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Abstract. The purpose of this article is to summarize our recent progress in high-order
and high accurate CFD methods for flow problems with complex grids as well as
to discuss the engineering prospects in using these methods. Despite the rapid de-
velopment of high-order algorithms in CFD, the applications of high-order and high
accurate methods on complex configurations are still limited. One of the main rea-
sons which hinder the widely applications of these methods is the complexity of grids.
Many aspects which can be neglected for low-order schemes must be treated carefully
for high-order ones when the configurations are complex. In order to implement high-
order finite difference schemes on complex multi-block grids, the geometric conserva-
tion law and block-interface conditions are discussed. A conservative metric method is
applied to calculate the grid derivatives, and a characteristic-based interface condition
is employed to fulfil high-order multi-block computing. The fifth-order WCNS-E-5
proposed by Deng [9, 10] is applied to simulate flows with complex grids, including
a double-delta wing, a transonic airplane configuration, and a hypersonic X-38 con-
figuration. The results in this paper and the references show pleasant prospects in
engineering-oriented applications of high-order schemes.
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1 Introduction

Over the past 20 to 30 years, there have been a lot of studies in developing and apply-
ing high-order and high accurate numerical methods for computational fluid dynamics
(CFD). Although low-order schemes (second-order schemes) are widely used for engi-
neering applications, they are insufficient for turbulence, aeroacoustics, and many vis-
cosity dominant flows, such as boundary layer flows, vortical flows, shock-boundary
layer interactions, heat flux transfers, etc. An effective approach to overcome the obsta-
cle of accurate numerical simulations is to employ high-order methods [1]. In [2, 3], Shu
and Cheng gave profound reviews on high-order weighted essentially non-oscillatory
(WENO) schemes and discontinuous Galerkin (DG) schemes. A comprehensive review
was also given by Ekaterinaris [4] for high-order difference schemes, ENO and WENO
schemes, DG schemes, and spectral volume (SV) schemes.

It is generally believed that the accurate simulation of fluid flow with multiple and
wide range of spatial scales and structures is a difficult task except through spectral ap-
proximations. However, the use of spectral approximations is limited to simple geome-
tries with generally periodic boundary conditions. Compact schemes make it possible
to devise, on a given stencil, finite difference schemes that have much better resolution
properties than conventional explicit finite difference schemes of comparable order of ac-
curate. Compact schemes with spectral-like resolution properties are more convenient
to use than spectral and pseudo-spectral schemes, and are easier to handle, especially
when nontrivial geometries are involved [5]. Deng et al. [6] have proposed a type of one-
parameter linear dissipative compact schemes (DCS). DCSs are derived for high-order ac-
curate simulation of shock-free problems while damping out the dispersive and parasite
errors in the high-wave-number regions. Visbal and Gaitonde [7] use filters to prevent
numerical oscillations of central compact schemes. In order to dealing with shock wave
problems, Adams and Shariff [74] have developed a compact-ENO scheme. Pirozzoli [75]
have developed a compact-WENO scheme which was further improved by Ren et al. [73].
Deng et al. have developed compact nonlinear schemes [8] and weighted compact non-
linear schemes (WCNS) [9, 10]. The WCNSs have been successfully applied to a wide
range of flow simulations so far to show its flexibility and robustness [11, 16, 32, 99, 100].
Some results on using the fifth-order WCNS (WCNS-E-5) [9, 10] for complex grid prob-
lems are presented in this paper to further show its engineering prospects.
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2 High-order and high accurate CFD methods for complex grid

problems

The state-of-the-art applications of high-order and high-accurate methods in complex
grids are still limited, while there are many kinds of high-order schemes, such as com-
pact schemes [5–7,33,35], WCNSs [9,10], ENO [37,38] and WENO schemes [2,3,39,52,53],
DG schemes [40–44,48,49,51,54], spectral methods (including spectral element (SE) [55],
SV [56,57,110], spectral difference (SD) [58], staggered spectral methods [60]), gas-kinetic
schemes (GKS) [61, 63–65], dispersion-relation-preserving (DRP) schemes [67], low dis-
sipative high-order schemes [68], monotonicity preserving (MP) schemes [69, 70], group
velocity control (GVC) schemes [71, 72], SPH methods [45, 62], ALE methods [64–66, 81],
methods for multiphase flows [42, 46, 47], and many hybrid ones [73–76]. In most pub-
lished articles and reviews, the flows are complex with shock waves, vortices, and turbu-
lent structures, while the grids are relatively simple. Despite many authors say in their
articles that they have successfully applied high-order schemes in complex geometries,
the grids in their test cases are still very simple when compared to those frequently ap-
pear in low-order scheme applications. Taking WENO schemes for example, as one of the
most widely popularized high-order schemes, there are hundreds of articles on WENO
schemes or employing WENO schemes for complex flows. However, It is not easy to find
a grid or configuration which can compare with the complexity of any grids or configu-
rations applied in the four series of AIAA CFD Drag Prediction Workshops (DPW, DPW
I ∼ DPW IV) [77].

Although the finite volume methods (FVM), the finite element methods (FEM) and
the DG schemes with unstructured grid system have advantages in treating complex ge-
ometries, the finite difference methods (FDM) with the structured grid system are supe-
rior in boundary layer simulations, computing costs, and convenience. Thus high-order
multi-block FDM techniques are still attractive at present and in the future. Perhaps,
many undesirable effects will not occur or can be neglected for lower-order methods, but
they should be considered carefully for high-order methods. The interface conditions
for multi-block grids, geometric conservation law (GCL), viscous treatments and con-
vergence accelerating are some of such factors that must be reevaluated for high-order
schemes.

Generally speaking, it is difficult to generate a high-quality structured single-block
grid system for a complex configuration. Visbal and Gaitonde [7,13], Delfs [14], Sherer et
al. [15] and many other researchers use overset grid strategy for high-order FDM. How-
ever, the inherent interpolations in overset grids may cause numerical instability and loss
of global accuracy, especially when there are shock waves. Furthermore, the grid topolo-
gies and numerical procedures for overset grid approach are generally complicated and
not easy to implement for 3D complex configurations. Point-matched multi-block struc-
tured grids, or patched grids, which do not require overlapped zones, are widely adopted
choices for complex configurations. Multi-block structured grid technique makes it pos-
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sible to run high-order finite difference schemes on each individual block, and the in-
formation transmission between neighbouring blocks and the propagation throughout
the flow field can be realized by some kinds of interface conditions. Rai [17] used a flux
interpolation to construct coupled conditions on mid-node with Beam-Warming and Os-
her scheme. Lerat and Wu [18] adopted local flux construction to establish conservative
and unconditionally stable interface conditions. Huan, Hicken and Zingg [19, 20] pro-
posed a kind of high-order interface boundary schemes which combine a conventional
scheme and a summation-by-parts (SBP) [21–23] scheme with simultaneous approxima-
tion terms (SATs) [24–26]. The SBP operators are derived from the energy method, first by
Kreiss and Scherer in 1974 [21] for low orders, and extended to high-order by Strand [27]
and Jurgens [28]. The SBP operators allow an energy estimate of the discrete form, po-
tentially guaranteeing strict stability for hyperbolic problems. However, boundary op-
erators are needed, which can destroy the SBP property [22]. With the aim of preserv-
ing the SBP property of the overall scheme, the projection method [23] and the SAT ap-
proach [24] have been developed. However, the projection method becomes unstable
for the linear convection-diffusion equation despite that it is strictly stable for hyperbolic
PDEs [22]. Then, this kind of interface method is mainly adopted in linear hyperbolic
systems and further improvement and examinations are necessary to upgrade this kind
of interface boundary schemes suitable for fluids dynamics (Navier-Stokes systems). In
content of CFD, Kim and Lee [29] and Sumi et al. [12, 30, 31] employed characteristic in-
terface conditions (CIC) or generalized characteristic interface conditions (GCIC) which
show some attractive performance in practice. We have derived some new interface ap-
proaches (CBIC) which directly exchange the spatial derivatives (i.e. RHS, computed on
each block) on each side of an interface by means of a characteristic-based projection [32].
The CBIC have shown excellent performance in complex grids.

Traditionally, high-order FDM require smooth grids, and the smoothness of the grids
shall be comparable with the order of the accuracy of the schemes [3]. This premise is usu-
ally far more rigorous for complex configurations even when multi-block decomposition
techniques are applied. One may feel despair on using high-order methods for complex
configurations after reading the comments above. Fortunately, Visbal and Gaitonde [78]
have shown that high-order schemes can be applied in low quality grids such as extrem-
ity deforming grids and nondifferentiable grids if some special techniques are applied
to get rids of the GCL-related errors and numerical oscillations. The studies of Visbal
et al. [78] and Nonomura et al. [79] indicate that the GCL is very important in ensuring
freestream preservation. Our experiences show that low quality grids bear large GCL-
related errors than that of high-quality grids. A general condition to satisfy the GCL in
FDM has been derived by Deng et al. [100].

High-order accuracy requires high-order evaluations for both the inviscid and vis-
cous terms. However, most efforts, including many in the references mentioned above,
mainly focus on the inviscid terms to resolve discontinuities and small scale structures.
In order to supplement 5th-order WENO scheme with high-order viscous formula, Shen
et al. [101] developed a 4th-order conservative scheme with the stencil less than that of

OPEN ACCESS

DOI https://doi.org/10.4208/cicp.100510.150511s | Generated on 2025-04-21 00:15:10



X. Deng et al. / Commun. Comput. Phys., 11 (2012), pp. 1081-1102 1085

the WENO scheme. Deng [10] listed some viscous derivative and interpolation formu-
las for WCNSs. Tu et al. [94] proposed a staggered compact difference scheme to avoid
the odd-even oscillations which may emerge when high-order schemes are used. High-
order viscous flux discretizations are also very important for DG, SE, SV and SD. Sun et
al. [105] employed the local DG (LDG) approach in their SV method to discretize viscous
terms. A penalty-like method, which is more symmetrical than LDG and better suitable
for unstructured and non-uniform grids, was developed by Kannan and Wang [102] by
applying the penalty method of Bassi and Rebay [87, 88]. Kannan and Wang [102] also
conducted some Fourier analysis and accuracy studies for a variety of viscous flux for-
mulations and showed that the penalizing schemes may enhance fidelity. Very recently,
Kannan and Wang [103, 104] implemented the SV method for the Navier-Stokes equa-
tions using the LDG2 (which is an improvised variant of the LDG approach) [103] and
the direct DG approaches [104]. However, the researches on viscous terms are still lim-
ited, and many aspects, such as stability and conservation, are still need to be further
investigated for high-order and high accurate methods.

It is commonly encountered that the convergence property of high-order methods is
general inferior to that of low-order methods especially when the grid quality is low. Ki-
tamura et al. [59] employed the preconditioned LU-SGS for low speeds flows. Zhang et al.
[106] investigated several implicit time matching methods, including lower-upper sym-
metric Gauss-Seidel (LU-SGS), generalized minimum residual (GMRES), Gauss-Seidel
method with point relaxation and line relaxation. The results indicate that GMRES can
considerably improve the convergence rate of WCNSs for the flows they simulated. Im-
plicit LU-SGS is also successfully used for SD and SV, such as the methods in [107, 108].
P-multigrid approach, where p is the order of polynomial degree, is widely employed in
DG [111,112], SV [108], SD [113], SE [114], and some similar schemes to accelerate conver-
gence rate. It is worth to note that Kannan et al. [107, 108, 113] have successfully blended
p-multigrid approach with pre-conditions or implicit LU-SGS, and the convergence rate
is drastically improved for bad and skewed unstructured grids. For more details about
p-multigrid methods, please refer to [108, 111–114] and the references therein.

3 Governing equations and the fifth-order weighted compact

nonlinear scheme

In Cartesian coordinates the governing equations (Euler or Navier-Stokes) in strong con-
servative form are

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
=0. (3.1)

The equations are transformed into curvilinear coordinates by introducing the transfor-
mation (x,y,z,t)→ (ξ,η,ζ,τ)

∂Q̃

∂τ
+

∂F̃

∂ξ
+

∂G̃

∂η
+

∂H̃

∂ζ
=0, (3.2)
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where
F̃= ξ̃tQ+ ξ̃xF+ ξ̃yG+ ξ̃zH, ξ̃x = J−1ξx,

and with similar relations for the other terms.
Let us first consider the discretization of the inviscid flux derivative along the ξ direc-

tion. The discretization for other inviscid fluxes can be computed by similar procedures.
Suppose Ui =U(ξi,t) be the flow variables, the fifth-order weighted compact nonlinear
scheme (WCNS-E-5) can be expressed as

∂F̃i

∂ξ
=

75

64h
(F̃i+1/2− F̃i−1/2)−

25

384h
(F̃i+3/2− F̃i−3/2)+

3

640h
(F̃i+5/2− F̃i−5/2), (3.3)

where h is the grid size, and

F̃i+1/2= F̃
(

UL
i+1/2,UR

i+1/2, ξ̃x,i+1/2, ξ̃y,i+1/2, ξ̃z,i+1/2

)

(3.4)

is computed by some kind of flux-splitting method which can be found in [9]. UL
i+1/2 and

UR
i+1/2 are the left-hand and right-hand cell-edge flow variables, which are obtained by a

high-order nonlinear weighted interpolation. The idea is that the stencil to interpolate the
cell-edge values contains several substencils, each of the substencils is assigned a weight
factor, which determines its contribution to the final approximation of the cell-edge val-
ues. The weights are designed in such a way that in the smooth region they approach
the optimal weights to achieve fifth-order accuracy, whereas in the regions near the dis-
continuities, the weight of the substencil, which contains the discontinuities, is assigned
nearly zero. Therefore the weighted interpolations can prevent numerical oscillations
around discontinuities. For more details, see, [9, 10].

4 Geometric conservative law and the conservative metric

method

The concept of the geometric conservative law (GCL) was first introduced in 1961 by
Trulio and Trigger [80]. In 1978, Pulliam & Steger [84] observed that the metric discretiza-
tions will lead to the nonconservation of flow fields. Thomas & Lombard [85] extended
the conception of the GCL to general applications in CFD. The effect of the GCL can be
evidently noted in finite difference system when curvilinear coordinate transformation is
applied. Eqs. (3.2) is equivalent to (3.1) only if the following GCL items are all zero.

It=
(

1
/

J
)

τ
+
(

ξ̃t

)

ξ
+(η̃t)η+

(

ζ̃t

)

ζ
, (4.1)

Ix =
(

ξ̃x

)

ξ
+(η̃x)η+

(

ζ̃x

)

ζ
, Iy=

(

ξ̃y

)

ξ
+
(

η̃y

)

η
+
(

ζ̃y

)

ζ
, Iz=

(

ξ̃z

)

ξ
+(η̃z)η+

(

ζ̃z

)

ζ
. (4.2)

The first item (It) constitutes a differential statement of volume conservation, and Ix,
Iy and Iz express surface conservation. The GCL usually is divided into the volume con-
servation law (VCL) and the surface conservation law (SCL) as discussed by Zhang et
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al. [93]. In fact, It = Ix = Iy = Iz =0 analytically provided that the grids are differentiable.
However, it may not be true in discretized forms because of numerical errors. Even when
low-order schemes are used, Étienne et al. [86] showed that a numerical method satisfy-
ing the VCL will generally allow a much larger computational time step than its coun-
terpart violating the VCL. To ensure the VCL, the volume conservation item is usually
applied to calculate the time derivative of Jacobian following

(1/J)τ =−[(ξ̃t)ξ+(η̃t)η+(ζ̃t)ζ ]

by many authors [78, 86]. The errors in Ix, Iy and Iz are usually related to grid qual-
ity, such as smoothness, uniformity, orthogonality, and stretch rate. High-order schemes
with their low dissipative property usually bear more risk from the SCL-related errors
than that of low-order schemes. This difficult is one of the key obstacles which hinder
the widely applications of high-order schemes for complex grid problems. In order to use
high-order schemes for low quality grids, a conservative metric method (CMM) which
can ensure the SCL has been derived by Deng et al. [100]. The CMM contains the follow-
ing two aspects:

(i) First, the metrics are acquired through the ’conservative forms’

ξ̃x =
(

yηz
)

ζ
−
(

yζ z
)

η
, η̃x =

(

yζz
)

ξ
−
(

yξ z
)

ζ
, ζ̃x =

(

yξ z
)

η
−
(

yηz
)

ξ
(4.3)

and with similar relations for the remain items.
(ii) Second, for each grid (coordinate) direction, the algorithm for the derivatives in

Eq. (4.3) shall be identical to that of flow fluxes where the metrics are re-discretized in
combination with the flow fluxes.

When the flux derivatives are discretized, the metrics are re-discretized because that
the fluxes contain metrics. Then we can get equivalent schemes for the re-discretizations
of the metrics. The equivalent schemes are called the re-discretization schemes in this
paper. For WCNS-E-5, the re-discretization scheme is

∂ai

∂ξ
=

75

64h
[ai+1/2−ai−1/2]−

25

384h
[ai+3/2−ai−3/2]+

3

640h
[ai+5/2−ai−5/2], (4.4)

where the cell-edge values can be acquired by high-order linear interpolations. In this
paper, we use

ai+1/2=
1

16
(−ai−1+9ai+9ai+1−ai+2). (4.5)

5 Characteristic-based interface conditions

Characteristic boundary conditions have been widely studied by many researchers, such
as Thomposon [89] and Poinsot and Lele [90]. Characteristic interface conditions for
multi-block grids have also been studied by Kim and Lee [29], Sumi et al. [30, 31] and
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Deng et al. [32]. The characteristic-based interface condition (CBIC), which was devel-
oped by Deng et al. [32], will be briefly introduced below.

Defining the transformation matrix PQVC
in terms of conservative variables Q, and

characteristic variables VC,

PQVC
=

∂Q

∂VC
. (5.1)

Let

RHS=−J

(

∂F̃

∂ξ
+

∂G̃

∂η
+

∂H̃

∂ζ

)

. (5.2)

The characteristic-based interface conditions (CBIC) are















∂Q

∂t

∣

∣

∣

∣

L

=
(

A+
s

)∣

∣

L
(RHS)|L +

(

A−
s

)∣

∣

L
(RHS)|R,

∂Q

∂t

∣

∣

∣

∣

R

=
(

A+
s

)∣

∣

R
(RHS)|R +

(

A−
s

)∣

∣

R
(RHS)|L,

(5.3)

where

A+
s =PQVcdiag

[

(1+sign(λi))/2
]

P−1
QVc, A−

s =PQVcdiag
[

(1−sign(λi))/2
]

P−1
QVc,

(A+
s )|L,R are calculated by the variables on the interface, and (RHS)|L,R can be calculated

by one-side differencing or other methods. Here, the subscripts, ”L” and ”R” denote
the variables and terms on an interface but belong to the left-hand-side sub-block and
the right-hand-side sub-block, respectively. One can verify that (∂Q/∂t)|L =(∂Q/∂t)|R .
Please refer to [32] for more details about the CBIC, such as the implementations.

6 Applications and discussions

6.1 A hypersonic cylinder problem with interfaces on the shock wave

The effectiveness of the CBIC has been shown for a wide range of flows except shock
waves by Deng et al. [32]. This case is chosen to show that the CBIC works well across
shock waves provided that the RHSL and RHSR are oscillation-free. The flow is sup-
posed to be laminar, and the incoming flow conditions for computing are: Ma = 8.03,
Re=1.835×105, T∞=124.94K, Tw =294.44K, and the minimal grid size hmin =20/Re.

The whole computed domain (121×81 notes) is decomposed into 7 sub-domains
which are shown in Fig. 1. Three interfaces with a triple connecting point and a quadru-
ple connecting point are purposively set on the static shock wave to check performances
of the CBIC. Although the flow field is relatively simple, it is a tough case for an interface
management technique because the strong shock wave will not only cross some of the
interfaces, but also settle on some other interfaces ultimately. The computation begins at
the uniform inflow conditions, then the shock wave first forms at the solid wall and then

OPEN ACCESS

DOI https://doi.org/10.4208/cicp.100510.150511s | Generated on 2025-04-21 00:15:10



X. Deng et al. / Commun. Comput. Phys., 11 (2012), pp. 1081-1102 1089

Figure 1: The grids over the cylinder.

(a) (b) (c) (d)

Figure 2: The bow shock wave at different computational moment, pressure contours.

marches its way to the final position. Fig. 2(a) shows pressure contours at the moment
when the shock wave is near the wall. Fig. 2(b) shows result at the moment when the
shock wave is traversing the first three interfaces which are ’parallel’ to the wall. Fig. 2(c)
shows the result at the moment after the shock wave successfully traversed the first three
wall-parallel interfaces. Fig. 2(d) shows the finial computed result with the shock wave
settles on the other three wall-parallel interfaces. Although the decomposed domains are
asymmetric to the y-axis, the result shown in Fig. 2 is still symmetric. Fig. 3 shows the
enlarged views at two of the triple connecting points and one of the quadruple connect-
ing points. It can be seen that the results are smooth as if there are no interfaces. The
wall pressure distribution and wall heat transfer rate distribution are shown in Fig. 4,
which shows that the computed results are consistent with the experimental results of
Wieting [95].
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Figure 3: The enlarged parts at multi-connected points, pressure contours.

(a) Pressure (b) Heat transfer rate

Figure 4: The wall pressure and heat transfer rate.

6.2 The GCL for a blunt configuration

A two-dimensional blunt configuration with dual backward-facing steps is shown in
Fig. 5(a). The flows conditions is set to be the same as that of [100], namely, Ma = 0.3,
Re=2.7×106 (base on the height of one step), and T∞ =300K. The solid wall is assumed
to be adiabatic. The flow is supposed to be full turbulence and the Spalart-Allmaras
turbulence model [91] is applied here.

Although it is a two-dimensional problem, the mesh is deemed as a three-dimensional
one by equally extending five grid levels in the transverse (z) direction. Before starting
the simulation, a numerical analysis of the three SCL items of the GCL, namely Ix, Iy and
Iz, is given to show the effectiveness of the CMM. Table 1 lists the SCL-related errors (the
violation of the SCL), where N is the total grid number. Five schemes are tested here
to check the characteristics of the CMM. The five schemes are the second-order explicit
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(a) (b) (c)

Figure 5: Grids and pressure contours. The flow fluxes are solved by WCNS-E-5. Middle: The metrics are
solved by the traditional standard metrics of (6.1). Right: The metrics are solved by the CMM.

central scheme (EC2), the forth-order explicit central scheme (EC4), the forth-order Padé-
type central compact scheme (CC4), the sixth-order Padé-type central compact scheme
(CC6), and the scheme defined by Eq. (4.4) and Eq. (4.5) (WCNS-E-5). Table 1 indicates
that the violation of the SCL is negligible if the CMM is applied. However, it can be seen
from Table 2 that, if the schemes for the metrics are different from the re-discretization
schemes for the grid-related items, the metric cancellation errors are much greater than
those with the CMM, despite that the ’conservative forms’ of Eqs. (4.3) are applied here.
Another case is that the schemes for the metrics are same to the re-discretization schemes
for the grid-related items, while the metrics are calculated by the traditional standard
metric method. The errors shown in Table 3 are larger than that in Table 1. We note here
that the traditional standard metrics are referred as followings

ξ̃x = J−1ξx =yηzζ−zηyζ , η̃x = J−1ηx =yζzξ−zζyξ , ζ̃x = J−1ζx =yξzη−zξ yη , ··· . (6.1)

Table 1: Ix, Iy and Iz calculated by the CMM with different schemes.

EC2 EC4 CC4 CC6 WCNS-E-5
1
N ∑ |Ix| 1.14E-18 9.63E-17 1.56E-16 2.16E-16 2.04E-16
1
N ∑|Iy| 1.96E-17 2.39E-16 1.88E-16 5.93E-16 9.47E-16
1
N ∑|Iz| 8.51E-17 6.28E-16 6.58E-16 1.26E-15 1.28E-15

max(|Ix|,|Iy|,|Iz|) 5.20E-14 2.88E-13 2.43E-13 3.74E-13 1.71E-13

Table 2: The maximal errors of Ix, Iy and Iz computed by different schemes with the conservative form (4.3).

δ1 schemes
EC2 EC4 CC4 CC6 WCNS-E-5

ECS2 5.20E-14 2.42E-02 2.99E-02 3.84E-02 1.90E-02
ECS4 2.42E-02 2.88E-13 2.33E-02 2.70E-02 1.89E-02

δ2 CCS4 2.99E-02 2.33E-02 2.43E-13 1.44E-02 1.18E-02
schemes CCS6 3.84E-02 2.70E-02 1.44E-02 3.74E-13 2.51E-02

WCNS-E-5 1.90E-02 1.89E-02 1.18E-02 2.51E-02 1.71E-13
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Table 3: Same schemes applied both to the metrics and their re-discretization with the traditional standard
metrics (6.1).

EC2 EC4 CC4 CC6 WCNS-E-5
1
N ∑|Ix| 1.82E-16 1.24E-14 1.06E-14 1.89E-14 1.03E-15
1
N ∑|Iy| 1.01E-16 6.60E-16 6.04E-16 1.28E-15 1.15E-15
1
N ∑|Iz| 3.63E-12 1.50E-12 1.31E-12 2.06E-12 8.23E-13

max(|Ix|,|Iy|,|Iz|) 8.03E-10 7.52E-10 4.33E-10 8.02E-10 2.11E-10

Our previous study shows that high-order traditional standard metric methods (CC6,
[100]) may cause numerical oscillations when we conduct high-order flow computing. In
this paper, we can find that the oscillations are still obvious (Fig. 5(b)) even when the
metrics are calculated by the 2nd-order scheme (EC2) through the traditional standard
form of Eq. (6.1). We have proved in [100] that this kind of oscillations can be successfully
avoided by applying the CMM notwithstanding that the high-order schemes are applied.
The result in [100] is also quoted as Fig. 5(c).

6.3 The application of the GCL for vortex preservation

A vortex convecting problem is chosen to show the performance of the GCL on vortex
preservation property of high-order schemes. Similar researches can be found in Nono-
mura’s work [79]. The initial conditions are defined by adding a vortex in a mean flow
[90].The mesh contains random perturbations from a normal Cartesian grid as shown in
Fig. 6(a). A nominal 50×50 uniform mesh is generated in the domain x∈[−6,6], y∈[−6,6].
Interior points are then perturbed by 20% of the nominal spacing in a randomly chosen
direction. In order to simplify the boundary treatment, four points near the boundaries
of each grid line are left unperturbed. There are no analytical metric derivatives because
of the discontinuities of the grid. The quality of the mesh is far lower to meet the re-
quirements of many spatial schemes if the GCL is not satisfied during computing. For
example, Visbal & Gaitonde [78] showed that the CC4 scheme and the EC4 scheme were
unstable even at extremely small time steps, and strong filters are necessary to stabilize
the computing. Nonomura [79] employs the same method as the CMM to calculate the
metrics except that Nonomura adopts a six-order interpolation other than the forth-order
interpolation (Eq. (4.5)). Nonomura’s results and ours show that a vital aspect for the ac-
curate and stable simulations of flows on this extremely lower quality grid is the SCL
(namely the GCL of stationary grids). This conclusion can be easily obtained by com-
paring the results in Figs. 6(b), 6(c) and 6(d) in which the results at t = 12 are shown.
The CMM, which satisfies the SCL, is much superior to the traditional standard metrics
in the condition of lower quality grids. If the SCL is satisfied on every discrete point,
the WCNS-E-5 with its nonlinear mechanism can successfully damp out the numerical
oscillations on the low quality mesh without any other extra treatments such as filters.
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Figure 6: Performance of the CMM on a randomized mesh.

6.4 Applications of the high-order WCNS-E-5 to complex grid problems

The latest CFD progresses, which include some complex applications of high-order
schemes (referred as high resolution schemes by Fujii), such as linear compact schemes,
WENO, and WCNS, has been summarized by in [96, 97]. Fujii et al. [16] also found that
the WCNS resolves flow structure with 8-10 points per wave, and has 2-4 times higher
spatial resolution than the conventional second-order TVD scheme for the simulation of
acoustics from supersonic jets. The WCNS reduce the total number of grid points 10-50
times in three dimensions, which saves the same order of computer time. The applica-
tions of WCNS for implicit large eddy simulations of turbulence are tested by Ishiko et
al. [98]. One aim of our studies is to apply the WCNS-E-5 to flows over complex con-
figurations. Deng et al. [32] have successfully applied the WCNS-E-5 in simulating the
complex flows over a two-element NLR7301 airfoil, a three-element 30P-30N airfoil, and
a three-dimensional wing-body configuration. The followings continue to show some
engineering-oriented applications of the WCNS-E-5.
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Figure 7: Iso-p0 and pressure contours of a Ma=0.3 double-delta wing, 4.26 million grids.

(a) Gird skeleton (b) Pressure contours

Figure 8: Grid skeleton and pressure contours of a transonic airplane configuration.

Usually, the implementations of high-order schemes for complex three-dimensional
grids are much more difficult than that of low-order schemes as numerical oscillations
and instabilities will cause the failure of high-order applications. This shortage of high-
order finite difference schemes can be largely mitigated for subsonic problems by apply-
ing the CBIC and the CMM mentioned above. From the isotonic total-pressure surface
and the pressure contours of the double-delta wing shown in Fig. 7, it can be found that
the result is oscillation free and the main vortex core, the secondary vortex core, as well
as the breakdown of the main vortex are clearly resolved. The CMM can also enhance the
capability of the WCNS for complex shock wave problems. Fig. 8 shows the grid skele-
ton and the pressure contours of a transonic airplane configuration. Fig. 9 shows the grid
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(a) Gird skeleton

(b) α=0◦

(c) α=20◦

Figure 9: Grid skeleton and pressure contours of the hypersonic X-38 configuration (α=0◦).

skeleton and the pressure contours of the hypersonic X-38 configuration. It can be seen
from the two figures that the flows are smooth despite that the grids are complex with
many block interfaces.
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7 Concluding remarks

In contrast to the rapid development of high-order algorithms in CFD, the applications of
high-order and high accurate methods on complex configurations are still limited. One
of the reasons, which baffle the wide applications of high-order schemes in engineering-
oriented problems, is mainly derived from the complexity of grids.

In order to apply high-order schemes for multi-block grids, the characteristic-based
interface conditions (CBIC) are employed to conduct the transmission of flow informa-
tion. Our results indicate that the CBIC can handle complex multi-block grids conve-
niently and effectively. For the purpose of satisfying the three surface conservation items
of the GCL (or SCL) in discretized forms, a conservative metric method (CMM) was em-
ployed for curvilinear coordinates. The CMM, which is independent to the accuracy
of a scheme, can eliminate the GCL-related errors derived from the discretization of flow
fluxes, while the traditional standard metric method can cause unacceptable GCL-related
errors because of discretization errors when the grid quality is low. Numerical tests
demonstrate that the GCL is very important to ensure the freestream conservation, as
well as to help to prevent numerical oscillations.

Finally, the successful applications of the high-order WCNS-E-5 to complex problems
are briefly shown. The complex problems include a double-delta wing, a transonic air-
plane configuration, and a hypersonic X-38 configuration. Some other complex appli-
cations of WCNS can be found in [16, 32, 79, 97–99]. These researches show pleasant
prospects in engineering-oriented applications of high-order WCNS schemes especially
for detailed simulations.
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