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Abstract. In this paper, the nonclassical symmetries and group invariant solutions of the Boussinesq-
Burgers equation have been discussed. By using the nonclassical method, we obtain nonclassical symmetries 
that reduce the Boussinesq-Burgers equation to ordinary differential equation, and several invariant solutions. 
We remark that some of them are new solutions of the Boussinesq-Burgers equation.  
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1. Introduction  
The symmetry analysis has played an important role in the construction of exact solutions to nonlinear 

partial differential equations. The nonclassical symmetries method (NSM) was introduced in 1969 by 
Bluman and Cole [1] in order to obtain new exact solutions of the linear heat equation. The NSM consists of 
adding the invariant surface condition to the given equation, and applying the classical symmetries method 
(CSM) [2]. Besides, the NSM may yield more solutions than the CSM. The NSM has been successfully 
applied to various equations, for the purpose of finding new exact solutions [3, 4]. Presently there exists an 
extensive body of literature in which we refer the reader to the books by Bluman and Kumei [5] Olver[6] and 
Rogers and Ames[7]. 

This paper is arranged as follows: we first introduce differences between   CSM and NSM briefly. 
In section 2, we introduce the NSM by Solving the Burgers equation. In section 3, we make use of the 

NSM to obtain the nonclassical symmetries of the Boussinesq-Burgers equation. In section 4, we obtain the 
group invariant solutions of the Boussinesq-Burgers equation. In section 5, we make some final comments. 

For equations in (1+1) dimensions, one seeks the invariance of a differential equation: 
 0,...),,,,,,(1 =Δ xtttxt uuuuutx  .                                                    (1.1) 

Suppose the form of Eq. (1.1) is invariant under a group action on  space given by its  ),,( utx

infinitesimals [8]: 

)(),,( 2* εε outxXxx ++= , 

)(),,( 2* εε outxTtt ++= , 

)(),,( 2* εε outxUuu ++= . 

The invariance requirement is 

0/ 01
)(

1
=ΔΓ =Δ

n ,                                                                 (1.2) 

where is the th extension of infinitesimal generator[9] )(nΓ n
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This leads to a set of determining equations for the infinitesimals X, T and U that, when solved, gives rise 
to the symmetries of (1.1). Once symmetries are known for a differential equation, invariance of the solution 
leads to the invariant surface condition [10]: 

02 =−+=Δ UTuXu tx .                                                          (1.4) 

Solutions of (1.4) lead to a solution Ansatz, which, when substituted into Eq.(1.1) gives a reduction of 
the original equation. A generalization of the so-called “classical method” of Lie was proposed by Bluman 
and Cole. Today, it is commonly referred to as the “nonclassical method”. Their method seeks invariance of 
the original equation augmented with the invariant surface condition (1.4). 

However, all exact solutions obtained by the classical method also be obtained by the nonclassical   
method .Unlike the determining equations for the classical method which are linear, the determining equ- 
ations for the nonclassical method are usually highly non-linear. 

0/ 0,0
)(

21
=ΔΓ =Δ=Δ

n .                                                               (1.5) 

Solving this governing equation leads a set of determining equations for infinitesimals X, T and U. 
Solving the determining equations gives rise to the nonclassical symmetries of Eq. (1.1)., These symmet- ries 
gives a reduction of the original equation. When the reduced equation is solved, we obtain the invariant 
solutions under group of the original equation (1.1). 

2. The nonclassical symmetries and group invariant solutions of the Burgers 
equation 
In this section, we make use of a simple equation to introduce the NSM. In 1948, Johannes Martinus 

Burgers put forward in the paper A Mathematical Model Illustrating the Theory of Turbulence a type of 
equations called the Burgers equation, which was used to describe the turbulence of the free fluid. The 
Burgers equation is expressed as follows: 

0=−+ xxxt uuuu                                                                  (2.1) 

If we denote the Burgers Eq.(2.1)by  and the invariant surface condition with T=k by then 1Δ 2Δ

xxxt uuuu −+=Δ1                                                                (2.2) 

2 t xTu Xu UΔ = + −                                                                (2.3) 

The determining equations for the nonclassical symmetries of the wave equation are obtained by 
requiring the governing equation as follows: 

0/ 0,01
)2(

21
=ΔΓ =Δ=Δ                                                            (2.4) 

Where the infinitesimal generator  is given by Γ
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The coefficients of the operators in (2.5) is given by 

txxttttxtxtt XuXuUDTuXuTuXuUDU +−=++−−= )()(][                           (2.6) 

=][ xU xxxxxtxxtxx XuXuUDTuXuTuXuUD +−=++−− )()(                         (2.7) 
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=][ xxU xxxxxxxxtxxxtxxx XuXuUDTuXuTuXuUD +−=++−− )()(                     (2.8) 

Invariance of the nonlinear wave equation is given by Eq.(2.4),which by (2.5) gives 

1 2

(2)
1 0, 0 [ ] [ ] [ ]/ 0t x x xxU Uu uU UΔ = Δ =Γ Δ = + + − =                                       (2.9) 

Substituting (2.6)-(2.8)into (2.9) gives the governing equation for the infinitesimals X,T,U. Solving this 
governing equation leads to a set of the determining equations for X,T,U. Consequently, solving determining 
equations, we can obtain the nonclassical symmetries are: 

xtu−= 11σ  

xu=2σ tu=3σ  

Next, we will make use of these symmetries to obtain the group invariant solutions of Burgers equation. 
Lemma. If σ is one of the symmetries of the equation (1.1), then the group invariant solutions for the 

corresponding invariant group can be obtained by solving the following equations: 

 .  1( , , , , , , , ...) 0
( ) 0.

x t x tx t u v u u v v
uσ

Δ =⎧
⎨ =⎩

  As is known to us all, if 1σ , 2σ  and 3σ  are symmetries of an equation, their linear displacements are 
still symmetries of the equation. 

Case 1: 134 σσσ += . Following 01 =+− xt tuu and solving this partial differential equation, we can 

obtain
2

2tx +=ζ , tfu −= )(ζ . Substituting it into (2.1), we can get a second-order ordinary differential 

equation: 
01 =+′−′′ fff . 

Solving the equation above, under initial condition 0/)( 0 ==ζζf , we can obtain a special 

solution: 2 2 3 4
1 1 1

1 1 1( ) ...
2 6 8

f c c cζ ζ ζ ζ ζ= − − + + +  

So
2 2 2 2

2 2 3 4
1 1 1 1

1 1 1( , ) ( ) ( ) ( ) ( ) ...
2 2 2 6 2 8 2
t t t tu x t c x x c x c x t= − + − + + + + + + −  is the group invariant 

solution of the Burgers equation. 
Case 2: 215 σσσ += . Following 01 =+− xx utu  and solving this equation, we can 

obtain 2 ( , ) ( )
1

xu x t t
t

ϕ= +
−

.Substituting it into (2.1).we can get
1

)(
−

=
t

ctϕ .    

Therefore, 2 ( , )
1

x cu x t
t
+

=
−

 is the group invariant solution of the Burgers equation, where c  is a 

constant. 
Case 3: 326 σσσ −= . Following 0=− tx uu and solving this equation, we can get 

tx +=ζ , )(ζfu = .Substituting them into (2.1), we can get a second-order  differential equation: 

0=′−′−′′ ffff . 

Solving this equation, we can obtain 1)]
2
1(12tan[12)( 211 −+−−= cccf ζζ . 

So 3 1 1 2
1( , ) 2 1 tan[ 2 1( )] 1
2

u x t c c cζ= − − + −  is the group invariant solution of the Burgers 

equation, where and  are constants and1c 2c tx +=ζ . 

Case 4: 3217 σσσσ ++= . Following 01 =++− txx uutu and solving this partial differential 
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equation, we can obtain xtt −−=
2

2

ζ , tfu −= )(ζ . Substituting them into (2.1), we can get a differential 

equation: 01 =+′−′+′′ ffff .  

If its solution ( )f ζ  exist,  and then ( )u f tζ= − is the group invariant solution of the original equation. 

3. The nonclassical symmetries for the Boussinesq- Burgers equation 
It is well known that the nonlinear partial differential equations (NPDEs) are widely used to describe 

many important phenomena in physics, biology, chemistry, etc. In the past several decades, a great number 
of efforts have been made to study various nonlinear wave equations. There are many ways to obtain exact 
solutions of partial differential equations, such as the Darboux transformation [11], the algebra-geometric 
method, the Inverse Scattering transformation, and so on. In this paper, nonclassical symmetries method was 
used to solve Boussinesq-Burgers equation. 

The Boussinesq-Burgers equation is expressed as follows: 

⎪
⎩

⎪
⎨

⎧

−=

+−=

xxxxt

xxt

uvuv

vuuu

)(2
2
1

2
12

.                                                            (3.1) 

If we denote Eq.(3.1) by  and  and the invariant surface condition with T1=1Δ 1Δ′ k
1

and T2=
h
1

 (k≠0,h≠0) 

by ,  ,then 2Δ 2Δ′

xxt vuuu
2
121 −+=Δ  ,                                                           (3.2) 

xxxxt uvuv )(2
2
1

1 +−=Δ′                                                           (3.3) 

UuXuT xt −+=Δ 112 ,                                                              (3.4) 

VvXvT xt −+=Δ′ 222                                (3.5) 

The determining equations for the nonclassical symmetries of the Boussinesq-Burgers equation are 
obtained by requiring the governing equation as follows: 

⎪⎩

⎪
⎨
⎧

=Δ′Γ
=ΔΓ

=Δ′=Δ′

=Δ=Δ
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21 ,                                                            (3.6) 

where the infinitesimal generator  is given by 21,ΓΓ
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+ ][][][  .                                       (i=1,2)              (3.7) 

The coefficients of the operators in (3.7) are given by 
,)( 1111][ ttxttxitti uTuXuTuXUDU ++−−=                                            (3.8) 

[ ] 1 1 1 1( )i x x i x t xx xtU D U X u T u X u T u= − − + + ,                                            (3.9) 

=][ xxiU ,)( 1111 xxtxxxtxixx uTuXuTuXUD ++−−                                            (3.10) 

xxxtxxxxtxixxxxxxi uTuXuTuXUDU 1111][ )( ++−−= ,                                 (3.11) 

ttxttxitti vTvXvTvXVDV 2222][ )( ++−−= ,                                       (3.12) 

xtxxtxixxi vTvXvTvXVDV 2222][ )( ++−−=     (i=1,2).                              (3.13) 

The invariance of the nonlinear partial differential equation is given by Eq. (3.6), which by (3.7)  gives 

⎪
⎩

⎪
⎨

⎧

=++−=Δ′Γ

=−++=ΔΓ

=Δ′=Δ′

=Δ=Δ

022
2
1/

0
2
122/

][2][2][2][20,01
)3(

2

][1][11][10,01
)1(

1

21

21

xxxxxt

xxxt

uVvUUV

VuUuUU
.                         (3.14) 

Substituting (3.4),(3.5) and (3.8)-(3.13) into (3.14) gives the governing equation for the              
infinitesimals X,T,U. Solving this governing equation leads to a set of determining equations for X,T,U. The 
determining equations for the nonclassical symmetries of the Boussinesq-Burgers equation are: 

02 111111 =+−−− UUkXXXkU utu , 

011 =XkX u , 

02 1 =xU , 

022 11 =− xu XU , 

02 1 =− uX , 

05.05.0 21 =+− xu XV , 

05.0 2 =vX , 

05.0 1111 =−+ xut VUkUU , 

022222 =−−− VhXXXhV vtv , 

022 =XhX v , 

05.05.1 12 =+− xxxxxu XU , 

05.135.1 112 =++− uxxuuu XXU , 

03 21 =− ux UX , 

05.1 1 =uX , 

02 2 =xU , 

012 =− xu XU , 

02 =xV , 

022 22 =− xv XV , 

02 2 =− vX , 
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05.0 2222 =−+ xxxvt UVhVV . 

Solving above equations, we can obtain: 

⎪
⎩

⎪
⎨

⎧

====

===+=

322242

1111211

,0,1,

0,,1,2

cVU
h

TcX

VcU
k

TctcX
, 

where c1,c2,c3 and c4 are arbitrary constants. 
1)12(,12,,, 54321 −+=−=+=== xuxuxtuxutu uttuuuuu σσσσσ  

1)12(,12 76 −++=−+= xtuxtu ututuu σσ
1,1,,1,, 654321 −+=−==−==+= xtvtvxvxvtvxtv vvvvvvvv σσσσσσ . 

4. The group invariant solutions of the Boussinesq-Burgers equation.  
Next, we will make use of these symmetries to obtain the group invariant solutions of Boussinesq-

Burgers equation. 

Case 1: . Following , we can get u =f (t), v=g (t). Substituting it into (3.1) yields a first-order 

ordinary differential equation. Solving it, we can obtain u=

2

4

u x

v x

u
v

σ
σ

=⎧
⎨ =⎩

0
0

x

x

u
v
=⎧

⎨ =⎩

Atf =)( ,   v=g (t) =B, where A and B are 
arbitrary constants. 

Case 2: . Following , solving it, we can obtain3

1

u t x

v t x

u u
v v

σ
σ

= +⎧
⎨ = +⎩

0
0

t x

t x

u u
v v
+ =⎧

⎨ + =⎩
tx −=ζ , )(ζfu = ,       )(ζgv = . 

Substituting it into (3.1), we can obtain 2 0.5
0.5 2 2

f ff g
g f f g fg

′ ′ ′− = − +⎧
⎨ ′ ′′′ ′ ′− = − −⎩

. Integrating it, we can obtain 

02645.0 5
23 =+−+−′′ cffff .If its solutions )(ζf  exist, then the group invariant solution of the 

Boussinesq-Burgers equation is )(ζfu = . 

Case 3: .Following , substituting it into (3.1), we can get  4

4

2u x

v x
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v

σ
σ
= −⎧

⎨ =⎩

1 02 1
0

x

x

tu
v
− =⎧

⎨ =⎩
6 ,

2
cxu

t t
= +  

t
c

v 7= which is group invariant solution of the Boussinesq-Burgers equation, where c 6and c7 is an 

integral constant. 

Case 4: . Following  , substituting it into (3.1), we can obtain 5

4

(2 1) 1u

v x

t u
v

σ
σ
= + −⎧

⎨ =⎩
x (2 1) 1 0

0
x

x

t u
v

+ − =⎧
⎨ =⎩

12
,

12
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+
=

+
+

=
t
c

v
t
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u  which is the group invariant solution of the Boussinesq-Burgers equation. 

Case 5: . Following , we denote 1

2

u t

v t

u
v

σ
σ

=⎧
⎨ =⎩

0
0

t

t

u
v
=⎧

⎨ =⎩
)(),( xgvxfu == .Substituting it into (3.1), we can 

get . Integrating it, we can obtain .If its solutions  exist, and 

then  is the group invariant solution of the original equation (3.1), where c10 is a constant.  

2 0.5 0
0.5 2 2 0

ff g
f f g fg

′ ′− + =⎧
⎨ ′′′ ′ ′− − =⎩

045.0 10
3 =+−′′ cff )(xf

)(xfu =

5. Conclusion 
In this paper, we have discussed the Boussinesq-Burgers equation to demonstrate how to obtain the 

nonclassical symmetries. During the process, we have discussed how the determining equations for the 
nonclassical symmetries can be derived from the original equation and the invariant surface condition. 
Besides, by using symmetries, we can reduce the partial differential equation to an ordinary differential 
equation. Consequently, some of group-invariant solutions we obtain have not been found in other papers. 
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