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Abstract. In this paper, we give some equivalent conditions on when the fractions of rings can preserve 

Gorenstein flat modules. 
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1. Introduction 

In the 1940s, due to the needs of the theory of ring theory and the rise of homology algebra, the module 

theory has been further developed. Projective modules, injective modules and flat modules are three main types 
of modules in homological algebra [3]. Gorenstein homology algebra [2] which was found by Enochs and 

Jenda has been very popular since 1990s. Many algebraists work on this topic which make the theory fruitful.  

Commutative algebra [1] and homology algebra [3] are intertwined and promote each other for very long 

time. We have showed when the fraction of 𝑍𝑛 can be a field [9]. It was showed by Enochs and Jenda that the 

fractions of Gorenstein rings preserve Gorenstein injective modules. In this paper, we study the relationship 
between fractions of rings and Gorenstein flat. For more details of commutative algebra and Gorenstein 

homological algebra, we refer to [1],[2] and [3]. 

Throughout this paper, 𝑅 is a commutative ring with unity. 

2. Preliminaries 

In this section, we recall some basic preliminaries.  
First of all, we give the definition of Gorenstein flat modules [7]. 

Definition 2.1 A 𝑅 -module 𝑀 is said to be Gorenstein flat if there exists an exact sequence 

⋯ → 𝐹1 → 𝐹0 → 𝐹0 → 𝐹1 → ⋯ 

of flat modules such that 𝑀 = Ker(𝐹0 → 𝐹1) and Tor𝑖
𝑅(𝐸,𝑀) = 0 for all 𝑖 ≥ 1 and any injective module 𝐸. 

Definition 2.2 Let 𝑅 be a commutative ring with unit 1 and 𝑆 be a multiplicatively set of a ring 𝑅. Defining 

equivalence relation on the set 𝑅 × 𝑆:(𝑎, 𝑠) if and only if ∃𝑢 ∈ 𝑆 so that 𝑢(𝑎𝑡 − 𝑏𝑠) = 0. Then we use 𝑎/𝑠 

and 𝑆−1𝑅 to denote the equivalence class of (𝑎, 𝑠) ∈ 𝑅 × 𝑆 and fractional ring, respectively. 

We need the following property of fractions of rings. 

Proposition 2.3 [1] Let 𝑆 be a multiplicatively set of a ring 𝑅, then 𝑆−1𝑅 is a flat 𝑅-module. 
By Proposition 2.3, one gets that 

Proposition 2.4 [1] Let 𝑆 be a multiplicatively set of a ring 𝑅. Then the functor 𝑆−1𝑅⊗_:𝑀𝑜𝑑 𝑅 → 𝑀𝑜𝑑 

𝑆−1𝑅 is exact. 

For any prime ideal 𝑝, take 𝑆 = 𝑅 − 𝑝, we have the following proposition. 

Proposition 2.5 [2] Let 𝑅, 𝑝 be as above. For any 𝑅-modules 𝑀,𝑁, then Tor𝑖
𝑅(𝑀, 𝑁)𝑝 = Tor

𝑖

𝑅𝑝(𝑀𝑝, 𝑁𝑝) for 

any 𝑖 ≥ 1. 

3. Main results 

In this section, we show that the fraction preserves Gorenstein flat modules.  

Firstly, we show the following properties of flat modules. 

Proposition 3.1  Let 𝑅 be a commutative ring and 𝑄 be a flat 𝑅-module. If 𝑀 is a flat 𝑅-module, then 𝑀⊗𝑅 𝑄 

is flat. 
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Proof. It suffices to show that the functor (𝑀 ⊗𝑅 𝑄)⊗_ preserves monomorphism. 

For any monomorphism0 → 𝐿 → 𝑁, applying the functor𝑄 ⊗𝑅_, one gets an exact sequence 0 → 𝑄⊗𝑅 𝐿 →
𝑄 ⊗𝑅 𝑁 (*) since 𝑄 is flat. Then applying the functor 𝑀⊗𝑅_ to the sequence (*), then one gets the following 

exact sequence 0 → 𝑀⊗𝑅 𝑄⊗𝑅 𝐿 → 𝑀⊗𝑅 𝑄 ⊗𝑅 𝑁 since 𝑀 is also flat. The assertion follows. 

Theorem 3.2 Let 𝑀 be a Gorenstein flat R-module and 𝑆 any multiplicatively closed subset of 𝑅. Then 𝑆−1𝑀 

is Gorenstein flat if and only if Tor𝑖
𝑆−1𝑅(𝐹, 𝑆−1𝑀) = 0 for any injective 𝑆−1𝑅-module 𝐹 and 𝑖 ≥ 1. 

Proof. The necessity follows from Definition 2.1. We only need to show the sufficiency. 

Since 𝑀 is Gorenstein flat, by Definition 2.1, one gets the following exact sequence of flat 𝑅-modules: 

⋯ → 𝐹1 → 𝐹0 → 𝐹0 → 𝐹1 → ⋯ 

such that𝑀 = Ker(𝐹0 → 𝐹1) andTor𝑖
𝑅(𝐸, 𝑀) = 0 hold for any injective module 𝑅 and 𝑖 ≥ 1. By Propositions 

2.3 and 2.4, applying the functor 𝑆−1𝑅⊗_, we get the following exact sequence of flat 𝑆−1𝑅-module: 

⋯ → 𝑆−1𝐹1 → 𝑆−1𝐹0 → 𝑆−1𝐹0 → 𝑆−1𝐹1 → ⋯ 

 with 𝑆−1𝑀 = Ker(𝑆−1𝐹0 → 𝑆−1𝐹1). Then one gets the assertion easily. 

Corollary 3.3 Let 𝑝be an arbitrary prime ideal of 𝑅  and 𝑀  a Gorenstein flat 𝑅 -module. Then 𝑀𝑝  is a 

Gorenstein flat 𝑅𝑃-module if and only if Tor
𝑖

𝑅𝑝
(𝐹,𝑀𝑝) = 0 for any injective 𝑅𝑝-module 𝐹 and 𝑖 ≥ 1. 

Proof. This is a straight result of Theorem 3.2.  

In particular, we have the following corollary. 

Corollary 3.4 Let 𝑝 be an arbitrary prime ideal of 𝑅 and 𝑀 a Gorenstein flat 𝑅-module. If every injective 𝑅𝑃-

module 𝐹 is of the form 𝐸𝑝 for some injective 𝑅-module 𝐸, then 𝑀𝑝 is a Gorenstein flat 𝑅𝑃-module.  

Proof. By Corollary 3.3, we only have to show Tor
𝑖

𝑅𝑝
(𝐹,𝑀𝑝) = 0 for any injective 𝑅𝑝-module 𝐹 and 𝑖 ≥ 1. 

That is, Tor
𝑖

𝑅𝑝
(𝐸𝑝, 𝑀𝑝) = 0 for 𝑖 ≥ 1. Then by Proposition 2.5, one gets the assertion. 
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