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Abstract. In this paper we discuss some growth rates of iterated entire functions improving some earlier
results.
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1. Introduction, Definitions and Notation

Let f{z) and gfZ) be two transcendental entire functions defined in the open complex plane C. It is
well known [1], {[15], p-67, Th-1.46} that

lim J.(r, fod) _ _ and lim J.(r.fog) _
= o0 Im = oo
r—e T(r,f) r—e T(r,Q)

After this Singh [11], Lahiri [7], Song and Yang [13], Singh and Baloria [12], Lahiri and Sharma [8] and
Datta and Biswas [3], [4] proved different results on comparative growth property of composite entire
functions. In a resent paper [2] Dutta study some comparative growth of iterated entire functions. In this
paper, we investigate the comparative growth of iterated entire functions in terms of its (p,q)-th order. We do
not explain the standard notations and definitions of the theory of entire functions as those are available in
[5], [14] and [15].

The following definitions are well known.

Definition 1.1. The order g and lower order }Lf of ameromorphic function f I:E} isdefined as

F— oo ogr
and
A =liminf Mlﬂﬁl
— oo ogr
If F{z)isentirethen
Y loglogM (r, f)
Pt _Ilrﬁsip logr
and
1. =liminf loglogM (r, )
f 15 logr '

Notation 1.2. [10] Iog[o] X=X, exp[o] = X and for positive integer

mlogl™l x = log(loglM= x), exp[m] X = exp(exp[m_l:I X) .

Definition 1.3. The p-th order P and lower p-th order J P of ameromorphic function f{Z]) is defined
Pt At

as

: logtPIT(r, )
P — :
P; Ilrm sijop logr
and
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AP = liminf 109PIT(r, f)
F=lmint = ogr

If f(Z) isentirethen
logtP*IM (1, )

pf=limsup

r— oo logr
and
AP = liminf 109" M (r, f)
F=iminf == ogr
CIearIpr < pll?—l and ,1fp < /lfp_l for all p and when p=1 then p-th order and lower p-th order

coincide with classical order and lower order respectively.
Definition 1.4. The (p,q) -th order P (P0) and lower ( p,q)-th order Ae(PQ) of a

meromorphic function F{Z] isdefineas
logtPIT (1, f)
|Og[Q] r

P, (P,g)=limsup
[— o0

and

A, (p.q)=liminf 09 PIT(r. 1)
r—e  logldly

If £{Z) isan entirefunction then

logP*IM (r, )

,0)=Ilimsu
p(p,q)=limsup gl
and
A, (p,q) = liminf 109" M (r, )
f [— oo logl@lr
where p=(=>1.

Clearly p . (p1)=pP and 2(p1)=2p.

Definition 1.5. Let f(Z) be an entire function of finite p- th order o ]P then we define P as

Y
J]P:Iimsuplog[ }Mp(r, t).
r

According to Lahiri and Banerjee [6] if f (2) and J(Z) areentire functions then the iteration of f
with respect to {J is defined asfollows:

f(2)=f(2)

fr(2)= F(G(F o, (f(2) of g(Z))erre... ),

according asn is odd or even,
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and so
gl(z)= 9(z)

g, (2)=9(f(2))=9( f;(2)]
95(2)=9( f,(2))=9(f(9(2)))

on(2)=9( f,_1(2))=9[ (g, ,(2)]]
Clearly all f,(z) and gn(z) are entire functions,

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.
Lemma2.1.[5] Let f (Z) bean entire function. For 0< r < R< @2, we have

R+r
R-r

Lemma2.2. [1] If f (Z) and g(Z) are any two entire functions, for all sufficiently large values of r,

1 r
M(éM(E,gj—‘g(O)‘,fJSM(r,fog)SM(M(r,g),f).
Lemma2.3.[9] Let f (Z)and g(Z) be two entire functions. Then we have
1 1 r
T(r, fog)= §Iog M (gM (Z,gJ+ o), f j

Lemma2.4. Let T (Z)and J(Z)betwo entire functions of non zero finite (p,q)-th order Ps (P,Q)

T(r,f)<log"M (r,f)< T(R, f).

and 0, ( P,q) respectively, thenforany £ >0 and p=q=1,

g IP--2d )< (ot (pa)+lodIM(r,g1+0D)  whennisevn
(ol pA+a)IdAM(r, )+ whennisod

for al sufficiently large values of .

Proof. First suppose that nis even. Then from second part of Lemma 2.2 and Definition of (p,q)-th order, it
followsthat for all sufficiently large valuesof r,

M(r,fn)<M [M[r,gn_lj,f]
ie., logedM(r,f, ] slog[ P+Ly (M(r.gnq).f)
s(pf(p,q)+g)log[q]M(r,gn_l).
So, Iog[ p+2]|\/l(r,fnj < Iog{qﬂ} M (r,g(fn_z)j+oa)

pe2-al,,.

log rfo)<logM(r,g(fr—2)]+0Q).
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Taking repeated logarithms p times, we get

2p+2-q| M (1, fr)< Iog{ p+L MM (. f _,).0)+0®D)

<(pg(P.a)+&)log M (1, f_,)+0(),

log

ie., Iog[2p+3_q] M (r, )< Iog{qﬂ} M (r, fn_2)+0(1)

[2p+3-2q]
log M(r,fn)glogM(r,fn_
Again taking repeated logarithms p times, we get
logl3(PH=2al M (r, fn)< (P ( p,q)+g)log[q} M(r.g. 5)+O(@).

Finally, after taking repeated logarithms (n-4)(p+ 1) times more, we have for al sufficiently large values of r,

logl("DP+)-(n=2)d] (. fn) <(ps ( p.a)+¢)log 9 M (r,g)+O().
Similarly if nisodd then for al sufficiently large values of r,

logT=HER==2d M (1, ) < (pg ( p,q)+&)log I'M (r, £)+O(1).

This proves the lemma.
Lemma25. Let f(Z) and g(z) be two entire functions of non zero finite lower (p,q)-th order

A; (p,q) and A, ( p,q) respectively, then for any
0<g<min{/1f(p,q) : /lg(p,q)} and p=>q=>1],

2j+0(1).

(1f ( p,q)—e)lodq] Mb‘f—l’g H+O(1) whenn iseven

(4g(Pa)-¢]Iegd M[;A’f LO() whennisodd,

for al sufficiently large values of r.
Proof. First suppose that nis even. Then from first part of Lemma 2.2 we have for al sufficiently large

valuesof r andforanyQ < g < min{/lf (p,q),lg(p,Q)},

M (gM (5901 )-[90 1O 1

> M (116|v| [E’gn—lj’ f ]
P 0 0 5.

using the Definition 1.4,
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e.tog "M, fn)Z[if (D,Q)—S}OQM M (5.8, 4 |+O®
ie, Iog{ P2 (r, fn)zlog{qﬂhvl (;,g(fn_z)jma)

[p+2—q} 1 r
M (I’, fn)2|Og|\/| {16M [22, fn 2},9 +O(1).
Taking repeated logarithms p times, we get

logl2P+2=0l (1 )>Iog[p+l]M[1M[ f 2} J+0(1)

)
16 | 52’
{rz H+0(1)

l.e, log

2(19 Iog [16
Iog[2p+3_2q| M (r, fn)=logM ( ]

Again taking repeated logarithms p times, we get

Iog[2p+2_2q]M(r,fn)2[/1f(p,q) jlog[cnlll6 {Zr?),gn_3]]+0(1)

2(/11: ( p,q)—g]log[q] M {ng,gn_gj+0(1).

Finally, after taking repeated logarithms (n-4)(p+ 1) times more, we have for al sufficiently large values of r,

- —(n— 1
ogl(DPHD=(0=2)al frn) = (ﬂf (p.a) —e)log[q] LGM (an—l , gﬂ +0(1)

1,1 P2 121 () -e)iod T (z“ gjm@_

Similarly if nisodd then for all sufficiently large values of r,

1ogt (N DPH=(N=2)A w1 (¢ 1) > (44 (p.a)—)log FIM (an_l,f }+0(1).

This proves the lemma.

Lemma 2.6. Let f(2) and g(2) be two non- constant entire functions, such that

0<p (P,Q)<= and 0< pg(p,d)<eo. Thenfor all sufficiently larger and Eso

log[(n—l)p+(n—2)(1—q)]_I_(r’]c )< (,Of(pq)+8)log[q]M(r g)+O(1) when niseven,
(Q;pq )qﬁﬂMrfﬁom when nis odd

where

p>qg=>1.

The lemmafollows from Lemma 2.1 and Lemma 2.4.
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Lemma2.7. Let T(2) and 9(2) betwo entire functions such that 0 < /1f (P,g)<eoe and

O0<A,(P,g)<oe. Thenforany £(0< & < min{4,(p.q), Ag (p.q))and p=>qg=1,

(41 ( p,q)—g)log[q] M [rl,g]+0(l) when nis even,
| Og[(lﬂ—l) p+(n—2)(1—q)]T(r, () AN

_ aml " :
(ﬂg(p,q) g)log[ ]M(4n—l’fJ+O(l) whennis odd
for al sufficiently large values of .

Proof. To prove thislemmawe first suppose that nis even. Then from Lemma 2.1and Lemma 2.3 we get for
ay £(0<e<min{4,(p.q), ,19 (p,q)}) andforall sufficiently large values of r,

T(rfn)=T(r. f(g,_9 ]
zllogM (éM [2’%—1)*0(1)’ f ]
Iog[ IE)]T(r, N E= Iog[ P+l (%M (%,gn_lj+0(1), f]+0(1)

2(/1f (p,q)—e}log[q{%M (%,gn_lj+0(1)}+0(l)
2(/1f (p,q)—ejlog[q]{%M (%,gn_lﬂ+0(1)
> A (p.a)—£ logIM[ Z.g._,|+0Q)
4 (pa-ees (G gy
>[4 (o= log " T( .0, 4| +00)

-1
z(ﬂf(p,q)—gjlog[q }[%IOQM@MUZ fn 2}+O(l),gﬂ+0(l),

[y
£ |0g[q_1}

i.e., Iog[ ijl]T(r f )>Iog[q+1]M[8M(4r2,fn_2J+O(1),g}+O(l)
+1- 1
i.e., Iog[p q]T(r f )>IogM( M[42 fn_2]+0(1),gJ+O(1)

i.e., Iog[2p+1_q]T(r, fn)= Iog[ p+1 M

ém{ f ]+0(1) gJ+O(1)

q

(R

>(g(p.g)—€|log

g

[

§
l
9

2’
[rz }+ 0(1)%0(1)
>(g(p.a)—€|log {

Lz H+0(1).
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ie., Iog[2 p+1-0qly (r.fn)= (/’Lg ( p,q)—.c:)log[(ﬂ M {4r2 fn—2]+ o)

|0g[(n—1) p+(n—2)(1—q)]T(r1 )= (¢ (P.O) _&)log4m (

milarly,

ﬁ,g}+0(1) when niseven.S
=

logl (-DPH-2) A0l 7 fn) = (Ag(p.0)-£) log 4'm (4%—1 f )+O(1) when nisodd.

This proves the lemma.

3. Theorems

Theorem 3.1. Let f and g be two non-constant entire functions of non- zero finite (p,q)-th order and lower
(p.q)-th order, also 0< 07,0, <eo. Then

o DO Dy 1 1) 49 pe(p.a)

N liming
" |rrl|£10 Iog[mT(r,f(g)) A (P,Q)
(i) Iimsuplog[(n_l)(p+1)_(n_2)q] M@ty  Ae(PG)
[—>oo logt P17 (1, £ (9)) B (2n_1)P8pf (0.)
when niseven and
A
(i) limint logl (" DEH=-2Im (r, 7)) 4 " pg(P)
r—e0 log-P'T(r.g(1)) ~ g(p,a)
(iv) Iimsuplog[(n_l)(p+1)_(n_2)Q] M(r. fn) 5 Ag(P.0)
F—co log P!T(r,g(1)) -

(2”‘1)'0(‘EI pg(p.a)

Proof. First we suppose that n is even, then from Lemma 2.4 and the Definition 1.5 we have for al larger
and € > 0,

when nis odd.

log ("D (P+D—=(n=2)al (¢, fr) < (o ( p,q)+g)log[c” M (r,9)+0O(1)

q pS
S(pf(p,q)+g)(0'g+8)r +0(1). (3.2)

From Lemma 2.3 we get

T(r,f (g))zélogM [1%M [Arfg]fJ

Since 4, (p,q) isthe lower (p,g)-th order of f sofor given €(0< e <A, (p,0)) and for all large values
of r,
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p +1 r
Iog[ }T(r,1‘(g))>log[p ]M(16 [4,9],f]+0(1)

" Iog[ pJT(r,f(g))z[/lf(p,q)—gjlog[m [4, j+0(1) (3.2)

Again for a sequence of values of r tending to infinity,

o,
00l (£.9)> (0§ ¢ ). 33
Therefore from (3.2) and (3.3) we get for a sequence of values of r tending to infinity,
Yo,
log p]T(r,f(g))z(ﬂf (p,q)—gj(dg—g)(zrj 8+o(1) (3.4)

where 0< & <min{4, (p,q),05}.
Now from (3.1) and (3.4) we have for a sequence of values of r tending to infinity,

q Py
logl(=D(P+D-(n=2)al ¢ (pi(pa)+e)(od+e)r +0(1)

n) .
Iog[mT(r,f(g))

(2¢ (p.a)-€)(o 8)( j +O(1)

(pi(pa)+e)(og +g) +o(1)
(Zf(p,q) )(0' g)+o(1) '

Since € >0 isarbitrary,

Aq
iming logt(MHEH-=2)dly (¢ 5y 4 T4 (PO)

[—oo Iog[pJT(r,f(g)) - Ap(pa)

Also when nis even then from Lemma 2.5 we get for all sufficiently large values of r

Iog[(n—l)(p—l)—(n—Z)q] M(r, fn) 2 (4 (P,0)-¢€) log 9/ Mm (# gJ +0(1).

Now for a sequence of values of r tending to infinity, we have

09 (710> (0§ e 1 )0

Therefore for a sequence of values of r tending to infinity, we get

o,
Iog[(n —Dp+D—(n- 2)q]M(r f )>(/1 (p.9)— 8)(0'9 8)(25_1J 8+O(1) (3.5)where

O<ex< min{/1f (p.9), 0'8}.

Again by Lemma 2.1 we havefor al largevalues of r, and&€ > O,

T(r,f(g))<logM r,f(9))
<logM (M(r,q),f).

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, Vol. 8 (2013) No. 4, pp 299-315 307

= 1og PIT(r, £ (9)) (o, (p) +€)lod I M (1,9)

<(p( p,q)+g)(0'8+gjr'08. (3.6)

Therefore from (3.5) and (3.6) we have for a sequence of values of r tending to infinity,
q

ro\’o
1ogl(DEH-(-2)al ¢ 1, (44 ( D,Q)—e)(ag—e)( zn_lj +0(1)
log PIT (r, f(g)) )

s
(,of(p,q)+<~3)(a§+5)rpg -

_ (xlf(p,q)—g)(ag—e)+o(1) |
(272) (o, (paayre)(ogve)

€>0 isarbitrary,

Iimsup|Og[(n—l)(IO+1)—(n—2)Cl] M (T, ) o A¢ (P.Q)
F—=>co |09[p]T(r’f(9)) (zn-1)/)8

pf(p,q)

Similarly for odd n we get the second part of this theorem.
This proves the theorem.

Remark 3.2 If f is of regular growthi.e. p; (P, 4) = A (P, ) and niseventhen
|og[(n—1)(p+1)—(n—2)Q] M (r, fr) _ 4,08

(i)  liminf

F—>oo Iog[mT(r, f(g))
(ii) IimsupIog[(n_l)(p+1)_(n_2)q] M(r.fn), 1
r—eo log PIT(r,  (9)) (Zn—l)pg

Alsoif gisof regular growthi.e. pg( P, CI) = ﬂg(p, Q)andnisoddthen
n—1)(p+1)—(n—2 9
0 DPH-(-2 i ¢, 1) _PF

R T
v imeup 0 TIEDCD g g
e log PIT (r,g(1)) (Zn—ljp?

Remark 3.3. The conditions non zero lower (p,q)-th order and finite (p,g)-th order are necessary for
Theorem 3.1, which are shown by the following examples.

Example34.Let f (z) = exp[ p_q+1]z,g (z) = exp[ p_Q]za_nd 29> p+1. Then

pi (P a) = 4 (p, d)=Land p,(p, ) = 4(p, q)=0.
Here f(g) = exp? "z and
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3r(2r, f(g)) =2logM(r, f(9))= exp[2p_2q]r
e, T(r,f(9)) 2% exp[Zp_Zq]%.
. Iog[ IO]T(r,f(g)) > exp[ IO_20|]%+O(1).

Now
{n p—nq+ﬂ}
e exp 217 when niseven
n [n p—nq+n—+ﬂ
exp 2 1z when nisodd.
So when niseven,
n p—nq+n

M(r, fn) exri
DOy ) o D2 gy P

p—20-2+1
e

Therefore
logl(M-D(P+D)-(n-2)a] yy fn) _ exp[ p—2q—g+1]r+o(l)
log PIT (r, 1 (g) expl P24l
= M+ 0(1) — Onot gater thenlas r — oo.
exp2 r

Similarly for odd n,
|og[(n—1)(p+l)—(n—2)Q] M (r, fn) _ exp
log! IO]T(r,g( f )) - exp[ p—2a];
— Onot gater thenlas r — oo.

[p-29-P51+1]
. 0o(1)

Example35.Let f (z) = exp[ p_q+l]z,g(z) = exp[p_q+2]z and 2q2 p+1 Then
ps (P A) = ¢ (P, a)=1and p,(P, Q) = A (P, Q)=

Here g(f) = exp[Zp_2q+3]z and
T(r,o(f)) <logM(r,g(f))= exp[2p_2q+2]r
" Iog[ IO]T(r,g(f)) < exp[ P-20r+2]

Now
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n p—nq+3n}
21z

exp[ whenniseven

fn -

np—nq+3n_l}
2 1z

exp[ whennisodd.

Sowhenniseven,

_ng+3n

M (r, ) :exp{np nax 2L
_ng+3n
e, loglDE-(=2)al £y = 10gl (D P+D=(N-2)] exp[”p nar 2L

— n
:exp{p 2q+2+1}r.
Therefore

10l "DED-(-D ¢ 1) exp{ p-20+D+1

Iog[pJT(r,g(f)) p—2q+2]

r

ex p[ r

n

2

:exp[ } r — o notleasthenlas r — oo.

When nisodd,
{n p—nq+3n2—1}
M(r, fn) =exp r

—ng+3n-1
i.e., |Og[(n—1)(p+1)_(n—2)q] M (r’ fn) — |Og[(n—1)(p+l)—(n_2)q] exp[n p—ng+ >

g

r

= exp r.
Therefore
_ n+1
0gl -DED--2ly (1 1) p ™22

Iog[p]T(r,g(f)) - exp[ p-29+2],

n+l ,

= exp[ 2 } r — o notleasthenlas r — oo.
Theorem 3.6. Let f and g be two non-constant entire functions of non- zero finite (p,g)-th order and

lower (p,g)-th order, also 0< O'? ,0'8 < oo, Then
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q
n-1\°d
Y At At
[ —>o0 Iog[(n—l)p+(n—2)(1_Q)]T(r, ) - A¢ (p,q) ’
o log®P M (r, £ () A¢ (p.0)
(ii) limsup = >
oo -1) p+(n-2)(1-q)] d
' log T(r.fn) Zpgpf(p,Q)
when niseven and
n-1\°f
(i) liminf logP* Y (r,g(1)) s(4 ) P9 (P9
Rt (R Gl ) Emry Ag (P.0)
. logPt M (r, £ (g)) Ag (p.q)
R e ([ Gl ) ET e
2 " pg(p.a)
when nisodd.

Proof. when n is even, then from Lemma 2.7, we get for all large values of r and any £(0< € < 4, ( p,q)),

Iog[(n_l) p+(n—2)(1—Q)]T(r’ fr) = (A, ( p,q)—g)log[q] M ( 4:_1 ,gj+0(l). (3.7)

Again for a sequence of values of r tending to infinity,
q
Yo
[d] r qg_g) r |9
logl™ M (4n_1,gJ>(ag ej[4n_1J : (3.8)

Therefore from (3.7) and (3.8) we have for a sequence of values of r tending to infinity,

q
P
|Og[(n—1)p+(n—2)(1—Q)]T(r,fn)z(/lf(p,q)—e)(ag—gj(ﬁj J 1o (3.9)Wher

eO<e< min{/lf (p,q),ag}.

Now from second part of Lemma 2.2 we get for large values of r,

Iog[p+l]M (r,f (g))slog[p+1]M (M (r,g),f)
<(p¢ (p,a)+&)log M (r,9)

o
< (pf(p,q)+e)(c78+e)r 8 (3.10)
Now from (3.9) and (3.10) we get for a sequence of values of r tending to infinity,
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o9 /g
Iog[p+1]M(r,f(g)) (Pf(DQ)+€)( +8)I‘

ogt("-Dp+(n=2){1-q)] (r.fn)

P
G (pay-e)(og =) 1y [ +ow

) (Pf (p,Q)+€)(O'8+g)(4n—1)’08
- (A¢ (p,q)—g)(ag_ngro(l) .

Since £ >0 isarbitrary,

~1 /’8
limin loglP* I m (r, 7 (g)) <(4” ) Pt (P9
5% ogl (D=2 T (¢ 1 ) 2 (p.0)

Again for al sufficiently large values of r, we get from first part of Lemma 2.2,

1
oglP*IM (r, f (g))=loglP*IM {16 M (2 ,g] fJ

z[/zf (p,q)—gjlog[‘ﬂl\/l [2,gj+o(1). (3.12)
Also for asequence of values of r tending to infinity,
g r r\Pd
logl9m (z,gj>(08—5)(2j : (3.12)
Therefore from (3.11) and (3.12) for a sequence of values of r tending to infinity,
Yo,
loglP* M (r, f (g))z(ﬂf (p,q)—g}(ag _8)[;J 8 +0(1) (3.13)

where g < ¢ < min{/if (p,q),ag}.

Also when nis even then from Lemma 2.6 we get for r trending to infinity,

log IR F)<(p, (p.g)+e)log T M(r,9)+OQ)

yo
<(pg(Pa)+2) (od+e)r 8+O(J). (314)
Now from (3.13) and (3.14) for a sequence of values of r tending to infinity,
q
Pd
q r
log' P M (r, 1 (9)) >(lf(p'q)‘€)(“9—8)(2j +0W)
logl(N=DP+(N=2)A~]T(r )
og T(r n) (pf (p,q)+8)(0'8+g)rp8 +0(1)
(ﬂf (D,Q)—g)(08—8)+o(l)

2'08 (Pf (p,q)+g)(0'8+g)+o(l)-

Since € >0 isarbitrary,
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-~ limsup logtP™m (v,  (g)) A¢ (P.9) |
r— oo |og[(n—1)p+(n—2)(1—q)].|.(r’ ) 2'0 o
f )

>

Similarly for odd n we get the second part of this theorem.
This proves the theorem.

Remark 3.7.If fis of regular growthi.e. O ¢ ( p,q):/if (P,Q) and niseven then

0 timine oo £ (@) 117
(1) liminf ogl (D= (-2 T 1 1 ) s[4,
ogP M, f@) o 1

(i) lirnl)sclipIog[(n_l)p+(n_2)(1_q)]T (r, fn) B 2'08

Alsoiif gisof regular growthi.e. pg( p,Q)Zﬂg( p,Q) and nisodd then

q
o logtP M (r,9(1)) n-1\°f
) A g 0-Dpe-2a-al ¢ ) [

- - logtPt M (r.g(1)) 1
R ([ 9

The next theorem is the generalization of the above theorems.

Theorem 3.8. Let f and g be two non-constant entire functions of non- zero finite (p,g)-th order and lower
(p,q)-th order, also 0< o4, 0'8 < oo, Then

g
Yo,
i i |Og[(n_l)( p+1)—(n-2)q] M (r, fn) g (4n_1) g P ¢ (p.9)
(1) fimint 0glDPF-DEAI (T A (P.a)

- _ 1o [(n—l)(p+1)—(n—2)q]M r f Ae(P,Q)
g (l n) f

(i) Ilmﬁsup [(n-1) p+(n-2)(1-0)] = g

= log T(r.fn) (zn—l)pg

P (P.Q)

whenniseven and
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q
(iii)  liminf N/ <
[—> oo |Og[(n—1)p+(n—2)(1—Q)]-|-(r’fn) Ag (P.Q)

_ _ |0g[(n—1)(p+1)_(n—2)Q] M (r, fn) /’Lg (p,Q)
(V) P =D pr(n-2)a-0)] > g
= Jog T(r,fp) (zn_l)pf

whe

Pg(P.q)

nnisodd.
Proof. When n is even then from (3.1) and (3.9) we get for a sequence of values of r tending to infinity and
for 0<e< min{/lf ( p,q),oﬂ}

g
o,
|Og[(n—1)(p+1)—(n—2)q] M (r, fn)< [,of (p,q)+e](68+8)r g +O(1)

logl-D PH-2@-I T (r | - 9 |
(rTn) (lf(p,q)—e)(ag—gj[wr_l} g+O(1) Sinc

(pf (p,q)+s](08+8)(4n_1)p8 +o(1).

(ﬂf ( p,q)—g)(ag —5j+ 0(1)

eis £ >0 arbitrary,

P
logl("-D(P+D)=(n-2)a] ) (r, fn) (4n—1j 8,01: (P.9)
liminf < .
S loglm-DPHI-2E-AT (1 £ ) As (P0)

Also from (3.5) and (3.14) we have for a sequence of values of r tending to infinity and for

O<g<{/1f (p,q),aa},

r jpg +0(1)

log M-D(PH)=-20] (r. 1) >(/21 ( p’q)_g)(o-g_g)[zn—l

o TIPEENTIO N (g o+ 0y

(Al p,q)—g)(ag—8)+o(1)

(Pf ( p,q)+8)(ag+€j(2ml)pg +o(1).

Sinceis € > 0 arbitrary,
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-)(p+D)—(n-2
Iimsuplog[(n )(P+D—(n )0|]|\/|(r,fn)2 A¢ (P.Q)
= logIPHI-20-AlT(y £ ) (2”‘1) pg

P (P,Q)

Similarly for odd n we get the second part of the theorem.
This proves the theorem.

Remark 3.9. If f isregular growthi.e. O; ( p,Q) =/1f( p,CI)and niseven then

(i) liminf

(ii

loglM"-D(P+D-(=-2aI M (1 £
miT |Og[(n—1)p+(n—2)(1—C1)]T(r,fn)

) (4n—1jp8

) limsup N7 > :

Alsoif gisregular growthi.e. ,09( p,CI) ZZVQ( p,CI)and nisodd then

(ii

(iv) limsup

4.
[

(2]
(3]
(4]
(5]
(6]
[7]
(8]
(9]

[10]
[11]

loglD(PHD=(=2al M (1 £
i) liminf P
= Jogl(M D PH(N=DA-AIT (r £ )

< (4n—1)p f

|Og[(n—1)(p+1)—(n—2)q] M (r,fq) 1
e |ogl("—1) p+(n-2)(1-a)] 1 (r, f

n ) (Zn—l)p(\:cI
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