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Abstract. It is a crucial problem in the studies of the fluid on numerical simulations of the interfaces 
movement in multi-component fluids. In the present paper, a discontinuous Galerkin method is developed to 
simulate two-fluid flow. A level set method is used to capturing moving interfaces and a ghost fluid method 
with isobaric fix is used to disposing the interfaces boundary. Several test problems of two fluid flowing is 
solved and the comparisons between the numerical results and exact case are performed, which indicate the 
effectiveness of the method. 
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1. Introductions 
Discontinuous Galerkin method was initially introduced by Reed and Hill[1] to solve linear neutron 

transport equations. Lesaint and Raviart[2] were the first to put this method on a firm mathematical basis. 
Since that time, rigorous analyses of the method are made by Johnson[3], Richter[4], and by Peterson[5], 
Especially Cockburn and Shu introduced an explicit, nonlinearly stable high order Runge–Kutta type time 
discretization[6], which makes it to be an attractive method in computational fluid dynamics(CFD)[7-8].  

But as we all know, when a well established numerical method for single-medium flow is applied 
directly to the multi-medium flow, there can arise severe nonphysical oscillations in the vicinity of the 
material interface especially in the presence of shock and large density ratio[9]. As such, numerical simulation 
of multi-medium flow is an important interesting area in recently science computation. Especially two-fluid, 
where two non-mixing fluids are separated by a sharp fluid interface, find many applications in both 
engineering and physics[10]. The main difficulty in computing multi-medium flow is how to treat the moving 
medium interface. A general classification of interface methods in multi-material flows simulation divides 
them into Lagrangian and Eulerian[10-12] 

Lagrange methods[11] use the interface particles to characterize the interface and move with the fluid in 
order to capture the interface movement. It has extreme precision on the interface simulation. This method 
can accurately track the interface evolution and can discontinuously treat no numerical dissipation, but it is 
hard to treat the variation of interface topological structure and complicated to develop to high dimension. 
Euler methods[12] are effective to treat most problems and can treat the large deformation movement, but it is 
unable to precisely locate the multi-component interface and is unsuitable to the numerical simulation that 
requires high interface position. The robust ideal method must have both their merits. 

A technique coupling level set method[13] and ghost fluid method(GFM) developed[12] by Osher, Sethian 
and Fedkiw provides an attractive alternative for multi-medial flow simulation. Level set method is used to 
capture the interface position, and GFM is used to define the state variables of neighboring mesh points on 
the interface. At the same time, an interface entropy interpolation technique is used to capture the suitable 
interface boundary conditions in order to decrease possible non-physical oscillation. 

In the present paper, a discontinuous Galerkin(DG) method[6-8] is developed to simulate two fluid flow. 
In computational, a level set method is used to capturing moving interfaces and a GFM with isobaric fix is 
used to disposing the interfaces boundary. Several test problems of two fluid flowing is solved and the 
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comparisons between the numerical results and exact case are performed, which indicate the effectiveness of 
the method. 

The paper is organized as follows. We begin by describing the mathematical model in section 2 and the 
numerical discretisation of the Euler equations and level set function are presented in section 3, and then 
GFM with isobaric fix are given in section 4. Section 5 contains the associated numerical results. Finally, we 
sum up our conclusions in Section 6. 

2. Mathematical model 

2.1. governing equations 
The basic equations for two-dimensional compressible flow are the 2D Euler equations, 

( )0, 0,t TΩ+∇⋅ = ×U F                                                          （1） 

where [ ]T, , ,u v Eρ ρ ρ=U ， ( ) T2, , ,x u u p uv E p uρ ρ ρ⎡ ⎤= + +⎣ ⎦F ， ( ) T2, , ,y v uv v p E p vρ ρ ρ⎡ ⎤= + +⎣ ⎦F ,  
2RΩ ∈ , T is time variable, ρ is density, u and v are velocity component of x and y direction respectively, 

E is the total energy per unit volume, p is the pressure, and E is the total energy per unit volume  

( ) ( )2 21 2E p u vγ ρ= − + +                                                           （2） 

whereγ is the ratio of specific heat. 

2.2. Level Set equation 
We use the level set equation 

0u v
t x y
ϕ ϕ ϕ∂ ∂ ∂
+ =

∂ ∂ ∂
+                                                                   （3） 

to keep track of the interface location as the zero level of ϕ . And ϕ  is usually chosen as a sign distance 
function defined as followed 

( )
( )
( )
( )

0 , inside fluid  1
, ,0 0   , interface

0 , outside fluid  1

x y
x y x y

x y
ϕ

> ∈⎧
⎪= = ∈⎨
⎪< ∈⎩

                                               （4） 

However, during its evolution, the level set function can lose the property of being the distance 
function[14]. So a re-initialized equation (5) is required to keep the functionϕ holding the characteristic of 
distance. 

( ) ( )( )0

, ,
1 0

x y
S

ϕ τ
ϕ ϕ

τ
∂

+ ∇ − =
∂

                                                       （5） 

whereτ is fictitious time, ( ) 2 2
0S ϕ ϕ ϕ θ= +  is a sign function and ( )min d ,dx yθ = . 

The Equation (3) is numerically solved using the third-order RK-TVD scheme for time discretization and 
the fifth-order WENO scheme[15] for space discretization. Re-initialized equation (5) is solved using fifth-
order WENO scheme developed by Peng et al[15].  

3. The implementation of the DG method 
First, the equations (1) are discretized in space by using a DG method. [ ]0,t T∀ ∈ , the approximate 

solution ( ),h tU X is sought in the finite element space of discontinuous functions 

( ) ( ){ }: ,h h h hK
V v L v V K K Γ∞= ∈ Ω ∈ ∀ ∈  

where hΓ is a finite partition of the domainΩ , ( )V K is the so-called local space, which is taken as the 
collection of polynomials of degree k , for 2k = , in this paper and ( , )x y=X . 
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In order to determine the approximate solution ( ),h tU X , we multiply Eq. (1) by a test function v and 

integrate over the element K . Then, the exact solution ( ), tU X is replaced by approximation ( ),h tU X , and 

the test function v is replaced by hv . After applying the integration by part once, we recover the weak 
formulation form 

( ) ( ) ( ),
d , d d d 0
d h h h e K h h hK e K

e K

t v v v
t

Ω Γ
∈∂

+ ⋅ − ⋅∇ Ω =∑∫ ∫ ∫U F U F UX n                          （6） 

where ,e Kn denotes the outward unit normal to the edge e. Then, the flux ( ) ,h e K⋅F U n is replaced by the 

numerical flux ( ), ,e Kh tX , resulting in the scheme 

( ) ( ) ( ),d , d , d d 0
d

e K
h h h h hK e K

e K

t v h t v v
t

Γ
∈∂

Ω+ − ⋅∇ Ω =∑∫ ∫ ∫U F UX X                           （7） 

The value of numerical flux, ( ), ,e Kh tX , at the point ( ), tX  depends on two values of the approximate 

solution on ( ), tX , one is obtained from the interior of element K , that is ( )( ) ( )
,

limint K
h hy x y K

t y t
→ ∈

=U UX , , , 

and the other is obtained from the exterior of the element K , that is 

( )( )
( )

( )
,

,

lim
hext K

h
hy x y K

t
t

y t

γ Ω
Ω

→ ∉

⎧ ∈∂⎪= ⎨ ∉∂⎪⎩
U

U

X X
X ,

, X
, where ( ),h tγ X  is the trace of the element. 

Numerical flux is defined as ( ) ( )( ) ( )( )( ), ,, , , ,int K ext Ke K e K
h hh t h t t= U UX X X , which is a monotone 

flux for the scalar case and an exact or approximate Riemann solver for the system case. In this work, the 
simple Lax–Friedrichs flux is used, which is given as 

( ) ( ) ( ) ( ),
, , ,

1,
2

e K
e K e K e Kh a b a b b aα⎡ ⎤= ⋅ + ⋅ − −⎣ ⎦F n F n                                     （8） 

Where ,e Kα is the estimate of the largest eigenvalue of Jacobi matrix ( ) ( )( ) ,h e Kt∂ ∂ ⋅U F U X, n on the 
interface of element. Furthermore, we replace the integrals by quadrature rules as 

( ) ( ) ( ) ( ), ,

1
, d ,

L
e K e K

h l el h ele
l

h t v h t v eΓ ω
=

≈∑∫ X X X X                                     （9） 

( )( ) ( ) ( )( ) ( )
1

, d ,
M

h h j h Kj h KjK
j

t v t v Kω
=

⋅∇ Ω ≈ ⋅∇∑∫ F U F UX X X X                       （10） 

Substitute equation (9) and (10) into equation (7), finally we recover the weak expression 

( ) ( ) ( ) ( )( ) ( ),

1 1

d ( , ) d , , 0
d

L M
e K

h h e l el h el j h Kj h KjK
e K l j

t v h t v e t v K
t

Ω ω ω
∈∂ = =

+ − ⋅∇ =∑∑ ∑∫ U X X X X F U X X （11） 

For convenient computation, the orthogonal basis functions{ }1 2, , , jφ φ φL are used over the quadrilateral 

element K . Then, the expression for the approximate solution ( ),h tU X over the element K is taken as 

( ) ( )
1

ˆ,
m

h j j
j

t t φ
=

=∑U UX                                                               （12） 

Let h iv φ=  in (11), we obtain 

( ) ( ) ( ) ( )( ),

1 1

ˆd
d , , 0

d

L M
j e K

j i l el i j Kj iK
j e K l j

h t e t K
t

φ φ Ω ω φ ω φ
∈∂ = =

+ − ⋅∇ =∑ ∑∑ ∑∫ h

U
F UX X X X      （13） 

Let KM is the mass matrix, for ,h h hv V K Γ∀ ∈ ∀ ∈ , the formulation (12) can be rewritten in a concise 
ODEs form 
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( ) ( )( )ˆ ˆd d ,K h h h ht t L t γ=U UM                                                       （14） 

We discretize in time the above system of ODEs with Runge-Kutta method that is third-order accurate 
and the special steps as follows 

1) Set ( )0
0

ˆ ˆ
hh VP=U U , the operator 

hVP is the L2- projection into the finite element space hV  

2) for 0,..., 1n N= −  compute 1ˆ n
h
+U  as follows： 

a)  Set 0ˆ ˆ n
h h=U U , 

b)  for 1,..., 1i k= + ，compute the intermediate functions 

( ) ( ) ( ) ( )( )
1

0

ˆ ˆ ˆ ,
i

i l ln n n
h il h il h h h l

l
t L t d tα β γ

−

=

⎧ ⎫
= + Δ + Δ⎨ ⎬
⎩ ⎭
∑U U U , 1n n nt t t+Δ = −  

c)  Set 1 1ˆ ˆn k
h h
+ +=U U , 

For more details on the value of ilα , ilβ and ld see Ref.6. 

Under the high-order circumstances, in order to enhance the stability of the method and eliminate 
possible spurious oscillations in the approximate solution, a slope limiter is performed by the TVB corrected 
minmod function, which is introduced by Cockburn[6], as follows 

( )

2
11

1( ,..., ) min sign
otherwise0

m i i i

a M xa
m a a s a s a

≤ Δ⎧
⎪= =⎨
⎪
⎩

                                           （15） 

Where 0M > is a constant, and more details of slope limiter see Ref.6. 

4. GFM method on moving interfaces 
A consistent numerical scheme is adopted in tradition for capturing shock waves in multi-media fluid 

simulation, but it is inevitable to introduce state variables of fluids at both interface sides and to cause non-
physical oscillations. GFM[12] method is the single-phase flow calculation method to solve fluid one and fluid 
two, each flow is composed of real fluid on one interface side and Ghost fluid on the other interface side. 
This method uses interface intermittent relationship to keep pressure and the normal speed unchanged for 
those values across interface mesh, and only interpolate to entropy and tangential velocity, then uses these 
variables to compute the circulation across the interfaces, furthermore, the physical equation is solved.  

Entropy and tangent velocity are extrapolated using the method in Ref.12. The partial differential 
equation extrapolated in normal direction is solved: 

0Iτ ϕ± ⋅∇ =N                                                                         （15） 

where ϕ ϕ∇ ∇N = , is unit normal vector of mesh point. I is extrapolated variable such as entropy and 
tangent velocity. Fitting I  in the region ϕ ε> − with the value of I  in the region ϕ ε< −  is expressed as 
symbol “+” keeping the real fluid value in the region ϕ ε< −  unchanged. Analogously, fitting I  in the 
region ϕ ε< with the value of I  in the region ϕ ε>  is expressed as symbol “-” keeping the real fluid value 
in the region ϕ ε>  unchanged. In general, ( )1.5max ,x yε = Δ Δ . 

5. Numerical results 
In this section, two numerical test cases of two-media fluids are computed using DG level set method. 

Case one is a typically one dimensional sod shock-tube problem with initial state as 
( ) (1.0 0.0 0.0 1.0 1.4)L,u,v, p, , , , ,ρ γ = , ( ) (0.125 0.0 0.0 0.1 1.2)R,u,v, p, , , , ,ρ γ =  

The whole computational domain is [0:1] with 201 grid points and initial interface is located x = 0.5. The 
computed results including density, pressure, velocity and ratio of specific heats are plotted in Fig.1 at non-
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dimensional time t=0.21, where circles represent exact cases and solid lines represent numerical solutions. 
We can easily see that the agreements between the numerical results and exact solutions are excellent. 

Case two represents a Mach 1.22 air shock collapse of a helium bubble. The schematic for this problem 
are given in Fig. 2 with 321 81× grid points, where the upper and lower boundary conditions are a reflection 
for solid wall boundaries. The left and right boundary conditions are inflow and outflow respectively for the 
flow variables and linear extrapolation for level set functionϕ . The non-dimensionalized initial conditions 
are 

( )
( )

( )
( )

1,0,0,1,1.4 for pre-shocked air
, , , , 1.3764, 0.394,0,1.5698,1.4    for post-shocked air

0.138,0,0,1,1.67 for helium bubble
u v pρ γ

⎧
⎪= −⎨
⎪
⎩

 

and the level set function ( )2 225 175x yϕ = − + − + , where 0ϕ <  represents helium and 0ϕ > represents 

the air. Experimental results of this problem may be found in Ref.16. Very complex physics occurs in this 
problem especially after a re-entrant jet forms and impact the rear of the helium bubble.  
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(c) Velocity                                 (d) Ratio of specific heats 

Fig.1 Density, pressure, velocity and ratio of specific profile (t=0.21) 

 
Fig 2 schematic diagram of shock wave passing helium bubble 
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Fig. 3 represents moving interface evolution at different dimensionless time. We can easily see that the 
right of the bubble is beginning to becomes flattened when the incident shock hits the bubble shown as in Fig. 
3a at t=20. At the same time, the bubble moves left derived by shock and the right side becomes more 
flattened shown in Fig. 3b. With the time development, the right boundary becomes shrinking shown in Fig. 
3c and eventually looks like a kidney at t=100 shown in Fig. 3d. 

Fig.4 show fluid density contours at different non-dimensional time. When the incident shock hits the 
bubble, the incident shock is reflected from the bubble surface shown in Fig 4a. At the same time, the 
incident shock is partly transmitted inside the helium bubble and partly reflected from the bubble surface into 
the air shown in Fig. 4b. With the time development, the initial shock passed over the top of the bubble 
shown in Fig. 4c and interacts with the transmitted shock from the bubble shown in Fig. 4d. It is important to 
notice that the density contour shape in the bubble is the same as zero contour profile of level set function 
corresponding to the time, and the wave structures are similar as indicated by the experimental results[16]. 
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(d)  t = 100                                           (d)  t =100  

Fig.3 Moving interface evolution at differential time       Fig. 4 density contour at differential time 

6. Conclusions 
A DG method is developed to simulate two-media fluid flow. In computational, a level set method is 

used to capturing moving interfaces and a GFM with isobaric fix is used to disposing the interfaces boundary. 
Several test problems indicate that hardly nonphysical oscillations appear near the moving interface, which 
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illustrate the effectiveness of the method. 
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