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Abstract: In this paper, the problem of existence of periodic solution is studied for the second order delay 

differential equation with a singularity of repulsive type 

𝑥′′(𝑡) + 𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜑(𝑡)𝑥(𝑡 − 𝜏1) − 𝑔(𝑥(𝑡 − 𝜏2)) = ℎ(𝑡), 
where 𝜏1 and 𝜏2 are constants, 𝑔(𝑥)  is singular at 𝑥 = 0, 𝜑 and ℎ are 𝑇 − periodic functions. By using a 

continuation theorem of coincidence degree theory, a new result on the existence of positive periodic 

solutions is obtained. The interesting is that the sign of function𝜑(𝑡) is allowed to change for𝑡 ∈ [0, 𝑇]. 

Keywords: Liénard equation; Continuation theorem; Singularity; Periodic solution. 

1. Introduction 

The aim of this paper is to search for positive 𝑇 −periodic solutions for second order delay differential 

equation with a singularity in the following form 

                                     𝑥′′(𝑡) + 𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜑(𝑡)𝑥(𝑡 − 𝜏1) − 𝑔(𝑥(𝑡 − 𝜏2)) = ℎ(𝑡),                          (1.1) 

where 𝜏1 and 𝜏2 are constants, 𝑓: [0, ∞) → 𝑅 is an arbitrary continuous function, 𝑔 ∈ 𝐶((0, +∞), (0, +∞)) 

and 𝑔(𝑥) is singular of repulsive type at 𝑥 = 0, i.e.,𝑔(𝑥) → +∞, as𝑥 → 0+, 𝜑, ℎ: 𝑅 → 𝑅  are 𝑇 −periodic 

with functionℎ ∈ 𝐿1([0, 𝑇], 𝑅), 𝜑 ∈ 𝐶([0, 𝑇], 𝑅) , while the sign of function 𝜑  being changeable for 𝑡 ∈
[0, 𝑇]. 

In recent years, the problem of periodic solutions to the second order singular equation                              

𝑥′′(𝑡) + 𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜑(𝑡)𝑥(𝑡 − 𝜏1) −
𝑏(𝑡)

𝑥𝜆(𝑡)
= ℎ(𝑡),                                 (1.2) 

where 𝑓: [0, +∞) → 𝑅 is an arbitrary continuous function,𝜑, 𝑏, ℎ ∈ 𝐿1[0, 𝑇]  and 𝜆 > 0,  has been studied 

widely. This is due to the fact that the singular term possesses a significant role in many practical situations 

[1-11]. For example, the singular term in the equations models the restoring force caused by a compressed 

perfect gas (see [3-6] and the references therein).  Lazer and Solimini in the pioneering paper[12] first used 

the method of topological degree theory, together with the technique of upper and lower solutions, to study 

the existence of periodic solution to Eq.(1.2) where 𝑓(𝑥) ≡ 0, 𝜑(𝑡) ≡ 0, 𝑏(𝑡) ≡ 1. They obtained that if 𝜆 ≥

1,a necessary and sufficient condition for existence of a positive periodic solution to Eq.(1.2) is thatℎ: =
1

𝑇
∫ ℎ(𝑠)𝑑𝑠

𝑇

0
< 0. After that, the problem of periodic solutions for singular differential equations like Eq.(1.2) 

has attracted the attention of many researchers[13-19]. We notice that  the condition of 𝜑(𝑡) ≥ 0 for a.e. 𝑡 ∈
[0, 𝑇] is required in [16-19], since it is crucial for obtain the priori estimates over all the possible periodic 

solutions to the equations 

                                      𝑥′′(𝑡) + 𝜆𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜆𝜑(𝑡)𝑥(𝑡 − 𝜏1) −
𝜆𝑏(𝑡)

𝑥𝜆(𝑡)
= 𝜆ℎ(𝑡), 𝜆 ∈ (0,1).                 (1.3) 

We only find [20,21] where the sign of 𝜑(𝑡) is allowed to change. In [20,21], a priori bounds 

of all the possible periodic solutions to Eq.(1.3) are estimated by using the inequality 

                                                                          ∫
𝑢′′(𝑡)

𝑢𝛿(𝑡)

𝑇

0
𝑑𝑡 ≥ 0,                                                                   (1.4) 

where 𝛿 > 0is an arbitrary constant, 𝑢(𝑡) is a positive 𝑇 −periodic function with 𝑢 ∈ 𝐶2([0, 𝑇], 𝑅). 
Motivated by this, in this paper, we study the existence of positive 𝑇 −periodic solution for the 

equation (1.1). Since there is a delay 𝜏1 in (1.1), generally, the inequality like (1.4) for 

𝛿 = 1 

∫
𝑢′′(𝑡)

𝑢(𝑡 − 𝜏1)

𝑇

0

𝑑𝑡 ≥ 0. 
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may not hold. This means that the work to estimate a priori bounds of all the possible periodic solutions to 

the equations 

𝑥′′(𝑡) + 𝜆𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜆𝜑(𝑡)𝑥(𝑡 − 𝜏1) − 𝜆𝑔(𝑥(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1). 
is more difficult than the corresponding ones associated to (1.3). 

2. Preliminary lemmas 

Throughout this paper, let 𝐶𝑇 = {𝑥 ∈ 𝐶(𝑅, 𝑅): 𝑥(𝑡 + 𝑇) = 𝑥(𝑡) for all 𝑡 ∈ 𝑅}with the norm defined 

by|𝑥|∞ = 𝑚𝑎𝑥
𝑡∈[0,𝑇]

|𝑥(𝑡)|. For any 𝑇 −periodic solution 𝑦(𝑡) with𝑦 ∈ 𝐿1([0, 𝑇], 𝑅),𝑦+(𝑡) and𝑦−(𝑡) is denoted 

by 𝑚𝑎𝑥{ 𝑦(𝑡),0} and − 𝑚𝑖𝑛{ 𝑦(𝑡),0} respectively, and 𝑦 =
1

𝑇
∫ 𝑦(𝑠)𝑑𝑠.

𝑇

0
Clearly, 𝑦(𝑡) = 𝑦+(𝑡) − 𝑦−(𝑡)  for 

all𝑡 ∈ 𝑅,and 𝑦 = 𝑦+ − 𝑦−. 
The following Lemma is the consequence of Theorem 3.1 in [22]. 

     Lemma 2.1. Assume that there exist positive constants 𝑀0, 𝑀1 and 𝑀2 with 0 < 𝑀0 < 𝑀1, such that the 

following conditions hold. 

1.For each 𝜆 ∈ (0，1], each possible positive 𝑇 −periodic solution 𝑥to the equation 

𝑢′′(𝑡) + 𝜆𝑓(𝑢(𝑡))𝑢′(𝑡) + 𝜆𝜑(𝑡)𝑢(𝑡 − 𝜏1) − 𝜆𝑔(𝑢(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 
satisfies the inequalities𝑀0 < 𝑥(𝑡) < 𝑀1and|𝑥′(𝑡)| < 𝑀2for all𝑡 ∈ [0, 𝑇]. 
2.Each possible solution 𝑐 to the equation 

𝑔(𝑐) − 𝑐𝜑 + ℎ = 0,  
satisfies the inequality𝑀0 < 𝑐 < 𝑀1. 

3.It holds 

(𝑔(𝑀0) − 𝜑𝑀0 + ℎ)(𝑔(𝑀1) − 𝜑𝑀1 + ℎ) < 0, 
Then Eq.(1.1) has at least one 𝑇 −periodic solution 𝑢such that 𝑀0 < 𝑢(𝑡) < 𝑀1 for all𝑡 ∈ [0, 𝑇]. 

     𝐋𝐞𝐦𝐦𝐚 𝟐. 𝟐.[19] Let 𝑥 be a continuous 𝑇 −periodic continuous differential 

function. Then, for any 𝜏 ∈ (0, 𝑇], 

(∫ |𝑥(𝑠)|
𝑇

0

2

𝑑𝑠)
1
2 ≤

𝑇

𝜋
(∫ |𝑥′(𝑠)|

𝑇

0

2

𝑑𝑠)
1
2 + √𝑇|𝑥(𝜏)|. 

In order to study the existence of positive periodic solutions to Eq.(1.1), we list the following 

assumptions. 

[𝐻1] The function 𝜑(𝑡) satisfies the following conditions 

∫ 𝜑+
𝑇

0
(𝑠)𝑑𝑠 > 0, 𝜎: =

∫ 𝜑−(𝑠)𝑑𝑠
𝑇

0

∫ 𝜑+(𝑠)𝑑𝑠
𝑇

0

∈ [0,1) and 𝜎1:
𝑇

1
2

1−𝜎
(∫ 𝜑+(𝑡)𝑑𝑡

𝑇

0
)

1

2 ∈ (0,1); 

[𝐻2] there are constants𝑀 > 0and𝐴 > 0such that𝑔(𝑥) ∈ (0, 𝐴) for all𝑥 > 𝑀; 

[𝐻3]∫ 𝑔(𝑠)𝑑𝑠 = +∞
1

0
; 

[𝐻4] 𝑙𝑖𝑚
𝑥→0+

𝑔(𝑥) = +∞. 

Remark 2.1. It is noted that assumption[𝐻4] can not be deduced from assumption [𝐻3]. For example, 

let𝑔(𝑥)
1

𝑥
| 𝑠𝑖𝑛

1

𝑥
|for all𝑥 ∈ (0, +∞),then assumption [𝐻3] is satisfied. But, assumption [𝐻4] does not hold. 

Remark 2.2. If assumptions[𝐻1]-[ 𝐻2]and[𝐻4] hold, then there are constants𝐷1and𝐷2with0 < 𝐷1 < 𝐷2 

such that 

𝑔(𝑥) − 𝜑𝑥 + ℎ > 0for all𝑥 ∈ (0, 𝐷1) 

and 

𝑔(𝑥) − 𝜑𝑥 + ℎ < 0 for all𝑥 ∈ (𝐷2, +∞) 

Now, we suppose that assumptions[𝐻1]and[𝐻2] hold, and embed Eq.(1.1) into  the following equations 

family with a parameter𝜆 ∈ (0,1) 

                    𝑥′′(𝑡) + 𝜆𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜆𝜑(𝑡)𝑥(𝑡 − 𝜏1) − 𝜆𝑔(𝑥(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1].                  (2.1) 

Let 

𝛺 = {𝑥 ∈ 𝐶𝑇: 𝑥′′(𝑡) + 𝜆𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝜆𝜑(𝑡)𝑥(𝑡 − 𝜏1) − 𝜆𝑔(𝑥(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1], 
𝑥(𝑡) > 0, ∀𝑡 ∈ [0, 𝑇]}, 

and 
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                                                𝑀0 =
𝑇

1
2

1−𝜎
[

𝑇
3
4(ℎ−)

1
2

(1−𝜎1)(1−𝜎)
1
2

+ (
𝐴0

1−𝜎1
)

1

2
]

2

+
𝑚𝑎𝑥{𝐴+ℎ,0}

(1−𝜎)𝜑+
,                                     (2.2) 

where 

𝐴0 = 𝑇
1
2(𝜑+)

1
2

𝐴 + |ℎ|

(1 − 𝜎)𝜑+
+ (

𝑇
1
2ℎ− 𝑚𝑎𝑥{ 𝐴 + ℎ, 0}

(1 − 𝜎)𝜑+
)

1
2

, 

𝐴is a constant determined by assumption [𝐻2] Clearly,𝑀0and𝐴0are all independent of(𝜆, 𝑥) ∈ (0,1] × Ω, and 

there is a positive integer 𝑘0such that 

                                                                               𝑘0𝑀 ≥ 𝑀0,                                                                   (2.3) 

where𝑀is a constant determined by assumption[𝐻2]. 

Lemma 2.3. Assume that assumptions[𝐻1]-[ 𝐻2] hold, then there is an integer𝑘∗ > 𝑘0 such that for 

each function𝑢 ∈ 𝛺, there is a point𝑡0 ∈ [0, 𝑇] satisfying 

𝑢(𝑡0) ≤ 𝑘∗𝑀. 
Proof: If the conclusion does not hold, then for each𝑘 > 𝑘0, there is a function𝑢𝑘 ∈ 𝛺satisfying 

                                                              𝑢𝑘(𝑡) > 𝑘𝑀for all𝑡 ∈ [0, 𝑇].                                                         (2.4) 

From the definition of𝛺, we see 

                         𝑢𝑘′′ + 𝜆𝑓(𝑢𝑘)𝑢𝑘 ′ + 𝜆𝜑(𝑡)𝑢𝑘(𝑡 − 𝜏1) − 𝜆𝑔(𝑢𝑘(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1],                 (2.5) 

and by using assumption[𝐻2], 

                                                                0 < 𝑔(𝑢𝑘(𝑡)) < 𝐴, for all                                                           (2.6) 

By integrating (2.5) over the interval [0,T], we have 

∫ 𝜑(𝑡)𝑢𝑘(𝑡 − 𝜏1)𝑑𝑡 = ∫ 𝑔(𝑢𝑘(𝑡 − 𝜏2))𝑑𝑡 + ∫ ℎ(𝑡)𝑑𝑡,
𝑇

0

𝑇

0

𝑇

0

 

i.e., 

∫ 𝜑+(𝑡)𝑢𝑘(𝑡 − 𝜏1)𝑑𝑡 = ∫ 𝜑−(𝑡)𝑢𝑘(𝑡 − 𝜏1)𝑑𝑡
𝑇

0

+ ∫ 𝑔(𝑢𝑘(𝑡 − 𝜏2))𝑑𝑡 + ∫ ℎ(𝑡)𝑑𝑡,
𝑇

0

𝑇

0

𝑇

0

 

Since𝜑+(𝑡) ≥ 0and𝜑−(𝑡) ≥ 0for all𝑡 ∈ [0, 𝑇], it follows from the integral mean value theorem that there are 

two points𝜉, 𝜂 ∈ 𝑅such that 

𝑢𝑘(𝜉)𝑇𝜑+ = 𝑇𝜑−𝑢𝑘(𝜂) + ∫ 𝑔(𝑢𝑘(𝑡))𝑑𝑡 + 𝑇ℎ
𝑇

0

 

≤ 𝑇𝜑−|𝑢𝑘|∞ + ∫ 𝑔(𝑢𝑘(𝑡))𝑑𝑡 + 𝑇ℎ
𝑇

0

, 

which together with (2.6) yields 

𝑢𝑘(𝜉)𝑇𝜑+ < 𝑇𝜑−|𝑢𝑘|∞ + 𝑇𝐴 + 𝑇ℎ, 
i.e., 

                                                                 𝑢𝑘(𝜉) < 𝜎|𝑢𝑘|∞ +
𝐴+ℎ

𝜑+
.                                                              (2.7) 

In view of the inequality 

|𝑢𝑘|∞ ≤ 𝑢𝑘(𝜉) + 𝑇
1
2 (∫ |𝑢𝑘′(𝑠)|2𝑑𝑠

𝑇

0

)

1
2

, 

it follows from (2.7) and the condition of𝜎 ∈ [0,1), which is determined in assumption [𝐻1], that 

                                                   |𝑢𝑘|∞ ≤
𝑇

1
2

1−𝜎
(∫ |𝑢𝑘 ′(𝑠)|2𝑑𝑠

𝑇

0
)

1

2
+

𝑚𝑎𝑥{𝐴+ℎ,0}

(1−𝜎)𝜑+
.                                          (2.8) 

On the other hand, by multiplying (2.5) with 𝑢𝑘(𝑡), and integrating it over the interval [0,T], we obtain 

∫ |𝑢𝑘′(𝑡)|2𝑑𝑡 = −𝜆 ∫ 𝑔(𝑢𝑘(𝑡 − 𝜏2))𝑢𝑘(𝑡)𝑑𝑡
𝑇

0

+ 𝜆 ∫ 𝜑(𝑡)𝑢𝑘(𝑡 − 𝜏1)𝑢𝑘(𝑡)𝑑𝑡 − 𝜆 ∫ ℎ(𝑡)𝑢𝑘(𝑡)𝑑𝑡,
𝑇

0

𝑇

0

𝑇

0

 

which together with the fact of 𝑔(𝑥) > 0 for all 𝑥 > 0 gives 

∫ |𝑢𝑘′(𝑡)|2𝑑𝑡
𝑇

0

< 𝜆 ∫ 𝜑+(𝑡)𝑢𝑘(𝑡 − 𝜏1)𝑢𝑘(𝑡)𝑑𝑡 + 𝜆 ∫ ℎ−(𝑡)𝑢𝑘(𝑡)𝑑𝑡,
𝑇

0

𝑇

0

 

≤ 𝑇𝜑+|𝑢𝑘|∞
2 + 𝑇ℎ−|𝑢𝑘|∞, 

i.e., 
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                                              (∫ |𝑢𝑘 ′(𝑡)|2𝑑𝑡
𝑇

0
)

1

2
< (𝑇𝜑+)

1

2|𝑢𝑘|∞ + (𝑇ℎ−)
1

2|𝑢𝑘|
∞

1

2 .                                    (2.9) 

Substituting (2.8) into the above formula, 

(∫ |𝑢𝑘 ′(𝑡)|2𝑑𝑡
𝑇

0

)

1
2

< (𝑇𝜑+)
1
2 [

𝑇
1
2

1 − 𝜎
(∫ |𝑢𝑘 ′(𝑠)|2𝑑𝑠

𝑇

0

)

1
2

+
𝑚𝑎𝑥{ 𝐴 + ℎ, 0}

(1 − 𝜎)𝜑+
] + 

(𝑇ℎ−)
1
2 [

𝑇
1
2

1 − 𝜎
(∫ |𝑢𝑘′(𝑠)|2𝑑𝑠

𝑇

0

)

1
2

+
𝑚𝑎𝑥{ 𝐴 + ℎ, 0}

(1 − 𝜎)𝜑+
]

1
2

 

= 𝜎1 (∫ |𝑢𝑘 ′(𝑠)|2𝑑𝑠
𝑇

0

)

1
2

+
𝑇

3
4(ℎ−)

1
2

(1 − 𝜎)
1
2

(∫ |𝑢𝑘 ′(𝑠)|2𝑑𝑠
𝑇

0

)

1
4

+ 𝐴0, 

where𝜎1 =
𝑇

1
2

(1−𝜎)
(∫ 𝜑+(𝑡)𝑑𝑡

𝑇

0
)

1

2
∈ (0,1), which is determined by assumption [𝐻1], and 

𝐴0 = (𝑇𝜑+)
1
2

𝑚𝑎𝑥{ 𝐴 + ℎ, 0}

(1 − 𝜎)𝜑+
+ (

𝑇ℎ𝑚𝑎𝑥{ 𝐴 + ℎ, 0}

(1 − 𝜎)𝜑+
)

1
2

, 

and then 

(∫ |𝑢𝑘′(𝑡)|2𝑑𝑡
𝑇

0

)

1
2

<
𝑇

3
4(ℎ−)

1
2

(1 − 𝜎)(1 − 𝜎)
1
2

(∫ |𝑢𝑘′(𝑠)|2𝑑𝑠
𝑇

0

)

1
4

+
𝐴0

1 − 𝜎1
, 

which results in 

                                                    (∫ |𝑢𝑘 ′(𝑡)|2𝑑𝑡
𝑇

0
)

1

4
<

𝑇
3
4(ℎ−)

1
2

(1−𝜎)(1−𝜎)
1
2

+ (
𝐴0

1−𝜎1
)

1

2
.                                         (2.10) 

Substituting (2.10) into (2.8), we have 
|𝑢𝑘|∞ < 𝑀0, 

where 𝑀0 is determined by (2.2). This is 

                                                                 𝑢𝑘(𝑡) < 𝑀0for all𝑡 ∈ [0, 𝑇].                                                     (2.11) 

By the definition of𝑘0, we see from (2.3) that (2.11) contradicts to (2.4). This contradiction implies that the 

conclusion of Lemma 2.3is true. 

3. Main results 

   Theorem 3.1. Assume that [𝐻1]-[ 𝐻4] hold. Then Eq.(1.1) has at least one positive 𝑇 −periodic solution. 

Proof. Firstly, we will show that there exist𝑀1, 𝑀2with 𝑀1 > 𝑘∗𝑀 and 𝑀2 > 0such that each positive 

𝑇 −periodic solution 𝑢(𝑡) of Eq.(2.1) satisfies the inequalities 

                                                   𝑢(𝑡) < 𝑀1, |𝑢′(𝑡)| < 𝑀2, for all 𝑡 ∈ [0, 𝑇].                                             (3.1) 

In fact, if 𝑢is an arbitrary positive 𝑇 −periodic solution of Eq.(2.1), then 

                      𝑢′′(𝑡) + 𝜆𝑓(𝑢(𝑡))𝑢′(𝑡) + 𝜆𝜑(𝑡)𝑢(𝑡 − 𝜏1) − 𝜆𝑔(𝑢(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1].               (3.2) 

This implies 𝑢 ∈ 𝛺. So by using Lemma 2.2 that there is a point𝑡0 ∈ [0, 𝑇] such that 

                                                                        𝑢(𝑡0) ≤ 𝑘∗𝑀,                                                                      (3.3) 

and then 

                                                        |𝑢𝑘|∞ ≤ 𝑢𝑘(𝜉) + 𝑇
1

2 (∫ |𝑢𝑘′(𝑠)|2𝑑𝑠
𝑇

0
)

1

2
                                              (3.4) 

Integrating (3.2) over the interval [0,T], we have 

                                           ∫ 𝜑(𝑡)𝑢(𝑡 − 𝜏1)𝑑𝑡
𝑇

0
− ∫ 𝑔(𝑢(𝑡 − 𝜏2))𝑑𝑡

𝑇

0
= ∫ ℎ(𝑡)𝑑𝑡.

𝑇

0
                                (3.5) 

By assumption [𝐻4], we see from (3.5) that there is a point 𝑡1 ∈ [0, 𝑇] such that 

                                                                           𝑢(𝑡1) ≥ 𝛾,                                                                         (3.6) 

where 𝛾 < 𝑘∗𝑀is a positive constant, which is independent of𝜆 ∈ (0,1]. Similar to the proof of (2.9), we 

have 

                                               (∫ |𝑢′(𝑡)|2𝑑𝑡
𝑇

0
)

1

2
< (𝑇𝜑+)

1

2|𝑢|∞ + (𝑇ℎ−)
1

2|𝑢|
∞

1

2 .                                         (3.7) 
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Substituting (3.4) into (3.7), we have 

(∫ |𝑢′(𝑡)|2𝑑𝑡
𝑇

0

)

1
2

≤ (𝑇𝜑+)
1
2 [𝑘∗𝑀 + 𝑇

1
2 (∫ |𝑢′(𝑠)|2𝑑𝑠

𝑇

0

)

1
2

] + 

               (𝑇ℎ−)
1

2 [𝑘∗𝑀 + 𝑇
1

2 (∫ |𝑢′(𝑠)|2𝑑𝑠
𝑇

0
)

1

2
]

1

2

 

≤ (𝑇𝜑+)
1
2 (∫ |𝑢′(𝑠)|2𝑑𝑠

𝑇

0

)

1
2

+ 𝑇
3
4(ℎ−)

1
2 (∫ |𝑢′(𝑠)|2𝑑𝑠

𝑇

0

)

1
4

+ 

𝑘∗𝑀(𝑇𝜑+)
1
2 + (𝑇𝑘∗𝑀ℎ−)

1
2, 

which results in 

[1 − 𝑇(𝜑+)
1
2] (∫ |𝑢′(𝑡)|2𝑑𝑡

𝑇

0

)

1
2

 

≤ 𝑇
3

4(ℎ−)
1

2 (∫ |𝑢′(𝑠)|2𝑑𝑠
𝑇

0
)

1

4
+ 𝑘∗𝑀(𝑇𝜑+)

1

2 + (𝑇𝑘∗𝑀ℎ−)
1

2.                                               (3.8) 

Since 

(𝑇𝜑+)
1
2 = 𝑇

1
2 (∫ 𝜑+(𝑠)𝑑𝑠

𝑇

0

)

1
2

<
𝑇

1
2

1 − 𝜎
(∫ 𝜑+(𝑠)𝑑𝑠

𝑇

0

)

1
2

, 

it follows from assumption [𝐻2] that 

1 − 𝑇(𝜑+)
1
2 > 0, 

which together (3.8) yields that there is a constant 𝜌 > 0, which is independent of𝜆 ∈ (0,1], such that 

(∫ |𝑢′(𝑡)|2𝑑𝑡
𝑇

0

)

1
2

< 𝜌, 

and then by (3.4), we have 

                                                   𝑢(𝑡) < 𝑘∗𝑀 + 𝑇
1

2𝜌： = 𝑀1, for all 𝑡 ∈ [0, 𝑇].                                        (3.9) 

Now, if 𝑢attains its maximum over [0,T] at 𝑡2 ∈ [0, 𝑇], then 𝑢′(𝑡2) = 0 and we deduce from (3.2) that 

𝑢′(𝑡) = 𝜆 ∫ [−𝑓(𝑢)𝑢′ − 𝜑(𝑡)𝑢(𝑡 − 𝜏1) + 𝑔(𝑢(𝑡 − 𝜏2)) + ℎ(𝑡)]𝑑𝑡
𝑡

𝑡2

 

For all 𝑡 ∈ [𝑡2, 𝑡2 + 𝑇]. Thus, if 𝐹′ = 𝑓, then 

|𝑢′(𝑡)| ≤ 𝜆|𝐹(𝑢(𝑡)) − 𝐹(𝑢(𝑡2))| + 𝜆 ∫ |𝜑(𝑠)|𝑢(𝑠 − 𝜏1))𝑑𝑠
𝑡2+𝑇

𝑡2

+ 𝜆 ∫ 𝑔(𝑢(𝑡 − 𝜏2))𝑑𝑡
𝑡2+𝑇

𝑡2

+ 

𝜆 ∫ |ℎ(𝑠)|𝑑𝑠
𝑡2+𝑇

𝑡2

 

≤ 2𝜆 𝑚𝑎𝑥
0≤𝑢≤𝑀1

|𝐹(𝑢)| + 𝜆 ∫ 𝑔(𝑢(𝑠))𝑑𝑠 + 𝜆𝑇|𝜑|
𝑇

0
|𝑢|∞ + 𝜆|ℎ|.                                                       (3.10) 

From (3.5), we see that 

∫ 𝑔(𝑢(𝑠))𝑑𝑠
𝑇

0

= ∫ 𝜑(𝑡)𝑢(𝑡 − 𝜏1)𝑑𝑡 − 𝑇ℎ
𝑇

0

 

≤ 𝑇𝜑+|𝑢|∞ + 𝑇ℎ−. 
It follows from (3.10) that 

|𝑢′(𝑡)| ≤ 2𝜆 ( 𝑚𝑎𝑥
0≤𝑢≤𝑀1

|𝐹(𝑢)| + 𝜆𝑇|𝜑||𝑢|∞ + |ℎ|) 

< 2𝜆 ( 𝑚𝑎𝑥
0≤𝑢≤𝑀1

|𝐹(𝑢)| + 𝑀1𝑇|𝜑| + 𝑇|ℎ|) 

: = 𝜆𝑀2, for all 𝑡 ∈ [0, 𝑇],                                                                            (3.11) 

and then 

                                                           |𝑢′(𝑡)| < 𝑀2, for all 𝑡 ∈ [0, 𝑇].                                                        (3.12)    

(3.10) and (3.12) imply that (3.1) holds. 
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Below, we will show that then there exists a constant 𝛾0 ∈ (0, 𝛾), such that each positive 𝑇 −periodic 

solution of Eq.(2.1) satisfies  

                                                           𝑢(𝑡) > 𝛾0,for all 𝑡 ∈ [0, 𝑇].                                                           (3.13)          

Suppose that 𝑢(𝑡) is an arbitrary positive 𝑇 −periodic solution of Eq.(2.1), then 

                          𝑢′′(𝑡) + 𝜆𝑓(𝑢)𝑢′ + 𝜆𝜑(𝑡)𝑢(𝑡 − 𝜏1) − 𝜆𝑔(𝑢(𝑡 − 𝜏2)) = 𝜆ℎ(𝑡), 𝜆 ∈ (0,1].                   (3.14) 

Let 𝑡1 be determined in (3.6). Multiply (3.14) by𝑢′(𝑡) and integrating it over the interval[𝑡1 + 𝜏1, 𝑡 + 𝜏1] (or 

[𝑡 + 𝜏1, 𝑡1 + 𝜏1]) , we get 

|𝑢′(𝑡 + 𝜏1)|2

2
−

|𝑢′(𝑡1 + 𝜏1)|2

2
+ 𝜆 ∫ 𝑓(𝑢(𝑠))(𝑢′(𝑠))2𝑑𝑠

𝑡+𝜏1

𝑡1+𝜏1

 

= 𝜆 ∫ 𝑔(𝑢(𝑠 − 𝜏2))(𝑢′(𝑠))𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

− 𝜆 ∫ 𝜑(𝑠)𝑢(𝑠 − 𝜏1)(𝑢′(𝑠))𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

𝜆 ∫ ℎ(𝑡)𝑢′(𝑠)𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

 

= 𝜆 ∫ 𝑔(𝑢(𝑠 − 𝜏2))(𝑢′(𝑠 − 𝜏2))𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

+ 𝜆 ∫ 𝑔(𝑢(𝑠 − 𝜏2))[𝑢′(𝑠) − 𝑢′(𝑠 − 𝜏2)]𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

− 

𝜆 ∫ 𝜑(𝑠)𝑢(𝑠 − 𝜏1)(𝑢′(𝑠))𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

+ 𝜆 ∫ ℎ(𝑡)𝑢′(𝑠)𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1

 

     = 𝜆 ∫ 𝑔(𝑢(𝑠))𝑢′(𝑠)𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1
+ 𝜆 ∫ 𝑔(𝑢(𝑠 − 𝜏2))[𝑢′(𝑠) − 𝑢′(𝑠 − 𝜏2)]𝑑𝑠

𝑡+𝜏1

𝑡1+𝜏1
− 

       𝜆 ∫ 𝜑(𝑠)𝑢(𝑠 − 𝜏1)(𝑢′(𝑠))𝑑𝑠
𝑡+𝜏1

𝑡1+𝜏1
+ 𝜆 ∫ ℎ(𝑡)𝑢′(𝑠)𝑑𝑠

𝑡+𝜏1

𝑡1+𝜏1
, 

which yields the estimate 

𝜆 |∫ 𝑔(𝑠)𝑑𝑠
𝑢(𝑡1)

𝑢(𝑡)

| ≤
|𝑢′(𝑡 + 𝜏1)|2

2
+

|𝑢′(𝑡1 + 𝜏1)|2

2
+ 𝜆 ∫ |𝑓(𝑢)|(𝑢′)2𝑑𝑡 +

𝑇

0

 

             𝜆 ∫ |𝜑(𝑡)𝑢𝑢′|
𝑇

0
𝑑𝑡 + 𝜆 ∫ |ℎ(𝑡)𝑢′|𝑑𝑡.

𝑇

0
 

From (3.10) and (3.11), we get 

𝜆 |∫ 𝑔(𝑠)𝑑𝑠
𝑢(𝑡1)

𝑢(𝑡)

| ≤ 𝜆𝑀2
2 + 𝜆 𝑚𝑎𝑥

0≤𝑢≤𝑀1

|𝑓(𝑢)|𝑇𝑀2
2 + 𝜆𝑀1𝑀2𝑇|𝜑| + 𝜆𝑀2𝑇|ℎ| 

which gives 

                                             |∫ 𝑔(𝑠)𝑑𝑠
𝑢(𝑡1)

𝑢(𝑡)
| ≤ 𝑀3, for all 𝑡 ∈ [𝑡1, 𝑡1 + 𝑇]                                             (3.15) 

with 

𝑀3 = 𝑀2
2 + 𝑚𝑎𝑥

0≤𝑢≤𝑀1

|𝑓(𝑢)|𝑇𝑀2
2 + 𝑀1𝑀2𝑇|𝜑| + 𝑀2𝑇|ℎ|. 

From [𝐻3] there exists𝛾0 ∈ (0, 𝛾) such that 

                                                      ∫ 𝑔2(𝑢)𝑑𝑢 > 𝑀3
𝛾

𝜂
, for all 𝜂 ∈ (0, 𝛾0]                                                 (3.16) 

Therefore, if there is a 𝑡∗ ∈ [𝑡1, 𝑡1 + 𝑇] such that𝑢(𝑡∗) ≤ 𝛾0, then from (3.16) we get 

∫ 𝑔(𝑠)𝑑𝑠 > 𝑀3

𝛾

𝑢(𝑡∗)

, 

and then 

∫ 𝑔(𝑠)𝑑𝑠
𝑢(𝑡1)

𝑢(𝑡∗)

> ∫ 𝑔(𝑠)𝑑𝑠 > 𝑀3

𝛾

𝑢(𝑡∗)

, 

which contradicts (3.15). This contradiction gives that𝑢(𝑡) > 𝛾0for all𝑡 ∈ [0, 𝑇]. So (3.13) holds. 

Let𝑚0 ∈ 𝑚𝑖𝑛{ 𝐷1, 𝛾0}and𝑚1 ∈ (𝑀1 + 𝐷2, +∞) be two constants, then from(3.1) and (3.12), we see that each 

possible positive 𝑇 −periodic solution 𝑢satisfies 

𝑚0 < 𝑢(𝑡) < 𝑚1, |𝑢′(𝑡)| < 𝑀2 

This implies that condition 1 and condition 2 of Lemma 2.1 are satisfied. Also, we can deduce from Remark 

2.2 that 

𝑔(𝑐) − 𝜑𝑐 + ℎ > 0, for 𝑐 ∈ (0, 𝑚0] 
and 

𝑔(𝑐) − 𝜑𝑐 + ℎ < 0, for 𝑐 ∈ [𝑚1, +∞) 

which results in 

(𝑔(𝑚0) − 𝜑𝑚0 + ℎ)(𝑔(𝑀1) − 𝜑𝑀1 + ℎ) < 0. 
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So condition 3 of Lemma 2.1 holds. By using Lemma 2.1, we see that Eq.(1.1) has at least one positive 

𝑇 −periodic solution. The proof is complete. 

Example 3.1: Considering the following equation 

                             𝑥′′(𝑡) + 𝑓(𝑥(𝑡))𝑥′(𝑡) + 𝑎(1 + 2 𝑠𝑖𝑛 𝑡)𝑥(𝑡 − 𝜏1) −
1

𝑥2(𝑡−𝜏2)
= 𝑐𝑜𝑠 𝑡,                        (3.17) 

where𝑓 is an arbitrary continuous function,𝜏1, 𝜏2 ∈ [0, +∞) and 𝑎 ∈ (0, +∞) are constants. Corresponding 

to Eq.(1.1), we have 𝑔(𝑢) =
1

𝑢2，𝜑(𝑡) = 𝑎(1 + 2 𝑠𝑖𝑛 𝑡) and ℎ(𝑡) = 𝑐𝑜𝑠 𝑡.By simple calculating, we can 

verify that assumptions [𝐻2]-[ 𝐻4] are all satisfied. Furthermore, 

∫ 𝜑+(𝑡)𝑑𝑡 = (
4𝜋

3

𝑇

0

+ 2√3)𝑎, ∫ 𝜑−(𝑡)𝑑𝑡 = (2√3
𝑇

0

−
2𝜋

3
)𝑎, 

and then 

𝜎: =
∫ 𝜑−(𝑠)𝑑𝑠

𝑇

0

∫ 𝜑+(𝑠)𝑑𝑠
𝑇

0

=
2√3 −

2𝜋
3

4𝜋
3

+ 2√3
∈ (0,1) 

and 

𝜎1:
𝑇

1
2

1 − 𝜎
(∫ 𝜑+(𝑡)𝑑𝑡

𝑇

0

)
1
2 =

𝑎
1
2

(2𝜋)
1
2

(
4𝜋

3
+ 2√3)

3
2. 

If 

𝑎 <
2𝜋

(
4𝜋
3

+ 2√3)3
, 

then 𝜎1 ∈ (0,1), this implies that assumption [𝐻1] holds. Thus, by using Theorem 3.1, we have that Eq.(3.17) 

has at least one positive2𝜋 −periodic solution. 
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𝑥

1−𝑥
=

𝑐𝑜𝑠 𝜔 𝑡, Bull. Cl. Sci. Acad. R. Belguique (5) 48 (1962) 494–504. 

[3] J. Lei, M. Zhang, Twist property of periodic motion of an atom near a charged wire, Lett. Math. Phys. 60(1)(2002), 

9–17. 

[4] S. Adachi, Non-collision periodic solutions of prescribed energy problem for a class of singular Hamiltonian 

systems, Topol. Methods Nonlinear Anal. 25(2005), 275–296. 

[5] R. Hakl, P. J. Torres, On periodic solutions of second-order differential equations with attractive–repulsive 

singularities, J. Differential Equations 248(2010), 111-126. 

[6] P. Jebelean, J. Mawhin, Periodic solutions of singular nonlinear perturbations of the ordinary p-Laplacian J. Adv. 

Nonlinear Stud. 2(3)(2002), 299-312. 

[7] K. Tanaka, A note on generalized solutions of singular Hamiltonian systems, Proc. Amer. Math. Soc. 122(1994), 

275–284. 

[8] S. Terracini, Remarks on periodic orbits of dynamical systems with repulsive singularities, J. Funct. Anal. 

111(1993),213–238. 

[9] S. Solimini, On forced dynamical systems with a singularity of repulsive type, Nonlinear Anal. 14(1990), 489–500. 

[10] S. Gaeta and R. Man′ asevich, Existence of a pair of periodic solutions of an ode generalizing a problem in 

nonlinear elasticity via variational methods, J. Math. Anal. Appl. 123(1988), 257-271. 

[11] A. Fonda, Periodic solutions for a conservative system of differential equations with a singularity of repulsive type, 

Nonlinear Anal. 24(1995), 667-676 

[12] A. C. Lazer, S. Solimini, On periodic solutions of nonlinear differential equations with singularities J. Proc. Amer. 

Math. Soc. 99(1987), 109-114. 

[13] A. Fonda, R. Man′asevich and F. Zanolin, Subharmonic solutions for some second-order differential equations 

with singularities, SIAM J. Math. Anal. 24(1993), 1294-1311. 

[14] D. Jiang, J. Chu, M. Zhang, Multiplicity of positive periodic solutions to superlinear repulsive singular equations, J. 

Differential Equations 211(2005), 282–302. 

OPEN ACCESS

DOI https://doi.org/2024-JICS-22427 | Generated on 2025-04-09 08:08:27



Journal of Information and Computing Science, Vol. 14(2019) No. 1, pp 010-017 

 

 

JIC email for subscription: publishing@WAU.org.uk 

17 

[15] J. Chu, P. J. Torres, M. Zhang, Periodic solutions of second order non-autonomous singular dynamical systems, J. 

Differential Equations 239(2007), 196–212. 

[16] X. Li, Z. Zhang, Periodic solutions for second order differential equations with a singular nonlinearity, Nonlinear 

Anal. 69(2008), 3866–3876.  

[17] R. Martins, Existence of periodic solutions for second-order differential equations with singularities and the strong 

force condition, J. Math. Anal. Appl. 317(2006), 1–13. 

[18] M. Zhang, Periodic solutions of Liénard equations with singular forces of repulsive type, J. Math. Anal. Appl. 

203(1996), 254-269. 

[19] Z. Wang, Periodic solutions of Liénard equations with a singularity and a deviating argument, Nonlinear Anal. 

Real World Appl. 16(2014), 227-234. 

[20] S.Lu, A new result on the existence of periodic solution for Liénard equations with a singularity of repulsive type. 

J.Inequal.Appl.2017,37(2017).doi:10.1186/s13660-016-1285-8 

[21] L,Chen. S Lu, A new result on the existence of periodic solution for Rayleigh equations with a singularity of 

repulsive type. Adv Difference Equations.2017,106(2017).doi:10.118 6/s13662-017-1136-z                                              

[22] R. Manásevich, J. Mawhin, Periodic Solutions for Nonlinear Systems with p-Laplacian-Like Operators J. 

Differential Equations 145(1998), 367-393. 

 

OPEN ACCESS

DOI https://doi.org/2024-JICS-22427 | Generated on 2025-04-09 08:08:27


