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Abstract

In this paper, we consider the sparse distributed control problem constrained by a ran-
dom elliptic equation, which we reformulate as a nonsmooth stochastic optimization prob-
lem in Hilbert space. By incorporating the advantages of the stochastic approximation ap-
proach and the alternating direction method of multipliers (ADMM), we propose a stochas-
tic ADMM algorithm. This method decouples the stochasticity arising from the random
equation constraint from the nonsmoothness of the control objective, allowing them to be
tackled separately within the iterations. We introduce stochastic gradients and develop
a proximal linearization technique for the stochastic subproblem, allowing each subprob-
lem to admit a closed-form solution. The convergence and a high-probability bound of the
proposed method are analyzed for the model problem. Numerical results demonstrate the
effectiveness and efficiency of our method.

Mathematics subject classification: 90C15, 62120, 35R60, 60H35.
Key words: PDE-constrained optimization, Stochastic optimization, Sparse distributed
control, Alternating direction method of multipliers, Proximal linearization.

1. Introduction

Optimal control problems (OCPs) modeled by partial differential equations with random
coefficients (RPDEs) arise in numerous scientific and engineering applications, and have received
significant attention in theoretical and computational aspects. We refer the reader to, e.g.,
[7,9,16,18,19,28] for a few references. Moreover, there has been considerable interest in sparse
distributed control for a random elliptic equation, driven by applications to tidal-stream energy
farm design [4], economics-constrained tidal turbine array layout [30], and beyond. The term
“distributed” herein refers to a control action defined over the spatial domain €2, as opposed to
a probability distribution. To promote the robustness and sparsity of the control, the tracking-
type objective usually includes a stochastic expectation and L' regularization, subject to the
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state equation with additional constraints on the control variable, reading as follows:

1
min —// |yfyd|2dzd73(§)+g/ |u|2dz+ﬂ/ |u|dx
v 2 Je Ja 2 Jo Q

D A (a(z,&)Vy(z,8)) = u(x), (2,§) €QAXE, (1.1)
y(z,§) =0, (2,€) € O x &,
uwe U

Here, we use  C R™ (1 < n < 3) to denote a bounded, convex, polyhedral, and connected
domain with a piecewise Lipschitz-continuous boundary 9. In (1.1), the state variable y
belongs to the Bochner space Y := L?(&; H3(£2)), defined by

L*(&;Hy () = {y : & — H}(Q); y is measurable and / ly (&, ~)H§{1(Q)d73(§) < +oo}
£

with a complete probability space (£, F,P), where £ is the sample space, F is a o-algebra
of measurable events, and P is a probability measure. The measurability of Hg(£2)-valued
functions is understood with respect to the Borel o-algebra on H{ (), as further discussed
in [18]. For the control variable u, the non-empty admissible set U is defined by

U ={ueL*Q): —oo <u, <ulx) <up < +o0ae. €N}

with given u,,u, € R. The desired state y; belongs to L?(£2) and the function a(z,€) is the
random diffusion coefficient. The constants o > 0 and 3 > 0 are parameters for the L? and L*
regularization terms, respectively.

Due to the complex structure of (1.1), these problems are generally challenging from the
perspective of algorithmic design. Specifically, the main numerical challenges arise from two
key aspects: the non-differentiability of the L!-regularization term in a Hilbert space [7,18,19],
and the high computational cost of evaluating the stochastic expectation. Additionally, control
constraints complicate the problem further [3,8]. The challenge, therefore, lies in tackling these
interconnected issues within an efficient algorithmic framework.

For sparse distributed control problems constrained by deterministic elliptic PDEs and con-
trol constraints, the semi-smooth Newton (SSN) method is an efficient solver, which utilizes
an active-set strategy and ensures superlinear convergence under proper conditions [15,25].
However, the method’s active-set strategy is complex to implement, and when the SSN method
is applied to the parabolic PDE-constrained optimization problems, it results in extremely large
linear systems and significant computational costs. To address this issue, the alternating direc-
tion method of multipliers has been developed and successfully implemented for deterministic
PDE-constrained problems with separable structures [11,12,26]. Nevertheless, the current appli-
cations of ADMM remain confined mainly to deterministic problems and have rarely addressed
cases where the objective functional contains stochastic expectations.

For RPDE-constrained problems, one can use the sample average approximation (SAA)
method to approximate the original problem with an SAA problem built with enough samples,
and then solve it using suitable deterministic algorithms [14,18,20]. Clearly, the performance
of SAA methods depends on the efficiency of both the sampling and the chosen algorithms. By
discretizing the probability space with interpolating points, sparse grid methods can be used for
problems involving multiple random dimensions, but the computational cost usually increases
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rapidly with dimension [1,6,22,31]. Stochastic approximation (SA) methods, particularly those
based on stochastic gradient (SG), can also be considered, employing a stochastic first-order
oracle that provides unbiased estimates of the gradient [2,7,13]. With appropriate step sizes,
the SG methods exhibit the advantages of broad applicability and low per-iteration cost.

In the context of sparse distributed control problems, an attractive idea is to design an algo-
rithm that treats sparse control and distributed control separately, following the concept of SA
methods to deal with the stochastic expectation associated with the random elliptic equation
constraint. To achieve this, we adopt an ADMM-type framework, which handles the afore-
mentioned tasks through different subproblems derived from a structured splitting formulation.
We note that one of the subproblems, due to the presence of the stochastic expectation, lacks
a closed-form solution. To address this issue, a proximal linearization of the subproblem has
been proposed by incorporating the concept of SA methods. At each iteration, the linearized
subproblem admits a closed-form solution with a simple stochastic first-order oracle, which is
obtained by solving a sampling elliptic equation and its adjoint equation once per iteration.
In addition, we introduce a relaxation scheme to enhance the performance of the algorithm.
Numerical experiments demonstrate that our algorithm performs efficiently and robustly on the
sparse distributed control problems constrained by random elliptic equations.

The rest of this paper is organized as follows. In Section 2, we present the reformulated
model and the proposed algorithmic framework. Section 3 establishes the convergence of the
proposed method and discusses its convergence rate and high-probability bounds. Numerical
results validating the efficiency of our method are presented in Section 4. Finally, concluding
remarks are provided in Section 5.

2. Stochastic Proximal Linearized ADMM for the Model
Problem (1.1)

2.1. Reformulation of the model problem (1.1)

To simplify the presentation, we use (-,-) and || - || for the L?-inner product and L2-norm in
L?(2), respectively, and use || - ||; for the L'-norm in L*(€2). For a random variable w: €& — R
defined on the probability space (€, F,P), the expectation operator E is defined as

Elw ()] = /g w(€) AP ().

For the state equation in (1.1), the following lemma gives its well-posedness, which will help
us to reformulate the model problem (1.1) using the control-to-state operator.

Lemma 2.1 (cf. [20]). Let the random diffusion coefficient a(-,&) : € — C1 () be measurable.
Suppose there exists constants amin, Amax; Gmax € (0,00) such that

Amin < a(a:,«f) < Amax; VZE, f €0 x 5,
Ha’(vg)HCl(Q) < Gmax, V§ cé.

Then, for every & € € and any control variable u € L*(Q), there exists a unique solution
y(+, &) € HE(Q) to the variational problem

/ a(z,&)Vy - Vv do = / w do, Yo € Hj(Q).
Q Q
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From Lemma 2.1, it is natural to introduce the linear control-to-state operator Se : L?(§2) —
L2(&;H(R)), defined by y = Seu, where y is the solution to the state equation for a given
control u. Then, the model problem (1.1) can be written in the following reduced form:

. 1 2 Q2
min B | 15600 = yall | + 5 ulP + Sl

By a standard discussion as in [20], the above problem has a unique solution under the assump-
tions of Lemma 2.1. Additionally, we define the functionals f(u) and g(u) as

F0) = (0, = & [ 315600~ wall + S1ul?] . atu) = Bl

To separate the sparse component (L!-regularization term) from the objective functional, we
introduce an auxiliary variable z. Then the above problem can be written as the following
separable convex optimization problem:
min J(u, 2) = f(u) + 9(2),
st. u—z=0, (2.1)
weU¥, zeL*Q).

It is evident that this reformulation allows us to treat the stochastic expectation part and the
L'-regularization part separately, a structure that is conducive to employing the SA approach
in the specific subproblem. We will present the design concept of our algorithm in the next
subsection.

2.2. Algorithmic framework of stochastic proximal linearized ADMM

Due to the separable structure of problem (2.1), we can readily obtain the following classic
ADMM algorithm as in [5,10, 27]:

uk"l‘l — argmin {f(’u,) — <)\k,u — Zk> + B”U — Zk||2} ’
uEU'l'i 2

Zk-l‘l — argmin g(z) — (Ak,uk“‘l — Z> + BHUk—i_l - ZHQ} 3
z€L?(Q) 2

)\k—i—l _ )\k o p(uk—i-l - Zk-i—l)7

where p > 0 is a constant. However, the above iteration scheme can not be used directly because
calculating the expected value in f(u) is numerically expensive or even infeasible. Following the
methodology of SA, we can replace f(u) in the u-subproblem with its stochastic approximation
F(u,&%). Due to the box constraint u € U, the u-subproblem lacks a closed-form solution.
Thus, we linearize F(u,&") as

Flu, &%) — F(ub %) + (VF(uk, &5),u — ub).

The proximal term 7¥||u — u*||2/2 is introduced to enhance algorithmic robustness and guar-
antee convergence by counteracting the errors induced by the stochastic approximation and
linearization. The resulting u-subproblem becomes

k
ubt = argmin{<VF<uk,§k>,u> — O u— 2y 4+ B — )P D - u|}
uelUad 2 2

where the sequence {n*} is a positive and monotonically increasing sequence.
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To enhance the numerical performance, we empirically introduce a relaxation in the z-

k+1

subproblem by replacing u with the interpolation gu**! + (1 — g)z* for a given relaxation

factor ¢ € (0,2).
Eventually, we arrive at the following stochastic proximal linearized ADMM scheme:

k
uM*! = arg min {<VF<uk,§k>,u> — (W u = 2¥) + S — ) - uk||2} . (220)

uelUad

24— argmin { g(=) — (N, wF T = 2) + ZllouttT 4 (1 - )2 - 22}, (2.2b)
2€L2(Q) 2

AL = 3F — p(ouFt 4 (1 — )2 — 2. (2.2¢)

We now turn to showing that both decoupled subproblems can be easily solved with com-
putable closed-form solutions. For the u-subproblem, we first present the calculation of the
gradient VF (u*, £¥).

Lemma 2.2 (cf. [18,19]). Under the assumptions of Lemma 2.1,
Vf(u) =E[VF(u,8)], VF(u,§) =au+p(yf),

where p(u, ) is the solution of the following problem almost surely in E:

-V (a(x,f)Vp(,E)) = y($,€) —Yd, TE Q,

(2.3)
p(z, &) =0, x € 8.
From Lemma 2.2, the variable v**1 can be solved by
P "
w1 = argmin {(u, VF(u %) = XY + Slu)® + =|ul®* = (u, pz" + nkuk)}
weyad 2 2
k
= arg min {(u, VF(u, e8) — Xk — p2F — Py 4 PN |u|2}
ueUad 2
' (}\k+pzk+nkuk_auk_pk) 2
= argmin < ||u — - .
uelUad p+n
With the definition of U%?, the solution u**! can be computed pointwise as
k_ k k(o _ ok \E
w1 (2) = min {ub’m&x {Um (0" — a)u”™(z) + Pz+(:ck) p"(z) + A (2) }} _ (2.4)
pTn

It is easy to check that the z-subproblem (2.2b) is equivalent to

2\F
guk+1+(1—g)zk—z——
P

21 = argmin {6|z||1 4P ‘
2€12(9) 2

| }
Let

B = Uit (1- )t - 2
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then the solution z**! can be computed as follows:
Ll (x) — é, T < zZhl(2),
P P
2 z) =40, TR FHl(z) < é, (2.5)
P P
R (z) + é, if ZhHl(p) < —é.
P P

Based on the above observations, we summarize the stochastic proximal linearized ADMM in
Algorithm 2.1.

Algorithm 2.1: Stochastic Proximal Linearized ADMM for Problem (2.1).

Input: Initial point u°, 2°, A°, parameters p, n* > 0 and o € (0,2).
1 for k=0,1,..., do
2 Compute y* by solving the state equation in (1.1) with sample £* and control u*.
3 Compute p* by solving the adjoint equation (2.3) with sample ¥ and state y*.
4 | Update u**1 by (2.4).
5 | Update zF*! by (2.5).
6 | Update \**1 by (2.2¢).
7 end

3. Convergence Analysis

3.1. Preliminaries

To present our analysis compactly, we denote variables w,w*, w* € W := U*® x L?(Q) x
L?(Q), variables v, 9* € V := L*(Q) x L?(2), and the operator D(w) as follows:

u* *
w:=1[z], =2, w':=]2z"],
A A A* (3.1)
z z* A |
= 0* = D =
() o) wo-(3)
u—z

where u* and z* are the optimal solutions to problem (2.1), and A\* is the corresponding optimal
Lagrange multiplier. With the above notations, it is easy to see that problem (2.1) can be
equivalently reformulated as the variational inequality

9(2) = 9(z") + (u = v, Vf(u?)) + (w —w", D(w")) 20, YweW. (3.2)
For all wy,ws € W and X € L?(Q), it can be verified that

(D(w1) — D(w2), w1 — wa) =0, (3.3)
<’Lf)* — ’LU1,D(’LU1)> = <)\,U1 — 21>.
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For the matrix operator

_1
Pr 27
0 0
H:
_1 1 )
ey g
0 po

where I : L?(Q) — L?(Q) represents the identity operator, it can be verified that H is positive
definite when g € (0,2). Therefore, we define the inner product induced by H as

-1 1
<U1)HU2> - §<Z1522>+ e <zla)\2>+ ¢ <223)\1>+£<)\13)\2>3 v’Ul,’UQ GV,

and the corresponding induced norm is given by

[0l = v/ {v, Hv).

In the subsequent discussion, the symbol I denotes different identity operators depending on
the function space.
Furthermore, we introduce two auxiliary sequences {#*} and {9*},

ak uk+1

;}k
k| — SRt . o= NIk (3.5)
k /\k _ p(ukJrl _ Zk)

From (2.2¢) and AF = \F — p(uF*+1 — 2%)| we have

> N>

)\k-‘rl _ )\k _ Q(j\k _ )\k) +p(zk+1 _ Zk), (36)

and

where
I 0
M = .
(pl 91>

Remark 3.1. Algorithm 2.1 can be interpreted as a stochastic version of linearized ADMM
within a predictor-corrector framework, where the A subproblem is first computed as Mo =
AE — p(ukF*t — 2%). and the correction is then performed by using the matrix M. Following the
scheme of Algorithm 2.1, the correction step is incorporated directly into the A subproblem,
thereby reducing the computational cost of each iteration.

Next, we provide some results that will be useful in the subsequent discussion.

Lemma 3.1 (cf. [18,24]). Under the assumptions of Lemma 2.1, the functional f(u) satisfies
the strong convexity condition

flur) = flu2) < (Vf(ur),ur —u2) — %Hm —ug|?, Vup,ug € U (3.7)

Lemma 3.2. Under the assumptions of Lemma 2.1, for any € € € and u € U, the following
gradient bound holds:

min

C? ct
1P, < M i= 2 lyal] + (— - a> mase{ s, Jus 1, (33)

min
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where

lyll
C,= sup ——
P evvgor IVl

is the Poincaré constant and |Q = [, 1dz.
Proof. From Lemma 2.2, we have
IVE(u, )| = [low+ p(u, Il < allull + [p(u, I, VEe€E, (3.9)

where p satisfies the adjoint equation (2.3). To estimate ||p|, we multiply both sides of (2.3)
by p, integrate over €2, and use the uniform boundedness of a(z, ), which yields

/(y — ya)pdz = / aVp - Vpdz > amin||Vpl|>.
Q Q
Using the Poincaré inequality and triangle inequality, we get
aminlp1* < ColIpll (1l + llyal))-
Following a similar argument applied to the state equation in (1.1), we obtain the estimate
aminlly1* < Cpllull|lyll.
For any u € U2, we have the pointwise bound |u(x)| < max{|ug|, |us|}, which implies
|| < max{|ugl, lup|}|Q|, Vue U

Given the boundedness of u,y, and consequently the adjoint state p is also bounded. Substi-
tuting the explicit estimates of ||u|| and ||p|| into (3.9) yields the desired bound. O

Lemma 3.3 (cf. [29]). For the functional J(u,z) in problem (2.1) and any fized (u,z) €
L2(Q) x L?(Q), suppose there exists a functional ¢ such that

J(u,z)fJ(u*,z*)f <)‘ﬂufz> S(b(/\)v V)‘GL2(Q)5
then, for any v > 0, it holds that

J(u,2) = J(w,2%) +7flu— 2] < sup G(A).

A<~

Moreover, if € := sup|yj<, $(A) > 0 and v > [|[X*||, then the following estimates hold:

€ A ]le
, - — < J(u,2z) — J(u*,z") <e
¢l P S Al N

Lemma 3.4 (cf. [17]). Let ¢* = ¢*(¢I¥) be deterministic Borel functions of £* such that

B[] =0, B e { L e 1] <owpy,

where v* > 0 are deterministic. Then for all 6 > 0,

Ju—z[| <

where Xl = (€0,€1, ... &F) is the history of random samples from the 0-th through k-th itera-
tion.
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3.2. Convergence property

We begin this subsection with several technical results, and then prove the convergence
property of the stochastic proximal linearized ADMM.

Lemma 3.5. Let the sequences {u*}, {z¥} and {\*} be generated by Algorithm 2.1. Under the
assumptions of Lemma 2.1, for any o € (0,2) and X € L?(2), we have

(VF(u, &), uf*t —u”) + g(2Fh) — g(2%)
2 — ~

< 5 (I = o7 [F = o™ = o*|1%)

N =

k
+ % (llu® =] = [ = u*|* = Jlu® = aH)2) . (3.10)

Proof. By Algorithm 2.1, using the expression for M from (3.5), we derive the first-order
optimality conditions for u subproblem, z subproblem and A subproblem, respectively,

(VF(uF, &%) — AP ok (P — Ry B — u*) <0, (3.11)
g = g(z) + (VW 4+ p(ZF1 = 29) o+ (0 = AT =), M - 27) <o, (3.12)
1 -
p

Using the definition (3.1) of D(w) and combining (3.6), (3.11)-(3.13), we obtain

(VE(u, ), uf Tt — o) + g(zF 1) — g(2%) — (0" — 0%, D(@%))

< 77k<uk+1 _ uk,u* _ uk+1> <z* _ zk+1,p(zk+1 _ zk) + (0 — 1)(5\k _ )\k>>
+ <)\_5\k,zk+1 — Lk

:nk<uk+1 k, * k+1>

_()\k-‘rl o Ak>>
= nk<uk+1 — P ut — W)+ (5 — oF, H(FT — oF)). (3.14)

Because H is a symmetric matrix, for any vy, vs,v3,v4 € V, it follows directly that

1
(v1 — w2, H(vg — 1)) = B (llvr = vallFr + llvz = vsllFr = lvr = vsllFr = llvz — vallF) -

Using this result, we estimate the two terms on the right side of the inequality (3.14) as follows:

k+1 —uk,u*—u

* ,[)k’H(,Uk-i-l _ ’Uk)>

k+1>

o~
<

DN | =

S e e e e B (3.15)

=

~
>

(Ilv* = 0" I3 = o™ = o[ + [ = 0% 13 — [lv* = ") - (3.16)

DN =
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Since g € (0,2), we can simplify the last two terms in Eq. (3.16) as
[o* = oF|[F — [lo™* = oF )1
= [lv* = oF|fF — [l = oF ok =
= [[o* = 0" F — I(1 = M)(v* —")|%
9 _

g ~
= THAk —2F)12. (3.17)

By combining Eqgs. (3.14)-(3.17), we complete this proof. |

Lemma 3.6. Let the sequences {u*},{z*} and {\¥} be generated by Algorithm 2.1 with
n* = a(k +1). Under the assumptions of Lemma 2.1, for any o € (0,2) and A € L%*(Q),
we have

2 — «
{J(Uk+1’zk+1) - J(U*aZ*) + <wk - Qf}*,D(Qf}k» + 2—pQH)\k - )\k|2}

< X {lelu )t =+ o (DS + VPRI |+ 5100 - [, (15)
k=0

where e(u”, &%) = Vf(uF) — VF(uF, ).
Proof. Based on the strong convexity of f(u) in Lemma 3.1, as stated in inequality (3.7),
we obtain that for any u € U*?,

Fth) = f(u)

= fPh) = f(u?) + f(u?) = f(u)

S <Vf(uk+1)a ukJrl - uk> + <vf(uk)7uk - u> - %”uk - u||2

= (V@) b — b + (e, 6),ub — ) = S lut = uf?

+ <VF(uk,£k), ub — uk+1> + <VF(uk,£k), uktt — u> . (3.19)
According to the definition of J(u, z) in problem (2.1), choosing u = u* in (3.19), and applying
inequality (3.10) from Lemma 3.5 with n* = a(k + 1), then for any o € (0,2) and \ € L?(Q),
it holds that

2 —
J(uk-‘rl’zk-‘rl) _ J(U*,Z*) _ <’UAJ* _ wk,D(’lI]k)> T

5, V= AP
<e(uk7§k)7uk - U*> + <Vf(uk+1) - VF(uka§k>auk+1 - uk> -

k 7U*H2

IN

[ u

* * Ak A ~ 2_9 N
+ <VF(uk,§k),uk+1 —u >_,’_g(zk+1) —g(z )_ <’LU —wk,D(’wk» + 2—pH)‘k _ )\kHQ

ko oaxl2 (I k+l akp2 AT S S | LT SR
(Io* = 0" (I3 — [lv 0 5) + et =l = [l

A
N | —

k
+ (e(u, %), uF —u) + (V (P — VEF, ¢F), o —uF) — %Huk —uF L2, (3.20)
By applying Young’s inequality and triangle inequality, we obtain that
k
<vf(uk+1) - VF(ukagk)auk—i_l - uk> - n_Huk - uk+1H2

< & (V7P + [VF@R ) (3.21)
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According to (3.21), summing the inequality (3.20) from & = 0 to K — 1 directly yields the
desired result of this lemma. 0

Theorem 3.1. Under the assumptions of Lemma 3.6, we have following convergence results:
lim E[|a* — | + |25 — 2] =0, lim E[|Ju* —u*||] =0,
k—o0 b 00

where

T

=
El e

k k
g ut, P = g P
i=1 i=1

Proof. By applying Jensen’s inequality, from (3.3) and (3.18), and the identity A\* — Mo =
p(uF+t — 2%), we obtain

J(@,Z5) = J(ut, 2%) + (@ — a*, D(@*)) + p(2-0)

1 K-1
—K § k
u — ? z
k=0

2
1 K-1 (2_ )
< o 3 IR < a2 + (0 - 0, D) + 22 et e
k=0
1 K-—1 9 _
_ = T ) = Tt ) 4 (08 — i, D)) + 2| AF — AF|2
K= 2p
1= 1
<% {<e(u’2&’“>,uk — )+ (I @) + ||VF<uk,§k>|2)}
k=0 n
1 ~ %
by A e I (3.22)
where
K-—1

K K K YK\ YK 1 NG

w (u LZ00N ) , A % kZ:O A
From the strong convexity of f(u), the variational inequality characterization of the optimality
conditions in (3.2), and the definition of the objective functional J(u,z) in problem (2.1), we
obtain the following inequality:

J(ﬂK,ZK) —J(u*, z*) + <1DK fw*,D(w*)> > %H’ELK —

(3.23)

Substituting A = A* into inequality (3.22), together with (3.23), it follows that

2

K “*HQ + P(24* 0) HUK K - 121(71

2_
p( . 0) HuK

IN

N p(2—0)

" — | + e L

Iz

IN

& 2 el €t ) 4 (VAP + TG EP) |

p(2— o)

a0 %12
b gl — ol + 22

112912 (3.24)
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Based on the fact that «* depends only on ¢[F~1] and is independent of ¥, taking the expectation
of the first term on the right-hand side of (3.24), we obtain

E[(e(u®, &), u* —u*)] = E[(Vf(uF) — E[VF(u", )|k 1] uF —u*)] = 0. (3.25)

Using the estimate (3.8) in Lemma 3.2 and the choice n* = a(k + 1), we deduce that

K—-1
1 2M?(In K + 1
LRIV 2 1 [VEh, g < 22K D (3.26)
7’] (@]

k=0

From the inequalities (3.24)-(3.26), we obtain that
K—1
lim E = lim E|la®% - —=zK-1|| = 0. 2

Based on the convergence result in (3.27) and the following inequality:

e N K K—-1_,_ N 1 N
I = SHﬁ(Tz’Kl_Z>+K1Z
K_lKl * 1 *
S ey

K (ix K—1 g, 1,

< 2 (la ) + )+ 7=

the first conclusion is proved.
Substituting A = A* into (3.20), and combining the gradient estimate (3.21) with the first-
order optimality condition (3.2) for problem (2.1), we obtain

k —

92— <
Tttt — w2 = ot — |2 4+ 2N — A2
2 2 2

1
< 5 (" =t = 0" = o™ [l) + T (u”, 27) = T 22 4 (w” — @, D))

T (et €Y,k — ) + nik (V£ (" 1)? + [VE(, %))

A
N | —

(I = o3 — 105+ — o 12) + (e(u®, €5),ub — u*)
b (V@2 + [V, €9)?) (3.28)

Taking expectation on both sides of inequality (3.28) and summing over k = 0 to K — 1, then
applying conditions (3.25) and (3.26), we derive

—_

3

K
aK P v 2M2 N1 1, o . 2M2(nK +1)
i L e R e D L R

which establishes the second result. O

3.3. Convergence rate and high probability bounds

Now, we are in a position to establish the convergence rate for the stochastic proximal
linearized ADMM and provide its high-probability bounds.
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Theorem 3.2. Under the assumptions of Theorem 3.1, for any v > ||A\*||, the following con-
vergence rate estimates hold:

E[J(a%,5) - J(ur, )] < LK, 2
K K 3.29)
E [[la — 25] 1 (Clan+%) (3.
— [[2]] K K’

where

2M?
Gi=—7» G=C+73 (HZ 217+ 2N + 29%)

_ PP+ 1) +4p ole—2)
2po

Proof. Taking w; = w’ and wy = %* in inequalities (3.3) and (3.4), we obtain

— (N af =2 = (0 — o, D(w¥)). (3.30)

Substituting identity (3.30) into the left-hand side of inequality (3.22), and applying Lemma 3.3,
we obtain the following estimate:

J(@",25) — J(u, 2*) + y||u” - 25|
K-1

1 W 1 LFH 12 W £R)12
< e 2 el €0t )+ (VS £ TR |
+ o e {10 = 07} (3.31)

By taking the expectation of (3.31) and applying the estimates from (3.25) and (3.26), we
derive the following bound:

E[J(ﬂK ) — J(u*, 2" +7Hu fzKH}

2M?(In K + 1)
< A* 2
—2K”I§1Ha<x {”U ||H}+ ak
1nK +1)
< 5o max {[o° = 0"} + —————
2K ||/\|\<
M 2 0 2 2M*(In K +1)
_ A0 sl alale A
S (120 =1+ e (100 = }) T
2M?(In K + 1)
< 1242\ + 29%) + ————. 3.32
< B (120 = 272 2R 4 292) + (332)
The conclusion (3.29) follows by applying Lemma 3.3 in conjunction with the inequality (3.32).
The proof is complete. O

Next, we will complement our discussion with the high-probability bound for our method.
From Lemma 3.2, one can show that for all u € U it holds that

E o { LGB < g o { AT LATFWORY) oty ay

With the above observation, we can derive high-probability bounds of the objective functional
and constraint violation, as shown in Theorem 3.3.
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Theorem 3.3. Under the assumptions of Theorem 3.1, for any v > ||A*|| and 8 > 0, we have
the following probability bound:

vin K 2
Prob (J(uK,zK) —J*z") < 903%) >1-K 7,
(3.34)

)

Prob (HuK K| < VLK M) 1K
(v = IV IVE

where
4M?

Ca = 2M[Q(uy — ua) + —— + & (2° = "2+ 2|22 + 29%)..

Proof. According to the inequality (3.31) and n* = a(k + 1), the following inequality holds:

J(aK,zK) — J(u*, %) +yfa® - 2|

K—
oM2(In K + 1)
k
< 2 (el )l =)+ S
1 0 Ak (]2
o s Ul =y, V>0 3.35
7% e, U 2}, Vv (3.35)
Using a similar derivation as in (3.32), we have
1 0 Ak 12 12 0 2 on2 5
- = =2 IF+ 2N +297) 3.36
fﬁﬁé{zK'“ 0 HH}—QK (112" = =12 +20X°11 + 29?) (3.36)

By setting ¢* = (e(u¥, £¥), u* — u*)/K and using the Cauchy-Schwarz inequality, we obtain

lle(u®, &°)Hlu” — u|
T :

¢k < (3.37)

Based on the estimate (3.33) and (3.37), we derive

(¢F)?
E [ex exp{1}.
l p{(2M|ﬂ|<ubua>/K)2H = et

Then, using Lemma 3.4 and setting v¥ = 2M|Q|(up — u,)/K, for any © > 0, we have

Prob(Z > 2M|Q|;;_{ )@>§exp{%2}. (3.38)

Applying Lemma 3.3 to estimate (3.35), combining inequalities (3.36) and (3.38) with © =
0vIn K, we obtain the conclusion of this theorem. O

4. Numerical Experiment

In this section, we evaluate the performance of the proposed method with two examples.
We report a series of numerical results to demonstrate the effectiveness of our method in the
first example, and compare it with some existing methods in the second example.
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The initial values of all algorithms are uniformly set to the midpoint of the box constraint,
and A° is consistent with u®. To address the stochasticity introduced by the random diffusion
coefficient and to ensure statistical reliability, each experiment is independently repeated 50
times. The final numerical results for the control variable v and the auxiliary variable z are
obtained by averaging over these repetitions. For computational implementation, the linear
finite element method is employed to discretize problem (1.1), where h denotes the mesh size of
the triangulation. All experiments are conducted using MATLAB (version 2020b) on a system
equipped with an AMD Ryzen 7 5800H CPU and Radeon Graphics running at 3.20 GHz.

4.1. Example 1

We consider the model problem (1.1) with the domain Q = [0, 1]? and the additional control
constraints u, = —30,u; = 30. The desired state y4 is specified by

1
ya=g sin(2m1) sin(2732) exp(221).

The random diffusion coefficient appearing in the constraint equation in (1.1) is given by
a(z, &) = £, where £ is a uniformly distributed random variable on the interval [0.5,1.5]. This
setting represents a stochastic extension of the deterministic model introduced in [15], for which
a more accurate benchmark solution to the problem (1.1) can be computed.

Since the solution operator of the state equation in (1.1) can be given by S¢ = S/¢, where S
denotes the solution operator for the deterministic case with constant diffusion coefficient
a(z,€) = 1, then model problem (1.1) reduces to the following deterministic optimization
problem:

. T 1 2 o 2
min T(u) = 5B [1Su/€ — yall®] + Slul + Bllul
1

1
= SE [/ ISulP + 5 llyall® — E[1/€)(Suw, ya) + 5 ull® + Bllull

2 1 leY
gIISUII2 + §||yd|\2 —In3(Su,ya) + 5HUH2 + Bllull.

In view of this, we use the numerical solution of the above deterministic model for the benchmark
solution v*, which is computed by the proximal gradient descent method with the mesh size
h=277.

To evaluate the impact of the relaxation factor o on the performance of Algorithm 2.1, we
fix the mesh size at h = 27° and set the number of iterations to K = 500. We then examine
the state distance and the functional error as g varies under different regularization parameters.
The parameters in Algorithm 2.1 are set to p = 1072 and n* = a(k + 1). Fig. 4.1 plots the
results for the different relaxation factor p.

It can be observed that using a relaxation factor ¢ > 1 generally enhances convergence
efficiency. However, in the third test case, the error in the objective functional deteriorates as o
approaches 2. This behavior is rooted in the properties of the relaxation factor. While values
of o > 1 typically accelerate convergence by promoting more aggressive updates, those nearing
the theoretical upper bound (here, ¢ = 2) can undermine the positive definiteness of the matrix
operator H. As o — 2, the positive definiteness of H is compromised, directly amplifying
numerical errors and ultimately leading to instability. This effect is particularly pronounced in
sensitivity tests, as in the third case. Overall, we recommend selecting ¢ within the range of
[1.3,1.6] to maintain a robust and efficient convergence.
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Fig. 4.1. The results of Algorithm 2.1 for different ¢ in Example 1.

Furthermore, we set ¢ = 1.5 and test the proposed method with various regularization
parameters o and [, as well as finite element mesh sizes h. The results of the objective
functional error are reported in Table 4.1. We can see that the objective functional value of
the numerical solution is close to that of the benchmark solution as the mesh is refined and the
iteration number k increases, demonstrating the robustness of our algorithm for different mesh
resolutions and regularization parameters.

Next, we present the numerical solution UZ for different regularization parameters with
h =277 k=10% and p = 1.5. Fig. 4.2 illustrates the impact of the parameters o and /3 on the
shape and sparsity pattern of the obtained optimal control. Specifically, the comparison between
the latter two cases demonstrates that a smaller 8 leads to reduced sparsity in the control.
Meanwhile, the comparison between the first two cases reveals that a smaller o enlarges the
size of the active set, that is, the regions where the control constraints are active. Intuitively,
a smaller a permits a larger L? norm of the control. Understanding such sparsity patterns
provides a priori insights into the most effective regions for the control process [25].

Finally, we investigate the shock zone and the average performance of our algorithm under
mesh size h = 275 with ¢ = 1.5 over 50 independent iterations, considering various regulariza-
tion parameter settings. The experimental means of the objective functional J (uﬁ, z}’f) and the

Table 4.1: The results of Algorithm 2.1 for |J(uf) — J(u*)| in Example 1.

Regularization parameters | Iteration number h=27° h=27°6 h=277
E=1x102 3.09x107% | 1.75x 107 | 1.34 x 1074
a=1x10"* g=1x10"° E=5x102 1.71x107* | 3.80 x 107° | 4.09 x 107°
E=1x10° 1.68 x 107* | 347 x 1075 | 1.15 x 10~°
E=1x102 7.40 x 107* | 6.40 x 107* | 6.04 x 10~*
a=1x10"% =1x10"3 k=5x102 221 x107* | 1.07 x 107% | 8.39 x 1075
E=1x10% 1.68 x 107* | 7.74 x 107° | 5.44 x 107°
k=1x102 3.65 x 1074 | 2.63 x 107% | 2.40 x 107*
a=1x10"% 8=5x10"3 kE=5x102 1.82x 107* | 919 x 107° | 4.15 x 1075
E=1x10° 1.45 x 107* | 5.94 x 1075 | 4.02 x 1075
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Fig. 4.2. The results of Algorithm 2.1 for numerical solutions in Example 1.
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Fig. 4.3. The results of Algorithm 2.1 for high probability bounded in Example 1.

constraint error ||uf — 2¥|| are presented in the first and second rows of Fig. 4.3, respectively.
While upper bounds cannot be precisely quantified, they indicate that the algorithm converges
with high probability.

4.2. Example 2

In this example, we consider the model problem tested in [20], where the control domain
Q= (0,1)? and the desired state y, is given by

—1, x€(1/4,3/4)%

Yd =
1, otherwise,
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representing a piecewise constant target. The random diffusion coefficient of the state equation
in (1.1) is set to

a(z, &) = exp (& cos(1.1may) + & cos(1.2ma1) + 3 sin(1.3m22) + & sin(1.47x2)),

where &1, ..., &4 are independent random variables uniformly distributed on [—1,1]. The control
constraints are set to u, = —6 and u, = 6.

We compared our method with the projected stochastic gradient (PSG) method [9], the
stochastic gradient descent (SGD) method [23], and the stochastic subgradient projection (SSP)
method [21] in this example. Referring to [9,21,23], the step size 7* of the PSG methods is set as

k_ _Opsg 1 20psg x 1071

T T hr Vpsg. U9 2a L Vg 2005y — 1

— 1,

and the step sizes r* of the SGD and SSP methods are set to 1/(ak) and min{1/a, 8/(a(k + 1))},
respectively. For our method, the parameters are set as p = 1072, p = 1.5 and 7* = a(k + 1).
Due to the complexity of the random diffusion coefficient, a benchmark solution is unavailable.
Therefore, performance is evaluated by plotting the empirical average of the objective functional
against running time. As shown in Fig. 4.4, our proposed method, along with SGD and SSP,
consistently outperforms PSG, with our method achieving the lowest objective value.
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Fig. 4.4. The results of the empirical average values of objective functional in Example 2.
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Fig. 4.5 plots the results of the numerical solution given by our method for solving the
model problem with different regularization parameters, from which we can draw an analogous
conclusion as in Example 1 regarding the influence of regularization parameters a and g on the
active region and sparsity of the control variable u.

5. Conclusion

We have developed a stochastic ADMM iteration for a class of nonsmooth stochastic opti-
mization problems arising from the sparse distributed control of the random elliptic equations.
For the separable structure of the problem, we untied the nonsmooth part from the stochastic
part and proposed a proximal linearization of the stochastic subproblem by stochastic gradient.
At each iteration, all subproblems can be solved explicitly. We have presented the analyses of
the convergence and high probability bound of our method. Numerical results demonstrate the
efficacy and competitiveness of the proposed method.
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