u) = f(z(u)), ue Bs(0). (4.3)

In view of Jacobian uniqueness conditions, § and € can be taken sufficiently small so that x(u)
is actually a local minimum point of the following perturbed problem:

min (£(2) < h(z) +un =0, g(z) +uy < 0. (4.4)
Thus, an equivalent definition of p is given by
p(u) = f(z(u) = eﬂéil(l_){f(z) th(z) +un =0, g(z) +ug <0}, ue B;(0). (4.5)

Lemma 4.1. Suppose that Jacobian uniqueness conditions hold at (T, T, \), and & and € can
be taken sufficiently small so that x(u) is a local minimum point of problem (4.4) in the sense

of (4.5). Then

Vp(u) = (’;EZ%) ., Yu e B;(0), (4.6)

where p(u), \Mu) satisfy (4.2).
Proof. Let the Lagrange function of problem (4.4) be
Lz, p,\u) = f(@) +p (h(z) +un) + A7 (9(z) + ug).
Then we may express p(u) as follows:
) = £ (o)) + (), b)) + )+ (A, 9 x(w) + )
= L(z(u), p(uw), Mu); u).
Using this formula and noting
VIE(:C(’U,), /L(u)a /\(u), u) =0, V(u,/\)f’(x(u)v /L(u)a /\(u), u) =0,
we obtain
Vp(u) = Jw(u) 'V L£(w(u), p(u), Mu);u) + Tp(w) TV, L(x(u), plu), Mu);u)
+ j)\(u)TV,\E(:c(u), p(w), Aw);u) + Vi L(2(w), p(uw), A(w); u)
= z(u), p(u), Mu);u) = #lw)
= VL (alw ) M) = (5]
The proof is complete. O

Lemma 4.2. Suppose that Jacobian uniqueness conditions hold and 6 and € can be taken suf-
ficiently small so that x(u) is a local minimum point of problem (4.4). Then

[g 2+ )
T h(x(u))

| M (Zow) T g (w(w)

0 0
- lo L1, - Ty (2.)

-1

X VigLe(2(w), u(u), A(w))

where Z.(u) = c(g(xz(u)) + ug) + A(u) and p(u), A(u) satisfy (4.2).
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Proof. Differentiating (4.2), we obtain

V2, L (x(u), p(u), ANw)) To(u) + Th(z(w) Tu(u) + Tg(e(w) TAw) =0,  (4.8)
and

Th(z(u)Tx(u) = [-1; 0],

4.9
VAL (c(g(z(u)) +ug) + A(u)) [cjg(x(u))jx(u) +cl[0 L]+ j)\(u)} —JAu)=0. (4.9)
From the definition of Z.(u), the Egs. (4.8) and (4.9) can be written as
V2, L (e(w), p(w), Aw) T (x(w) Tg(x(u) Ta(u)
jh(w(u)) 0 0 T p(u)
T My (Ze(u)) Tg(2(w)) 0 —I + Ty (Ze(w)) | LTAW)
0 0
= |-1, 0
0  —cJge (Z(u))
0 0 0 Jx(u)
R, (a(u), p(w) Aw) + |0 ¢, 0 Tplw)
0 0 T (Ze(u)) T\(u)
0 0
— |- 0 , (4.10)
0 —Jgr (Ze(u))
where
B V2,L(e(u) pw), Mu)  Thizw) ' Tg(aw)’
Ko (z(u), p(u), Mu)) = Th(z(u)) —c, 0
Jge (Zc(u))jg(z(u)) 0 7671110
Thus, Eq. (4.10) is equivalent to
B Ta(w)
Ke (2(uw), p(u), Au)) | T p(u)
T A(u)
I 0 0 0 0 0
=—10 I 0 {|:Iq O] +c ! T p(w) }
0 Tl (Zw) | LLo 1, T\w)

Therefore, we get that

Jx(u) I 0 0
Tpu) | = = Re(w(u), plu), A(w) " |0 Iy 0
T A(u) 0 0 jHRi(Zc(u))
0 0 0
X {C Iq 0] + j'u,(u) },
0 I, TA(w)
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which implies

SR

0 I T A(u)
0 I o I 0 0
_ a K (x(w), p(u), Aw) " |0 I 0
{0 0 IJ L 0 jH]Ri (Zc(u))]
0 O 0
X {c [Iq 0+ |Tu(u) } +c [IS IO] . (4.11)
0 1, T () P

It follows from [8, p. 20] that the inverse of K.(x(u), u(u), A(u)) can be expressed as

Ko (w(u), p(u), Mu))

1
—cTh(x(u)) ]
—cTMgr (Ze(u)) Tg(x(u))

1,

w . ljh(x(u»]
- To(x(u)) (4.12)
c jh(z(u)) ] w Ac(u)
TWgs (Ze(w)) T g(2(w)) ‘

where

jh(z(u)) . .
J gy, (Zc(u))jg(z(u))] W {jh(z(u)) Tg(x(u)) } ’

W = V5, Lo (w(u), p(w), Au)).
Therefore, we have from (4.11) and (4.12) that

SRR i I | ST

-1

Ac(u) = —cI + 2

+

xViaLe((w), p(u), A(w))

namely, the equality (4.7) holds. O
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Corollary 4.1. Let Jacobian uniqueness conditions be satisfied at (T,71, ). Then

i B L o 0 0 Jh(T)
Vp(o)“c[o IJ+ 0 I (72) JHRf;(Z?)jg(f)]
IR R 71C N R
XV . Le(T, 1, \) jHRi(Z:)jg(f)] ; (4.13)

where ZF = Z.(0) = X\ + cg(T).

Proof. The equality (4.7) is satisfied for all w with |lu|]| < § and all ¢ large enough. For
u = 0, we obtain

e 0] [Tmo)] _ 0 0 JTh(z)
{0 Ip] " {JA(O)} ] 1o %(IP—JHRQ (Z:(0))) - e (ZC(O))Jg(f)]
N R
vamLc(ZE, Hy )\) jH]Ri (ZC(O))jg(E) )
which implies (4.13) from (4.6). O

Now we are in a position, by using the above properties, to analyze the rate of convergence of
multipliers generated by the augmented Lagrangian method. First of all, we give an equivalent

(E(:u‘v >‘a C) - E)
A, Aye) =)

which is a key property for achieving the asymptotical superlinear rate of convergence of mul-

expression for

tipliers.

Theorem 4.1. Let Jacobian uniqueness conditions be satisfied at (Z, 7, \). Let ¢* >0, 6 and e
be given by Theorem 3.1. Then for all (u, A, c) € D(c*,9),

nw(w, A\, c)—1 1 _ _ e
(&‘EZ:A:ZH) = / Te(i+ s(u— ), %+ s(A = V) (5_%) ds,  (414)
where Te(1, \) is defined by

(4.15)

Th(x(p, A ¢))

TWgr (Ze(18,2) T g (1, A, ©))
Th(z(p, A, c)) !

Tlgr (Ze(p, X)) Tg(@(p, A e)) |

I, 0
Te(p,A) = [0 Iz (Ze(u, )\))] —c

~ g —1
X VapLe(z(p, X ¢), (i, Ay ), Mp, A, €))

and Z(p, A) = cg(z(p, A, c)) + A.
Proof. Define

Vi(z) + Th@) i+ Tg(x) A
Fy(w, i, Ay, €,1) = h(z) + 1+ 7 — tfi
Mgy (g(x) + €+ EX) — tA
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Noting that F,(z, ﬁ,x;n,g,t) = 0 is equivalent to F(x,ﬁ,x; 1n,&,t)=0, we have
Fo (20, &,0), (0, &, £), X(n. &, 1); . £, ) = 0. (4.16)

Differentiating the last three equations in (4.16) with respect to (1, £,t), we obtain

R 2(n, &, t)
T i3y Fo (@0, &), (0, £,6), A0, ):1,6,) Tney |01 6,1)
A€, t)
0 0 0
= |1 0 (. &t) — 1 . (417)
0 —JTMgr (9(@(n,&,1) + & + 1) ijHRp(( (1,&,1)) +E+EN)X

Denoting
A(n 5 t) j(zu)\) (f(ﬁ gat)vﬁ(nangax(nagvt)at)a
Zo(n,&,t) = g(Z(n. &, 1)) + &+ EA,

we have from (4.17) that

0 0
jﬁafE(nagat) _ <0 Iq O> A R 0 s
[jn,gk(n,f,t)] 00 & e Oq —Jge (Zo(n,€,1)) | o

We can easily obtain the following expression of A(, &, t):

Vigxfoygtx A0, &0, Am,6,0)  Th(Em,&,0)"  Te@Emn, 1)
A(nagat) = (z(nagvt)) *tIq 0
TUgr (Zo(n,€,1)) T 9(Z(n,€,1)) 0 —tI,

From the equality
Tz (Zo(n,€,1)) = Tz (17 9 (@(n, u,1)) + A),

that

A(n,«f,t)_l _ vith*1 (i'\(nvgat)vﬁ(nagvt)ax(nagvt))71 @12(7%5701 (419)

©21(n,&,1) O22(n, &, 1)

with

-1

O12(n,&,t) = —t V2, Ly (B, &, £), A0, &, 1), \(n, &, 1))
< [ghEmen)T geGmen)T].
Th(z(n,&,1)) 1
TMgr (Zo(n.€,t)) Tg(2(1,€,1))
X V2, Ly-1 (T, €,), (0, €, £), X(n,6,1)

921(77’ 6) t) = _til
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O2(n, & t) = —t T+ t77

Th(z(n,&,t))

jHRi (Zo(nv 55 t))jg(x(nv 55 t))

Thizm.&0)]"
&) |

X V2, L (B0, 6,1, (0,6, 1), A1, €,1) ljg(x(n

Thus, we have from (4.18) that

[jn,ﬁﬁ(na €a t)

]e ( swll‘l ’ ] (4.20)
T dmet)| Y ’ '

0 Tl (Zo(n.€.1)

which implies

Tnein &0 _ [T 0
TN, 6,1) 0 JHgr (Zo(1,€,1))
_ t_2 jh(x(nvgat))
TMge (Zo(n,€,1)) Tg(x(n,€,1))

X Vith*1 (/1'\(777 ga t)v ﬁ(na 57 t)a X(na 57 t)) -

Th(z(n,&,t)) '
T (Zo(n.€.)) Tg(w(n.&,0))|

X

Then we get
(E(na 57 t) - ﬁ) . <E(777 ga t) - ,LL(O, Oa t))
A, &) — A A(n:€:t) — A(0,0,¢)
1 1(sn, sU,
—it:7) =70, = | [‘7 R (2) s
Th(z(n,&,1))

jmgX(sn, sU,t)
Yo 0 2

= t —t

/0 0 Jlgr (Zo(n.&,1)) TMgr (Zo(n.€,t)) Tg(2(1,€,1))

X vimLt*I (5(7% 57 t)a ﬁ(nv ga t)v X(nv ga t)) -

. Th((n.€.1)) ! <n) N

jHRi (Zo(na§7t>)jg(z(na§7t)) 5 .
Substituting ¢ = 1/¢,n = (= @) /e,;n = (A = X) /e, x(p, A, ) = E(1, &, 1), and

fi(p, Ny ¢) = i, &, t) = p — ch(Z(n, &, 1)),
Al A €) = A0, &,1) = Ter (A + cg (B, €, 1))).

We obtain the desired result. O

Theorem 4.2. Assume that (T,1, \) € R™ x R? x R? satisfies the Jacobian uniqueness condi-
tions, ¢* > 0, 0 and € are given by Theorem 3.1. Assume that

¢° > max {c*, 2 | Jnax | Ai (VQp(O))’} , (4.21)
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where \;(V?p(0)) denotes the i-th eigenvalue of V?p(0). Then there must exist a scalar 6; €
(0,8] such that if {ck} and (u°, \°) satisfy

1
)\0

(“ “)H<51, T <ep<epin, YE=0,1,2,..., (4.22)

then the sequence {(uk, N6V} generated by

,Uk+1 = Mk + Ckh(l'(‘uk, Akack)aA(:u’k’ Ak’ck))’

4.23)
Ak+1 = H]Ri (>\k +ckg('r(ﬂkaAkvck)aA(MkvAkvck))) (
is well-defined, and (u*, \F) — (71, \) and (z(p*, cx), M, c)) — (T, X). Furthermore if
limsupcg = ¢ < 00
k—o0
and (puF, \F) £ (11, \) for all k, then
k+1 /\k+1 (T X )\i v2 0
lim sup G ) (ﬁ’ )l < b'q M , (4.24)
S TP U iy VTR B4 PSS W (2 ()
while if ¢, — oo and (u*, \F) # (T, \) for all k, then
k+1 \k+1) _ (7. N
o L7057 @301 _ w2s)
koo | (pf, AF) — (1, Al
Proof. In view of T, of (4.15), we have that
- I 0
T, ", A) = ! — 3
R lO T ge (cg(T) + A)
-

. JTh(z)
Mgz (cg(T) +X) T 9(7)

Using (4.13), we obtain

JTh(z)
Mgz (cg(T) +X) T 9(T)

VizLC (fa ﬁv X)71

Yo, N) = I — c(V2p(0) +cI) ™
and thus, for the i-th eigenvalue \;(T.)), one has
< i (V2p(0)
A (T ) = VPO
c+ N (V p(O))

where \;(V?p(0)) denotes the i-th eigenvalue of V?p(0). It is easy to see that for any 1 > 0,
there exists 0, € (0, 6] such that, for all (g, A, ¢) with ||(x — &, A — X)||/c < 61, ¢ > ¢*, we have

e NI < e M) + 21 = | Jnax |A( (7 N)] + &1

o) [,
1<i<at e+ A (V2p(0)) |
where || - || denotes the spectral norm of the operator. Using (4.14), we obtain for all (u, A, ¢)

chosen as the above,
A, A €) ~A(VP(0)
ma.
,LL,>\ c) 1<1<q+p c+ N\ (V2

e [GR o
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From (4.21) and (4.22), we have

c+ N (V2 (0))

ma.
1<z<q+p

Ai(V? )|1_

Therefore by choosing €1 small enough, we have that there exists g1 € (0,1) such that

() SR)]

for (u, A, ¢) with [|(u, \) — (&, N)||/c < 81,¢ > €. From this, (3.2) and (4.22), we obtain that
b — 7 and (z(p,cr), A(u¥,cx)) — (Z,)\). The estimates (4.24) and (4.25) for the rate of
convergence can be easily obtained from (4.26). O

It follows from (4.24) and (4.26) that the sequence of the multipliers has at least Q-linear
convergence if {¢x} is bounded and the convergence is superlinear if ¢ is increasing to oo.
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