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Abstract
This work addresses the inverse problem of recovering sparse initial data in spatial
fractional parabolic equations. The associated solution operator for initial-boundary value
problem is continuous and compact, implying severe ill-posedness. To overcome this,
an f;-regularized formulation is considered. The misfit functional is shown to be dif-
ferentiable and strictly convex, and the well-posedness of the regularized problem is estab-
lished, including existence, uniqueness, stability, and convergence. A numerical algorithm
is proposed and implemented, incorporating Nesterov’s accelerated algorithm to enhance
efficiency. Numerical experiments in both one and two spatial dimensions confirm the

feasibility and accuracy of the proposed approach.
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1. Introduction

Fractional partial differential equations (FPDEs), involving derivatives or integrals of non-
integer order, arise in a wide range of scientific and engineering applications. Notable examples
include biological systems [17], quantum mechanics [23], porous media flow [21], viscoelastic-
ity [22], contaminant transport [24], polymer unzipping [8], probability theory, and mathemat-
ical finance [3]. Among these, FPDEs with fractional Laplacian operators form an important
class of nonlocal models. The fractional Laplacian, as the infinitesimal generator of Lévy-
stable diffusion processes [3], has been particularly useful in modeling anomalous diffusion and
stochastic dynamics across disciplines.

In this paper, we investigate a parabolic equation involving a fractional Laplacian operator.
To facilitate a better understanding of our model, we first introduce the fractional Laplacian
operator [2,7,15]. Let Q C RN, N = 1,2 is an open and bounded domain with Lipschitz
boundary 092 and 0 < s < 1. We denote a space

Li(RN) = {u : RY — R is measurable and /RN %dx < oo} .

For u € LY (RY) and ¢ > 0, let

u(z) —u(y) N
“AVulz) = C S/ ———>dy, xe€RY,
( )s ( ) N, (ERN [y—z|>c} |.’L' _ y|N+25
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here the normalization constant

522°T'(2s + N)/2
CVN s = ’
’ aN2T(1 - s)

and T is the usual Euler gamma function. For u € LL(RY), fractional Laplace operator (—A)*

is denoted by the following equation:

s u(@) — u(y) , s N
where P.V. denotes the principal value of the integral.
Consider the spatial fractional-order parabolic equation

Ou+ (-A¥Pu=0 in Qx(0,7),
u=20 in Q°x(0,7), (1.1)

Ulg=0 = v in £,

where T > 0 is a fixed final time, Q¢ C RY denotes the complement of the bounded domain
Q) C R¥, and the initial condition satisfies v € L?(2).

This model has been used to describe anomalous diffusion phenomena in various fields,
including porous media, biology, and quantum mechanics. From a probabilistic perspective, the
solution u represents the probability density of a particle undergoing a Lévy-type random walk
with arbitrarily long jumps within €2. This definition is intrinsic to the full space and does not
rely on domain geometry, boundary conditions, or spectral data, unlike the spectral definition
on bounded domains; and the nonlocality is completely transparent in the formulation, whereas
the Fourier and spectral definitions hide this fact. Furthermore, it exhibits directly the singular
kernel structure and the need for the principal value, which is useful for establishing regularity
estimates and nonlocal elliptic properties. The homogeneous Dirichlet condition v = 0 in Q¢
indicates absorption at the boundary 0f), and the initial distribution v specifies the probability
density of the particle’s initial position. For further applications of this system, we refer the
reader to [11] and the references therein.

Due to the extensive applications of the fractional partial differential equations in various
fields, a substantial amount of research on their inverse problems has been conducted in re-
cent years. In particular, taking the later-time observations of the solution u(z,T') at the final
time T as the measurement data is a popular choice in practice. It is widely used in inverse
source terms, inverse potentials, and inverse initial value problems. Various inverse problems
related to fractional diffusion equations have been widely studied. Jin et al. [13] investigated
the simultaneous inversion of initial data, source terms, and potentials for subdiffusion mod-
els with unknown terminal times. Zhang and Zhou [25] applied the quasi-boundary value
method to regularize mildly ill-posed backward problems in time-fractional diffusion equations.
Jiang et al. [12] reconstructed the spatial component of a source term using internal observa-
tions. Kian et al. [14] studied the identification of source terms and initial conditions from
boundary measurements in time-fractional diffusion models. Zheng and Zhang [26] proposed
a fractional Tikhonov regularization method to address the backward problem for fractional
parabolic equations.

For spatial-fractional models, Hrizi et al. [11] considered the reconstruction of the initial
condition from final-time data, and proposed a least-squares optimization framework combined
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with conjugate gradient methods. Ben Salah and Tatar [4] addressed the identification of ini-
tial values in space-time fractional diffusion equations. While these works provide important
insights, most of them focus on smooth or non-sparse initial data, and often assume ideal ob-
servation conditions.

However, in many practical applications, such as localized laser heating, micro-scale ther-
mal devices, or pollutant dispersion from point sources, the initial temperature distribution is
spatially sparse — nonzero only in a small subset of the domain. This sparsity of the initial data
reflects physical constraints or design conditions, and it often leads to solutions with distinct
features in both space and time. The case of sparse initial data in spatial fractional parabolic
equations remains relatively less explored, both in theory and computation. This motivates the
present work, which aims to fill this gap through a rigorous analysis of the ¢;-regularized model
and the development of an efficient numerical scheme tailored for the fractional setting.

Inverse problem (IP): Can we recover the initial sparse probability distribution v of the particle
positions from the noisy observation data h? of the solution u(-, T)?

The inverse problem of recovering sparse initial conditions in classical parabolic equations
has been extensively studied. For example, Li et al. [16] considered the reconstruction of sparse
initial data from sparsely sampled observations of the heat equation. Muoi [18] investigated the
recovery of sparse initial conditions from final-time measurements, and employed Nesterov’s ac-
celerated algorithm to enhance computational performance. In contrast, the recovery of sparse
initial data in fractional parabolic equations remains largely unexplored. To the best of our
knowledge, there is a conspicuous lack of studies addressing this problem, both in theory and
computation. For completeness, we mention two related works concerning sparse optimal con-
trol of fractional equations [5,19], which share similar structural features but focus on control
design rather than initial data reconstruction.

In this work, we prove that the solution operator associated with the spatial fractional
parabolic equation is compact, which leads to the ill-posedness of the inverse problem. To
recover sparse initial conditions, an ¢;-regularization framework is introduced based on the
sparsity prior. The misfit functional is shown to possess key properties such as differentiability
and strict convexity, and we establish the well-posedness of the regularized problem. For numer-
ical implementation, we employ Nesterov’s accelerated algorithm, which achieves a convergence
rate of O(1/n?) [20]. In contrast to prior work such as [11], we conduct numerical experiments
in both one and two spatial dimensions to verify the accuracy and robustness of the proposed
method. This study extends existing theoretical and computational results on sparse initial
recovery from classical parabolic equations to the fractional setting. The proposed framework
offers a unified and more general perspective for analyzing sparse inverse problems governed by
nonlocal diffusion models.

The remainder of the paper is organized as follows. In Section 2, we analyze the continuity
and compactness of the solution operator, which characterizes the degree of ill-posedness of the
inverse problem. Section 3 introduces an ¢;-regularization approach to reformulate the inverse
problem and establishes the well-posedness of the regularized model, including uniqueness and
convergence rate results. Section 4 presents a series of numerical experiments in both one and
two spatial dimensions to demonstrate the effectiveness and robustness of the proposed method
with Nesterov’s acceleration. Finally, Section 5 concludes the paper with a brief summary and
possible directions for future work.
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2. Ill-posedness for the IP

For convenience of readers, we first review some properties of fractional Laplace operator
and spaces, which can be found in the literature [10,11,15] and the references therein.

Let {(®x, \k)}72, denote the eigenpairs of the fractional Laplace operator (—A)® with
Dirichlet conditions. That is for all k € N*, (®y, \i) satisfies

{(A)S(I)k = Akq)k in Q,

P, =0 in RV \ Q.
Here
D<A << <A<+ and khm A = +00,
— 00

and {®}7°, forms an orthonormal basis for L?().
The fractional Sobolev space H*(RY) is defined as

H*(RY) = {z € L*(RY) : " F(u)(€) € L*(RY)},

where F denotes the Fourier transform. The fractional Sobolev space H*(£2) is defined as

H?(Q) = {u € L*(): /Q ; %dxdy < oo},

which is endowed with the norm

1
_ 2 |u(@) — u(y)” ’
||u||H5(Q) = </Q |u| d:C+/Q o dedy .

Additionally, H§(2) is the Hilbert space defined by
H{(Q) ={ue H*RY):u=0 in RV\ Q} = {ue HR") : supp[u] C Q}.

It is endowed with the following norm:

()2 3
s = ———> dzd .
lull 25 0) = (/ /]RN |x7 |N+25 xdy

H=5(Q) := (H§(Q))* is the dual space of Hg(Q2) with respect to the pivot space L?(Q), and
(-,)—s,s is the dual pairing between H*(Q2) and H§(Q) Define the bilinear form

_Cns |u(t, t,y)
a®(u,u) /]RN /]RN |x— |N+2& dzdy. (2.1)

Note that the norm || - || gz () is equivalent to the norm induced by a®(-,-) on Hg(f).
We use standard Sobolev space L?(Q2), H} () and H'(Q), see [6].

Definition 2.1 ([15]). Let v € L*(Q), f € L*(0,T; H=*(Q)). We say that
ufo] € C([0, T L2(R)) N L2 (0, T5 Hy(0) N H' (0,75 H*(2))
is a finite energy solution to the fractional parabolic system

Owulv] + (—A)upv] = f in Qx (0,T),
u[v] =0 in Q°x (0,7), (2.2)
uv](+,0) = v in €,
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if ulv](-,0) =v a.e in Q and

/0 T<f, B s o dt = / T@u[ ], ) —s,sdt
L O / /RN /RN —ufv](y; 1)) (¢(x,t) — B(y, 1)) dedydt

o — g

holds for all ¢ € L*(0,T; H3(9)).

Lemma 2.1 ([10]). For a given v € L?(S)), there exists a unique finite energy solution to
problem (2.2) in the sense of Definition 2.1, which is given by

ulv](z,t) = > uk(t)®r(z),
k=1
where

t
up(t) = ug, e " +/ e M) i (r)dr
0
uok = (v, Pr)r2(0),  fr(t) = (f(, 1), Pr)r2(0)-

FEspecially, the solution of problem (2.2) with homogeneous source, i.e.,

Oulv] + (—A)*ufv] =0 in Q x (0,7),

ufv] =0 in Q°x(0,7), (2.3)
uv](+,0) = v in Q
has the form
Ze ’U q)k L2(Q)(I)k( ) (24)
k=1

Lemma 2.2 ([11]). The solution of (2.3) satisfies the following energy estimate:
wlolll 0,7+ ) + lulv]lleo,7:m: ) + lulv]lloqom:L2 @) < Cllvlicz@), (2.5)
where C' is a positive constant, depending only on Q, N,s,T.

Lemma 2.3 (Uniqueness of IP, [11]). Let u[v1] and ulvs] be two solutions to system (2.3)
with initial values vy € L*(Q),¢ = 1,2. Then, if u[v1](-,T) = u[va] (-, T), it follows that vy = vy
in L2(92).

Lemma 2.4. Let h = u[v](-,T) € L*(Q) is given and v is unknown. Then, the solution to
problem (2.3) can be expressed in the following form:

ulp)(z,t) = Y M0 (h, &) 12 () Pi(x). (2.6)
k=1
Particularly,
.T) = Z e/\kT<h, (I)k>L2(Q)(I)k (ac) (27)

k=1
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Proof. From Eq. (2.4), the solution of problem (2.3)

drulv] + (—A)*ufv] =0 in Q x (0,7),

u[v] =0 in Q°x (0,7),
ulv](-,0) =v in
can be written as
Ze ’U (I)k LQ(Q)(I)I@( ) (28)

By setting ¢ = T and using the fact that h is the observation data at time 7', we obtain
h = Ze ’U (I)k LZ(Q)(I)I@( )
k=1
Multiplying both sides of the above equation by ®; and integrating with respect to =, we obtain
(h, @) r2(0) = (v, @p) p2(ye” M7

Since the set of eigenfunctions {®;}$2, forms an orthonormal basis for L?(£2). From the fact
that e=*7 > 0, one can deduce that

<’U,q)k>L2(Q) = <h,(1)k>L2(Q)€/\kT. (29)

Thus, v(x) can be written as

Ze/\kT h q)k LZ(Q)(I)k( )
k=1

Substituting (2.9) into (2.8), we have that

o0

ulv)(,t) = > T (h, By) 120 P ().
k=1

The proof is complete. O

By Lemma 2.4, the initial value v can be uniquely determined by the solution u[v](-,T'). To
reconstruct v from the noisy observation data h? of the solution at time T, the most common
approach is to minimize the following functional:

1K (v) = 720y,
where the operator IC is defined as
K:L*(Q) — L*Q), v +— ul](-,T).

It is easy to see that the linear operator K is a self-adjoint operator, and we prove that the
operator KC is continuous and compact.

Proposition 2.1. The linear operator K : L?(2) — L?(Q2) is continuous and compact.
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Proof. Firstly, we prove that the linear operator K is continuous. For any vq,vs € L?(Q),
according to (2.5), we can obtain that

1K (v2) = K(v1)llL2(0)
= [[K(v2 —v1)llL2(0)
< lufve — vi](z, 1) ||

C([0,T];L2(2))

S CHUQ — ’UlHLZ(Q)-

This means that the operator K is continuous.
Next, we show that operator K is compact. By (2.4) and the definition of the operator K,

we can get
o0

K@) => e (v, ) 12y Pr(z), Vo€ L*(Q), (2.10)
k=1

We define the finite rank operator K, as follows:

=Y e M (0, k) 2y Pi(x), Vo € LA(Q). (2.11)
k=1

Through (2.10) and (2.11), we obtain that

o0

2 _
1) = Kn)Bagay = 3 (0. Bedpaen |22
k=n+1

From the properties of eigenvalues for the fractional Laplace operator, we have that

Co
1K(0) = Kn(0) 17200y < m”“”%z(m-

Hence, ||K(v) — Ky (v)| £2(0) — 0, as n — oo, in the sense of space L£(L*(2); L*()). O

Remark 2.1. The fractional Laplace operator admits several equivalent definitions. Our
method applies to these formulations as well. In particular, the definition based on the Fourier
transform is fully equivalent to the one adopted in this paper; detailed proofs can be found
in [11] and the references therein. Moreover, for the spectral definition of the fractional Lapla-
cian [9], an analogue of Lemma 2.4 can be derived: once the eigenvalues and eigenfunctions are
known, the initial data can be recovered directly by inverting the solution representation.

3. lj-regularization Method for the IP

From the above analysis we know that the considered IP is ill-posed, since K does not have
a bounded inverse. Based on the sparsity of initial condition, we introduce /;-regularization to
deal with the ill-posedness. We reformulate the inverse problem as the following regularized
optimization problem:

Uerggr(lQ)Ja ns (V) = Fis (v) + a®(v), (3.1)
where i
Fps (v) = S[IK(v) ~ W Ge@), @) =D wil(v, )2, (3.2)
€A

{1;}ien is a basis of L2(2) and w; > wo > 0, for all i € A are weighted numbers.
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In order to obtain the well-posedness of the regularized optimization problem, we first
analyze some properties of the misfit functional.

Proposition 3.1. Assume that u[v] and p are the finite energy solutions to

Sulv] + (—A)sufv] = f in Q x (0,7),
ufv] =0 in Q°x (0,7), (3.3)
u[v](-,0) = v in £,
—op+ (—A)¥’p=g n Qx(0,T),
p=0 in Q° % (0,T), (3.4)
p(-,T)=z in Q,

respectively, where f,g € L?(0,T; H=*(Q)), and v,z € L*(Q)). Then we have

/0 )it 4 L op(-,0)dz = / (g, ulo]) ot + [l 39

Q

Proof. Let t' =T —t, we can check that there exists a unique finite energy solution to the
problem (3.4). Combining Definition 2.1 and bilinear form (2.1), it is easy to obtain its weak
solution with the form

/ (g,q§>_s7sdt:/ <—atp,¢>_s,sdt+/ o(p.d)dt, Ve LX(0.T:HI(Q).  (3.6)
0 0 0
Set ¢ = u[v] in (3.6), we have
T T T
/O (g, u[0])—s ot = /O (—0upy ulo]) st + /O a® (p, ulu])dt.

Using integration by parts respect to ¢, we get

T
| ottt [ b Tyde = [ 00
T T
- / (Onufv], p) s odt + / a* (p, ufo])dt. (3.7)
0 0
Similarly, we obtain
T T T
/ f, q§>_s7sdt:/ <atu[u],¢>_s,sdt+/ o (ulo), )dt, Ve L2(0.T; HY(Q))  (3.8)
0 0 0
for problem (3.3). Set ¢ = p in (3.8), it is observed that
T T T
| p) et = [ Ol p)oasde+ [ ol ) (3.9)
0 0 0

Combining (3.7) and (3.9) yields (3.5). O

Lemma 3.1. For any v € L?(Q), the misfit functional Fy, : L*>(Q) — R given by (3.2) has the
following properties:
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(i) Fy is nonnegative, continuous, and compact.

(ii) Fy, is Lipschitz continuous and Fréchet differentiable. Moreover, for any v € L?*(),
VFy,(v) = p[v](z,0), p[v](z,t) is a finite energy solution to the following problem:

—Op[v] + (—A)*plv] =0 in Q x (0,T),
plv] =0 in Q°x (0,7), (3.10)
p](,T)=K(@w)—h  in Q.

(iii) Fy, is quadratically differentiable and strictly conver.

Proof. (i) Fj is nonnegative. It follows from the definition of Fj, and the fact that the
operator K is continuous that Fj is also continuous. To prove that Fj is compact, i.e., to
show that F}, maps a bounded sequence {v,} C L*(Q) into a sequence {F},(v,)} with strongly
convergent subsequences. Since the sequence {v,} C L?(Q) is bounded, there exists a weakly
convergent subsequence {v,, } of the sequence {v,}. Without loss of generality, we set v,, — vg.
Owing to the fact that operator K is compact, we know K(vy, ) — K(vp). Combined with the
definition of Fj, it follows that Fj(vn,) — Fh(vo). This implies that F}, is compact.

(ii) We first prove that F}, is Fréchet differentiable and V F}, (v) = p[v](z,0). Let u[dv] denote
the solution to the following problem:

Opuldov] + (—A)u[dv] =0 in Qx (0,7),
u[sv] = 0 in Q° x (0,7), (3.11)
ul[év](-,0) = v in Q.

Then for a small variational dv, we can get

Fy(v+ 6v) — Fp(v)

1 1
§H’C(U + 0v) — hH%Z(Q) - §||’C(U) - h||2L2(Q)

/Q (u[v] (-, T) = h)ul6v](-, T)dz + o(||0v]| L2(0)) -

By applying Proposition 3.1 to (3.10) and (3.11), we obtain
/ (ulo)( T) — h)uldv](-, T)de = / plo](-, 0)5vdz. (3.12)
Q Q
This implies
Fiy(v + 6v) — Fy(v) = (p[v](:,0),00) £2(q) + o([|6v]| 22(0))-
Thus, we achieve that
VE(v) = ple] (2, 0).

Next, we prove that V F}, is Lipschitz continuous. For any vy, ve € L?(Q), we have VFj, (v1) =
plv1](z,0) and VFj(ve) = p[va](x,0), where p[v;], j = 1,2 are the solutions to system

~Ouplog) + (~AVple] =0 in 0 x (0,T),
plv;] =0 in Q¢ x (0,7), (3.13)
plo;]l(nT) = K(vj) =h  in Q
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with j = 1,2, respectively. Then dp := p[va] — p[v1] satisfies

—00p+ (—A)*6p=0 in Qx(0,7),
Sp=0 in Q¢ x (0,T), (3.14)
op(-,T) = K(vg) — K(vy) in Q.

From the estimate (2.5) and the continuity of the operator X, one can get that
[plv2](2,0) = plv](z, 0)l| L2(0)

= [|6p(2, 0)ll 20y < 1622, )l oy
< O|K(v2) — K1)l 20y < C oz — vl 22(0y-

Thus, VF}, is Lipschitz continuous.

(iii) According to (ii), for any v and v+dv, VF}, (v+9dv) = plv+v](z,0), VI, (v) = p[v](z,0),
dp = p[v + dv] — p[v] is the solution to the following problems:

—O0p + (—A)*p=0 in Qx (0,7),
op=20 in Q°¢x (0,7), (3.15)
op(-,T) = K(v+ov) — K(v) in Q.

Since the operator K is linear, problem (3.15) is equivalent to the problem
—00p+ (—A)*Sp=0 in Qx(0,7T),

op=0 in Q¢ x (0,7), (3.16)
op(+, T) = u[ov](-,T) in Q.

u[0v](z,t) is the solution to problem (3.11). Denote that Ko : L2(2) — L?(Q), v — Kodv :=
dp(z,0;0v), then the operator Ky is a bounded linear operator,

VE,(v+ dv) — VEL(v) = Kyov.

Thus, for any v € L2(Q), VE,(v) is Fréchet differentiable, and V2Fj(v) = Ko. By applying
Proposition 3.1 to (3.11) and (3.16), we obtain that for any dv € L?(Q), we obtain that for any
dv € L3(9),

/6p($,T)u[6v]($,T)dac:/6v5p(x,0)dac & ||u[6v](m,T)||2L2(Q) = (Kodv, 0v) 12(q).-
Q Q

Thus, for any v € L2(2), V2F,(v) = Ky is positive definite, and F}, is strictly convex. O

Next, we address the existence and uniqueness, stability, and convergence of the regularized
optimization problem.

Lemma 3.2. The functional ®(v) given by (3.2) has the following properties:
(i) ®(v) is nonnegative, proper, convex and weakly lower semi-continuous.

(ii) ®(v) is coercive. Furthermore, there exists a constant c1, such that for any v € L?(Q),

d(v) > cl||vHLz(Q).



Recovering Sparse Initial Conditions in Nonlocal Diffusion 11

(iii) If the sequence {vp}nen C L2(Q) converges weakly to v € L*(Q) and ®(vy,) converges
strongly to ®(v), then ®(v, —v) converges strongly to zero.

Proof. The proof can be found in [18] and the references therein. O

Theorem 3.1. For each regularization parameter o > 0, the regularization problem (3.1) has
a unique minimaizer.

Proof. Noting that the objective functional J, s (v) > 0 of regularization problem (3.1) is
bounded below. By Lemma 3.1, F}s is continuous and convex, so it is also weakly lower semi-
continuous. Combined with the weakly lower semi-continuity of ®, the objective functional
is also weakly lower semi-continuous. Moreover, the objective functional is coercive, and thus
there exists a minimizer. Finally, Fjs is strictly convex and ®(v) is convex, and so the objective
functional is strictly convex, and hence there exists a unique minimizer for the regularization
problem. O

Theorem 3.2 (Stability). Fired o > 0. Suppose that sequence {h,}>%, converges to h’
in L*(Q) and v, = argmin, e r2(q)Ja,h, (v), then {vn}oly converges to the minimizer of Jo s (v)-

Proof. Owing to v, = argmin,¢ 2 q)Ja,h, (v), We have that for any v € L3?(Q),
1 2 1 2
S IKWn) = hall” + a@(vn) < SIK(V) = hal]” + a®(v).

Therefore, the sequence {®(v,)} is bounded. By Lemma 3.2, it follows that {v,} is also
bounded. Consequently, there exist a weakly convergent subsequence {v,, } of {v,} and v* €
L?(€), which satisfies

Up, — 0.

Combined with the compactness of the operator K, we have
K(vn,) — K(v).
From the fact that h,, — h?, one can check that
Kn,) = bn, — K@) —R°. (3.17)

According to the continuity of || - [|2(q) and the weakly lower semi-continuity of ®(-), it is
shown that

* 1 * *
o (v7) = S IK(@") = b + a®(v")
1
< 51iminf|\l€(vnk) — A ||? + aliminf®(v,,)
N N

1
< liminf (§||1C(vnk) — B |I? + a@(vnk))
1
<t (G0~ iy + a®(0) ) = (0 (3.18)
ng

for any v € L*(2). This means that v* is a minimizer of J, js.
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Next, we prove that ®(v,, ) — ®(v*). By contradiction. Assume that ®(v,, ) - ®(v*), it
must be

O (v*) < liminf ®(vy,, ) < limsup ®(vy, ), (3.19)

ng ng

we set A := limsup,,, ®(vy, ). There exist a subsequence {v,, ,} of sequence {v,, } and

A= lim ®(vy, , ).

N1
Let v = v* in (3.18), we can get that
1 * 4112 *
SIK@") = %" + a®(v”)
N
i (5100 ) = P P+ 000,

1
= 511111 inf HIC(vnk,l) - hnk,z ||2 + aA.

Nkl

This together with the inequality (3.19) implies that
1 * 5112 3 3 1 2 *
SIKC(w") — P = timint 2 (Ko, ) — e [ + (4 — B(0))
|
> h%lkllnf §|‘K(Unk,z) - hnk,z H2

This contradicts the convergence of (3.17). It follows from Lemma 3.2 that v, —v* converges
to 0 with respect to ®, and thus we have v, — v*.

Finally, we show that v, converges to v*. If v, does not converge to v*, there exists
a subsequence {v,, } of sequence {v,} satisfying

vak - U*H Z g, (320)

where ¢ is an arbitrarily small positive number. Also since {v,,, } is a bounded sequence, there
exists a weakly convergent subsequence, which by the previous proof converges to the minimizer
of J, ps. we can know that the minimizer of J, ;s exists and is unique from Theorem 3.1, so
the subsequence {vy,, } converges to v*, which contradicts (3.20). O

Definition 3.1. Assume that v* € L*(Q) satisfies: ®(v*) = inf{®(v) : K(v) = h}, We call v*
a O-minimizing solution of K(v) = h.

Theorem 3.3 (Convergence). Let o : RT — R satisfy

a(d) — 0, %%Oas o — 0.
Suppose that
hon € L2(Q) : ||h° — ko || < 6, 6, — O. (3.21)

Set an = a(6n),vn = argmin,cr2q)Ja, non (V). Then there exist a ®-minimizing solution v*
and a subsequence of {v,} that converges to v* in L?(Q). Furthermore, {v,} converges to v*
in L2(Q) if the ®-minimizing solution is unique.
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Proof. Let © be any solution satisfying K(v) = h®. By the definition of {v,}, it follows that

%H’C(vn) — hon ||2 + a, ®(vy)

IN

1
K@) — RO )12 + a, @ ()
1

55,% + a, ®(9).

We deduce that )
)
(o) = B[] = 0, (vn) < T2 + (D). (3.22)
an

Taking the supremum on both sides of the last inequality yields

lim sup ®(v,,) < ®(0). (3.23)

This means that {®(v,)} is a bound sequence. Thus, according to Lemma 3.2, {v,} is also
bound. There exist a v* € L2(2) and {v,, } C {v,} satisfying

Up, — v

Since operator K is compact, we have that
K(vn,) — K().

Owing to
1 (on,) = h|| < [[K(vn) = B || + [[B* = B2 =0,

which implies that KC(v*) = h°. Next, we prove that v* is a ®-minimizing solution of KC(v) = h°.

By the weakly lower semi-continuity of @, it follows that
O (v*) < liminf ®(vy, ).
ng
Combining with inequality (3.23), we can find that v* is a ®-minimizing solution of K(v) = h°

and lim,, ®(v,,) = ®(v*). Hence, one can get that v,, — v*. At last, v,, — v* can be proven
by method of contradiction which is similar to Theorem 3.2. 0

4. Numerical Approximations

Noting that the objective functional of regularized optimization problem (3.1) is strictly
convex, we adopt Nesterov’s accelerated algorithm as complement of numerical experiments.
To solve the optimization problem (3.1) via Nesterov’s accelerated algorithm, both the forward
problem (2.3) and the Fréchet derivative of the functional Fj,s(v) must be resolved. From
Theorem 3.1 we know Fjs (v) = p[v](x,0), where p[v](z,t) satisfies

—0ip[v] + (=A)*plo] =0 in Q> (0,T),
plv] =0 in Q¢ x (0,T), (4.1)
p[v)(,T) = K(v) —h® in Q.
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Assume that the exact initial condition has a sparse representation on the basis composed of
piecewise polynomial ansatz functions. We employ the finite element method to numerically
solve the forward problem (2.3) and the problem (4.1).

First, we discretize the temporal and spatial domains. Let k := At = T/M, which par-
titions the time interval [0,7] into M equal subintervals. Define u™ = wu(-,ty), tm = MAL,
m = 0,...,M. The time derivative is discretized using the backward Euler method dyu =
(u™ —u™1)/At,m = 1,..., M. For spatial discretization, consider the spatial domain  c RY
with N = 1,2. For the one-dimensional case (N = 1), Q is partitioned into equal intervals,
whereas for the two-dimensional case (N = 2), we consider a uniform triangular mesh 7; on €,
where h denotes the maximum diameter of elements in T,

We define the discrete space V; using standard continuous piecewise linear functions. We
introduce the basis functions {1, - ,9 5} C V; corresponding to the nodes {z1,---, x5}
Thus, the solution u[v](x,t) can be expressed as

5 5
uj, = u(@j,tm)i (@) = > ul;(x)
Jj=1 j=1

The weak form of the forward problem is

u™ — L
/S)Tthdx—i—a( ,¢5) =0, Vo5 €V;,
N m=1,..., M, (4.2)
v(@;)v;(x Zvﬂ/)j(x),

j=1 j=1

MZI

a® is the bilinear form defined by (2.1). The weak form of problem (4.1) is

At
N
pM = uM = RO () (x) = uM Zh%
j=1

pm —pm !
/Qiqﬁhdx—i—a(p ,¢5) =0, Vo5 € Vj,

Let ¢7 = vi,i = 1,...,N in (4.2) and (4.3). Then solving the forward problem (2.3) and
problem (4.1) is equivalent to solving the following linear systems:
(kA2 + M) U™ = M;U™ 1, (4.4)
(kA2 + M;)p™ = Mp™*, (4.5)

where U™ denotes the approximate solution to the forward problem at time t,,, the stiffness
matrix

One [ [ () =)0 - ),
RN RN

A = (as )1\7 N Qg a® (i, ¥5) = N

and the mass matrix
Mj, = (mij) gwris  Mij = / Vi () (z

The main challenge in solving the discrete problem via the finite element method lies in comput-
ing the stiffness matrix A%, as the fractional Laplace operator is a non-local operator requiring
the evaluation of singular integrals. one can see [1].
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The Nesterov’s accelerated algorithm used in this paper (Algorithm 4.1) was proposed in
[18,20]. We make the weighting function

w; = ( i wf(x)dx) -

in optimization problem (3.2), and thus functional ®(v) can be numerically discretized as
Z;V:l |v(z;)| in the finite method. The soft-thresholding operator is defined as

(Sa(0))s = sgn(vy) max(for] — Az, 0) = sgn(vy) (Jvi] — M)

Algorithm 4.1: Nesterov’s Accelerated Algorithm.

1 Input: v°, 4y, 2%, w0, 1, o, s°, 5,5, 1, Tol, Maxiter.
2 forn=0,1,2,..., Mazxiter do

14+ V1424,

3 Anp41 <
. " Apv™ + apgpqw™ -

An + Ap41
5 repeat

1
6 Un+1 — Sa/s” (y" - S_nF}IIJ (yn)) .
if || 7 (0" ) = Fp(u)||* > 87 (s (™) — Fs ("), 5" — 0" ) then

8 | s s" - .

end

10 until ||F},;(v" ) — F/, (y")||2 < s (F](y") — Ffs (o), ym — o) or s ¢ [s,3]
11 Apt1 < Ap + anya.

12 | w4 Saa,,, (2" — ang FLs (0" )).

13 | sl sn/p.

14 if Hv"“ — Spa (VT = nFf (v™1h)) H < Tol then

15 | Break
16 end
17 end

18 Output: v = v

Next, several numerical experiments will be conducted to demonstrate the effectiveness of
the proposed algorithm in 1D and 2D spatial domains. The solution w[virye](z, T') of the forward
problem with the initial value v is used as the measurement data h. To test the stability of
the algorithm, a random perturbation is added to the measurement data h to obtain the noisy
data

h®(x) = h(x) + Sh(x) = 2rand (size(h(z)) — 1),

where the parameter § represents the noise level, and 2rand(size(h(z)) — 1) generates a random
array in the interval [—1,1]. The absolute error r; and relative error ro between the exact initial
value and the reconstructed initial value are defined as

(Utrue (:Cz) — Ve (-rz)) 23

™= H'Utrue - 'UCHLQ(Q) =

N
i=
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- ||vtrue - UC”LQ(Q) . \/va;l (Utrue(xi) - vc(zi))Q

To = - —
||'UtrueHL2(Q) \/vazl (vtrue (xz))Q

Here, vy denotes the exact initial value, and v, represents the reconstructed initial value.
In the Examples 4.1 and 4.2, we consider Q = (—2,2), N = 400, M = 15 with the initial
guess v° = 0,7 = 0.3.

Example 4.1. Assume that the exact initial value is

z+05, x€(—05,0],
’Utlrue(z) =40.5— xr, TE (0, 05),

0, otherwise.

The numerical inversion results for different fractional orders s are presented in Fig. 4.1. As
shown in this figure, all fractional orders s exhibit favorable inversion performance. Specifically,
when s=0.3, the singularity of the image is well reconstructed under the noise level §<0.005
with significantly better inversion results than those of s = 0.5 and 0.7. However, the inversion
accuracy deteriorates notably at § = 0.01, indicating that a smaller fractional order s facilitates
superior singularity reconstruction but renders the inversion more susceptible to noise interfer-
ence. Additionally, we investigated the impact of the final time on the inversion performance.
With the fractional order fixed at s = 0.5, we examined the absolute and relative errors under
different noise levels and varying final time T'. As shown in Table 4.1, the inversion performance
is optimal when T' = 0.3, but the other results remain acceptable.

Table 4.1: Errors of Example 4.1 with fixed s = 0.5 under different final times and noise levels. The
first and seconde rows show absolute errors and relative errors, respectively.

T | 6=1x10"2 | §=2x10"2 | §=4x 1072

0.3 0.0876 0.1384 0.2221

0.0300 0.0479 0.0769

0.5 0.1897 0.2041 0.2244

0.0657 0.0707 0.0777

0.75 0.2483 0.2489 0.2680

0.0860 0.0862 0.0926

1 0.4176 0.4496 0.4669

0.1447 0.1557 0.1617
" ---§=0.001 " ---§=0.001 " ---§=0.001
) o] - o] e

—Exact 03 —Exact 03 —Exact

03

u(x.0)

02

01

Fig. 4.1. Reconstructed initial values under different fractional orders s, from left to right, the fractional
orders are 0.3,0.5,0.7.



Recovering Sparse Initial Conditions in Nonlocal Diffusion 17

Example 4.2. Assume that the exact initial value is

2
2 () {0.25 2%, ze (—9.5,0.5),
0, otherwise.

We investigated the influence of different orders s € (0,1) on the inversion performance. To
avoid the impact of other parameters, we fixed the noise level at § = 0. In Fig. 4.2, we
present the variation of relative errors for different orders s. It can be seen from Fig. 4.2
that smaller s generally yields better inversion results, and overall, the relative errors are all
controlled within 10%, which is acceptable. Fig. 4.3 shows the inversion results for fractional
orders s = 0.3,0.5,0.7, where all orders demonstrate highly satisfactory inversion performance,
indicating that our inversion method is highly effective and stable and Table 4.2 presents the
absolute errors and relative errors under different fractional orders and noise levels. From this
table, we observe that the errors increase as s becomes larger; nevertheless, the overall accuracy
remains satisfactory.

In the following examples, we let Q = (—=1,1) x (=1,1) C R? with T = 0.3. The domain
is triangulated into 1368 elements with N = 645, M = 15, and the initial guess is set as v° = 0.

Example 4.3. Assume that the exact initial value is

3 (0.6 — 2% —y%)?, 22 +9%<0.6,
’Utrue(x) = .

0, otherwise.
We also investigated the influence of different fractional orders s on the inversion performance.

To avoid the impact of other parameters, the noise level was fixed at 6 = 0. In Fig. 4.4 the

10

107

10°

10

10°

Fig. 4.2. Errors under different fractional orders s.

03 025

---5=0.001 ---5=0.001 ---5=0.001
025 §=0.005 02 §=0.005 A

---5=001 ---5=001
02 —Exact 015 —Exact

015

u(x.0)
u(x.0)

01

0.05

Fig. 4.3. Reconstructed initial values under different fractional orders s, from left to right, the fractional
orders are 0.3,0.5,0.7.
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Table 4.2: Errors of Example 4.2 with fixed T' = 0.3 under different fractional orders and noise levels.
The first and second rows show absolute errors and relative errors, respectively.

s | 6=1x10"2|6=5x%x10"2%| 6d=1x10"2
0.1 0.0016 0.0069 0.0157
0.0009 0.0038 0.0086
0.3 0.0073 0.0320 0.0739
0.0040 0.0175 0.0405
0.5 0.0288 0.0288 0.0791
0.0158 0.0158 0.0355
0.7 0.0769 0.0767 0.0791
0.0421 0.0420 0.0433
0.9 0.0635 0.0701 0.0834
0.0348 0.0384 0.0457

10
o1 02 03 04 05 06 07 08 09

Fig. 4.4. The errors for different fractional orders s.

variation of relative errors for different orders s € (0, 1) is presented. It is evident that, consistent
with the one-dimensional case, smaller s yields better inversion results. In general, the relative
errors remain within 10%, which is acceptable. Fig. 4.5 shows the inversion results at noise level
0 = 0 for different fractional orders s, respectively, where pointwise errors calculation method
presented below are denoted as r;. Fig. 4.6 considers the initial value inversion for s = 0.5
under different noise levels, demonstrating that our proposed method remains highly effective
and stable in 2D case.

Next, we consider several numerical examples with more general and sparser initial condi-

tions.

Example 4.4. Assume that the exact initial value is

Vtrue

4 (@) 10, z?+y?% <0.09,
xTr) =
0, otherwise.

In this example, the support of the exact initial value is a disk centered at the origin, which
has a sparse representation on the basis composed of piecewise polynomial ansatz functions.
As shown in Fig. 4.7, our numerical method cannot only well reconstruct the support of the
sparse initial value but also recover the function values.
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-

~

°

x10° 10°

Fig. 4.5. Reconstructed initial values (first row) and pointwise errors (second row) for different fractional
orders s, with the fractional orders s from left to right as 0.3,0.5,0.7.

Fig. 4.6. Fixed s = 0.5. Reconstructed initial values (first row) and pointwise errors (second row)
under different noise levels, with the noise levels arranged from left to right as 0.001, 0.005, 0.01.

Example 4.5. Assume that the exact initial value is

10, |z—0.5/<0.1, |y—0.5]<0.1,
10, |z+0.5/<0.1, |y+0.5/<0.1,
10, |z—0.5]<0.1, |y+0.5/<0.1,

0, otherwise.

vtsrue (x) =
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Fig. 4.7. Fixed s = 0.3. Reconstructed initial values (first row) and pointwise errors (second row)
under different noise levels, with the noise levels arranged from left to right as 0.001, 0.005, 0.01.

10 10

9 9

1 05 0 05 1
x

(a) (b) (c)

Fig. 4.8. Fixed s = 0.3. Reconstructed initial values (first row) and pointwise errors (second row)
under different noise levels, with the noise levels arranged from left to right as 0.001, 0.005, 0.01.

In this example, the support of the exact initial value consists of three highly scattered small
rectangles. As shown in Fig. 4.8, for initial values whose supports are composed of multiple
scattered small regions, our numerical algorithm still exhibits high effectiveness and stability.
For the last two extremely non-smooth examples, we only show the case when s = 0.3,
since the relative errors of the inverted initial values become larger as s increases. This may
because the solution to the fractional parabolic equation becomes smoother as well as u(-,T")
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when s is larger. Therefore, it is difficult to obtain an accurate approximation of non-smooth
functions from smooth data. The initial guesses are all set to 0, and despite the poor initial
guesses, our algorithm still stably and effectively converges to satisfactory inversion numerical
solutions. For sparse initial values with supports of different shapes, the inversion performance
is consistently favorable. It is well-known that when the fractional order s approaches 17,
the fractional Laplace operator is equivalent to the classical Laplace operator. For the classical
parabolic equation, as shown in the literature [18], the relative error of reconstructing the initial
value is large. Additionally, that study only considered the inversion performance under the
noise level 6 = 0.0001 and final time 7" = 0.3.

5. Conclusion

In this paper, the l;-regularization method is used to solve the problem of recovering sparse
initial condition for the spatial fractional Laplace equation. It is proved that the misfit func-
tional is differentiable and strictly convex, and the regularization problem is well-posed. More-
over, the convergence for the regularized solution is proven. Numerical examples are given to
verify that the proposed algorithm is highly effective and stable both in 1D and 2D cases. The
exact sparse initial conditions provided in this paper are all non-smooth, which leads to the
inversion performance for larger s being slightly worse than that for smaller s. This may be
attributed to the properties of the solutions to the spatial fractional Laplace equation: when s
increases, the solutions to the equation become smoother, so the observation data u(-,T") will
also be smoother. It is difficult to recover non-smooth sparse initial conditions from smooth
measurement data.
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