Journal of Nonlinear Modeling and Analysis http://jnma-online.com
Volume 6, Number 2, June 2024, 360-370 DOI:10.12150/jnma.2024.360

Existence and Decay of Global Strong Solution to
3D Density-Dependent Boussinesq Equations with
Vacuum*

Cailong Gao', Xia Ye! and Mingxuan Zhu?'

Abstract This paper is concerned with the initial boundary problem for the
three-dimensional density-dependent Boussinesq equations with vacuum. We
obtain the existence of the global strong solution under the initial density in
the norm L is small enough without any smallness condition of u and 6.
Furthermore, the exponential decay rates of the solution and their derivatives
in some norm was established. In addition, we show that the solution and
their derivatives are monotonically decreasing with respect to time ¢ on [0, T7.
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1. Introduction

The density-dependent Boussinesq equations with vacuum were presented as

pe + div(pu) =0,

pug + pu - Vu+ VP — div(u(p, 0)Vu) = ples,
pb, + pu - VO = div(k(p, 6) V),

divu =0

in Q € R3, where u(z,t) = (u1(z,t), ua(x,t), us(z,t)) denotes the fluid velocity vec-
tor field, P(x,t), p(x,t) and 0(z, t) are the scalar pressure, density and temperature,
respectively. es = (0,0, 1). The constants p and k are the viscosity and the thermal
diffusivity, respectively.

The Boussinesq equation [2,4,10] is an important model in mathematics physics.
This system describes the influence of the convection phenomena on the dynamics
of the ocean or the atmosphere. Fan and Ozawa [3] obtained the local existence
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of the strong solution to the Cauchy problem for the system (1.1)-(1.2) in R?, and
they also established some blow-up criteria w € L¥1=7(0,T;X,), (0 < r < 1)
or u € L?/(4=3)(0,T;19), 3 < q < oo. Later, Zhang [15] proved the regularity
criterion in BMO space u € L?(0,T; BMO). In [11], they established the local
wellposedness for the incompressible Boussinesq system without dissipation terms
under the framework of the Besov spaces in dimension N > 2. They also obtained
a Beale-Kato-Majda type regularity criterion. Zhong [17] considered the Cauchy
problem of the 2D density-dependent Boussinesq equations without a dissipation
term in the temperature equation with vacuum as far field density. He proved
that there exists a unique local strong solution provided the initial density and
the initial temperature decay not too slow at infinity. Global well-posedness of
two-dimensional density-dependent boussinesq equations with large initial data and
vacuum was investigated by Zhong in [18]. In [12], Ye and Zhu got the zero limit of
thermal diffusivity for the 2D density-dependent Boussinesq equations with vacuum.

When p = C, system (1.1) reduces to the classical homogeneous incompressible
Boussinesq system which is widely studied. Chae [1](see also [8]) proved the global
in time regularity for the 2D Boussinesq system with either the zero diffusivity
or the zero viscosity. He [6] studied the blow-up criterion of classical solution to
the Boussinesq equations with temperature-dependent viscosity and zero thermal
diffusivity in R? and R®. Larios and Pei [9] studied the local well-posedness of
solutions to the 3D Boussinesg-MHD system. Some regularity criteria were also
investigated in [9]. Later, Zhao [16] investigated the well-posedness of the Cauchy
problem to the Boussinesq-MHD system with partial viscosity and zero magnetic
diffusion.

Inspired by [5,13,14], we consider the following density-dependent Boussinesq
equations

pe + div(pu) =0,

pus + pu - Vu + VP — div(u(p, 0)Vu) = pbes,
p0: + pu - VO = div(k(p, 0)VE),

divu = 0,

(1.1)

where p(p, 0) and k(p, ) are all function of p and 6, which are assumed to satisfy

(1(p,0),k(p,0)) € CI[O,OO),O <K <K(p,0) <C <00,0< p< p(p,0) < C < oo,
(1.2)

and

(H’p(pa0);,“’9(/030)7’10(/)79)7”0(/)79)) < c (13)

for some positive constants u, £ and C.
The initial and boundary conditions satisfy that

(p,u,0)|t=0 = (po,uo,00)(z), € (u,0)zcon=0. (1.4)

Our main purpose is to study the existence of the global strong solution to the
initial boundary value problem of (1.1)-(1.3). Now, we present our results as follows:

Theorem 1.1. Assume that the initial data (pg,uo,0p) satisfies

0<po<p, Vpo € LP(p>3), (uo,bp) € Hy N H*
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and the compatibility condition
—div(u(po, 60)Vug) + VP = py/ 2, — div(s(po, 60) Vo) = py°g

for some (P, f,g) € H* x L? x L?. Then there exists a small positive constant

€0, depending on Q7 P, g, H’(pv 0)7 H(p79); f} 9, ||vp0HLPf H\/ﬂOUOHL27 ||vu0||L2’
Iv/PobollLz, [|V8o||L2, such that if p < eq, the initial boundary value problem (1.1)-
(1.4) has a global strong solution satisfying

0<p<p, VpeL>0,T;LP),

(\/pu, /P9, Vu, V8, \/pu, /pb) € L>(0,T; L?),
(Vu, VG, \/ﬁut, \/ﬁet, Vut, Vﬁt) € L2 (O, T, Lz)

and the following decay rates

(II/pull32 + V/p0l32) (t) < Ce= <", forall t>0

and
(||Vu||2L2 +[IVO32 + lv/putll32 + ||ﬁ9t||2L2) (t) < Ce™ 21, for all t>0.

Remark 1.1. If the smoothness condition of the given initial condition is higher,
we can obtain the stronger regularity and the decay estimate of the higher-order
derivative of the solution for the problem (1.1)-(1.4).

Remark 1.2. With the method of reference [7], we can get similar results of The-
orem (1.1) for the Cauchy problem (1.1)-(1.2) in R3.

2. Preliminaries

To derive the estimates of the derivatives of the solutions, we need the following
Lemmas, whose proof can be proved using the similar method as in [5,13].

Lemma 2.1. For any 3 < p < oo, assume that j(p,0) € WHP satisfies (1.4) with
0<p<p 6<C. Let (u,P) € H&U x L? be the unique weak solution to the
problem:

—div(u(p,0)Vu) + VP =F, divu=0 in €, /Pd:z: =0.

There exists a generic positive constant C, depending only on Q,p,r and u(p,0),
such that
(i) if F € L?, then (u, P) € H?> x H' and

[ull ez + 1P/ o )2 < C A+ [IVilp, O)NI75) [1F 223 (2.1)

ii) if F € L™ for some r € (3,p), then (u, P) € W27 x WL and
(it) if

lullwzr + [P/ p(p; 0)lwrr < C A+ (|Vulp,OII70) 1 FlLr, (2.2)
where 5 6)
p r—9)p
= —_— d r = .
9 pr— and « 2 (p—3)
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3. Proof of Theorem 1.1

Proposition 3.1. Under the conditions of Theorem 1.1, if (p,u,8) is a smooth
solution of (1.1)-(1.4) satisfying

sup ||VO|lrr <2K;, sup [|Vp|lrr < 3K, (3.1)
0<t<T 0<t<T

T
s (VG B ullts + VR 090E ) + | 1puls-+ 1o et < 35,

(3.2)
T
S (IvpuelZz + 1v/Pb:ll7=) + /O (IV0:172 + [Vuell72) dt < 3Ky, (3.3)

then the followmg estimates hold

sup VO < K7, sup [|[Vp|lrr < 2Ks,
0<t< 0<t<T

T
s (Vo 09 ul + I/ilo O)90I2) + / | Vpuel3z + 1| Vatsl 32t < 26,

sup (ly/purlF + 1ol F2) + mindp ) / (19641132 + 1Vus][32) dt < 26,

under the initial density is small enough. Here, Ky is a positive constant,

Ky 2 (/o )Vl + IVulp 0)V0I3:) | o
Ky 2 |Vpollee,  Ka = ([IVpuell?z + Vo0l 72) |,_o-

Lemma 3.1. Under the conditions of Proposition 3.1, let (p,u,0) be a strong so-
lution of (1.1)-(1.4) on Q x (0,T). Then

ol < llpollre= < p, (3.4)

T
s (IVault + IVIE) + [ e (IVulfs + IVO:) de < CemO - (35)

and ||(\/ﬁu)(t)||2L2 + ||(\//39)(75)||%2 is decreasing on [0,T].

Proof. Firstly, it is easy to deduce (3.4), thus the process of the proof is omitted
here. Then, multiplying (1.1)2,(1.1)3 by u and 6 in L2, respectively, integrating it
by parts, by Cauchy-Schwarz, Poincaré inequality, (3.2), (3.4) and choosing p small
enough, we immediately get

d
7 Uvpullze + Vpfl[2:) + C (IIVullzz + [1V0]72) <0, (3.6)

which shows that ||(\/pu)(t)[|32 + ||(v/p) ()32 is decreasing on [0,T]. And by Pio-
ncaré inequality, it is easy to get

Ivpulz: + IvVe0lZ: < p ([Vullzz + [VO][72) -
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This, combined with (3.6), and by choosing p to be sufficiently small, yields

d

P (Ivpulz: + lIvell72)

+Cr (IVpullz: + IveolZ:) + € (IVulZ: + IVOlI7:) <0
Multiplying the above inequality by e“t, we have

d
= (€@ (Vpulie + IVeoliz)) + Ce™ (IVuliz + [VO]7:) <0 (3.7)

Integrating (3.7) over [0, 7], the estimate of (3.5) is obtained. Hence, we finish the
proof of Lemma 3.1. O

Lemma 3.2. Under the conditions of Proposition 3.1, let (p,u,0) be a strong so-
lution of (1.1)-(1.4) on Q x (0,T). Then

T
swp (Vi D) Vulls + VR0 V01%) + [ Iouls + IVt < 215,

0<

Proof. Multiplying (1.1)1, (1.1)2 by u; and 6; in L?, respectively, integrating by
parts, we infer

1d
2dt (/ﬂ(p,9)|vu|2dw+ //{(p7 9)|V9|2dx) * / (p|ut|2 +P|9t|2) dx

1
=§/(ut(p,ﬁ)\Vu\Q+mt(p,9)|V9\2)dx—/pu-Vu-utdx
4
— [ pu- dx + | ples - udr = i 3.8
Voo.d 0 dx & 1
i=1

Using Sobolev inequality, Poincaré inequality, (3.1), (3.2), (3.4) and (1.1);, we
have the following inequalities:

1 op  Op 2, (05 L Ok 2
L= /Ka pt+899t) Vul + (S + Gt ) VO | do

< CIVollzollullzs (IVullZors cn-s) + VO 00 2n-2))
+ 1102l (IVull 2l Vullzs + VO] L2(| VO] 3)
< C(IVullzp + IVOIlz) + CIVO L2 (IVullar + [VOlle),  (3.9)

Iy +1; < C ( 72/l e s [Vl o+ 572 1/68 2 | V8 )
< 5 (Vpuls + IVA0Es) +Co (IVulfss + IV0I3) (3.10)
and
I < gIVpullds + A8 < FIvAulis + vl (3.11)
One derives from (2.1), (3.1) and Poincaré inequality that

IVl
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< (1+ 1ol =2 4 90132/ ") (521 puls + pllu - Tull3e + 613
C (321wl + oIV uli + o962 (312
In a similar manner, for equation (1.1)s, we conclude that
V0113 < COU+ IVl P (5211 \/p00l32 + pllu- V6132 )
< C (21Va0il13 + oIV Ol ) -
which together with (3.4), (3.12) and choosing p small enough, yields

IVullF + 1V0]3: < Cp'2 (Ilv/pudlye + IV/A8IZ:) - (3.13)

Substituting (3.9)-(3.11) and (3.13) into (3.8), we arrive at
1
s (Wi DV ulls + IR0V ) + 5 (puelZs + V70 ]32)
<Cp'?|| V8,7, (3.14)

which integrated respect to ¢ over (0,7, yields

T
Oiup (||\/M(Pa 0)Vull7: + [V r(p, 9)V9H%2) JF/() (IVpuel7e + 11v/p0:l72) dt
< K3+ Cyp/?

Now, we can take p sufficiently small, such that

T
swp (Vi D) Vulls + VR 0)V013) + [ Iols + IVt < 215,

O

0<

Lemma 3.3. Under the conditions of Proposition 3.1, let (p,u,0) be a strong so-
lution of (1.1)-(1.4) on Q x (0,T). Then

T
sup (||futHL2+||f9t||L2) /0 (Vw72 + | VO]|72) dt < 2K4.  (3.15)

Proof. Differentiating (1.1)1 2 with respect to ¢, and multiplying them by u, and
0, in L?, respectively, it has

d
7 Uvewlzz + 1veoilzz) + / (1(p, O)[V O + K(p, 0)|Vue*) dt

= —2/(pu sug - Vug + pu - VO0y) do — /put (Vu - ug + VO6,) dx

DO =

— /pu~ (V(u-Vu-u) +V(u-V86,))dx

— / (1(p, 0) - Vu - Vur + K:(p, 0) - VO - V) dx + /(pﬂ)teg, - updx
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5
23 M;. (3.16)

Using (3.1) (3.4), (3.3), (1.1), Sobolev inequality and Poincaré inequality, we esti-
mate each M;(i = 1,...,5) in the following way

My + My < C (pllullzs (Juell s [Vurll Lz + [0l L3 [V =)
+lluell s (IIVullz2llutllze + VO] 2164l Ls))

min{y, £}

< Cp? (IVue)|72 + 11V0:][72) + 3

(IVue] 22 + [|V6:]122)
(3.17)

Ms < Cpllullzs (IVull3sluells + IV0]|3: 16l s) + ChllullZe (1V2ul| 2 |l o
V0] 22102 | s + [ Vull po [ Vuel| 2 + VO] 26 ]|V 2)
< Cp (IVullip + IVull3: VO30 + [ VO|3)

min{y, £}

e (IVullZ: + Vo)

_ min{y, £}
< Cp(Ivpuelzz + VPb:ll72) + —s (IVuelZz + 1V0:][72)

min{u, £}

< Cp (IVurllze + V0 ]172) + —

(IVuelZz + 1V0:1Z2) (3.18)

M4 = /((Mppt + /L@Ht) -Vu- Vut + (prt + :‘ieet) -V - Vet) dt

< Cllullz=IVpollze (IVullL2e/e—2 | Vuell Lz + VO] L20/-2) [ VO] L2)
+ OOl s ([ Vullzs + VOl Ls ) ([Vuel 2 + [[VO:] 2)
< C (IVullzn + IV0117) (IVulFn + Vol72)

min{y, £}
+ T (19 2, + 904)22)
< Cp'2 (Ivpuilge + IVob:lZ2) (IVulfp + VoiZ2)
min{u, £}

e (IVudllze + 1V6l172)
. min{u, £}
< Cp'2 (IIVuel gz + IV6:72) + ——

s (IVulZ: +11V0]72),  (3.19)

My = /pu -V (0es - u)dz + /p@teg - urdx
< Cp(llulla IVO Lalluclizs + llullra 10] Lol Vuel Lz + VO] 2] Vue £2)

min{y, £}

< Cp* (IVullZlIVOlZ2 + 1VO72) + —

IVuelZ-

min{y, £}
8

< CP|IV6i]13 + V2. (3.20)
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Substituting (3.17)-(3.20) into (3.16) and choosing p sufficiently small, yield

1d
5 (/A3 + 1Vt

Integrating the above equality about ¢ over [0,T], we immediately deduce the result
as in Lemma 3.3. O

V0,72 + [Vul|72) <0.  (3.21)

) + Ln{f’ o

Lemma 3.4. Under the conditions of Proposition 3.1, let (p,u,0) be a strong so-
lution of (1.1)-(1.4) on Q x (0,T). Then

T
sup (V0. VB, VA0 + [ e (B, 50, T, V)t < Cem O
<t< 0
(3.22)
and ||(Vu, VO, /pus, /pb:)(t)||32 is monotonically decreasing on [0,T].

Proof. Summing up the inequalities of (3.14) and (3.21), we obtain from (1.4)
that

d
= (IVullZe +1V0I7: + | Voudlz + V/p0:72)
+C (Ivpulze + Vo0l + IVuellis + [VO]Z2) <0 (3.23)

It follows from the above inequality that

(IVullZs + 1VOIZ2 + llvpull7z + [V/p0:ll72) (t)
is decreasing on [0, T]. Due to (3.13), by Poincaré inequality, we get
IVulZz + [VOl[72 + [[Vpuellze + [1v/p0:|72
< Cp (Ivpulzz + VPbelZe + [ VuelZz + [ VO:]1Z:) - (3.24)

From (3.23), (3.24), choosing p appropriately small, we deduce that

d
= (IVulZe +1IV0I7: + I Vouliz + V0 72)

+Ca (IVulli: + IVOlZ: + Ivpudlze + lv/p0:IZ:)
+C (IVpuelzz + V0l + [VullZe + V0 ]72) <0

which is multiplied by e“2t. Integrating it about ¢, it is easy to deduce the result
of Lemma 3.4. O

Lemma 3.5. Under the conditions of Proposition 3.1, let (p,u,0) be a strong so-
lution of (1.1)-(1.4) on Q x (0,T). Then

T
|Vl + 1Vl dt < Comax{f-9/ ). (3.25)

Proof. It infers from Sobolev inequality, Pioncaré inequality, (2.2), (3.15) and
(3.22) that

T T T
/ |Vulpedt < C / |Vullwirdt < C / louell e + 198ell e + lpu - V- dt
0 0 0
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T
6—r)/2r 3r— 6 2r 6 r)/2r 3r 6 2r
<c / el &2 o [0/ 1 5y | &2 | 0

+ pllu - Vu|| Lrdt

T
< cplrot </ (=20 (e, /780

(6—r)/2r
) x

(3r—6)/2r T
(eCQt/QH(Vut,VGt)HLz) e‘CQt/2dt> +/ BVl 2 dt
0

(6—r)/2r
) x

< Cplr ot ( sup (€112 (y/pus, v/p01) |1

0<t<T

T (3r—6)/4r T
( s vat>|%2dt> ( / ewztr/<r+6>dt>
0 0

T
+ [ pIVulisde < Cmax{p® 01, p).
0

(r+6)/4r

O

Proof of Proposition 3.1. Taking operator V to the equation of (1.1)q,
multiplying it by |[Vp[P~2Vp, and integrating by parts, by Gronwall inequality and
(3.25), we have

T
sup [Vplen < CIVpnllrexpl [ [Vl e}
0<t<T 0
< C||Vpol|Lr exp {mln{p(w 6)/4r ’}}
Hence, we can choose p appropriately small to obtain

sup [|[Vpllrr < 2Kj. (3.26)
0<t<T

To close ||V e, it follows from (1.1)3, (3.4) and (3.3) that

_ 1/2
V0]l os < CY* (|| /puel e + [VA0:lI%)
< Cypt. (3.27)

Therefore, collecting with Lemma 3.2, Lemma 3.3, (3.26) and (3.27), we complete
the proof of the Proposition 3.1.

Proof of Theorem 1.1. Combining the local strong solution and the global a priori
estimates in Lemmas 3.1-3.4, by continuity arguments, we can obtain the existence
of global strong solution for (1.1) when the initial density is suitable small. From
(3.5) and (3.25), the decay rates of the norm |ju(t)||%: + ||0(t)]|%. is proved.
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