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Abstract

In this paper, we present two structure-preserving numerical schemes for the Landau-
Lifshitz equation by combining the exponential scalar auxiliary variable method with the
projection method. These schemes preserve both the length constraint and the modified
energy dissipation law, ensuring numerical stability and accuracy. Moreover, they are
particularly well-suited for studying the Landau-Lifshitz equation with higher-order energy
terms, which have often been overlooked in earlier studies but have a significant impact
on the stability, dynamics, and thermal behavior of magnetic skyrmions. We establish the
unique solvability and energy stability of the schemes, and provide a rigorous error analysis.
Numerical experiments are conducted to demonstrate the accuracy and effectiveness of the
proposed schemes.

Mathematics subject classification: 65N15, 656N12, 35K61.
Key words: Landau-Lifshitz equation, Exponential scalar auxiliary variable, Error esti-
mate, Micromagnetics, Structure-preserving.

1. Introduction

Magnetic skyrmions are a class of vortex-like spin structures found in certain magnetic mate-
rials. Owing to their topological stability, compact size, ease of manipulation, and particle-like
behavior, skyrmions are considered as promising candidates for various applications, including
next-generation information storage devices and neuromorphic computing systems [18,27,30].
The properties of skyrmions are generally attributed to the interplay between exchange in-
teractions, the Dzyaloshinskii-Moriya interaction (DMI), and magnetocrystalline anisotropy
energy [16,20,38]. Recent studies have revealed that the higher-order exchange interactions
and anisotropies, which were previously neglected, play a crucial role in the stability, dynamics,
and thermal behavior of skyrmions [13,28,29]. To accurately describe the skyrmion dynamics,
the Landau-Lifshitz (LL) equation is often employed as a fundamental model [21]. In this work,
we introduce a structure-preserving algorithm tailored for the numerical study of the LL equa-
tion including high-order terms, enabling more reliable and efficient simulations of skyrmion
behavior in complex magnetic systems.

Let Q = T? be the two-dimensional torus representing a periodic spatial domain and [0, T
be the time interval. After suitable scaling, the magnetizations are described by a normalized
vector field m(x,t) = (my1,me,m3). We consider the dimensionless LL equation with the
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periodic boundary condition

my = —m X heg — am X (m X heg) in Qx(0,T), (1.1)
m(x,0) = mg € S? in €, '
where a > 0 is a dimensionless damping coefficient, the effective field heg = —0FE/dm is derived

from the gradient of the energy functional, and
S? = {(x,y,2) € R3 2% +¢* 4+ 22 = 1}.

In this study, we incorporate the fourth-order anisotropy as a representative example of higher-
order terms. The energy functional including exchange energy, bulk DMI energy, anisotropy
energy, and Zeeman energy is

1
E(m):—/ |Vm|2dm+n/(V><m)~mdm
2 Ja 0
+/Al(lfmg)+A2(mil+m3+m§)da:f'y/m~é3da:. (1.2)
Q Q

The exchange energy promotes the parallel alignment of neighboring magnetizations, whereas
the DMI energy favors a perpendicular arrangement, thereby stabilizing non-collinear magnetic
structures. Here, k denotes the DMI constant, which is material-dependent. In 2D, the curl of
the magnetization is given by

Vxm= (aym& 7azm3; azmQ — 3ym1)

The A; term corresponds to the uniaxial anisotropy and the As term represents the fourth-
order anisotropy. Both A; and A, are material-dependent constants. Finally, v represents the
strength of an external magnetic field along é; = (0,0, 1) direction.

It is straightforward to derive the following two key physical properties of the LL equation:

e Length preservation:
lm(x,t)| =1, VeeQ, te(0,7),

meaning that the magnetization vectors remain on the unit sphere throughout the evolu-
tion.

e Energy stability:
dE(m(t))
dt

where a > 0 ensures energy dissipation, and o = 0 implies energy conservation.

= —allm x heff||2,

It is natural to aim for the development of structure-preserving algorithms that maintain
these two properties. However, this has proven to be a significant challenge due to the strong
nonlinearity of the LL equation. Over the past two decades, substantial efforts have been
devoted to designing numerical methods for the LL equation, primarily focusing on models
without DMI. In most numerical studies, the pointwise length constraint |m| = 1 is enforced via
a projection step [1,3,6,14,24,35]. Moreover, it has been shown that, after suitable linearization,
such projection-based schemes can also satisfy a (modified) discrete energy dissipation law,
see [5,8,10,11,25]. Specifically, the works in [5,10,11] employ the mid-point rule, but the need
for a nonlinear solver at each time step poses significant challenges to computational efficiency.
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By contrast, [8] adopts a Lagrange-multiplier strategy that leads to a linear scheme, but imposes
strict limitations on the time step size. For a comprehensive review of numerical methods for
the LL equation, readers are referred to [4,9,22,36].

In contrast, only a handful of numerical methods treat the LL equation with DMI and cer-
tain higher-order nonlinear terms [12,15,23]. These contributions increase both the analytical
and algorithmic complexity, making it difficult to retain the pointwise unit-length constraint
and a (modified) discrete energy dissipation law within a fully linear scheme. Existing ap-
proaches often rely on nonlinear solvers or impose stringent time-step restrictions. To overcome
this difficulty, we turn to the scalar auxiliary variable (SAV) framework, a widely used tool for
gradient flows, which introduces a scalar variable via a square-root transformation of the non-
linear energy and enables linear, structure-preserving discretizations [17,31, 32, 34]. However,
the classical SAV method requires the nonlinear energy to be bounded from below, limiting its
applicability. The exponential SAV (ESAV) method [19,26, 37, 39] overcomes this by replac-
ing the square root with an exponential, thereby removing the lower-bound requirement and
offering greater flexibility and robustness.

In this paper, we propose two numerical schemes that combine the ESAV method with the
projection method. These schemes have the following key features:

(i) Both schemes simultaneously preserve the length constraint and the modified energy
dissipation law. Specifically, energy stability is achieved for an appropriate stabilizing constant
and imposes no constraints on the physical parameters.

(ii) The schemes are semi-implicit, requiring only the solution of linear systems at each time
step, ensuring computational efficiency without additional overhead.

(iii) The methods are highly flexible and can be extended to solve the LL equation with any
additional higher-order energy terms.

The outline of this paper is as follows. In Section 2, we introduce the ESAV approach.
In Section 3 we present the first- and second-order fully discrete schemes based on the ESAV
approach and the main theoretical results of these schemes. We prove the unique solvability
and stability in Section 4 and we provide a rigorous error analysis for the proposed projection
schemes in Section 5. In Section 6, we conduct numerical experiments to validate the accuracy,
convergence, and stability of the schemes, as well as to demonstrate their ability to capture key
phenomenological features of magnetic skyrmions.

2. ESAV Scheme for Time Integration and Finite Difference
Discretization

In this section, we present the ESAV approach and the corresponding first- and second-order
ESAV schemes for the LL equation.

2.1. ESAV scheme for time integration

In the ESAV method for gradient flow equations, the energy functional is typically split into
linear and nonlinear components. The key idea behind constructing the ESAV scheme for the
LL equation is to introduce a stabilizing term in the linear part of the energy functional, while
removing this term from the nonlinear part. This modification ensures that the resulting linear
operator is positive definite, thereby guaranteeing energy stability.
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Let A > 0 denote the stabilizing constant. The energy functional (1.2) is splitted as follows:
E (m) = E1(m) + Ex(m), (2.1)
where
Ei(m) = /Q %|V7n|2 +K(V xm)-m— Aym3 + %|m|2d:c,
Ey(m) = /QAQ (mi+m3 +m3) —ym-é; — %|m|2dm.

Correspondingly, the energy gradient (2.1) is decomposed into a linear operator

SE
Lm = 5—7; =—Am+2kV xm — 24, (é3 ® é3)m + Am,
and a nonlinear part
OF. .
N(m) = 5—”? = 445 (m}, m3, m3) — vés — Im. (2.2)

We define scalar auxiliary variable
r(t) = E>(m(t)),
and rewrite the LL equation (1.1) as
my =m x (Lm+ g(m,r)N(m)) + am x (m x (Lm + g(m,r)N(m))), (2.3a)
ry = g(m,r)(N(m), m.), (2.3b)

where
exp(r) '
exp (Eg (m))

Note that this yields the following equivalent formulation of energy functional:

g(m,r) =

E(m) = E(m,r) = -(m,Lm) + . (2.4)

N~

2.2. Finite difference discretization

The finite difference method is used to approximate (2.3a)-(2.3b). For simplicity, we consider
the two-dimensional square domain Q = (0, L]2. Let M be a positive integer, and set h = L/M
as the uniform mesh size used to partition 2. Denote the partition of the time interval [0, T]
by {t, = n7})_,, where the time step size is 7 = T//N for some positive integer N. Define
as the set of mesh points (x;,y;) = (ih, jh) for 1 <i,5 < M.

For a grid function f on Qj, we use the shorthand fi; = f(z;,y;). Let M, represent the
space of all periodic grid functions on €2, defined as

Mp={f: Q% >R fixemjrin = fij, K, €Z, 1 <i,5 < M}.

This definition ensures that functions in My, repeat periodically across the boundaries of €2j,.
For any f € My}, we define the following discrete spatial differentiation and gradient operator:
_ Jirry — fi _ Jigr1 = fij

dufij = T Oy fij = T Vifij = Oufijs 0y fis) "
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For any f = (f, f2, f3)" € M3, the discrete gradient operator is defined by
T
1 1
0rfij Oyfi;

Vifij= 01725 0yf}
0afiy Oyfi;

The discrete curl operator using central differences is given by

Vi X fij = B} —(0afy + 00 f0)
Ouf2s+ 0afln ;= (Oufiy + 0y 1)

The discrete Laplacian operator is defined by the standard five-point stencil
1
Anfig = 73 (Firrg + fiorg + figer + fijor — 4fij).
Using the definitions above, we define the discrete linear operator £, : M3 — M3 as
Lnf=—-Apf +2cVy X f — 2141(63 & 63)f + Af.

For any f,g € M3, the discrete inner product (-, -), discrete £>-norm || - ||, £*°-norm || - ||
and H!'-norm || - || a1 can be defined as usual, namely,

M

i,j=1
_ . 2 2 2
£l = max Ifl, £y = IF1% + 190512,
Based on the definitions of the discrete operators above, we obtain the corresponding discrete
form Ej of the energy functional (2.1) as follows:
1
Eyn(my,) = Evp(my,) + Eop(my,) = §<mh;£hmh> + (W(my), 1),

where my, = (up,vp, wy,) € M3, and

. A
W(my) = Az (u% +vp + wﬁ) —ymy, - é3 — §|mh|2.

3. Semi-implicit ESAV Schemes and Main Results

3.1. Fully discrete schemes

For convenience, we define mZH/Q = (my*" +mp)/2, and based on (2.3), we propose
the first-order scheme (Algorithm 3.1), and we present the second-order ESAV scheme (Algo-
rithm 3.2), which utilizes a predictor-corrector structure.
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Algorithm 3.1: First-order ESAV Scheme (ESAV-1).

Input: m) = m) = mg, r® = E(my).
Loop: For n=0,..., N — 1 iterate the following two steps:

Step 1: Compute m"Jrl and "+ by solving the following linear systems:
~n-+1 —~n
m m n ~n+j no,.n n
%’L =m} x (Ehmh 2+ g(mp,r )N(mh))
n+3 n .n n
+amj x (mﬁ X (Ehﬁh+2 +g(mj,r )N(mh))) ) (3.1)

TnJrl — . . mn-l—l mn

- =g(m},r )<N(mh) —h  —h - h>. (3.2)

Step 2: Normalize the magnetic field m,hJr1 to obtain m,”Jr1

—~n+1
+1_ My
my ‘NZ+1|. (3.3)

Output: m} and r" foralln=1,...,N.

Algorithm 3.2: Second-order ESAV Scheme (ESAV-2).

Input: m) = mf = my, r® = E(my).
Loop: For n=0,--- , N — 1 iterate the following three steps:

T2 gnq /2

Step 1: Compute the intermediate layer m, by solving the following

predictor step:

mi Y2

hTQh — m? x (Ehmh+2 +g(mpr )N(m};))

+am] x (mz X (Lhﬁ;”r% +g(mZ,r”)N(m}f))) : (3.4a)
;:71-}—1/2 —r" n ,n n ﬁz+1/2 - mﬁ
— - g(mp,r™) <N(mh), — ) (3.4b)

Step 2: Compute Am/ZH and r"*! by solving the following linear system:

Z+1 - mh An+2 —~n+1 —~nt+3 4l —~n+i
T T gt (g g (g )N () (3.50)
1 _ ol 1 il
vamy o (o (L gyt ) N @)
r"+1 — sl el anrl —mr
T (it <N(m;j+2), T T (3.5b)
T T
Step 3: Normalize the magnetic field m"+1 to obtain mZ'H
—~n+1
+1_ My
= o0

Output: m} and r" foralln=1,...,N.
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3.2. Some notations

Before proceeding with the error analysis, we assume that the exact solution m.(x,t) of
system (2.3) is sufficiently smooth on the domain  x [0,T]. Specifically, we assume that

m. € C*([0,T]; C* (4 R*)) nC* ([0, T); C*(; R?)) N C ([0, T); C*(9; R?)).

This regularity assumption is key to the subsequent consistency error analysis. In particular,
there exists a constant h* > 0 such that, for any h < h* and for all ¢ € [0,7T], the following
uniform boundedness holds:

[mee(z, )]0 + [ Vime(@,t)[loo + [|Lamre(z,8)]|oo + || Vi (Lrme(z, )]
+ [N (me (@, )| + | VAN (me(,0)|| < L%,

where L* > 0 is a constant independent of h and 7. For convenience, we denote

1
mp:=m(x,t,), met? =

; nt1),

(m2+m

N~

+1/

Then the intermediate value mp 2 and its discrete derivatives satisfy similar uniform bound-

edness, namely,

n+% n+% n+%

e+ 92|+ [ 2ami 2 [+ [V (Lame 2 |
FIN ) [+ 9N (mE ]| <
Next, we define the following error functions:

n n n =N n T

_ n n _ _

e, =m, —mj, e =r}—r" e, =m.—mp,
n+i —n+l  ntl il n+l _nt+l 4l n+i 1
em’ =M, > —m;, >, en’=m, > —Mm, >, & > =7, 2 _pnty

3.3. Main theoretical results for ESAV schemes

Based on the energy functional (2.4) together with the proposed ESAV schemes, we define
the discrete modified energy as

. 1, .
Ep = Ep(mp,r") = §<mZ,£mZ> + ",
where ™ is computed implicitly via (3.2) for the first-order and (3.5b) for the second-order
scheme.

We now establish the unique solvability and energy stability properties of the ESAV-1 and
ESAV-2 schemes.

Theorem 3.1. Let A\ > 2x? + max{2A4,,0}. For any h > 0 and 7 > 0, the ESAV-1 scheme
satisfies the following properties forn =0,1,..., N — 1:

n+1

(i) Unique Solvability: The scheme admits a unique solution m satisfying |my | = 1.

n+1
h
(ii) Modified Energy Stability:

o If a > 0, the scheme is energy dissipative, i.e., EZ'H < Ep.

o If a =0, the scheme is energy conservative, i.e., E,?Jrl =FEp.
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Theorem 3.2. Let A\ > 2x? + max{2A4,,0}. For any h > 0 and 7 > 0, the ESAV-2 scheme
satisfies the following properties forn =0,1,..., N — 1:

mH satisfying lmj | = 1.

(i) Unique Solvability: The scheme admits a unique solution m
(ii) Modified Energy Stability:
. .o . . +1
o If a >0, the scheme is energy dissipative, i.e., By < Ep.
o If a =0, the scheme is energy conservative, i.e., E,?Jrl =FEp.

We present the error estimate results in the following two theorems for the ESAV-1 and ESAV-2
schemes, respectively.

Theorem 3.3 (Error Estimate of ESAV-1). Let A > 2xk? + max{24;,0}. There exists
a positive constant h* such that when

T <Rt h <A
for any eg > 1, the following error estimate for the ESAV-1 scheme holds:
el + ITell + ferl? < 0"+ 122, 1<,
where C* > 0 is a constant independent of h, T, ey, and h*.

Theorem 3.4 (Error Estimate of ESAV-2). Let A > 2k? + max{24;,0}. There exists
a positive constant 7* such that when

h = O(T)’ T <7,
the following error estimate for the ESAV-2 scheme holds:
lem||” + || Vnem||” + |er]* < C* (72 + 122, 1<n <N,

where C* > 0 is a constant independent of h, T, and 7.

3.4. Preliminaries

First, we collect several lemmas used in the proof of the next lemma and in the subsequent
proofs of the main results.

Lemma 3.1 (Summation by Parts and Young’s Inequality). For any grid functions
f.9,k € M3, we have

_<f;Ahg> - <vhfavhg> = _<Ahfag>’ (37)
€2 1
(F. ol < Iflllgl < S IF1* + 5z ]9l Ve 0. (3.8)
Lemma 3.2. For any grid functions f,g € M3, the following inequalities hold:
IVn % full < V2(IVnfall, (3.9

1 % gllso < 11 £l gl (
(f.£0g) < C (I£13 + gl ) (
(f % g.k) = (k% f.9), (3.12
(F x(f xg), k) =(f >x(fxk)g), (
(f < (f x9),9) =~ f > gl* (

The proofs of these lemmas are straightforward and are thus omitted.
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Lemma 3.3 (Inverse Inequality, [7]). The inverse inequality implies that, for any 0<n<N,
_d
<t el [IVremll., <75 Vaer,

lem o
where d denotes the spatial dimension.

Lemma 3.4 (Discrete Gronwall’s Inequality, [33]). Suppose {Z¥}?°, is a non-negative
sequence, and let w be a non-negative constant, satisfying

Ml <a+0nzF+rw, k=1,2,3,....

Then, we have

k< 1% =
Z* < exp(Ckr) (Z +C), k=234,

4. Unique Solvability and Energy Stability

In this section, we establish the unique solvability and energy stability of the two ESAV
schemes proposed in the previous section.

4.1. Positivity of the linear operator

The unique solvability of both ESAV schemes relies on the discrete linear operator Ly, being
a positive operator, which necessitates imposing a lower bound on the stabilizing parameter .

Lemma 4.1. Let A > 2k? + max{2A,0}. For any f € M3, we have
SulFI2) < (P Lf) < 02l F1 (4.1
where 61 and 0o are positive constants independent of T and h.

Proof. By the definition of the discrete curl operator V;,x and identity (3.7), it is straight-
forward to verify that £y, is a linear operator. For any nonzero f € M3, applying (3.7) and
(3.8), we obtain

(F.Lnf) = IVRfIIP +26(F, Vi x f) + MIFIIP — 241(f, (&3 ® &3) f)
> Va2 + (A= I FI? + 26(F, Vi x ),

where ¢ = max{2A4;,0}. By applying (3.8) and (3.9), we get

2
ot T £) 2 = (20 + LY ISP = s I
where dp := A — 2k% — ¢ > 0. Therefore,
60 4%2
> 5.2 % 2 o akT 2
gnf) 2 (A2 = YA+ (1 2y ) IV
do 2 do 2
= 2UFIP + g IV = nl £,

where

0o oo
01 1= mln{2 42_i_(50}>0.

On the other hand, the upper bound directly follows from (3.11), which implies that there exists
a constant do > 0 such that

which completes the proof. O
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4.2. Proof of unique solvability and energy stability

Proof of Theorem 3.1. (i) First, we prove the unique solvability of (3.1). We rewrite (3.1) as

—~n+1 1
h 3™ X Lpm)tt — §mh x (m)r x Lpmpth)
-

= % +mj X (Eh;nh —l—g(mZ,r")N(mZ))

+amj x (mz X (% —l—g(m}f,r”)N(m}f))) )

Thus, we only need to consider the corresponding homogeneous system

—~n-+1

1 —
M §mh x Lpmptt — %m’,} x (m} x Lympt) =o0. (4.2)
-

Taking the discrete £2-inner product of both sides of (4.2) with £h~"+ and using the orthog-
onality of the vector triple product together with the identity (3.14), we obtain
1
i
Suppose m”Jr1 # 0. Then the first term on the left-hand side of (4.3) is strictly positive
by Lemma 4.1, and the second term is nonnegative, a contradiction. Hence, we must have

?ﬁZH = 0, which establishes the unique solvability of (3.1). Furthermore, once m,"Jr1 is

~ (T L) 4 i < Coa | = (4.3)

obtained, it is evident that the explicit formulas (3.2) and (3.3) each admit a unique solution.
Finally, the projection step (3.3) preserves the unit-length constraint, i.e. |mh+1| =1.

(ii) We take the discrete £2-inner product of both sides of (3.1) with T(EhmZH/QJrg(mZ, r™)

xN(m})). After simplification, the left-hand side simplifies to

(et g camy g (mi )N (i)
1

(mpth Lymptt) — %(m;;,chm;;) ottt = B — B

2
On the right-hand side, we have

—ar||mp T x (L + g(my, )N (mp) || < 0.

Therefore E;:H < E} for a >0, and E;:H = L} for o = 0.
This completes the proof of unique solvability and modified energy stability. O

Proof of Theorem 3.2. Unique solvability follows exactly as in the proof of Theorem 3.1,
we therefore omit the details. We now prove modified energy stability. We take the discrete
>-inner product of both sides of (3.5a) with 7(Lym, " /2 (AZ+1/2,W*l/Q)N(ﬁZH/Q)).
After simplification, the left-hand side simplifies to

(it — g, Lo 4 g (N (g ) )
1 -—~n -—~n 1 -~n -~n n n mn mn
:§<m L Lym +1>*§<mh7/~'hmh>+7" et =BT - B
On the right-hand side, we have

2
—~n+3 —~n+1 ~n+3 gyl —~n+1
—aT Hmh X (Ehmh —|—g(mh , T Z)N(mh ) <0.

Thus, the claim follows. O
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5. Error Estimates

In this section, we present the proof of the error analysis stated in Theorems 3.3 and 3.4.
For convenience, we use C' to denote a generic positive constant independent of 7 and h, which
may vary from place to place.

5.1. A few preliminary estimates

The following lemmas will be frequently used throughout our analysis and can be obtained
by straightforward calculations. Recall that L* is a positive constant independent of h and 7
defined in Section 3.2.

Lemma 5.1. Let pg, qx € {2,00} such that 1/px + 1/qx = 1/2 for k =1,2. For grid functions
.9 € M3, we have

£ < gll* < II£17, 1glI3, (5.1)
IVi(f < @)lI* < C(IF17,IVngll, + 1VaFI3,llgll5,) - (5:2)

Lemma 5.2. For any grid functions f,g,k € M;, the following estimates hold:

1. Let p,q,s € {2,00} satisfy 1/p+1/q+1/s=1/2. Then, we have

(f x g, k) < 1202 | Fllpllgllq % (5-3)

2. Assume that f satisfies || fllo, |[Vafllco < 2L* + G* +1/4. Then, the following inequality
holds:

(F %k, Lrg) < C (gl + Kl ) (5.4)

3. Assume that f and k satisfy || fllsos |V Flloos |Ellsos [Vakllse < 2L* + G* + 1/4. Then,
the following inequalities hold:

(F x k. Lug) < C(lgll + [Vag]). (5.5)
(f % (f k), Lag) < C(lgll + [Vagl).
17 % (g x By < Clally,.

Remark 5.1. (i) The upper bound 2L* + G* + 1/4 may be any positive constant, but we
adopt this particular form for convenience in the subsequent proof. G* is a positive
constant, independent of h and 7, as defined below in (5.15).

(i1) In (5.7), the order of f, g, k in the cross product can be interchanged without altering the
inequality.

There are two types of error function €, and e}},, corresponding to the errors of unprojected
solution m} and the projected solution m}, respectively. Based on [3], we derive the following
essential lemma for error estimates, which quantifies the difference between these two error
functions.
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Lemma 5.3. For 1 <n < N, under the condition

=n
Iem o

<e
for some small € > 0, we have
leml® < 2[[&I",
[Vnem® < [Vaeml” +C (|[em]* + A7 Vaem]") -
Lemma 5.4. For the ESAV-1 and ESAV-2 schemes, we have
r" < E(mg), ¥Yn=0,...,N.
Proof. By Theorem 3.1 or 3.2 for n =0,1,..., N, we have
Ep = %(m;;,cm;;) +r<EF <. < E).
Since Ly, is a positive operator, it follows that 7" < E = E(my). O

The deviation of the nonlinear operator N(-) is controlled by the error functions as follows.

Lemma 5.5. Let mj' and r™ be the solutions obtained from the ESAV-1 or ESAV-2 scheme.
Assume mj satisfies

1
max {[[mi]| ., [Vamill o} < L7+ (58)
Then, the following inequalities hold:
[VaN(mi)] <6, (5.9)
0<g(mp,m) <C, (5.10)
lg(mé, ) N (mg) = g(mi, r") N (mp) | < C ([l +[er]) (5.11)
[Va [g(me,r) N (mg)] = Vi [g(mp, ") N (m7)] |
<C(|lemll + IVheml + ler] +ba), (5.12)
where G* is a positive constant independent of h and T, and
bn = b~ leml| (llemll + [|Vaerm) -
Proof. Due to (5.8), we derive that
’Egh (m}f)] <C. (5.13)

For any 6 € [0, 1], we define

Em =0me + (1 - 0)mp,
& =0rr +(1-0)r",
fg = 0Fy, (mZ) + (1 — H)Egh ('I’I’LZ)

Combing (5.8) with Lemma 5.4 and the smoothness assumption on the exact solution, we obtain

max {{|& |, &7, €[} < €.
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The nonlinear term N (m), explicitly defined in (2.2), has derivatives up to the third order that
can be computed analytically and are uniformly bounded when m lies in a bounded region.
Therefore, there exists a positive constant G*, independent of h and 7 and depending only on
the uniform bound L*, such that the following bound holds:

max { [N (€5) [ oo [V N (€5) [ [V N (@) s VN (€ [ < 67 (5:14)

I

where V., V2, and V3 denote the first, second, and third derivatives with respect to m,

respectively. As a consequence, we can derive

1 ~
VN i)l < TN )| Vi <6 (14 7) =6 519

It follows from Lemma 5.4 and (5.13) that

") .,

T = o )

and thus (5.10). Now we claim that the deviation of g is bounded in the terms of the error
functions
lg(mi.re) —g(mi, )| < O ([lem]| + [er]) - (5.16)

er’e
This is indeed correct. Applying the triangle inequality, we have
lg(mg,r7) = g(mi, "))
S |g(m25 7’2) - g(m;v,lv TZ) | + |g(m;7,lv TZ) - g(mZa rn) |
=: H1 + H2.

It follows by the mean value theorem, (5.13) and (5.14) that

H; =exp (Te) exp (EQh (mg)) B exp (Egh (mZ))
exp (TQ) n n
< oup (e [Pon (m2) = Ban(mi)|

< O|(W(mg) = W(mj), 1)

< CIQIZ[|IN (&) lmE = mi]| < Cllen|
1 n n

= m‘exp (rl) — exp(r )’

exp ()

n _ ,.n < C n .
= e () 1=

Hence (5.16) follows.
We now prove (5.11). By applying the triangle inequality, we obtain

lg(mé, r2) N (mg) — g(mi, r") N (mj)|

< lg(me,re) = g(mis, ) |[[N (me) || + g (mi, ) [N (mi) — N (mi)|
= H3 + H4.
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It follows by (5.14) and (5.16) that

Hs < G0 |g(mi!, 1) = g(mi, )| < C([lefn]| + Jer])
and by the mean value theorem, (5.10) and (5.14) that

H, < CG” Hm fth < C’He

mlls

thus (5.11) holds. (5.12) follows by the same strategy. Applying the triangle inequality once
more, we obtain

[Valg(me,r) N (mg)] = Valg(mi, )N (my)] |
[Vi[N(mZ) = N(mp)]|| + [g(mi, ) = g(mi, ") [[[VaN (m})
=: H5 + Hg.

IN

For Hjs, based on the Taylor expansion and the properties of the function N, we obtain

N(m?) — N(m}) = Viu N (m})ep, + 2e;fv2 N(&m)em
and hence
Hs < C ([ Va [V N (mf) e ] | + [[Valen Vi (&) em] ) -

For the first term, using the definition of the discrete gradient and Holder’s inequality, we obtain

VA [V N (mi)er.] |
< C([Va [V N (mi)]]| . lleml] + [|Vm N (m)]| . [[Viem]])
C ([VinN (mi) || N[ Vamil| c[lemll + G [[Vaem]])

* 1 n * n
(G (74 7) el + 6" Vel

C (lemll +[Vaemll) -

For the second term, applying Holder’s inequality and Lemma 3.3, we have

[Vn[em Vi (&m) erm] |

< O (llemlllen o [VaVmN (€l + 2 Vaemllen o[ VN (€5 o)
< C (W7 emlP V3N (€)oo [ Viin oo + 26707 [ Vnep|[le]])

< Ch™Hleml| (llemll + [IVreml)

For Hg, using(5.8), (5.14) and (5.16), we obtain
Ho < CIOR V¥ (m) | [Vl (el +€2]) < € (el + e
Combining the estimates for Hs and Hg, we conclude that (5.12) holds. O

We state Lemma 5.6, whose proof is similar to Lemma 5.5 and is therefore omitted for
brevity.
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Lemma 5.6. Let ﬁZ-H/ and 7F1/2 be the solutions obtained from (3.4a) and (3.4b) in the
ESAV-2 scheme. Assume mh+ /2 satisfies

_n+1 1
max { [, || [IVammn |} < 204 5
Then, the following inequalities hold:

VN (@ 2| < &, (5.17)
0 < g(m,, "“ ) <O, (5.18)

o 2 ) — g v )

< C(H‘??J%H + !éJrH%!), (5.19)
V3 [g(mZ ™ 22N (mi%)] = O [y = 7 )N )|
< O (|l 2|+ [1Vnem | + &2 + By (5.20)
where G* is a positive constant independent of h and T, and

By = 7[5 (11w | + [[vnem )

5.2. Proof of Theorem 3.3

We now provide a rigorous proof of Theorem 3.3. It is easy to verify that, the exact
solution m, of (2.3a) and the exact solution r. of (2.3b) satisfies

n+1l _ n 1
me - Me _ m, X (Ehm2+§ +g(mZ,rfj)N(mZ))
+ am] x (m X (Ehme+2 +g(m e’TZ)N(mZ))) + T (5.21)
n+l _ .n n+1l _ n
fe - e — g(mn, ) <N(m2),u>+ﬂ"- (5.22)

where the truncation errors T}?, and T," satisfy
| T || < Cr+0%), [T <Cr+h%).

By applying Taylor expansion in both time and space, along with the mean value theorem and
the definition of the discrete gradient, we obtain

|VaTn|| < C(r + h?).

Subtracting (3.1) from (5.21) and (3.2) from (5.22) yields the following error equations:
E%—i-l _ gn

™ = e}, ¥ (Ehme+2 +N( ))

-
+ mj x (Ehem 2 —|—g( my, e)N(mZ) —g(mZ,r")N(mZ))

+ am} x (e’}n (Ehmn+2 + N(mg)))
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+ ae;, x (m (Ehanrz + N(m”)))

JrOémZ X (m’ﬁ x (‘Chem 2 +g( me, Z)N(m?) 7g(mZ’TH)N(mZ))) JrT::l

6
=y A}, (5.23)
=1

ef“ —e, = <g(m" r")N(m") — g(mZ, ")N(mh) m"Jr1 mZ>

+ (g(mp, r")N(m}), ept —en) + 7T (5.24)
We first establish the primary error estimate
+ler]* < C(r+h%)? 1<n<N, (5.25)

[/

where C is a positive constant independent of 7 and h. The proof is carried out by mathematical
induction and consists of the following two steps:

Step 1. We prove that (5.25) holds for n = 1. Taking n = 0 in (5.23) and noting that

0 g0 _ 0_
m = €y, = 0 and e; =0, we have

e
m 0 1£ ~1 0 0 1£ ~1 TO
T_mhx§ h€m + amy X mh><§ hepm | +10,-

Taking the £2-inner product of both sides of above equation with 7L €L, and using the orthog-
onality of the vector triple product, we obtain

(&L, Lpel,) =

Using (3.14) for the first term, we get

% (mY x (m x Lneb,, Lnel,)) + 7 (TS, Lyel,). (5.26)

T 0

- <mh X (m% X Ehéin) ,Ehéin> = ——Hmh X EhemH <0.
For the second term, we obtain by (3.11) that
™ (T Lne) < Cr (| TGy + @l ) < +C7( 4+ + O[3

Combining these estimates with (5.26), we obtain

(€ L) < CT|Eh 30

+ C7(1 + h?)2
When 7 < b€ < hiTe < §,/(2C) for a positive constant ho > 0, using (4.1), we derive
[enmll7y < (7412
By setting n = 0 in (5.24) and noticing that € = 0, we multiply both sides by el and get
let|* = el (N(m)), &L, + rel TP
It follows by Holder’s inequality and (3.8) that
ed* < 19012l ¥ (md) | [&ha]| + Flet [ + 7272

]el\ +C|le, H + C7T2 (1 + h?)?,
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and thus,
lel|? < Cl[eL,||* + O72(r + h2)2.

Therefore, there exists a positive constant C such that the following inequality holds:
[&mllysy + [er]” < Calr +h2)2.

Thus, (5.25) holds for n = 1.

Step 2. To complete the induction, assume that (5.25) holds for n =1,2,..., k. We now prove
that it also holds for n = k 4+ 1. Using Lemma 5.3 and the mesh ratio condition, we have the
following bounds:

lexaI* < 2k 1",
[Vnekall* < [Vah | + O + 12 < [V
Therefore _
||eanH1 < Csllek ||H1 < CoC(1 + h?)?, (5.27)

where Cs is a positive constant and Cy > 2. Using Lemma 3.3 and the mesh ratio condition,
we have

ekl < b ekal] < CR < 1.

[Vnek, || < h Y| Vaek, || < Cho < i

when h¢ < h{" < 1/(4C) for a positive constant hy > 0. By applying the triangle inequality,
we obtain

L1
Imill < llmellc + llemllo < L7+ 3

1
IVamill < IVamell + [ Vel < L7+ 7

Thus, in the remainder of the proof, we can apply Lemmas 5.2 and 5.5.

By setting n = k in (5.23) and taking the ¢2-inner product on both sides of (5.23) with
QTE;LE]:,J[UZ, we have

(et Lrehtty — (e, Lel,) 27<ZA ~’”2>.

We denote I; := (A¥, Le ~k+1/ ) for simplicity and estimate I; term by term below. For Iy, it
follows by (5.4) that

= (b x (L™ N ), £t 2) < 0 (bl + 25212 ).

For I, it follows by the orthogonality of the vector triple product, (5.4), Lemma 5.5 and (5.27)
that

I < C (|lg(mk, )N (ml) — g(m, )N (mf) [y + &b * |5

< 0 (|lekally + 112512, + leb]” + 7).
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From the definition of by in (5.12), and by applying the estimate (5.27) under the mesh ratio
condition 7 < h't€o  we have

i < 257 |eb [ *llem

< Ch™ (1 + WA < C(r + h?)?, (5.28)
provided that 7 < hlteo < h%““ < 1 for some constant A1 > 0. Then we derive

R

B <0k 12

alles + [ek[?) + C(r + 2

For I5 and Iy, it follows by (3.11) and (5.7) that
12 < C ([leballz + &m I17,)
~k 2
1< € (Jlefnl7y + 188215 ) -
By (3.14), we have

~k+3

o <mﬁ X (mZ X Lhém ) Lném > aHmh X £h~k+2’

" <o.
Hence for I, similar to the estimate of I, we apply (3.11), (5.7) and Lemma 5.5 and obtain
15 < C (|lg(mk, rE)N (mk) = g(ml, )N (mf) |7 + [l *[3,)
< C (Jlekalli +11Em* 5 +1es]) +Clr + n2)2

For Ig, using the Holder’s inequality and (3.11), we have

Io < C (| Tkl + l18m * 5 ) < Cllém * [, +Cr + 12)2,
Putting all the estimates for I; together, we conclude that
(@5, £18) — (B, L)
< Or (|lekalliy + 18 1, + [e8]”) + Crir + 1202 (5.20)

Next, we derive an estimate of the same type for e**!. By setting n = k in (5.24), multiplying
both sides by 2e**1 and using the identity

2(a —b)a=a*>—-b*+(a—b)? Va,beR, (5.30)
we obtain
|ef " — Jek|” + [ef ! — b
=2e; ! (g(me, re) N (mg) — g(mi, r*) N (mf), mEF —mg)
+ 2g(mh, k) f""l <N(m’,§), frj'l ek > + 27‘ef+1Trk. (5.31)

For the first term on the right-hand side of (5.31), using (3.8), (5.11), and the mean value
theorem, we derive

[2¢; <9(m’é,r§)N(m’é)*g(m’ﬁvr’“)N(m’ﬁ)v A ]
< 2ler ™ [|g(me, re) N (me) — g (mi, r*) N (m HHm’““ mc

< Orlef™!| (et + [ef]) < O (Jlef]l” + [k + et 1]). (5.32)
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For the second term on the right-hand side of (5.31), it follows by (5.10) and (5.23) that

[2e7 g (i, r") (N (my), 5 — &)

) m m

k+1 k .k k éikJrl*é{k
<27 leftg(my,r )<N(mh),7m = m>‘
< Cr|elt?| <N(m',§),ZA§> .
=1

We denote J; := |eFF!||(N(m}), AF)| for simplicity and estimate I; term by term below.
For Jy, it follows by (5.3) and (5.14) that

Ty < (el [lehy [l enmms T + g(mk, k)N (m) | [V (m)]|
< C (|lek]” + ek [*).
It follows by (3.12) and (5.5) that
ek | (mk x Lo 2 N (mh))|
= |el [N (mh) x mf, caehi )
< Clett| (e[| +[1Vaenm )

< C ([[em Iy +le17).

Then, for J,, applying (5.3) and the bound in (5.11), we obtain
Ty < 1013l [[m]| _ [lg(mE,rf)N (mk) — g(mk, )N (mf)[| [N (m})]| .
+C ([l 5 + ler+ )
< Clek | (|leb ]| + [ek]) + € (llem * [y + les+'[)
<O ([leka® + lem * [y + ek + [ex*1]).
For Js and Jy, it follows by (3.10) and (5.3) that
T3, T < ol el ||V (mf) |l eba || | £nmme T + g (ml,rE) N (m) |
< C (el + ).
It follows by (3.13) and (5.6) that
e [{mh < (mh < £ae ) N (mh))
= |es*] ’<mh x (mj; x N(mj)), Lhém _>

< Clek| (e + [ vnem ) <  (Igh™ 7, + ek [?).

Applying the same type of estimate as for Jo, we derive the following result for Js:
Skts k|2 k+1)2
|y + ek + ek ).

J5 S C ([lell” + ll&m * |
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For Jg, the Holder’s inequality and (3.8) yield
Js < C’e’,f“f + C(1 + h?)%
Putting all the estimates for J; together, we conclude that

2e’Tchl <g(mZ, rk)N(mZ),gﬁjl - §’ﬁn>

< Or ([leball” + (12 215 + ek ] + [ek1[7) + Cr(r + n2)2.
h
For the third term on the right-hand side of (5.31), we have

|27'e’,f+1TTk| < T|ef+1‘2 + Cr(T + h?)2.

Putting (5.33), (5.32) and (5.34) into (5.31), we obtain

e lek[” < O (lekall” + [[em *[[5y + ek + [eF*[*) + Onlr + 1)
In order to obtain the estimates for error functions X! and e+, we define

7% = (&k, Lek,) + |ek |,

Since

2 2

1 1 ~
530, = |5 @5 + k)

1 - -
|5 (et +viek)

< [lemt g + 1kl

it follows by (5.29), (5.35) and (5.27) that

24— 28 < Or ||kl + 125 15 + ek ) + ek [7) + Ortr + 7).

It follows by (4.1) that
2" 2 85 (|[ehallfy + 1eb[*)
where d3 = min{d;, 1}. Thus,
ZMY _ zF < Or(ZM + ZF) 4+ Or(t 4 B2
When 7 < hlteo < hé"’e" < 1/(2C) for a positive constant hg, noting that

1+CTt
1-Cr

<1+4+4C <2
R pa

we obtain
ZMY < (1 4-4CT)ZF + 207 (1 + h?)2.

It follows by Lemma 3.4 that

1 1
ZM1 < exp(4CT) [Zl + 5(7 + h2)2] < exp(4CT) (01 + 5) (7 + h?)2.

Then, by (5.37), we obtain

exp(4CT)(Cy +1/2)
3

CRPE S (r 1.

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)
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Thus, by mathematical induction, (5.25) holds for all 1 <n < N, provided

. {Cl, exp(4CT)(Cy + 1/2)} _

C = max 5

Finally, it follows by (5.25) and (5.27) that
ez + ler < Ca ([l + erf) < Ocntr 42

This completes the proof of Theorem 3.3 for C* = 602 and h* = ming<;<2 ;.

5.3. Proof of Theorem 3.4

As the first step for proving Theorem 3.4, we establish the following estimate for the error
functions of the intermediate layer m”*+1/2 and 72+1/2

Lemma 5.7. Let A > 2k? + max{2A4;,0}. Assume m} satisfies

1
i [V < 2+ 5.39)

Then, there exists a positive constant 79 such that, when 7 < 19, the following error estimate
holds:

5 Wy + 16 < G (el + &l + ek 82) + Corr - m)”

where Cg > 0 is independent of h, T, and To.

Proof. Tt is easy to verify that the exact solution m. of (2.3a), along with r., the exact
solution of (2.3b), satisfies

n+1/2
Me 12 _

ntl
7 Me _ m, X (Ehm,;r2 —i—g(m?,r?)N(mZ))
+am] x (m’e‘ X (Ehm;H% + g(mZ,TZ)N(mZ))) + R}, (5.40)
T2+1/2 B 7’? n .n n mg+1/2 7 mg n
) =g(m?,r?) ( N(ml), —n + R} (5.41)

where the truncation errors R}}, and R} satisfy
|Rm| < C(r+1%), |RE| <C(r+0?).
Similar to the analysis for T)}, in (5.21), we have

ViR, || < C(r +h?).
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Subtracting (3.4a) from (5.40) and (3.4b) from (5.41) yields the following error equations:

1/2 ~
em ' ? — &

—€ n n+3 n
2 T em X (£xm™ 4 N (my))

o (L85 4 g(mr2)N (m2) = g(mf, )N () )
+am] x (enm X (ﬁhmZJrE + N(m?)))
+aep, x (mg X (ﬁhm;ﬂr% +N( )))

n
m,

+am} x (mZ X (Ehg:rj%+9(m2aTZ)N(mZ)*g(mz’rn)N(mZ)))JrR?”
6
_ ZBiv (5.42)

é:Jr% —el= <g(m" r")N(mZ) - g(m}f,r”)N(mZ), mZJr% - mZ>

+g(mii, ) (N(mp), e — &) + R (5.43)
We first consider the estimate of ey /. Taking the ¢*-inner product on both sides of (5.42)
with 7Lrem /% yield

2 — &, L, <Z BZ,EhM+2>. (5.44)
For the left-hand side of (5.44), it follows by Lemma 4.1 that
2<éq’rl7:—2 - %;Lhé\’?"j_§>
= (@ F Lhen ?) — (@ L)
+{ent — e, L@t - )

> <§nm+2 ﬁhéner ) — (€, Lrey,).

(5.45)

By virtue of (5.39), Lemmas 5.2 and 5.5 can be directly applied. Consequently, we proceed to
estimate the terms on the right-hand side of (5.44). We begin with the term (B, EhA"+1/2>,
for which it follows from (5.4) that

(Bi Laem ) = (e, x (Lhmi ™™ + N(mp)), L&) < C (|l + &m 2[5 )

For (B, Lremtt /2> it follows by the orthogonality of the vector triple product, (5.4), Lemma 5.5
and (5.27) that

(Ba Lo *) < C (|lg(mi, ) N (mi) = g(mit, )N (mip) [, + & * |5,
< C (Jlemallzn +l1Em (15 + ler]*) +co2.
For (Bs, Lnem /%) and (By, Lrém /%), it follows by (3.11) and (5.7) that
(Bs, £rem ) < O ([leml + 1m* 3 ) -

(Ba 0384y < 0 (el + 13 ).
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y (3.14), we have

~n+35

« <m}f x (mjy x Khéﬂj ), Lném * > = —aljmj x Lhe"+2

<o
We apply (3.11), (5.7) and Lemma 5.5 and obtain
ntl
(Bs. 485 ) < O (|lo(mi. )N (m2) — g(mit. ™) N (mi) [y + 655, )

~n+3 nl2
< O (Jlemllzy + llem * [y + ler[*) + 2.
For 7(Bg, Lném " /2 ), using (3.7) and (3.8), we have
7(Bg, Laem 7Y = (VL RY, Vi ?) + 26(T R, V), x e ?)

1
+ (TR Nem? — 241 (65 ® e3)em ?)

6 ) n |2
< e | + o7 | Bl
B et 5, + O + 12

Combining all these estimates for the terms the right-hand side of (5.44), we conclude that

6
T<ZM“ > < r (llel2 + w22, +[erf* +12)
=1

HA"“HHI + Cr3 (1 + h?)2 (5.46)
h
Substituting (5.45) and (5.46) into (5. 44) we obtain
(™, Lrem ) - ||m+2 I

< (e, L&) +C (HemHHi T le]” +82) + T3 + W),

provided 7 < 71 < §1/(4C) for a positive constant 71 > 0. According to Lemma 4.1, we have

AnJr% 2
€

5 < € (llexll;

s + e er* 4+ 02) + Cr (7 + 1) (5.47)

lliy +
l

Next, we consider the error function ey /2, Multiplying (5.43) by 2¢"2 | and using (5.30),

we have

m+2 n
— e
T

er%
SN

. 2

ler|” +[er |

=261 (g(my, r)N(my) — g(mi, )N (my), mi™* —m2)
+2€¢+%g(m’,§,r") <N(mh) enm+2 —e’ > +T6T+2R"

Using the Young’s inequality (3.8), (5.11) and the mean value theorem, the first term on the
right-hand side of above equation can be estimated as

2e; " <g(me,re)N(mZ) — g(mp, )N (my), miTE - mg>
< 2l |lo(my, )N (m3) — g (mip, )N (mi) | [t — |

< Orfe 3| (e ] + fer)

< 07 (|leml® +exf + &)
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By applying (5.10) and (5.14), the second term can be estimated as follows:
261" g(mi. ) (N (mf). € ¥ &)
< 2lﬂlig(m’ﬁ, ")er | (mi) | e * e
< [P+ 0 ([l + e ).
With (3.8), the third term can be estimated as
el Ry < \””2\ +CT(r + h?)

Altogether, when 7 < 75 < 1/(4C) for a positive constant 72, we have

_]A”*zy <C (HemH + el + len | + \e’:f) + O (7 + 1) (5.48)

Thus, the claim follows by combining (5.47) with (5.48), where 79 = minj<;<2 7. O

Based on the above estimate for the error functions of the intermediate layer, we now
consider the error functions e}, and el’. It is easy to verify that the exact solution m, of (2.3a)
and the exact solution r. of (2.3b) satisfy

n+1 _ n
u :me+2 X (Ehme+2 +g( n+2 TZ+ )N(mZJr )) (5.49)

Faml T (mit s (Laml T 4 g(mI TN (I ) ) + R

r"+1 — 1 1 mn+1 —mn 1
- g(mZ+2,rZ“><N(mZ“)v )+ R (5.50)
1
where the truncation errors R?,;H/ 2 and Rf+2 satisfy

IR 2| <O+ 1%, |RI7TH <2 +12).
Similar to the analysis for T}, in (5.21), we have
[Vh R 2| < C(e2 + B2).

Subtracting (3.5a) from (5.49) and (3.5b) from (5.50) yields the error equations

extl—er a4l n+3 n+i ntl nti
L - = €m ° (Lhme 2+g( ?Te 2)N me 2))
—~n+i ~n+i n+i n+i n+ —~n+i 4l —~n+3
+m, 2 (Ehem2+g(me EI S N(me 2)7g(mh 2r 2)]\7( b 2)

/Jl+2 n+2

1 1 1 1
—|—047n,hJr2 X (Enm+2 X (Ehﬁerz +g(mg+2,r2+2)N(mZ+2 ))
1

+ @em 2 X (me X (L',h’TEZJr2 +g(m

+ /\nJrl n+i n+i n
+amh 2 x (mh 2 x (Ehem 24 g(me 2,7e



ESAV Approach for Landau-Lifshitz Equation 25
e;}—i—l _ en

T <9(m2*2 PN (i) — (N (),

ol ol EnJrl —en 1
+g(mZ+2,?ﬂ+5)<N(mZ+2), M>+Rfi+2. (5.52)
We first establish the primary error estimate

€% + er]” < Co(r® +h%)?, 1<n<N, (5.53)

mllay

where 60 is a positive constant independent of 7 and h. The proof is carried out by mathematical
induction and consists of the following two steps:

Step 1. We prove that (5.53) holds for n = 1. Since m? = my, we have

Im o [Vamill, < 2

Applying Lemma 5.7 with e, = €l

=0 and e¥ = 0, we obtain
(€3 + (87 < C3r2(r + 12)2. (5.54)

It follows by Lemma 3.3 and the mesh ratio condition that

L _1n~L 1
el < p7H[Em]| < O < 1,
e 1
thean <h~ 1th H <Cr< T

when 7 < 753 < 1/(4C) for a positive constant 73 > 0. Thus, by the triangle inequality, we get
1 1 . 1
757 . < 2], + |kl < L7 + 5.
1 _1 s 1
V75 o < [Vl ||, + [ Vaeml, < 2+ 7.

Therefore, we can apply Lemmas 5.2 and 5.6 directly. Setting n = 0 in (5.51) and taking the
¢2-inner product of both sides of (5.51) with 7LpeL, yield

6
(€ms L) =T <Z B, Ehéin> - (5.55)
=1

We now estimate the right-hand side of above equation term by term. For (B?, £,€L), using
(5.4), we have

(B, ) < C ([[6h]l 3 + [IEml ) -

Due to €%, = 0, using the orthogonality of the vector triple product, we have
1 1 “ 1
(m} x Lhed, Lre,,) = 2<m X L€y, Ln€ny) = 0.

Recall that b, /2 is defined in (5.20). By applying the estimate (5.54) under the mesh ratio
condition h = O(T), we obtain

B2, < 2072)|Em 2P [lm 2|3, < Ch2(72 + h2)* < C(7 + h2)?, (5.56)

17
Hy,
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provided that 7 < 1. Then it follows by (5.4) and Lemma 5.6 that

2
! + 11l

< C ([[ehliy + el + 167 )) + €2 +h2>.

v

(B, cal,) < (Hg<mé,ré>w<m%> —glmf 7N @)

Applying (3.11) and (5.7), we obtain the following bounds:
(B, Lren) < C ([[&n]l 3y + 1@l )
(B, Laen) < C (||l + 83 ) -

It follows by (3.14) that

o~

(7 (kL) L1 ) = —5 [7d x La&hl|” < 0.

Thus, using (3.11), (5.7) and Lemma 5.6, we derive

\_/

2
[ 18l

< C (lemllyy +l1eml, + 167]7) + @+ h)2,

(3. 1) = € (Jolmér)N )~ o(f 75N ()

For the last term, it follows by (3.11) that
(BY, £réh) < C (|| Ry + Ekaly) < ClIEbll3 + O + 12
Substituting all the estimates of (B, £,€L,) for i = 1,...,6 into (5.55), we arrive at
(@b Lreb) < O ([|Ey + [Ebl 5y + [67 ) + Cr(r® + 22
From (4.1) and (5.54), we obtain

&7 < OG>+ 12)? (5.57)

under the condition 7 < 74 < 81/(2C) for a positive constant 74 > 0.

1

For the error function el, we take n = 0, multiply (5.52) by el and obtain

el = el (g(mé rd )N (mi) — g(m; , 7H)N (@), ml —m?)
tel @(m%ﬁﬁv(m%), €$n> trelRE. (5.58)

Using (3.8), (5.19) and the mean value theorem, the first term on the right-hand side of (5.58)
can be estimated as

el (g(mé, 12 )N (m?) fg(ﬁ,%,?%)N(ﬁé), m! —m?)

ml—m

< crlef] (k] + [e7]) < o7 (el + |&? \+Iel\)

el
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According to the Holder inequality and (5.18), the second term can be estimated as follows:

A
2
5
3)
Sl
i3
=
=
3)
8i
™
i~

IN

Flet* +C ek
Using (3.8), the third term can be estimated as
el R? < Crlel|” + Cr(r? + h?)2.
Substituting the estimates of the above three terms into (5.58), we obtain
gye,{f Ol < O (BRI + 62 + |el]*) + Orr + 1)
Applying (5.54), when 7 < 75 < 1/(2C) for a positive constant 75, we obtain
lel]” < C|leL, || + C(r? + n2)2. (5.59)

According to (5.57) and (5.59), there exists a positive constant C3 independent of 7 and h such
that the following inequality holds:

|&ralligy + lerl” < Co(r + 1272
Thus, (5.53) holds for n = 0.

Step 2. To complete the induction, we assume that (5.53) holds for n =1,2,... k and aim to
prove that it also holds for n = k + 1. Then based on Lemma 5.7, (5.27) and the mesh ratio
condition, we deduce the following bound:

et #1717 < ot + 12y (560
h

By using Lemma 3.3 and the mesh ratio condition, we have

s < ntfent < or < g,
e I e e

when 7 < 75 < 1/(4C) for a positive constant 7¢. Then it follows by the triangle inequality
that

k+3

Py 1 1 1
7" N < e[|+ lem || T

4
kgl 1 1 1
[t < [VamE | Vaes ] < 1t

NS AR

Thus, in the remainder of the proof, we can apply Lemmas 5.2 and 5.6 directly.

We first consider the error function €F+!l. Setting n = k in (5.51) and taking the ¢2-inner

product on both sides of (5.51) with 2rLnént? yield

6
(et Lhertt)y — (e, Lypek,) =27 <Z Ef’ghg’:rjé> _
i=1
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The following estimates for the right-hand side of above equation can be derived analogously
to the estimate for 7(3°°_, BY, £,&L,) in Step 1:

(ertt, Lpeftt)y — (e, Lyer,)
<O (|lem |5 +llem * 5 +1er ) + or(r? + 22 (5.61)
Multiplying (5.52) by 27eF*+!, and using (5.30), we have
el — feb |+ el — ek
=26l (g(mTH ) N(mlTE) — g (@, ) Ny ), mit - ml)
+2e ! <9(7n\2+%a7°k+%) N(mitr), et — ek > 4 oreltIRME, (5.62)

? m

Similar to (5.32), the first term in the right-hand side of (5.62) can be estimated by

2651 (g(mi*E ) N (ml ) — gy E ) N () it k)

B}
< 2fel | [lg(meTHrE R N (mE ) — gt ) Ny ) | mkt - |
< Orlet | (flek ¥l + [er*]) < or (em *|* + & * [ + e [) (5.63)
For the second term, there holds
j2el ™! (gm0 N (), e - e
Il T ASRES=C
< Crleft!| < (mpTe ZBk> (5.64)
We denote
Kii= et (v (7). L)
and estimate K; term by term below. For K1, it follows by (5.3) that
Ky < |00} ek [ M| | nmms ™ + g(mi ) N | v @)

<0 (eI + ek ).
By applying (3.12) and (5.5), we obtain
‘ k+1| ‘<Ak+2 X£ ~k+2 N(Ak+2)>’
_ ye§+1y]< N x w2 Len? )
< Clek*| (Jlem ] + [ Vaem *)

<O (Jlem |l +le1).
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Hence for Ko, we obtain by (5.3) and (5.19) that

Ky < (003 el ol o) Wt ) — g o )

< [N @) |+ C (1 [+ e )
< clert| (|lm |+ [er3) + ¢ (Jlem 13, + ek )
h
C ([Jem [+ llem {15, + [ # 7+ [el1 7).
For K3 and Ky, it follows by (3.10) and (5.3) that
Ky, Ky < alQF el || N ) |l * | [[me 2|
ettt gt ey |
< (flen |+ [el 7).
Using (3.13) and (5.6), we have
R R AR R AR
= |ek+] ]<m’”2 x (m’% X N(miy " )) JNuag: >

< Clek | ([l + [Vnem ) < © (g™ |, + ek [?).

Hence for K5, we obtain by (5.3), (5.1), and (5.19) that
K5 < a0l ||V )|
o o ) o )
+C (l]em* [ +1er*'T)
<clet| (|lem || +1er™ ) + ¢ (llem 15 + lek )
<O ([ ¥+ llem (15 + [er* P + e+ ).

For K, applying Holder’s inequality and (3.8), we have

K¢ < el + C(r2 + h?)2.
Substituting all these estimates of K; into (5.64), we obtain
2ef T (g (" H 7R N (), el )
<Cr(|fem** + lem * |5 + 17 + el ) + or(r® + 22
For the third term on the right hand side of (5.62), there holds

||27'¢3]€Jrl k+% H < T‘ef+1|2 + CT(T2 + h2)2.

Putting (5.63), (5.65) and (5.66) into (5.62), we conclude that

el — lek[* < o7 (1@m * I3 + e *[[* + [&7 2 + ek [7) + Or(r2 + h2)%

29

(5.65)

(5.66)

(5.67)
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Similar as in the proof of Theorem 3.3, we define
7k = (&t Lpek)) + e[,
and by using Lemma 5.7, (5.61), (5.67) and (5.36), we obtain that
21— 2 < O (@b + 125 I + 2y + 087 1) 4 rr® 4 22
h h h
It follows by (5.37) and (5.60) that
ZM -z < Cr(ZMT 4 ZF) + Cr(7 + 1)

When 7 < 77 < 1/(2C) holds for a positive constant 77, similar to the analysis of (5.38), by
applying Lemma 3.4 and (5.37), we obtain

exp(4CT)(Cs 4+ 1/2)
03

[t Iy + el | < (7% + h?)?,

where d5 = min{d1,1}. Thus, by mathematical induction, (5.53) holds for all 1 <n < N.
Finally, it follows by (5.53) and (5.27) that

lemllfes + lerl” < Co ([l + [e]?) < CoCalr? + 1),

%HZ;

This completes the proof of Theorem 3.4 for O = 6002 and 7" = min{7p, ming<;<7 7; }.

6. Numerical Experiments

In this section, several numerical experiments are presented to evaluate the ESAV-1 and
ESAV-2 schemes developed in the previous section. These examples illustrate the schemes’
convergence rates, accuracy, stability, and overall numerical performance, particularly in the
context of magnetic skyrmions.

6.1. Convergence rate with a known exact solution

We aim to evaluate the convergence rate of the LL equation on the rectangular 2D domain
Q = (0,1]%. In the absence of a known exact solution to the LL equation (1.1) for general
parameters, we validate our results using the method of manufactured solutions. A suitable
forcing term f is determined to ensure that the exact solution is given by

me = (cos (z%(1 — 2)*y*(1 — y)?) sin¢, sin (2 (1 — 2)?y*(1 — y)?) sint, cost).

It is noteworthy that in the ESAV-2 scheme, f is evaluated at t"t1/2, whereas in the
ESAV-1 scheme, it is evaluated at t"*!. We test the numerical solutions for two different
damping coefficients: o = 0.5 and a = 0. The physical parameters in the LL equation are set
as follows: k = 0.6,4; = —0.1, 42 = 0.1,7 = 0.1, and the stabilizing constant A\ = 1. The
mesh ratio condition is specified as h/7 = 2, and the time step sizes are chosen as 7 = 27%,
where k = 3,4,...,9. We compute the numerical solutions at 7' = 1 using both the ESAV-1
and ESAV-2 schemes.

Fig. 6.1 shows the H!'-norm error as a function of the time step size 7, with the condition
h/T = 2. In Table 6.1, we present the temporal convergence rates in the £2-norm for o = 0.5.
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Fig. 6.1. The H'-norm errors of the proposed ESAV-1 and ESAV-2 schemes for a = 0.5 (left) and
a = 0 (right).

Table 6.1: Accuracy comparison in the ¢*norm among ESAV-1, backward Euler, ESAV-2, and
improved Euler schemes when a = 0.5.

ESAV-1 Backward Euler ESAV-2 Improved Euler
-
Error Order Error Order Error Order Error Order
1/8 7.4053e—02 - 6.7082e—02 - 3.7844e—03 - 3.2013e—03 -

1/16 3.7737e—02 | 0.97 | 3.3939e—02 | 0.98 | 9.4571le—04 | 2.00 | 8.0568e—04 1.99
1/32 1.9070e—02 | 0.98 1.6996e—02 1.00 | 2.3576e—04 | 2.00 | 2.0174e—04 | 2.00
1/64 9.5885e—03 | 0.99 | 8.4982e—03 1.00 | 5.8804e—05 2.00 | 5.0319e—05 2.00
1/128 | 4.8081e—03 1.00 | 4.2467e—03 1.00 1.4681e—05 2.00 1.2584e—05 2.00
1/256 | 2.4076e—03 1.00 | 2.1227e—-03 1.00 | 3.6674e—06 2.00 | 3.1478e—06 2.00
1/512 | 1.2047e—03 1.00 1.0615e—03 1.00 | 9.1647e—07 | 2.00 | 7.8825e—07 | 2.00

The results show that the ESAV-1 and backward Euler schemes achieve first-order accuracy,
while the ESAV-2 and improved Euler schemes attain second-order accuracy. Overall, the
numerical errors are very close among the methods of the same order. The example indicate
that, for both @« = 0 and a = 0.5, the ESAV-1 scheme consistently achieves first-order accuracy,
while the ESAV-2 scheme demonstrates the expected second-order accuracy.

6.2. Convergence rate with a unknown exact solution

Next, we test the temporal convergence rate for the LL equation in a scenario without
a pre-constructed exact solution. We choose = (0, 7]? and the initial condition as

myg = (sin(2z) cos(2y), cos(2x) cos(2y), sin(2y)).

The stabilizing constant A, final time 7', and other physical parameters are set the same as in
Section 6.1. A uniform mesh size of h = /100 is used throughout the simulations, while the
time step sizes are chosen as 7 = 1072 x 2%, where k = 3,4, ...,8. Since the exact solution is
not available, a reference solution is computed using a fourth-order Runge-Kutta method with
a small time step 7 = 1076,
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Fig. 6.2. The £2-norm errors of the proposed ESAV-1 and ESAV-2 schemes for a = 0.5 (left) and o = 0
(right).

Fig. 6.2 presents the £2-norm error as a function of the time step size for a = 0.5 and o = 0.
Consistent with theoretical expectations, the ESAV-1 scheme and ESAV-2 scheme achieve first-
order and second-order convergence rates, respectively. This ensures the proposed methods are
robust and applicable to more general problems where the exact solution is unknown, which is
often the case in practical applications of the LL equation.

6.3. Micromagnetic simulations without damping

In this subsection, we conduct micromagnetic simulations for the LL equation without damp-
ing (o = 0) on the domain = (0, 7/2]?, using the initial condition

myg = (sin(4z) cos(4y), cos(4x) cos(4y), sin(4y)).

The primary objective is to evaluate the performance of the ESAV-2 scheme under undamped
conditions. Additionally, inspired by the work in [35], we construct a second-order semi-implicit
scheme based on BDF-2 (Algorithm 6.1) to serve as a reference for comparison. The simulation
parameters are set as follows: Kk =0.4,4; = —-0.1,4 =0.1,y=0.1,A=1,and T = T7.

In Table 6.2, we compare the numerical accuracy of the improved Euler, SI BDF-2, and
ESAV-2 schemes in the ¢?>-norm. A uniform mesh size of h = m/100 is used throughout the
simulations, and the time step sizes are chosen as 7 = 1/32,1/64,...,1/512. Since the exact
solution is not available, a reference solution is computed using a fourth-order Runge-Kutta
method with a sufficiently small time step 7 = 107%. The results show that all three schemes
achieve second-order convergence in time, and their overall accuracy is comparable.

Fig. 6.3(left) shows the time evolution of the modified energy computed by the ESAV-2
scheme using a fixed time step size of 7 = 10~% and a spatial step size of h = 7/200, alongside
the original energy calculated by the semi-implicit BDF-2 scheme. In the absence of damping,
the ESAV-2 scheme successfully preserves energy conservation, as evidenced by the stability of
the modified energy over time. In contrast, the semi-implicit BDF-2 scheme exhibits noticeable
energy fluctuations, indicating less consistent energy preservation. Fig. 6.3(right) shows the
time evolution of the relative error of the modified energy with respect to the original energy,
calculated as [(E(m}) — E})/E(m})|. Additionally, Fig. 6.4 presents the time evolution of the
mg-component of my, obtained using the ESAV-2 scheme, where the periodic nature of the
evolution is clearly observed.
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Algorithm 6.1: Semi-implicit BDF-2 Scheme (SI BDF-2).

Input: m) = m) = mg, r® = E(my).

Loop: For n=20,...,N — 1 iterate the following two steps:

Step 1: Compute ﬁz+1 by solving the following linear system:
if n =0 then
m;, —mj ~1 ~1
T~ mf < (L), + N (mf)) + amf) x (mf) x (Lum,+ N (mf) ).
else
3mptt —damp +m) !
2T
S (G N ()
+ami T x (ﬁZH x (Lamy 4 N (mpth) )
where m) ! = 2m} — m) !
end
Step 2: Normalize the magnetic field m) " to obtain m} ™!
~n+1
mpt = 7mz+
— 1 .
i

Output: mj foralln=1,..., V.

Table 6.2: Accuracy comparison between improved Euler, ST BDF-2, and ESAV-2 schemes in the
£?-norm.

Improved Euler SI BDF-2 ESAV-2
-
Error Order Error Order Error Order
1/32 3.3517e—4 - 3.5281e—4 - 4.1956e—4 -

1/64 8.3518e—5 2.00 | 8.9335e—5 1.98 1.0411e—4 2.01
1/128 | 2.0910e—5 2.00 | 2.2411e-5 1.99 | 2.6224e—-5 1.99
1/256 | 5.1852e—6 2.02 5.6158e—6 2.00 | 6.6898e—6 1.92
1/512 | 1.3184e—6 1.98 1.4031e—6 2.00 1.6851e—6 1.99

6.4. Micromagnetic simulations with damping

In this subsection, we perform micromagnetic simulations for the LL equation with damping
in the context of magnetic skyrmions research. Due to the particle-like nature of skyrmions,
there are interactions between different skyrmion entities, leading to their condensation into
a regular lattice. We consider the simplest method for generating skyrmion lattices: within
Q = (0,27)?, define four square regions centered at (7/2,7/2), (7/2,37/2), (37/2,7/2), and
(37/2,37/2), each with a side length of 7/4. In these regions, the initial magnetization my is
set to [0,0, —1], while outside these regions, my is set to [0,0,1]. The simulation parameters
are configured as follows: a = 0.6,k = 0.8, 41 = —0.1,45 = 0.1,y =0.1,A = 1.5, and T = 5.
The spatial step size is set to h = 27/151, and temporal step size is set to 7 = 1073 /4.
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Fig. 6.3. Time evolution of the energy comparing the results obtained using the SI BDF-2 scheme and
the ESAV-2 scheme (left), and the relative error of energy of the modified energy with respect to the
original energy |(E(m}y) — E})/E(m})| (right).

A | ]
-05 05—05 "
t=2

0
- b b b v
t=3

t=1

1 —_—

t=20 =
. - —
- B " — - -
_ 0 ’ 0 — ‘. 0
—
t=4 t=6

0
- ) )
- 1

0.5
e |
t=5 t=17
Fig. 6.4. Time evolution of the ms-component of the numerical magnetization my,.

Fig. 6.5(left) shows that the energy computed by both schemes is nearly identical and both
exhibit energy dissipation as expected. Fig. 6.5(right) depicts the time evolution of the relative
error of the modified energy with respect to the original energy. In Fig. 6.6, it is observed that
under the specified initial conditions, the magnetization my, reaches a steady state at t = 5 and
forms four skyrmions. Fig. 6.7 provides a 3D visualization of the numerical magnetization my
att =04 and t = 5.

6.5. Simulation of blow-up phenomena

In this subsection, we study the potential blow-up behavior of the LL equation under
a smooth initial configuration, inspired by [3]. The computational domain is taken as =
[~1/2,1/2)2, and the initial magnetization field is defined by

1
(0?0771)T7 if |.’13| Z 57
mo(x) = 20, A 2y A A2 _ |g)? T f el < 1 (6.1)
1 €T =
A2y |z2 A2y |z2 A2+ |zP) 2’
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Fig. 6.5. Time evolution of the energy comparing the results obtained using the SI BDF-2 scheme and
the ESAV-2 scheme (left), and relative error of the modified energy with respect to the original energy
(right).
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Fig. 6.7. 3D view of the numerical magnetization mj; computed with the ESAV-2 scheme at t=0.4
(left) and t=>5 (right).

where A = (1 — 2|x|)*. This profile is smooth and satisfies the unit-length condition |mg| = 1.
The physical parameters are set as a = 1,k =0, 4; = —0.1, 45 = 0.1,7 = 0, A = 1, with final
time 7' = 0.7. All simulations are performed with the proposed ESAV-2 scheme, using mesh
size h = 1/100 and time step 7 = 1073.
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Snapshots of the numerical magnetization mj, projected onto the xy-plane, are shown in
Fig. 6.8. To further illustrate the behavior near the origin, magnified 3D vector plots are
presented in Fig. 6.9. These figures reveal that m;, near the origin gradually rotates downward
toward (0,0, —1)T, while the spin vector at the origin itself remains fixed at (0,0,1)". This
suggests the formation of a large gradient near the origin, potentially indicating finite-time
blow-up of the LL dynamics under this smooth initial data [3].

Fig. 6.8. Numerical magnetization mj projected on zy-plane.
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Fig. 6.9. Numerical magnetization m; around the origin.

7. Conclusion

In this paper, we have proposed two numerical schemes that combine the ESAV method
with the projection method to solve the LL equation with periodic boundary conditions. These
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schemes simultaneously preserve the length constraint and the modified energy dissipation law,
ensuring numerical stability and physical accuracy. Introducing a stabilizing term into the linear
energy functional makes the linear operator positive definite, guaranteeing energy stability.
Numerical experiments in the 2D case were conducted to validate the accuracy and robustness
of the proposed schemes. These results demonstrate the potential of the proposed ESAV-based
schemes for solving the LL equation, particularly in the study of magnetic skyrmions involving
the DMI and other higher-order interaction terms.
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