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Abstract

The rate of convergence of the augmented Lagrangian method for solving nonlinear

programming is studied under the Jacobian uniqueness conditions. It is demonstrated that,

for a given multiplier vector (µ, λ), the rate of convergence of the augmented Lagrangian

method is linear with respect to ‖(µ, λ)− (µ∗, λ∗)‖ and the ratio constant is proportional

to 1/c when the ratio ‖(µ, λ)−(µ∗, λ∗)‖/c is small enough, where c is the penalty parameter

that exceeds a threshold c∗ > 0 and (µ∗, λ∗) is the multiplier corresponding to a local

minimum point. Importantly, the ratio constant of theQ-linear convergence of the sequence

of multiplier vectors is estimated by the second-order derivative of the value function of

the nonlinear optimization problem. This characterization gives an explicit expression for

the rate constant of the Q-linear convergence of the sequence of multiplier vectors.

Mathematics subject classification: 90C30.
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1. Introduction

Consider the nonlinear programming problem of the form

min f(x)

s.t. h(x) = 0,

g(x) ≤ 0,

(1.1)

where f : Rn → R, h : Rn → R
q and g : Rn → R

p are twice continuously differentiable in

a neighborhood of a feasible point x ∈ R
n. Let the Lagrange function for problem (1.1) be

L(x, µ, λ) = f(x) + µ⊤h(x) + λ⊤g(x), (x, µ, λ) ∈ R
n × R

q × R
p.
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The augmented Lagrangian method (ALM) was initiated by Hestenes [5] and Powell [7] for

solving optimization problems with equality constraints and was generalized by Rockafellar [9] to

inequality constrained optimization problems. For convex programming, convergence properties

of the augmented Lagrangian method were systematically studied by Rockafellar, see [9–11].

Let ΠK denote the projection operator onto a convex cone K, then the corresponding

augmented Lagrange function is defined by

Lc(x, µ, λ) = f(x) + µ⊤h(x) +
c

2
‖h(x)‖2 +

1

2c

(∥∥ΠR
p

+

(
λ+ cg(x)

)∥∥2 − ‖λ‖2
)
.

The augmented Lagrange method for solving problem (1.1) can be expressed of the following

form:

Step 0. Given c0 > 0, x0 ∈ R
n, µ0 ∈ R

q and λ0 ∈ R
p
+, k = 0.

Step 1. If ∥∥∇xL(x
k, µk, λk)

∥∥+ ‖h(xk)‖+
∥∥λk −ΠR

p

+

(
λk + g(xk)

)∥∥ = 0,

then stop and (xk, µk, λk) is a Karush-Kuhn-Tucker (KKT) pair.

Step 2. Solve the following problem:

xk+1 ∈ argminLck(x, µ
k, λk)

and compute

µk+1 = µk + ckh(x
k+1), λk+1 = ΠR

p

+

(
λk + ckg(x

k+1)
)
.

Step 3. Update ck+1, set k + 1 to k, and go to Step 1.

The study about local convergence properties of the augmented Lagrangian method for

nonlinear programming is relatively complete. For the equality constrained problem, Powell [7]

proved that the augmented Lagrangian method converges locally at a linear rate to a local mini-

mum point when the linear independence constraint qualification and the second-order sufficient

condition are satisfied. This result was stated in Bertsekas [1, Proposition 2.4] followed by an im-

plicit function theorem based proof. Moreover, [1, Proposition 2.7] gave an important result

about the linear rate of convergence in terms of the Hessian of the primal functional (namely

value function popularly used in literatures). However, for nonlinear programming with both

equality and inequality problems, the Jacobian uniqueness conditions, namely the conditions

in assumption (S+) in [1, p. 161] are used to analyze the augmented Lagrange method. Bert-

sekas [1, p. 162] pointed out that, under the Jacobian uniqueness conditions, the results about

augmented Lagrange method for equality constrained optimization problems can be extended

to studying problem (1.1). In this paper, we give detailed analysis of convergence properties of

the augmented Lagrange method for solving problem (1.1), including demonstrating the theo-

rem about the rate of convergence, and estimating the ratio constant of the linear convergence

under the Jacobian uniqueness conditions.

We should point out that, without assuming the strict complementarity condition, Conn

et al. [2], Contesse-Becker [3], and Ito and Kunisch [6] derived linear convergence rate for

the augmented Lagrangian method in a weak formation compared with the result stated in

Section 3.
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The paper is organized as follows. In Section 2, we develop some properties of the augmented

Lagrangian function under the Jacobian uniqueness conditions for problem (1.1), which will be

used to prove results about the rate of convergence of ALM. In Section 3, we demonstrate the

linear rate of convergence of ALM. In Section 4, the asymptotical convergence rate of Lagrange

multipliers is analyzed, which estimates the ratio constant of the Q-linear convergence of the

sequence of multipliers generated by ALM.

2. Properties of the Augmented Lagrangian

Let x be a feasible point of problem (1.1) around which f, h and g are twice differentiable. We

need the following conditions, which are named as Jacobian uniqueness conditions in [1, pp. 161–

162].

Definition 2.1. We say Jacobian uniqueness conditions are satisfied at (x, µ, λ)∈R
n×Rq×Rp, if

(i) The point x is a stationary point and (µ, λ) is its corresponding multiplier, namely

∇xL(x, µ, λ) = 0, h(x) = 0, 0 ≥ g(x)⊥λ ≥ 0.

(ii) The linear independence constraint qualification holds at x, namely the set of vectors

{∇h1(x), . . . ,∇hq(x)} ∪ {∇gj(x) : j ∈ I(x)}

are independent, where I(x) = {i : gi(x) = 0, i = 1, . . . , p}.

(iii) The strict complementarity condition holds, namely λ− g(x) > 0.

(iv) The second-order sufficiency optimality conditions holds at (x, µ, λ), namely for any d ∈

C(x), d 6= 0,

d⊤∇2
xxL(x, µ, λ)d > 0,

where C(x) is the critical cone of problem (1.1) at x defined by

C(x) =
{
d ∈ R

n : J h(x)d = 0, J g(x)d ∈ TR
p

−

(
g(x)

)
, ∇f(x)⊤d ≤ 0

}
.

In this section, we will present some important properties of the Jacobian uniqueness con-

ditions of problem (1.1) and properties of the augmented Lagrangian function under this set of

conditions. These properties are crucial for studying the rate of augmented Lagrange method.

For a KKT pair (x, µ, λ), assume that (iii) holds for α = I(x) and γ = {1, . . . , p} \ α, then

α = {i : λi > 0}, γ = {i : λi = 0},

and

gα(x) = 0, gγ(x) < 0, λα > 0, λγ = 0.

Under these conditions, for any d ∈ C(x), we have that J gα(x)d ≤ 0 and

JxL(x, µ, λ)d = J f(x)d+ µ⊤J h(x)d+ λ
⊤
J g(x)d = 0.

Then the critical cone C(x) is reduced to the following subspace:

C(x) =
{
d ∈ R

n : J h(x)d = 0, J gα(x)d = 0
}
. (2.1)
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If (iv) of Jacobian uniqueness conditions holds, then there exists β0 > 0 such that

d⊤∇2
xxL(x, µ, λ)d ≥ β0‖d‖

2, ∀ d ∈ C(x). (2.2)

Define

Ψ(x, µ, λ) =




∇xL(x, µ, λ)

h(x)

ΠR
p

+

(
g(x) + λ

)
− λ


 . (2.3)

Then the Jacobian of Ψ(x, µ, λ), denoted by K0(x, µ, λ), is expressed as

K0(x, µ, λ) =




∇2
xxL(x, µ, λ) J h(x)⊤ J g(x)⊤

J h(x) 0 0

JΠR
p

+

(
g(x) + λ

)
J g(x) 0 −Ip + JΠR

p

+

(
g(x) + λ

)


 . (2.4)

It is easy to prove that K0(x, µ, λ) is nonsingular under the Jacobian uniqueness conditions.

Lemma 2.1. Let x ∈ R
n be a point around which f, h and g are twice continuously differen-

tiable. Let (µ, λ) ∈ R
q ×R

p be the multiplier such that the Jacobian uniqueness conditions hold

at (x, µ, λ). Then K0(x, µ, λ) is nonsingular.

Proof. Consider the equation

K0(x, µ, λ)



dx
dµ
dλ


 = 0,

where dx ∈ R
n, dµ ∈ R

q, dλ ∈ R
p. This equation is equivalent to

∇2
xxL(x, µ, λ)dx + J h(x)⊤dµ + J g(x)⊤dλ = 0, (2.5a)

J h(x)dx = 0, (2.5b)

JΠR
p

+

(
g(x) + λ

)
J g(x)dx − dλ + JΠR

p

+

(
g(x) + λ

)
dλ = 0. (2.5c)

From the equality (2.5c) and the strict complementarity condition, we have [dλ]γ = 0, and

J gα(x)dx = 0. Under the assumptions of Jacobian uniqueness conditions, we know from (2.1)

that dx ∈ C(x). Then, multiplying d⊤x to the Eq. (2.5a), we obtain that d⊤x ∇
2
xxL(x, µ, λ)dx = 0.

It follows from the second-order sufficiency optimality conditions that dx = 0, which together

with the equality (2.5a) and the linear independence constraint qualification implies dµ = 0,

dλ = 0. So we obtain that K0(x, µ, λ) is nonsingular. �

The following result shows that x → Lc(x, µ, λ) is strictly convex in a neighborhood of x

when (µ, λ) is sufficiently close to (µ, λ) and c is large enough. It should be pointed out that

even without strict complementarity, similar results can been established, see, for example,

[12, Proposition 5]. Here we state its conclusion under the Jacobian uniqueness conditions for

consistency.

Proposition 2.1. Let (x, µ, λ) be a KKT point of problem (1.1) at which the Jacobian unique-

ness conditions are satisfied. Then there exists positive numbers c∗0 > 0 and δ0 > 0 such that

∇2
xxLc(x, µ, λ) is positively definite when (x, µ, λ) ∈ Bδ0(x, µ, λ) and c ≥ c∗0.
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Proof. It is easy to check

∇xLc(x, µ, λ) = ∇f(x) + J h(x)⊤
(
µ+ ch(x)

)
+ J g(x)⊤ΠR

p

+

(
λ+ cg(x)

)
.

If λ+ cg(x) 6= 0, then ΠR
p

+
is differentiable at λ+ cg(x). In this case,

∇2
xxLc(x, µ, λ) = ∇2

xxL
(
x, µ+ ch(x),ΠR

p

+

(
λ+ cg(x)

))

+ cJ h(x)⊤J h(x) + cJ g(x)⊤JΠR
p

+

(
λ+ cg(x)

)
J g(x).

Then we obtain for any d ∈ R
n,

d⊤∇2
xxLc(x, µ, λ)d = d⊤∇2

xxL(x, µ, λ)d+ c‖J h(x)d‖2

+ c
〈
J g(x)d,JΠR

p

+

(
λ+ cg(x)

)
J g(x)d

〉

= d⊤∇2
xxL(x, µ, λ)d+ c‖J h(x)d‖2 + c‖J gα(x)d‖

2.

From (2.2) and the expression C(x) of (2.1), noting
(
J h(x)⊤ J gα(x)

⊤
)
has full column rank,

by [4], we have that there exists a positive number c∗0 > 0 such that

d⊤∇2
xxLc(x, µ, λ)d ≥

β0

2
‖d‖2, ∀ c ≥ c∗0.

Therefore there exist positive numbers c∗0 > c∗0 and δ0 > 0 such that ∇2
xxLc(x, µ, λ) is positively

definite when(x, µ, λ) ∈ Bδ0(x, µ, λ) and c ≥ c∗0. �

Suppose that Z(x, λ, t) = g(x) + (t + 1)λ 6= 0 such that ΠR
p

+
is differentiable at Z(x, λ, t),

in this case we define a matrix of the form

K(x, µ, λ, t) =




∇2
xxL(x, µ, λ) J h(x)⊤ J g(x)⊤

J h(x) −tIq 0

JΠR
p

+

(
Z(x, λ, t)

)
J g(x) 0 −(t+ 1)Ip + JΠR

p

+

(
Z(x, λ, t)

)


 . (2.6)

The following proposition shows that K(x, µ, λ, t) is nonsingular and has a bounded inverse

when t > 0 is small enough.

Proposition 2.2. Let (x, µ, λ) be a KKT point of problem (1.1) at which Jacobian uniqueness

conditions are satisfied and c∗0 be given in Proposition 2.1. Then there exists a positive number

c∗1 > c∗0 large enough such that K(x, µ, λ, t) is nonsingular and

‖K(x, µ, λ, t)−1‖ ≤ β0

for some positive constant β0 > 0, if t ∈ [0, t∗1], where t∗1 = [c∗1]
−1.

Proof. Since K(x, µ, λ, 0) = K0(x, µ, λ), we have from Lemma 2.1 that K(x, µ, λ, 0) is

nonsingular. Now we consider the case where t > 0. Consider the equation

K(x, µ, λ, t)



dx
dµ
dλ


 = 0,
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where dx ∈ R
n, dµ ∈ R

q, dλ ∈ R
p. This equation is equivalent to

∇2
xxL(x, µ, λ)dx + J h(x)⊤dµ + J g(x)⊤dλ = 0, (2.7a)

J h(x)dx − tdµ = 0, (2.7b)

JΠR
p

+

(
g(x) + (1 + t)λ

)
J g(x)dx − (1 + t)dλ + JΠR

p

+

(
g(x) + (1 + t)λ

)
dλ = 0. (2.7c)

From the equality (2.7b), we have

dµ = t−1J h(x)dx.

From the equality (2.7c), we have that

[dλ]α = t−1J gα(x)dx, [dλ]γ = 0.

Then, multiplying d⊤x to the equality (2.7a), we obtain

0 = d⊤x ∇
2
xxL(x, µ, Y )dx + d⊤x J h(x)⊤dµ + 〈J g(x)dx, dλ〉

= d⊤x ∇
2
xxL(x, µ, Y )dx + t−1‖J h(x)dx‖

2 + t−1‖J gα(x)dx‖
2

= d⊤x ∇
2
xxLt−1(x, µ, Y )dx,

which implies dx = 0 from Proposition 2.1 when t < [c∗0]
−1. Therefore, we obtain dµ = 0,

dλ = 0 and K(x, µ, Y , t) is nonsingular when t < [c∗0]
−1.

Noting, for Z = g(x)+λ, we have Z(x, λ, t) = Z + tλ and Z(x, λ, 0) = Z. Therefore, we get

K(x, µ, λ, t)−K(x, µ, λ, 0)

=




0 0 0

0 −tIq 0[
JΠR

p

+
(Z + tλ)− JΠR

p

+
(Z)
]
J g(x) 0 −tIp +

[
JΠR

p

+
(Z + tλ)− JΠR

p

+
(Z)
]




=



0 0 0

0 −tIq 0

0 0 −tIp


 . (2.8)

Thus, we have, for t ∈ [0, [c∗0]
−1), that

‖K(x, µ, λ, t)−K(x, µ, λ, 0)‖ ≤ t.

Therefore there exists a positive number c∗1 > c∗0 large enough, for t∗1 = [c∗1]
−1, if t ∈ [0, t∗1], then

K(x, µ, λ, t) is nonsingular and

‖K(x, µ, λ, t)−1‖ ≤ β0

for some positive constant β0 > 0. The proof is complete. �

The following result gives an estimate of the norm of K(x, µ, λ, t)−1 when (x, µ, λ) is in

a neighborhood of (x, µ, λ) and small t > 0, which is crucial in proving the main result of the

paper.

Corollary 2.1. Let (x, µ, λ) be a KKT point of problem (1.1) at which Jacobian uniqueness

conditions are satisfied. Then there exist β1 ≥ β0, δ1 ∈ (0, δ0), and c∗2 ≥ c∗1 for t∗2 = [c∗2]
−1,

K(x, µ, λ, t) is nonsingular and

‖K(x, µ, λ, t)−1‖ ≤ β1,

if (x, µ, λ) ∈ Bδ1(x, µ, λ) and t ∈ [0, t∗2).

Proof. The result comes from the continuity of K(x, µ, λ, t). �
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3. The Rate of Convergence of the Augmented Lagrange Method

In this section, we consider the local convergence rate of the augmented Lagrange method

for the nonlinear programming problem when the Jacobian uniqueness conditions are satisfied

at (x, µ, λ). For δ > 0, define

D(c∗, δ) = {(µ, λ, c) : ‖(µ, λ)− (µ, λ)‖ ≤ δc, c ≥ c∗}.

Theorem 3.1. Under Jacobian uniqueness conditions, there exist δ > 0, c∗ > 0, ǫ > 0 and

β > 0 such that for any (µ, λ, c) ∈ D(c∗, δ), problem

min Lc(x, µ, λ)

s.t. x ∈ Bǫ(x)
(3.1)

has a unique solution, denoted by x(µ, λ, c), which is differentiable on intD(c∗, δ). Furthermore,

for all (µ, λ, c) ∈ intD(c∗, δ),

‖x(µ, λ, c)− x‖ ≤
β

c
‖(µ, λ)− (µ, λ)‖,

‖µ̃(µ, λ, c)− µ‖ ≤
β

c
‖(µ, λ)− (µ, λ)‖,

‖λ̃(µ, λ, c)− λ‖ ≤
β

c
‖(µ, λ)− (µ, λ)‖.

(3.2)

where

µ̃(µ, λ, c) = µ+ ch
(
x(µ, λ, c)

)
, λ̃(µ, λ, c) = ΠR

p

+

(
λ+ cg

(
x(µ, λ, c)

))
.

Proof. If x is a local minimizer of Lc(·, µ, λ), then, in view of the definition of (µ̃, λ̃), we get

∇f(x) + J h(x)⊤µ̃+ J g(x)⊤λ̃ = 0,

h(x) +
1

c
(µ− µ̃) = 0,

ΠR
p

+

(
g(x) +

1

c
λ

)
−

1

c
λ̃ = 0.

(3.3)

Define

η =
1

c
[µ− µ], ξ =

1

c
[λ− λ], t =

1

c
,

noting

ΠR
p

+

(
g(x) +

1

c
λ

)
−

1

c
λ̃ = 0 ⇐⇒ λ̃+

1

c
λ̃ = ΠR

p

+

(
g(x) +

1

c
λ+ λ̃

)
,

then (3.3) is equivalently expressed as F (x, µ̃, λ̃; η, ξ, t) = 0, where

F (x, µ̃, λ̃; η, ξ, t) =




∇f(x) + J h(x)⊤µ̃+ J g(x)⊤λ̃

h(x) + η + tµ− tµ̃

ΠR
p

+

(
g(x) + λ̃+ ξ + tλ

)
− (1 + t)λ̃


 .

Obviously we have

F (x, µ, λ; 0, 0, t) = 0, ∀ t ∈ [0, t∗2/2],
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and

J(x,µ̃,λ̃)F (x, µ, λ; 0, 0, t)

=




∇2
xxL(x, µ, λ) J h(x)⊤ J g(x)∗

J h(x) −tI 0

JΠR
p

+

(
g(x) + (1 + t)λ

)
J g(x) 0 −(1 + t)Ip + JΠR

p

+

(
g(x) + (1 + t)λ

)


 .

Obviously, from the definition K(x, µ, λ, t) in (2.6), we have

J(x,µ̃,λ̃)F (x, µ, λ; 0, 0, t) = K(x, µ, λ, t).

Then from Proposition 2.1, we have that J(x,µ̃,λ̃)F (x, µ, λ; 0, 0, t) is nonsingular when t ∈ [0, t∗2).

Define t∗ = t∗2/2 and c∗ = [t∗]−1 and

Ω = {0} × {0} × [0, t∗] ⊂ R
n × R

p × R,

it follows from of [1, Implicit Function Theorem 2, p. 12] that there exists δ ∈ (0, t∗2/2) with

δ < δ1, 0 < ǫ < δ1 and mapping

(
x̂(·), µ̂(·), λ̂(·)

)
: B(Ω, δ) → Bǫ

(
(x, µ, λ)

)
,

which is differentiable on intB(Ω, δ) and satisfies

(x, µ, λ) =
(
x̂(0, 0, t), µ̂(0, 0, t), λ̂(0, 0, t)

)
,

F
(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t); η, ξ, t

)
= 0, ∀ (η, ξ, t) ∈ B(Ω, δ).

(3.4)

From Proposition 2.1 and Corollary 2.1, we may choose δ > 0 and ǫ > 0 small enough such that

constraint nondegeneracy condition holds at x̂(η, ξ, t), ∇2
xxLt−1(x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)) is

positively definite and

∥∥K
(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t), t

)−1∥∥ ≤ β1, ∀ (η, ξ, t) ∈ B(Ω, δ).

Differentiating the three equations in (3.4) with respect to (η, ξ, t), we obtain

K
(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t), t

)
J(η,ξ,t)



x̂(η, ξ, t)

µ̂(η, ξ, t)

λ̂(η, ξ, t)




=




0 0 0

−Iq 0 µ̂(η, ξ, t)− µ

0 −JΠR
p

+

(
Ẑt(η, ξ, t)

)
λ̂− JΠR

p

+

(
Ẑt(η, ξ, t)

)
λ


 , (3.5)

where

Ẑt(η, ξ, t) = g
(
x̂(η, ξ, t)

)
+ λ̂(η, ξ, t) + ξ + tλ.

It follows from (3.5) for

z(s) = (sη, sU, st), Ẑ(s) = g
(
x̂
(
z(s)

))
+ λ̂

(
z(s)

)
+ ξ + sλ
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with t ∈ [0, t∗2/2] that


x̂(η, λ, t)− x

µ̂(η, λ, t)− µ

λ̂(η, λ, t)− λ


 =



x̂(η, λ, t)− x̂(0, 0, 0)

µ̂(η, λ, t)− µ̂(0, 0, 0)

λ̂(η, λ, t)− λ̂(0, 0, 0)




=

∫ 1

0

K
(
x̂
(
z(s)

)
, µ̂
(
z(s)

)
, λ̂
(
z(s)

)
, s
)−1

×




0 0 0

−Iq 0 µ̂
(
z(s)

)
− µ

0 −JΠR
p

+

(
Z(s)

)
λ̂− JΠR

p

+

(
Z(s)

)
λ






η

ξ

t


ds

=

∫ 1

0

K
(
x̂
(
z(s)

)
, µ̂
(
z(s)

)
, λ̂
(
z(s)

)
, s
)−1

×




0

−η +
(
µ̂
(
z(s)

)
− µ

)
t

−JΠR
p

+

(
Z(s)

)
ξ +

(
λ̂
(
z(s)

)
− λ

)
t


ds

+

∫ 1

0

K
(
x̂
(
z(s)

)
, µ̂
(
z(s)

)
, λ̂
(
z(s)

)
, s
)−1




0

0

tJΠR
p

−

(
Z(s)

)
λ


ds. (3.6)

Noting that ∥∥∥K
(
x̂
(
z(s)

)
, µ̂
(
z(s)

)
, λ̂
(
z(s)

)
, s
)−1
∥∥∥ ≤ β1

for (η, ξ, t) ∈ B(Ω, δ) and s ∈ [0, 1], we obtain from (3.6) and
∥∥∥JΠR

p

+

(
g
(
x̂
(
z(s)

))
+ λ̂
(
z(s)

)
+ ξ + sλ

)∥∥∥ ≤ 1,

that

‖x̂(η, λ, t) − x‖2 + ‖µ̂(η, λ, t) − µ‖2 + ‖λ̂(η, λ, t)− λ‖2

≤ 4β2
1

∫ 1

0

[
‖η‖2 +

∥∥µ̂
(
z(s)

)
− µ

∥∥2t2 + ‖ξ‖2 +
∥∥λ̂
(
z(s)

)
− λ
∥∥2t2

]
ds

+ 2β2
1

∫ 1

0

[
‖JΠR

p

−

(
g
(
x̂
(
z(s)

))
+ λ̂
(
z(s)

)
+ ξ + sλ

)
λ‖2t2

]
ds. (3.7)

Noting that ΠR
p

−

is twice continuously differentiable at g(x) + (s+ 1)λ, we have

JΠR
p

−

(
g
(
x̂
(
z(s)

))
+ λ̂(z(s)) + ξ + sλ

)
λ

= JΠR
p

−

(
g(x) + (s+ 1)λ

)
λ

+ λ
⊤
∇2ΠR

p

−

(
g(x) + (s+ 1)λ

) [
g
(
x̂
(
z(s)

))
+ ξ − g(x) + λ̂

(
z(s)

)
− λ

]

+ o
(∥∥g

(
x̂
(
z(s)

))
+ ξ − g(x) + λ̂

(
z(s)

)
− λ
∥∥
)
.

It is easy to check the equality JΠR
p

−

(g(x) + (s+1)λ)λ = 0. Then, when δ > 0 is chosen small

enough, there exists a positive constant κ0 > 0 such that
∥∥∥JΠR

p

−

(
g
(
x̂
(
z(s)

))
+ λ̂

(
z(s)

)
+ ξ + sλ

)
λ
∥∥∥
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≤ 2
∣∣∣λ⊤

∇2ΠR
p

−

(
g(x) + (s+ 1)λ

) [
g
(
x̂
(
z(s)

))
+ ξ − g(x) + λ̂

(
z(s)

)
− λ

]∣∣∣

≤ κ0

[
‖ξ‖+ ‖x̂

(
z(s)

)
− x‖+ ‖λ̂

(
z(s)

)
− λ‖

]
,

when (η, ξ, t) ∈ B(Ω, δ) and s ∈ [0, 1].

Combine this estimate with (3.7), we obtain

‖x̂(η, λ, t)− x‖2 + ‖µ̂(η, λ, t)− µ‖2 + ‖λ̂(η, λ, t) − λ‖2

≤ 4β2
1‖η‖

2 + 4β2
1

[
1 + κ2

0t
2
]
‖ξ‖2

+ 4β2
1t

2

∫ 1

0

[∥∥µ̂
(
z(s)

)
− µ

∥∥2 +
(
1 + 2κ2

0

)∥∥λ̂
(
z(s)

)
− λ
∥∥2 + 2κ2

0

∥∥x̂
(
z(s)

)
− x
∥∥2
]
ds. (3.8)

Substituting (x̂(η, ξ, t), µ̂(η, ξ, t)), λ̂(η, ξ, t)) by (x̂(z(s)), µ̂(z(s)), λ̂(z(s))) in (3.8) yields

∥∥x̂
(
z(s)

)
− x
∥∥2 +

∥∥µ̂
(
z(s)

)
− µ

∥∥2 +
∥∥λ̂
(
z(s)

)
− λ

∥∥2

≤ 4β2
1‖η‖

2 + 4β2
1

[
1 + κ2

0t
2
]
‖ξ‖2

+ 4β2
1t

2

∫ 1

0

[∥∥µ̂
(
z(s)

)
− µ

∥∥2 +
(
1 + 2κ2

0

)∥∥λ̂
(
z(s)

)
− λ
∥∥2 + 2κ2

0

∥∥x̂
(
z(s)

)
− x
∥∥2
]
ds. (3.9)

From the arbitrariness of s ∈ [0, 1] in (3.9), we obtain

max
0≤s≤1

{∥∥x̂
(
z(s)

)
− x
∥∥2 +

∥∥µ̂
(
z(s)

)
− µ

∥∥2 +
∥∥λ̂
(
z(s)

)
− λ

∥∥2
}

≤ 4β2
1‖η‖

2 + 4β2
1

[
1 + κ2

0t
2
]
‖ξ‖2

+ 4β2
1

(
1 + 2κ2

0

)
t2 · max

0≤s≤1

{∥∥x̂
(
z(s)

)
− x
∥∥2 +

∥∥µ̂
(
z(s)

)
− µ

∥∥2 +
∥∥λ̂
(
z(s)

)
− λ
∥∥2
}
,

which implies

‖x̂(η, λ, t)− x‖2 + ‖µ̂(η, λ, t) − µ‖2 + ‖λ̂(η, λ, t)− λ‖2

≤
4β2

1

[
1 + κ2

0t
2
]

1− 4β2
1

(
1 + 2κ2

0

)
t2
[‖η‖+ ‖ξ‖]2, ∀ (η, ξ, t) ∈ B(Ω, δ)

or
∥∥∥∥∥∥∥



x̂(η, ξ, t) − x

µ̂(η, ξ, t) − µ

λ̂(η, ξ, t) − λ




∥∥∥∥∥∥∥
≤

2β1

√
1 + κ2

0t
2

√
1− 4β2

1

(
1 + 2κ2

0

)
t2
[‖η‖+ ‖ξ‖], ∀ (η, ξ, t) ∈ B(Ω, δ). (3.10)

Define

x(µ, λ, c) = x̂(η, ξ, t), µ̃(µ, λ, c) = µ̂(η, ξ, t), λ̃(µ, ξ, c) = λ̂(η, ξ, t), ∀ (η, ξ, t) ∈ B(Ω, δ).

From the definitions of D(c∗, δ) and Ω, we have that

(µ, λ, c) ∈ D(c∗, δ) =⇒ (η, ξ, t) ∈ B(Ω, δ), (η, ξ, t) =

(
µ− µ

c
,
Y − λ

c
,
1

c

)
.

It follows from (3.4) that

(
x(µ, λ, c), µ̃(µ, λ, c), λ̃(µ, λ, c)

)
= (x, µ, λ),
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and

∇xLc

(
x(µ, λ, c), µ, λ

)
= ∇xL

(
x(µ, λ, c), µ̃(µ, λ, c), λ̃(µ, λ, c)

)
= 0,

µ̃(µ, λ, c) = µ+ ch
(
x(µ, λ, c)

)
, λ̃(µ, λ, c) = ΠR

p

+

(
λ+ cg

(
x(µ, λ, c)

))
.

Noting that (x(µ, λ, c), µ̃(µ, λ, c), λ̃(µ, λ, c)) ∈ Bǫ(x, µ, λ) and ǫ < δ1 ≤ δ0 and c ≥ c∗ ≥ c∗0 we

have from Proposition 2.1 that

∇2
xxLc

(
x(µ, λ, c), µ, λ

)
≻ 0.

Thus, x(µ, ξ, c) is the unique solution of problem (3.1) and differentiable on intD(c∗, δ). With-

out loss of generality, suppose

c∗ >
√
κ2
0 + 8β2

1

(
1 + 2κ2

0

)
,

and define β = 4β1. The for any (µ, λ, c) ∈ D(c∗, δ), we obtain from (3.10) that
∥∥∥∥∥∥∥



x(µ, λ, c) − x

µ̃(µ, λ, c)− µ

λ̃(µ, λ, c)− λ




∥∥∥∥∥∥∥
≤

β

c

[
‖µ− µ‖+ ‖λ− λ‖

]
, (3.11)

which implies the estimates (3.2). �

4. Asymptotical Superlinear Convergence Rate of Multipliers

In Theorem 3.1, the rate of convergence of the augmented Lagrange method is characterized

by (3.2), which involves a constant β. In this section, we estimate β by the eigenvalues of the

second-order derivative of the value function of problem (1.1).

Let (x, µ, λ) be a Kurash-Kuhn-Tucker point of problem (1.1). Consider the following system

of equations in (x, µ, λ, u):

∇f(x) + J h(x)⊤µ+ J g(x)⊤λ = 0,

h(x) + uh = 0,

ΠR
p

+

(
c
(
g(x) + ug

)
+ λ
)
− λ = 0,

(4.1)

then (x, µ, λ) is a solution of (4.1) for any where c > 0. By the standard implicit function

theorem, there exist a constant δ > 0 and functions (x(·), µ(·), λ(·)) ∈ C1(Bδ(0)) such that

x(0) = x, µ(0) = µ, λ(0) = λ,

and for ‖u‖ ≤ δ, where u = (uh, ug) ∈ R
q × R

p,

∇f
(
x(u)

)
+ J h

(
x(u)

)⊤
µ(u) + J g

(
x(u)

)⊤
λ(u) = 0,

h
(
x(u)

)
+ uh = 0,

ΠR
p

+

(
c
(
g
(
x(u)

)
+ ug

)
+ λ(u)

)
− λ(u) = 0.

(4.2)

Moreover, there exists ε > 0 such that

x(u) ∈ Bε(x), µ(u) ∈ Bε(µ), λ(u) ∈ Bε(λ)
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for ‖u‖ < δ. Define the following function p : Bδ(0) → R,

p(u) = f
(
x(u)

)
, u ∈ Bδ(0). (4.3)

In view of Jacobian uniqueness conditions, δ and ε can be taken sufficiently small so that x(u)

is actually a local minimum point of the following perturbed problem:

min
x∈Rn

{f(x) : h(x) + uh = 0, g(x) + ug ≤ 0}. (4.4)

Thus, an equivalent definition of p is given by

p(u) = f
(
x(u)

)
= min

x∈Bε(x)
{f(x) : h(x) + uh = 0, g(x) + ug ≤ 0}, u ∈ Bδ(0). (4.5)

Lemma 4.1. Suppose that Jacobian uniqueness conditions hold at (x, µ, λ), and δ and ε can

be taken sufficiently small so that x(u) is a local minimum point of problem (4.4) in the sense

of (4.5). Then

∇p(u) =

(
µ(u)

λ(u)

)
, ∀u ∈ Bδ(0), (4.6)

where µ(u), λ(u) satisfy (4.2).

Proof. Let the Lagrange function of problem (4.4) be

L(x, µ, λ;u) = f(x) + µ⊤
(
h(x) + uh

)
+ λ⊤

(
g(x) + ug

)
.

Then we may express p(u) as follows:

p(u) = f
(
x(u)

)
+
〈
µ(u), h

(
x(u)

)
+ uh

〉
+
〈
λ(u), g

(
x(u)

)
+ ug

〉

= L
(
x(u), µ(u), λ(u);u

)
.

Using this formula and noting

∇xL
(
x(u), µ(u), λ(u);u

)
= 0, ∇(µ,λ)L

(
x(u), µ(u), λ(u);u

)
= 0,

we obtain

∇p(u) = J x(u)⊤∇xL
(
x(u), µ(u), λ(u);u

)
+ Jµ(u)⊤∇µL

(
x(u), µ(u), λ(u);u

)

+ J λ(u)⊤∇λL
(
x(u), µ(u), λ(u);u

)
+∇uL

(
x(u), µ(u), λ(u);u

)

= ∇uL
(
x(u), µ(u), λ(u);u

)
=

(
µ(u)

λ(u)

)
.

The proof is complete. �

Lemma 4.2. Suppose that Jacobian uniqueness conditions hold and δ and ε can be taken suf-

ficiently small so that x(u) is a local minimum point of problem (4.4). Then

c

[
Iq 0

0 Ip

]
+

[
Jµ(u)

J λ(u)

]

=





[
0 0

0
1

c

(
Ip − JΠR

p

+

(
Zc(u)

))
]
+

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]

×∇2
xxLc

(
x(u), µ(u), λ(u)

)−1

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]⊤


−1

, (4.7)

where Zc(u) = c(g(x(u)) + ug) + λ(u) and µ(u), λ(u) satisfy (4.2).
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Proof. Differentiating (4.2), we obtain

∇2
xxL

(
x(u), µ(u), λ(u)

)
J x(u) + J h

(
x(u)

)⊤
J µ(u) + J g

(
x(u)

)⊤
J λ(u) = 0, (4.8)

and

J h
(
x(u)

)
J x(u) =

[
−Iq 0

]
,

JΠR
p

+

(
c
(
g
(
x(u)

)
+ ug

)
+ λ(u)

)[
cJ g

(
x(u)

)
J x(u) + c

[
0 Ip

]
+ J λ(u)

]
− J λ(u) = 0.

(4.9)

From the definition of Zc(u), the Eqs. (4.8) and (4.9) can be written as



∇2
xxL

(
x(u), µ(u), λ(u)

)
J
(
x(u)

)⊤
J g
(
x(u)

)⊤

J h
(
x(u)

)
0 0

cJΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
0 −Ip + JΠR

p

+

(
Zc(u)

)






J x(u)

Jµ(u)

J λ(u)




=




0 0

−Iq 0

0 −cJΠR
p

+

(
Zc(u)

)




or

Kc

(
x(u), µ(u), λ(u)

)
+



0 0 0

0 c−1Iq 0

0 0 c−1JΠR
p

+

(
Zc(u)

)









J x(u)

Jµ(u)

J λ(u)




=




0 0

−Iq 0

0 −JΠR
p

+

(
Zc(u)

)


 , (4.10)

where

Kc

(
x(u), µ(u), λ(u)

)
=




∇2
xxL

(
x(u), µ(u), λ(u)

)
J h
(
x(u)

)⊤
J g
(
x(u)

)⊤

J h
(
x(u)

)
−c−1Iq 0

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
0 −c−1Ip


 .

Thus, Eq. (4.10) is equivalent to

Kc

(
x(u), µ(u), λ(u)

)


J x(u)

J µ(u)

J λ(u)




= −



I 0 0

0 Iq 0

0 JΠR
p

+

(
Zc(u)

)










0 0

Iq 0

0 Ip


+ c−1




0

J µ(u)

J λ(u)





 .

Therefore, we get that



J x(u)

Jµ(u)

J λ(u)


 = −c−1

Kc

(
x(u), µ(u), λ(u)

)−1



I 0 0

0 Iq 0

0 0 JΠR
p

+

(
Zc(u)

)




×



c



0 0

Iq 0

0 Ip


+




0

J µ(u)

J λ(u)





 ,
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which implies

c

[
Iq 0

0 Ip

]
+

[
Jµ(u)

J λ(u)

]

= −c−1

[
0 Iq 0

0 0 Ip

]
Kc

(
x(u), µ(u), λ(u)

)−1



I 0 0

0 Iq 0

0 0 JΠR
p

+

(
Zc(u)

)




×



c



0 0

Iq 0

0 Ip


+




0

Jµ(u)

J λ(u)





+ c

[
Iq 0

0 Ip

]
. (4.11)

It follows from [8, p. 20] that the inverse of Kc(x(u), µ(u), λ(u)) can be expressed as

Kc

(
x(u), µ(u), λ(u)

)−1

= −



0 0 0

0 cIq 0

0 0 cIp


+




−I

−cJ h
(
x(u)

)

−cJΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)




×

(
Kc

(
x(u), µ(u), λ(u)

)/(−c−1Iq 0

0 −c−1Ip

))−1




−I

−cJ h
(
x(u)

)

−cJ g
(
x(u)

)




⊤

.

It is easy to check

Kc

(
x(u), µ(u), λ(u)

)/(−c−1Iq 0

0 −c−1Ip

)
= ∇2

xxLc

(
x(u), µ(u), λ(u)

)
,

which implies

Kc

(
x(u), µ(u), λ(u)

)−1

=




W cW

[
J h
(
x(u)

)

J g
(
x(u)

)
]⊤

c

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]
W ∆c(u)



, (4.12)

where

∆c(u) = −cI + c2

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]
W
[
J h
(
x(u)

)⊤
J g
(
x(u)

)⊤]
,

W = ∇2
xxL

−1
c

(
x(u), µ(u), λ(u)

)
.

Therefore, we have from (4.11) and (4.12) that

c

[
Iq 0

0 Ip

]
+

[
J µ(u)

J λ(u)

]
=







0 0

0
1

c

(
Ip − JΠR

p

+

(
Zc(u)

))


+

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]

×∇2
xxLc

(
x(u), µ(u), λ(u)

)−1

[
J h
(
x(u)

)

JΠR
p

+

(
Zc(u)

)
J g
(
x(u)

)
]⊤


−1

,

namely, the equality (4.7) holds. �
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Corollary 4.1. Let Jacobian uniqueness conditions be satisfied at (x, µ, λ). Then

∇2p(0) = −c

[
Iq 0

0 Ip

]
+







0 0

0
1

c
JΠR

p

−

(Z∗
c )


+

[
J h(x)

JΠR
p

+
(Z∗

c )J g(x)

]

×∇2
xxLc(x, µ, λ)

−1

[
J h(x)

JΠR
p

+
(Z∗

c )J g(x)

]⊤


−1

, (4.13)

where Z∗
c = Zc(0) = λ+ cg(x).

Proof. The equality (4.7) is satisfied for all u with ‖u‖ < δ and all c large enough. For

u = 0, we obtain

c

[
Iq 0

0 Ip

]
+

[
J µ(0)

J λ(0)

]
=







0 0

0
1

c

(
Ip − JΠR

p

+

(
Zc(0)

))


+

[
J h(x)

JΠR
p

+

(
Zc(0)

)
J g(x)

]

×∇2
xxLc(x, µ, λ)

−1

[
J h(x)

JΠR
p

+

(
Zc(0)

)
J g(x)

]⊤


−1

,

which implies (4.13) from (4.6). �

Now we are in a position, by using the above properties, to analyze the rate of convergence of

multipliers generated by the augmented Lagrangian method. First of all, we give an equivalent

expression for (
µ̃(µ, λ, c)− µ

λ̃(µ, λ, c)− λ

)
,

which is a key property for achieving the asymptotical superlinear rate of convergence of mul-

tipliers.

Theorem 4.1. Let Jacobian uniqueness conditions be satisfied at (x, µ, λ). Let c∗ > 0, δ and ε

be given by Theorem 3.1. Then for all (µ, λ, c) ∈ D(c∗, δ),
(
µ̃(µ, λ, c)− µ

λ̃(µ, λ, c)− λ

)
=

∫ 1

0

Υc

(
µ+ s(µ− µ), λ+ s(λ− λ)

)(µ− µ

Y − λ

)
ds, (4.14)

where Υc(µ, λ) is defined by

Υc(µ, λ) =

[
Iq 0

0 JΠR
p

+

(
Zc(µ, λ)

)
]
− c

[
J h
(
x(µ, λ, c)

)

JΠR
p

+

(
Zc(µ, λ)

)
J g
(
x(µ, λ, c)

)
]

(4.15)

×∇2
xxLc

(
x(µ, λ, c), µ̃(µ, λ, c), λ̃(µ, λ, c)

)−1

[
J h
(
x(µ, λ, c)

)

JΠR
p

+

(
Zc(µ, λ)

)
J g
(
x(µ, λ, c)

)
]⊤

,

and Zc(µ, λ) = cg(x(µ, λ, c)) + λ.

Proof. Define

Fo(x, µ̃, λ̃; η, ξ, t) =



∇f(x) + J h(x)⊤µ̃+ J g(x)⊤λ̃

h(x) + η + tµ− tµ̃

ΠR
p

+

(
g(x) + ξ + tλ

)
− tλ̃


 .
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Noting that Fo(x, µ̃, λ̃; η, ξ, t) = 0 is equivalent to F (x, µ̃, λ̃; η, ξ, t)=0, we have

Fo

(
x̂(η, ξ, t), µ̃(η, ξ, t), λ̃(η, ξ, t); η, ξ, t

)
= 0. (4.16)

Differentiating the last three equations in (4.16) with respect to (η, ξ, t), we obtain

J(x,µ̃,λ̃)Fo

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t); η, ξ, t

)
J(η,ξ,t)



x̂(η, ξ, t)

µ̂(η, ξ, t)

λ̂(η, ξ, t)




=




0 0 0

−Iq 0 µ̂(η, ξ, t)− µ

0 −JΠR
p

+

(
g(x̂(η, ξ, t)) + ξ + tλ

)
λ̂− JΠR

p

+

(
g
(
x̂(η, ξ, t)

)
+ ξ + tλ

)
λ


 . (4.17)

Denoting

A(η, ξ, t) = J(x,µ̃,λ̃)Fo

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t), t

)
,

Zo(η, ξ, t) = g
(
x̂(η, ξ, t)

)
+ ξ + tλ,

we have from (4.17) that

[
Jη,ξµ̂(η, ξ, t)

Jη,ξλ̂(η, ξ, t)

]
=

(
0 Iq 0

0 0 Ip

)
A(η, ξ, t)−1




0 0

−Iq 0

0 −JΠR
p

+

(
Zo(η, ξ, t)

)


 . (4.18)

We can easily obtain the following expression of A(η, ξ, t):

A(η, ξ, t) =




∇2
xxL

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)
J h
(
x̂(η, ξ, t)

)⊤
J g
(
x̂(η, ξ, t)

)⊤

J h
(
x̂(η, ξ, t)

)
−tIq 0

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x̂(η, ξ, t)

)
0 −tIp


 .

From the equality

JΠR
p

+

(
Zo(η, ξ, t)

)
= JΠR

p

+

(
t−1g

(
x(η, u, t)

)
+ λ
)
,

that

A(η, ξ, t)−1 =

[
∇2

xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1
Θ12(η, ξ, t)

Θ21(η, ξ, t) Θ22(η, ξ, t)

]
(4.19)

with

Θ12(η, ξ, t) = −t−1∇2
xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1

×
[
J h
(
x̂(η, ξ, t)

)⊤
J g
(
x̂(η, ξ, t)

)⊤]
,

Θ21(η, ξ, t) = −t−1

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]

×∇2
xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1
,
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Θ22(η, ξ, t) = −t−1I + t−2

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]

×∇2
xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1

[
J h
(
x(η, ξ, t)

)

J g
(
x(η, ξ, t)

)
]⊤

.

Thus, we have from (4.18) that
[
Jη,ξµ̂(η, ξ, t)

Jη,ξλ̂(η, ξ, t)

]
= Θ22(η, ξ, t)

[
Iq 0

0 JΠR
p

+

(
Zo(η, ξ, t)

)
]
, (4.20)

which implies
[
Jη,ξµ̂(η, ξ, t)

Jη,ξλ̂(η, ξ, t)

]
= t−1

[
Iq 0

0 JΠR
p

+

(
Zo(η, ξ, t)

)
]

− t−2

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]

×∇2
xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1

×

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]⊤

.

Then we get
(
µ̂(η, ξ, t)− µ

λ̂(η, ξ, t)− λ

)
−

(
µ̂(η, ξ, t)− µ(0, 0, t)

λ̂(η, ξ, t)− λ(0, 0, t)

)

= µ̂(t, γ)− µ̂(0, γ) =

∫ 1

0

[
Jη,ξµ̂(sη, sU, t)

Jη,ξλ̂(sη, sU, t)

](
η

ξ

)
ds

=

∫ 1

0



t−1

[
Iq 0

0 JΠR
p

+

(
Zo(η, ξ, t)

)
]
− t−2

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]

×∇2
xxLt−1

(
x̂(η, ξ, t), µ̂(η, ξ, t), λ̂(η, ξ, t)

)−1

×

[
J h
(
x(η, ξ, t)

)

JΠR
p

+

(
Zo(η, ξ, t)

)
J g
(
x(η, ξ, t)

)
]⊤


(
η

ξ

)
ds.

Substituting t = 1/c, η = (µ− µ)/c, η = (λ− λ)/c, x(µ, λ, c) = x̂(η, ξ, t), and

µ̃(µ, λ, c) = µ̂(η, ξ, t) = µ− ch
(
x̂(η, ξ, t)

)
,

λ̃(µ, λ, c) = λ̂(η, ξ, t) = ΠR
p

+

(
λ+ cg

(
x̂(η, ξ, t)

))
.

We obtain the desired result. �

Theorem 4.2. Assume that (x, µ, λ) ∈ R
n × R

q × R
p satisfies the Jacobian uniqueness condi-

tions, c∗ > 0, δ and ε are given by Theorem 3.1. Assume that

c∗ > max

{
c∗, 2 max

1≤i≤q+p

∣∣λi

(
∇2p(0)

)∣∣
}
, (4.21)
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where λi(∇
2p(0)) denotes the i-th eigenvalue of ∇2p(0). Then there must exist a scalar δ1 ∈

(0, δ] such that if {ck} and (µ0, λ0) satisfy

1

c0

∥∥∥∥
(
µ0 − µ

λ0 − λ

)∥∥∥∥ < δ1, c∗ ≤ ck ≤ ck+1, ∀ k = 0, 1, 2, . . . , (4.22)

then the sequence {(µk, λk)} generated by

µk+1 = µk + ckh
(
x
(
µk, λk, ck

)
, λ
(
µk, λk, ck

))
,

λk+1 = ΠR
p

+

(
λk + ckg

(
x
(
µk, λk, ck

)
, λ
(
µk, λk, ck

))) (4.23)

is well-defined, and (µk, λk) → (µ, λ) and (x(µk, ck), λ(µ
k, ck)) → (x, λ). Furthermore if

lim sup
k→∞

ck = c∗ < ∞

and (µk, λk) 6= (µ, λ) for all k, then

lim sup
k→∞

‖(µk+1, λk+1)− (µ, λ)‖

‖(µk, λk)− (µ, λ)‖
≤ max

1≤i≤q+p

∣∣∣∣∣
λi

(
∇2p(0)

)

c∗ + λi

(
∇2p(0)

)
∣∣∣∣∣ , (4.24)

while if ck → ∞ and (µk, λk) 6= (µ, λ) for all k, then

lim
k→∞

‖(µk+1, λk+1)− (µ, λ)‖

‖(µk, λk)− (µ, λ)‖
= 0. (4.25)

Proof. In view of Υc of (4.15), we have that

Υc(µ, λ) =

[
Iq 0

0 JΠR
p

+

(
cg(x) + λ

)
]

− c

[
J h(x)

JΠR
p

+

(
cg(x) + λ

)
J g(x)

]
∇2

xxLc

(
x, µ, λ

)−1

[
J h(x)

JΠR
p

+

(
cg(x) + λ

)
J g(x)

]⊤
.

Using (4.13), we obtain

Υc(µ, λ) = I − c
(
∇2p(0) + cI

)−1

and thus, for the i-th eigenvalue λi(Υc)), one has

λi

(
Υc(µ, λ)

)
=

λi

(
∇2p(0)

)

c+ λi

(
∇2p(0)

) ,

where λi(∇
2p(0)) denotes the i-th eigenvalue of ∇2p(0). It is easy to see that for any ε1 > 0,

there exists δ1 ∈ (0, δ] such that, for all (µ, λ, c) with ‖(µ− µ, λ− λ)‖/c < δ1, c ≥ c∗, we have

‖Υc(µ, λ)‖ ≤ ‖Υc(µ, λ)‖+ ε1 = max
1≤i≤q+p

∣∣λi

(
Υc(µ, λ)

)∣∣+ ε1

= max
1≤i≤q+p

∣∣∣∣∣
λi

(
∇2p(0)

)

c+ λi

(
∇2p(0)

)
∣∣∣∣∣+ ε1,

where ‖ · ‖ denotes the spectral norm of the operator. Using (4.14), we obtain for all (µ, λ, c)

chosen as the above,
∥∥∥∥∥

(
µ̃(µ, λ, c)− µ

λ̃(µ, λ, c)− λ

)∥∥∥∥∥ ≤

(
max

1≤i≤q+p

∣∣∣∣∣
λi

(
∇2p(0)

)

c+ λi

(
∇2p(0)

)
∣∣∣∣∣+ ε1

)∥∥∥∥
(
µ− µ

λ− λ

)∥∥∥∥ . (4.26)
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From (4.21) and (4.22), we have

max
1≤i≤q+p

∣∣∣∣∣
λi

(
∇2p(0)

)

c+ λi

(
∇2p(0)

)
∣∣∣∣∣ < 1.

Therefore by choosing ε1 small enough, we have that there exists ̺1 ∈ (0, 1) such that

∥∥∥∥∥

(
µ̃(µ, λ, c)− µ

λ̃(µ, λ, c)− λ

)∥∥∥∥∥ ≤ ̺1

∥∥∥∥∥

(
µ− µ

λ− λ

)∥∥∥∥∥

for (µ, λ, c) with ‖(µ, λ) − (µ, λ)‖/c < δ1, c ≥ c∗. From this, (3.2) and (4.22), we obtain that

µk → µ and (x(µk, ck), λ(µ
k, ck)) → (x, λ). The estimates (4.24) and (4.25) for the rate of

convergence can be easily obtained from (4.26). �

It follows from (4.24) and (4.26) that the sequence of the multipliers has at least Q-linear

convergence if {ck} is bounded and the convergence is superlinear if ck is increasing to ∞.
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