
 

Published by World Academic Press, World Academic Union 

ISSN 1746-7659, England, UK 

Journal of Information and Computing Science 

Vol. 10, No. 2, 2015, pp. 083-089 

 

 
 

 

 

Some Fixed Point Theorems in G-Metric and Fuzzy Metric Spaces 

using E.A Property  

Vishal Gupta
1
, Raman Deep

2
  

1,2
Department of Mathematics, Maharishi Markandeshwar University, Mullana-133207, Ambala, Haryana (India) 

 (Received August 03, 2013, accepted December 12, 2014) 

Abstract. Fuzzy logic is a new scientific field which is employed in mathematics, computer science and 

Engineering. Fuzzy logic calculates the extent to which a proposition is correct and allows computer to 

manipulate the information. The aim of this paper is to prove some common fixed point theorems using the 

property E.A. in the setting of G-metric and Fuzzy metric space by taking a set of three conditions for self 

mappings. Here the notion of semi compatibility and occasionally compatibility is used to replace the 

assumption of continuity and completeness of space.  Our result generalizes the result of Tanmony Som [1] 

and Mujahid Abbas [2]. 
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1. Introduction  

    The concept of Fuzzy is initially given by Lofti A Zadeh [3]. Fuzzy sets and Fuzzy logic are powerful 

mathematical tools for modelling and controlling uncertain systems in industry, humanity, nature and easily 

be implemented on a standard computer. Fuzzy metric space and fixed point in this space have been studied 

by many authors [4]-[7]. In 2007 R.K Saini [8] gave fixed point result in fuzzy metric space using expansion 

mapping. Further R-weakly commuting mapping has been employed by R.K Saini et. al. to obtain results in 

[9].  

    Mustafa [10] gave generalized metric called G-metric and define many concepts like convergence, 

continuity, completeness, compactness, product of spaces in the setting of G-metric space and stated that 

every G-metric space is topologically equivalent to a metric space. Again in 2009 Mustafa [11] showed fixed 

point results without using the completeness property but with other sufficient conditions. Further he employ 

a new concept of expansive mapping to prove results in [12]. 

In 1986, Jungck [13] introduced the concept of compatible mapping. This concept was frequently used to 

prove existence theorems in common fixed point theory. Vishal Gupta et. al. [14] gave a result in G-metric 

space using weakly compatibility. 

    In 2002, Aamir and Moutawakil [16] studied a new property for pair of maps, the property E.A, which is 

generalization of concept of non compatible maps. Further Pant and Pant [17] studied the common fixed 

points of a pair of non compatible maps and property E.A in Fuzzy metric space. Recently, Vishal Gupta and 

A. Kanwar[15] proved Fixed Point Theorem in Fuzzy Metric Spaces Satisfying E.A Property.  

The purpose of this paper is to prove common fixed point results for four self mappings using E.A property 

and compatibility.  

Definition 1.1: Let X  be a non empty set and let :G X X X R


    be a function satisfying the       
following, 

1)  , , 0G x y z   if x y z   

2)  0 , ,G x x y  for all ,x y X  with x y  

3)    , , , ,G x x y G x y z  for all , ,x y z X  with z y  

4)      , , , , , , ...G x y z G x z y G y z x    

5)      , , , , , ,G x y z G x a a G a y z   for all , , ,x y z a X  

Then the function G  is called a generalized metric or a G-metric on X and the pair  ,X G  is called G-

metric space. 
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Definition 1.2: Let A  and S  be self mappings on a G-metric space  ,X G . Then the mappings are said to 
be weakly compatible if they commute at their coincidence point, that is Ax Sx  implies that ASx SAx . 

Definition 1.3: A binary operation      : 0,1 0,1 0,1    is a continuous t-norm if   is satisfying the 
following conditions: 

(i)  is commutative and associative 

(ii)  is continuous 

(iii) 1a a   for all  0,1a  

(iv) a b c d    whenever a c  and b d  and  , , , 0,1a b c d  . 

Definition 1.4: The 3-tuple  , ,X M  is said to be Fuzzy metric space if X is an arbitrary set,  is 
continuous t-norm and M  is a Fuzzy set in 

2
[0, )X   satisfying the following conditions: 

(i)  , ,0 0M x y   

(ii)  , , 1M x y t   0t   if and only if x y  

(iii)    , , , ,M x y t M y x t  

(iv)      , , , , , ,M x y t M y z s M x z t s    

(v)  , ,. : [0, ) [0,1]M x y    is left continuous 

(vi)  lim , , 1M x y t
n




 

Definition 1.5: Two self mappings A  and S of a Fuzzy metric space  , ,X M  are said to be compatible if 
and only if  , , 1M ASx SAx tn n   for all 0t  , whenever  xn is a sequence in X such that 

,Sx Ax pn n  for some p in X as n  . 

Definition 1.6: Two self mappings A  and S of a Fuzzy metric space  , ,X M  are said to be semi- 
compatible if and only if  , , 1M ASx Sp tn   for all 0t  , whenever  xn is a sequence in X such that 

,Sx Ax pn n  for some p in X as n  . 

Definition 1.7: Two self mappings A  and S of a Fuzzy metric space  , ,X M  are said to be occasionally 
weakly compatible if and only if there is a point x  in X which is coincidence point of A  and S  at which A
and S commute. 

Definition 1.8: Two self mappings A and S  of a Fuzzy metric space  , ,X M  are said to satisfy the 
property E.A if there exists sequence  xn in X such that lim limAx Sx zn nn n

 
 

 for some z X . 

Theorem 1.1[1]: Let S and T  be two continuous self mappings of a complete fuzzy metric space 

 , ,X M  . Let A be a self mapping of X  satisfying  ,A S and  ,A T are R-weakly commuting and  

     A X S X T X     and                                      (1.1) 

          , , min , , , , , , , , , , ,M Ax Ay t r M Sx Ty t M Sx Ax t M Sx Ay t M Ty Ay t       (1.2) 

for all ,x y X , where r  is a continuous function such that  

 r t t  for each 1t   and  r t t  for 1t         (1.3) 

The sequences  xn  and  yn in X are such that , , 0x x y y tn n   implies 

   , , , ,M x y t M x y tn n  . Then , ,A S T have a unique common fixed point in X . 

Theorem 1.2[2]: Let X be a complete G-metric space. Suppose that  ,f S and  ,g T be point wise R-
weakly commuting pairs of self-mappings on X satisfying 

            , , max , , , , , , , , , , , , , 2G fx fx gy h G Sx Sx Ty G fx fx Sx G gy gy Ty G fx fx Ty G gy gy Sx     

 (1.4) 

and 

            , , max , , , , , , , , , , , , , 2G fx gy gy h G Sx Ty Ty G fx Sx Sx G gy Ty Ty G fx Ty Ty G gy Sx Sx     

  (1.5) 

for all ,x y X ,where  0,1h . Suppose that fX TX , gX SX and one of the pair  ,f S and  ,g T

is compatible. If the mappings in the compatible pair be continuous, then , ,f g S and T have a unique 

common fixed point. 
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2. Main Result  

Theorem 2.1: Let  ,X G be a G-metric space and , , , :A B S T X X be four self mappings such that  

(i)    A X T X  and    B X S X  

(ii) One of the pair  ,A S  and  ,B T  satisfy the property E.A 

(iii)        
   , , , ,

, , max , , , , , ,G , , ,
2

G Ax Ty Ty G By Sx Sx
G Ax By By h G Sx Ty Ty G Ax Sx Sx By Ty Ty




   
  
   

for all ,x y X , where  0,1h .       (2.1)  

(iv) One of      , ,A X B X S X  and  T X is a complete subset of X . 

Then the pairs  ,A S  and  ,B T  have a coincidence point. Further if  ,A S and   ,B T   are weakly 

compatible, then , ,A B S  and T have a unique common fixed point in X . 

Proof: Suppose that the pair  ,B T satisfies the property E.A. Then there exist a sequence  xn  in X such 

that lim limBx Tx tn nn n
 

 
 for some t X . Since    B X S X , there exists a sequence  yn in X  

such that Bx Syn n .  Hence lim
n

Sy tn
 . 

We claim that lim Ay tnn



. To contrary suppose that this is not true.  

Then from (2.1), we have 

           , , ,
, , max , , , , , ,G , , ,

2

G Ay Tx Tx G Bx Sy Syn n n n n nG Ay Bx Bx h G Sy Tx Tx G Ay Sy Sy Bx Tx Txn n n n n n n n nn n n

 
 
  




Taking the limit as n  , we get 

       
   lim , , , ,

lim , , max , , , lim , , ,G , , ,
2

G Ay t t G t t tnn
G Ay t t h G t t t G Ay t t t t tn nn n





 

   
  
    

  

Implies      lim , , lim , , , ,G Ay t t h G Ay t t G Ay t tn n nn n
 

 
  (as  0,1h ) 

a contradiction. Hence lim Ay tnn



 

Now suppose that  S X is a complete subset of X .Then t Su for some u X . Now we will show that

Au Su t  . 

Again from (2.1) we have 

       
   , , ,

, , max , , , , , ,G , , ,
2

G Au Tx Tx G Bx Su Sun n n
G Au Bx Bx h G Su Tx Tx G Au Su Su Bx Tx Txn n n n n n n




   
  
   

taking the limit as n  , we get 

       
   , , , ,

, , max , , , , , , , , ,
2

G Au t t G t t t
G Au t t h G t t t G Au t t G t t t




   
  
   

 

Implies      , , , , , ,G Au t t hG Au t t G Au t t   

Hence Au Su . (2.2) 

Therefore u  is a coincidence point of the pair  ,A S . The weak compatibility of A  and S implies that 

ASu SAu  and hence AAu ASu SAu SSu   . 

Since    A X T X , there exists v X such that  

Au Tv            (2.3)  

Again from (2.1), we have   
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   , , , ,

, , max , , , , , , , , ,
2

G Au Tv Tv G Bv Su Su
G Au Bv Bv h G Su Tv Tv G Au Su Su G Bv Tv Tv




   
  
   

On using (2.2) and (2.3) we get 

       
   , , , ,

, , max , , , , , , , , ,
2

G Tv Tv Tv G Bv Tv Tv
G Tv Bv Bv h G Au Au Au G Au Au Au G Bv Tv Tv




   
  
   

ImpliesTv Bv  

Thus Au Su Tv Bv t                                                                                                                          (2.4) 

Now take x t  and y v  in (2.1), we get 

       
   , , , ,

, , max , , , , , , , , ,
2

G At Tv Tv G Bv St St
G At Bv Bv h G St Tv Tv G At St St G Bv Tv Tv




   
  
   

 

    On using (2.4), we obtain At t .Since the pair  ,A S is weakly compatible, therefore

tASu SAu At S   . Hence we have At St t  .The same result can be obtained for the pair  ,B T .For 

uniqueness, let z be another fixed point of mappings , , ,A B S T . 

Take x t  and y z in (2.1) 

       
   , , , ,

, , max , , , , , , , , ,
2

G At Tz Tz G Bz St St
G At Bz Bz h G St Tz Tz G At St St G Bz Tz Tz




   
  
   

       
   , , , ,

, , max , , , , , , , , ,
2

G t z z G z t t
G t z z h G t z z G t t t G z z z




   
  
   

 

implies t z . Hence the result. 

Theorem 2.2: Let , , ,A B S T  be self mappings of a Fuzzy metric space  , ,*X M  satisfying the condition 

          , , min , , , , , ,M , , , , ,M Ax By t r M Sx Ty t M Sx Ax t Sx By t M Ty Ax t     (2.5) 

For all ,x y X where    : 0,1 0,1r   is a continuous function such that  

 r t t  for each 1t  and  r t t for 1t   (2.6) 

Also suppose the pair  ,A S  and  ,B T share the common property (E.A) and  S X and  T X  are closed 

subsets of X .Then the pair  ,A S  as well as  ,B T  have a coincidence point. Further , , ,A B S T  have a 

unique common fixed point provided the pair  ,A S is semi-compatible and  ,B T is occasionally weakly 

compatible. 

Proof: Since the pair  ,A S and  ,B T share the common property (E.A) then there exist two sequences 

 xn and  yn in X  such that  

lim lim lim limAx Sx By Ty zn n n nn n n n
   

   
, for some z X  

Since  S X is closed subset of X , then  lim Sx z S Xnn
 


, therefore there is a point u  in X such that 

Su z . 

    Now we claim that Au z , if not then by using (2.5), we have  

          , , min , , , , , , , , , , ,M Au By t r M Su Ty t M Su Au t M Su By t M Ty Au tn n n n     

On taking the limit as n  , we get 

          , , min , , , , , , , , , , ,M Au z t r M z z t M z Au t M z z t M z Au t     

                                                    , , , ,r M Au z t M Au z t      [by using (2.6)] 
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 a contradiction which implies Au z . Thus we have Au Su z   i.e. u is a coincidence point of the pair

 ,A S . 

    Again  T X is a closed subset of X , then  lim Ty z T Xnn
 


, therefore there exists w X  such that

Tw z . Again using (2.5) we obtain  

          , , min , , , , , , , , , , ,M Ax Bw t r M Sx Tw t M Sx Ax t M Sx Bw t M Tw Ax tn n n n n n     

On taking limit as n  , we get 

          , , min , , , , , , , , , , ,M z Bw t r M z z t M z z t M z Bw t M z z t     

                                                     , , , ,r M z Bw t M z Bw t     

                                                  Bw z  and hence Tw Bw z  . 

That shows w  is a coincidence point of the pair  ,B T . 

Also is semi-compatible pair, so lim ASx Sznn



 and lim ASx Aznn




. 

Since the limit in Fuzzy metric space is unique so Sz Az . 

Now,  we claim that z is a common fixed point of the pair  ,A S . 

Again from (2.5), we have  

          , , min , , , , , , , , , , ,M Az Bw t r M Sz Tw t M Sz Az t M Sz Bw t M Tw Az t     

On taking the limit as n  , we get 

          , , min , , , , , , , , , , ,M Az z t r M Az z t M Az Az t M Az z t M z Az t     

                                                , , , ,r M Az z t M Az z t     

Az z  and thus Az z Sz  . 

    Now, since w  is a coincidence point of B and T and the pair  ,B T is occasionally weakly compatible so 

we have BTw TBw Bz Tz z    . 

    Hence z is the common fixed point of , ,A S B and T . 

    For uniqueness let v  be another common fixed point of   , ,A S B and T . On taking x z  and y v  in 

(2.5), we get  

          , , min , , , , , , , , , , ,M Az Bv t r M Sz Tv t M Sz Az t M Sz Bv t M Tv Az t     

On applying n  , we have 

          , , min , , , , , , , , , , ,M z v t r M z v t M z z t M z v t M v z t     

                                                      , , , ,r M z v t M z v t     

 implies z v . Thus z is the unique common fixed point of mappings , ,A S B andT . 

Theorem 2.3: Let , ,A S B and T be four self mappings of a Fuzzy metric space  , ,*X M  satisfying the 
following conditions: 

(i) The pairs  ,A S  and  ,B T  share the common property (E.A) 

(ii)  S X  and  T X  are closed subsets of X  

(iii)             , , , , , , , , max , , , , ,qM Ax By t aM Ty Sx t bM Sx By t cM Ax By t M Ax Sx t M By Ty t   

                                                                                                                                                     

(2.7) 

for all ,x y X , , , 0a b c  , 0q   and q a b c   . Then the pairs  ,A S  and  ,B T have a point of 

coincidence each. Also if the pair is semi-compatible and  ,B T  is occasionally weakly compatible 

then , ,A S B and T  have a unique common fixed point. 
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Proof: As the pairs  ,A S and  ,B T  share the common property (E.A) then there exist  two sequences 

 xn and  yn in X  such that  

lim lim lim limAx Sx By Ty zn n n nn n n n
   

   
, for some z X  

Since  S X is closed subset of X , then  lim Sx z S Xnn
 


, therefore there is a point u  in X such that

Su z . Using the condition (2.7) we get 

            , , , , , , , , max , , , , ,qM Au By t aM Ty Su t bM Su By t cM Au By t M Au Su t M By Ty tn n n n n n   

On taking limit as  n  , we obtain 

            , , , , , , , , max , , , , ,qM Au z t aM z z t bM z z t cM Au z t M Au z t M z z t     

           , , , , 1 , ,q c M Az z t a b M z z t a b M z z t       

 , , 1
a b

M Au z t
q c


  


, for all 0t   

Hence Au z  and Au Su which shows that u is the coincidence point of  ,A S . 

    Again  T X is closed subset of X , therefore there is a point w  in X  such that Tw z . Now take 

x xn  and y w  in condition (2.7), we get 

            , , , , , , , , max , , , , ,qM Ax Bw t aM Tw Sx t bM Sx Bw t cM Ax Bw t M Ax Sx t M Bw Tw tn n n n n n   

On applying the limit as n  , we obtain 

            , , , , , , , , max , , , , ,qM z Bw t aM z z t bM z Bw t cM z Bw t M z z t M Bw z t     

       , , , , 1 , ,q b c M z Bw t aM z z t aM z z t      

 , , 1
a

M z Bw t
q b c

  
 

, for all 0t   

Implies Bw z  and henceTw Bw z  . Thus w  is the coincidence point of  ,B T . 

    Further we assume  ,A S  is semi-compatible pair, so lim ASx Sznn



 and lim ASx Aznn




. 

    Since the limit in Fuzzy metric space is unique so Sz Az . Now we claim that z is a common fixed point 

of A and S . 

    From condition (2.7), we have  

            , , , , , , , , max , , , , ,qM Az Bw t aM Tw Sz t bM Sz Bw t cM Az Bw t M Az Sz t M Bw Tw t     

on taking n  , we obtain 

            , , , , , , , , max , , , , ,qM Az z t aM z Az t bM Az z t cM Az z t M Az Az t M z z t     

   
1

, , 1q a b c M z Bw t
q a b c

    
  

 for all 0t   

implies Az z . Hence Az z Sz  . 

    Now since w  is a coincidence point of B and T and the pair  ,B T is occasionally weakly compatible so 

we have BTw TBw  implies Bz Tz z  . 

    Hence z is the common fixed point of mappings , ,A B S andT . The uniqueness of fixed point follows 

from taking x z and y v  in condition (2.7). 

 

On taking A B in the above theorem we get the following corollary 

Corollary 2.1: Let ,SA and T be four self mappings of a Fuzzy metric space  , *X M satisfying the 
following conditions: 

(i) The pairs  ,A S and  ,A T share the common property (E.A) 

(ii)  S X and  T X are closed subsets of X  
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(iii)             , , , , , , , , max , , , , ,qM Ax Ay t aM Ty Sx t bM Sx Ay t cM Ax Ay t M Ax Sx t M Ay Ty t   

for all ,x y X , , , 0a b c  , 0q   and q a b c    

Then the pairs  ,A S and  ,A T have a point of coincidence each. Further if the pair  ,A S is semi-

compatible and  ,A T is occasionally weakly compatible then ,SA and T  have a unique common fixed 

point. 

3.    References  

[1] Tanmony Som, Some results on Common Fixed Point in Fuzzy metric spaces, Soochow Journal of Mathematics, 

33(2007), pp. 553-561.  

[2] M. Abbas, S.H. Khan and T. Nazir, Common Fixed Points of R-weakly commuting maps in generalized metric 

space, Fixed Point Theory and Application, 41(2011). 

[3] L.A Zadeh, Fuzzy sets,  Inform control, 8(1965), pp. 338-353.  

[4] J.X. Fang, On fixed points theorems in fuzzy metric spaces,  Fuzzy Sets and Systems, 46(1992), pp.  107-113. 

[5] J.S. Jung, Y.J. Cho and  J.K Kim, Minimization theorems for fixed point theorems in fuzzy metric spaces and 

applications, Fuzzy Sets and Systems, 61(2) (1994), pp. 199-207.  

[6] M.A Erceg, Metric spaces in fuzzy set theory,  J. Math. Anal. Appl. 69 (1979), pp. 205-230. 

[7] M. Grabiec, Fixed point in fuzzy metric spaces,  Fuzzy Sets and Systems, 27(1988), pp. 385-389.  

[8] R.K Saini, Vishal Gupta and S.B. Singh, Fuzzy Version of Some Fixed Points Theorems on Expansion Type Maps 

in Fuzzy Metric Space,  Thai Journal of Mathematics, Mathematical Assoc. of Thailand, 5(2)(2007), pp. 245-252. 

[9] R.K Saini, M. Kumar, V. Gupta and  S.B. Singh, Common coincidence Points of R-Weakly Commuting Fuzzy Maps, 

Thai Journal of Mathematics, Mathematical Assoc. of Thailand, 6(1)(2008), pp. 109-115. 

[10] Z. Mustafa and B. Sims, A New Approach to Generalized Metric Spaces. Journal of Nonlinear and Convex 

analysis, 7(2)(2006),  pp. 289-297. 

[11] Z. Mustafa, W. Shatanawi and M. Bataineh, Existence of Fixed Point Results in G-metric Space, International 

Journal of Mathematics and Mathematical Sciences, Article ID 283028, (2009)10 pages. 

[12] Z. Mustafa, F. Awawdeh and W. Shatanawi, Fixed Point Theorem for Expansive Mappings in G-metric spaces, Int. 

J Contemp. Math. Sciences, 5(50)(2010), pp.  2463-2472. 

[13] G. Jungck, Compatible mappings and common fixed points,  Internat. J. Math. Math. Sci. 9(1986), pp.  771-779. 

[14] Vishal Gupta, A.K Tripathi, R. Deep and R. Sharma, Common Fixed Point Theorem in G-metric Space, 

International Journal of Mathematics and computer Application Research, 2(3)(2012), pp. 1-4. 

[15] Vishal Gupta and A. Kanwar, Fixed Point Theorem in Fuzzy Metric Spaces Satisfying E.A Property, Indian 

Journal of Science and Technology. 5, (2012), 69-71. 

[16] M. Aamir and D.El. Moutawakil, Some new common fixed point theorems under strict contractive conditions,  J. 

Math. Anal. Appl. 270(2002), pp. 181-188. 

[17] V. Pant and R.V. Pant,  Fixed points in Fuzzy metric space for non compatible maps,  Soochow J. Math. 33(2007), 

pp. 647-655. 

 

OPEN ACCESS

DOI https://doi.org/2024-JICS-22550 | Generated on 2025-04-09 07:30:45


