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Limit Cycle Bifurcations of a Cubic Polynomial
System via Melnikov Analysis*

Peixing Yang!, Jiang Yu T

Abstract In this paper, a linear perturbation up to any order in € for a cubic
center with a multiple line of critical points is considered. By the algorithm
of any order Melnikov function, the sharp upper bound of the number of limit
cycles is 2.
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1. Introduction

One of the important problems in the qualitative theory of differential systems is
the Hilbert’s 16th problem, which aims to find the distributions and numbers of
limit cycles of planar polynomials differential systems. The perturbation of the
integrable non-Hamiltonian system as follows:

i =yh(z, y) —ep(z, y, €),
{y = —xh(z, y) +eq(x, y, €), (1.1)

is closely related to the weak Hilbert’s 16th problem of determining an upper bound
of the number of zeros for the following integral

p(x, y, 0)dy + q(z, y, 0)dx
10— . ,
(z24y2)=h (.CE, y)

where p(z, y, €) and ¢(z, y, €) are polynomials in z, y depending analytically on e,
and here h(z, y) is a polynomial in z, y with h(0,0) # 0.

Many researchers focus on system (1.1) with different h(z, y) and the difficulty
reflects on how to deal with the Abel integral with a denominator of h(z, y), as
discussed in [1,3,5,8-12] and references therein. For h(zx, y) = ax? + bz + 1, the
authors in [10-12] studied system (1.1) with different ranges of a and b by the first
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order Melnikov function, respectively. Buica et al. [2] considered system (1.1) with
h(z,y) = 1+ z by the first three order Melnikov functions. The authors in [13]
considered system (1.1) with h(z) = (14 x)? under the perturbation up to the first
order in € by any order Melnikov functions.

Inspired by the works mentioned above, we would like to see the influence of
the linear perturbation up to any order in € on the number of limit cycles by higher
order Melnikov functions.

More precisely, in this paper, we consider the following system:

N
#=y(l+a)’ =Y Pz, y),
i=0
N (1.2)
y = —,13(1 =+ ‘T)Q =+ Z€l+1Qi('xa y)7
i=0

where P;(z, y) = aio + a2 + a0y and Q;(x, y) = big + bj1x + boy for 0 < i < N.
Here N > 1 is an integer. System (1.2) can be rewritten as follows,

dee(wo—i—ewl—i—---—i—erN),

where
(14 2)?

When € = 0, there exist a family of periodic orbits 'y, : {3(z%+y*) = h, h € (0, )}
And we denote My (h) as the k—th order Melnikov function of system (1.2) by the
displacement function

1
H(J?, y)zi(x2+y2)v Wi =

d(h, €) = My (B) + EMy(h) + -+ EMy(h) + -+ h € (0, %).

Then we give our main result in the following theorem.

Theorem 1.1. For system (1.2), the following statements hold.

(i) If the first order Melnikov function My (h) is not zero identically, then Mj(h)
has at most one isolated zero, multiplicity taken into account.

(it) If Mj(h) =0 for 1 < j <k —1 and My(h) # 0 with k < N + 1, then the
k—th order Melnikov function My(h) has at most two isolated zeros, multiplicity
taken into account.

(i1t) If Mj(h) =0 for 1 < j < N+1 and Myy2(h) # 0, then the N + 2—th
order Melnikov function Myy2(h) has no isolated zero.

() If Mj(h) =0 for 1 < j <N + 2, system (1.2) is integrable.

In short, the mazimum number of limit cycles bifurcated from the cubic center
is 2 by any order Melnikov function, taking into account their multiplicities. All the
upper bounds mentioned above can be reached with proper parameters.

2. The calculation of M;(h)

In this section we shall give the calculation of any order Melnikov function according
to the algorithm of higher order Melnikov functions proposed in [4,7,13].
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Firstly, denoting

xiyd
Wk, = 7ydm, (55 =

l’iyj k .o
17 (1 +I)k dy’ J}C = 5003 % 7, k € N7

(1 + )" T

then we make a decomposition with every w; for 0 < i < N, i € N which is presented
in the next lemma.

Lemma 2.1. The 1—forms w; for 0 <i < N can be decomposed into the following
forms:

w; = GdH +dQ; + Ny, (2.1)
where
SN S
qi = 12(1+$>2a
dQi = Qi1 (z) + Qua(z, y),
N; = (biz + ai1)d50 + (aio — ai1)5,
and
1 T
Qi(z) = (biom + (bin — aiz)m)d%
Y 1
Qo y) = bﬁ((l Sl xdy)'

Proof. A routine calculating gives to

1 1
2 _ _a( _
oo = Ty gy A(-13)

9 x x
=——dr=dl — — +In(1
wio (1+m)2dx d( 1+$+ n( +$)),
2 ) _ Y 1
Wor = (1+x)2dw d( 1+x)+600’ (2.2)
x
5%0 = mdy = 550 - 580,
9 Y 1 z
= = H —— —In(1 .
01 (1+x)2dy (1+x)2d +d(1—|—;v n( —|—J:))

Substituting (2.2) into w; gives

wi = biopwiy + birwiy + biawd; + aindd + ai1diy + aindd (2.3)
= qdH + dQ; + N, '
where G;, dQ; and N; are given in (2.1). This completes the proof. O

Proposition 2.1. If the first order Melnikov function My(h) for system (1.2) is
not zero identically, then it has at most one isolated zero, multiplicity taken into
account, and this upper bound can be reached.

Proof. The first order Melnikov function has the form

My (h) = (bo2 + ao1)J1 + (ago — ao1)J2.
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Denoting z = v/1 — 2h, then we have
2 3 2
Ml(h) = g(Alz +(A2 —Al)Z —Ag),

where Ay = ag; + boz and Ay = agy — ap. It is easy to prove that (1, 22, z3) is an

ECT-system for z € (0, +00) and z = 1 is a zero, which implies that M (z) has at

most one zero for z € (0, 1). This leads to a conclusion of Proposition 2.1. O
When M (h) =0, we have agyp = ag1 and bga = —ag1. This displays,

wo = qodH + dQo = qodH + Qo1 (.Z’) + QQQ(.’L‘, y),

where g, Qo1 () and Qg2(z, y) are given in (2.1).

Proposition 2.2. If My(h) = 0 and Ms(h) £ 0, then the second order Melnikov
function My(h) for system (1.2) has at most two isolated zeros, multiplicity taken
into account, and two can be reached.

Proof. The second order Melnikov function Ms(h) can be expressed as
Ma(h) = j{ qowo + w1 = j{ (g5 + @)dH + (90Q01(x) 4+ dQ1) + qoS02(x, y) + Ni.
Ty Ty

It is straightforward to obtain that

1 Y 1 :
QOQOQ(I7 y) = aOQbOQ (1 i .7,‘)2 <(1 + x>2dl‘ - 1+ {L‘dy) = a02b02(w§1 - 530)

It is easy to decompose wg,; into d(—3 (1+yz)3) + %(le)g dy. Hence we have

2
May(h) = *gaozbozh + (a10 — a11)J2 + (biz + a11) 1.

Let z = v/1 — 2h. Then after a routine calculation, we have

2m(z — 1) —4m2(2% — 32 + 2)

25

Wi(Jh) = , Wa(h, Jo) =

)

—2473(32% — 1023 + 152 — 8
Ws(J1, Ja, J3) = ( )

12
It is easy to obtain that (Jy, Ja, J3) is an ECT-system, which means that My (h)
has at most 2 zeros, and two zeros can appear with proper parameters. O]

If My(h) = Ma(h) =0, then age = ao1, boz = —ao1, ao2boz = 0, a10 = a11, bia =
—aq1. It can be split into three subcases as follows:

Case 21: agp = ap1 = bo2 =0, a190 = a11, bi2 = —ai1, a2 # 0;
Case 22: agp = ao1, bo2 = —ao1, ao2 =0, a0 = a11, bi2 = —ai1, bo2 # 0;
Case 23: agp = ao1 = ao2 = bo2 = 0, a10 = a11, bi2 = —a11.

Proposition 2.3. If My(h) = Ma(h) = 0 and Ms(h) # 0, then the third order
Melnikov function M3 (h) for system (1.2) has at most two isolated zeros, multiplicity
taken into account, and two can be reached.
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Proof. For Case 21, the conditions bps = 0 and ags # 0 lead to a conclusion
that Qo2(z, y) = 0. This implies that dQoy = Qp1(x). Under Case 21, we also get
2

@ =a+ @ = 3% + g% and dQ1 = Qo1 (2) + Q11(2) + Qu2(, y). Then
Ms(h) = jg qQ1wo + Gowr + wa
I'n

= 7{ (@190 + qoG1 + G2)dH + ¢1Q01 () + goSh11(z) + Q21 (x) + Qaa(z, )
Ly
+ qoShi2(, y) + N2

= jg qoQ12(z, y) + No
I'n

2
= —§a02512J3 + (a0 — a21)J2 + (bag + a91)J1.

For Case 22, the conditions ags = 0 and bgs 7570 lead to a conclusion that ¢y = 0.
This implies that ¢ = g1 = (1‘_1‘_%)2 and d@ = dQ1 = Q11(z) + Q12(z, y). Then

Ms(h) = % q1wo + gow1 + w2
Fh
= ]{ @101 (x) + Qo1(x) + Qa2(x, ¥) + @1 Qo2(z, y) + N2
I'n
:% @1Q02(, y) + No
T'n
2
= _§a12b02<]3 + (a20 — a21)J2 + (ba2 + a21)J1.
For Case 23, the conditions ags = 0 and bgo

go = 0 and Qga(x, y) = 0. This implies that ¢; = ¢
D1 (w) + Qia(, y). Then

0 lead to a conclusion that

(17’_1;)2 and dQl = dQl =

M3(h) = 7{ q1wo + Qow1 + wo
Fh
_ 74 G Q01 () + o1 (2) + o, y) + No
I'n

= N2
I'yn

= (a0 — a21)J2 + (baz + a21)J1.

Tt is easy to prove that M3(h) has at most two isolated zeros for Case 21 and Case
22, and at most one isolated zero for Case 23, multiplicity taken into account. These

upper bounds can be all reached with proper parameters. O
If M1(h) = Mg(h) == M3(h) = 0, then
Case 31: agp = ao1r = bo2 = b1z = a19 = a11 = 0, azg = ag1, baa = —az1, ap2 # 0;
Case 32: ag2 = a12 = 0, ago = ao1, bo2 = —ao1, a0 = @11, bi2 = —a11, azp = a1,
b = —aa1, boz # 0;
Case 33: ago = ao1 = ao2 = bo2 = 0, a10 = a11, bi2 = —a11, az0 = a21, baa = —asi.

By induction, we have the following lemma.
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Lemma 2.2. For system (1.2), M1(h) = Ma(h) =--- = My(h) =0, 1 < k < N+1,
if and only if one of the following conditions holds.
()

aig =bip=0,0<i< [g}*ly

ajo =a;1 = —bi2, 0 <i < k—1;
(ii) For any 1 € {0, 1, --- , [E] -1},

bio=0,0<i<1—1, b #0,

Qs =0, 0<i<hk—2—1,

ajo = a1 = —bi2, 0 <i < k—1;
(iii) For any 1 € {0, 1, -+, [5] — 1},

a2 =0,0<i<1—-1, a2 #0,

bio=0,0<i<k—2-1,
a0 = aj1 = —bio, 0 < < k—1.

Proof. We shall prove this lemma according that k is even and odd, respectively.
Case 1: k is even.

We would like to prove M;(h) =0 for 0 < j < k when k is even, if and only if
one of the conditions (i)-(iii) holds by induction.

For k = 2, it can be easily obtained by Case 21-Case 23.

Suppose that for k = n = 2s, one of the conditions (i)-(iii) holds. Next we shall
prove that it also holds for k=n+1=2s+ 1.

Firstly, assume that (i) holds for k = 2s. Then we claim that (i) also holds for
k=2s+1.

This assumption implies that a;5 = b2 = 0, 0 < ¢ < s — 1. This displays that
g =0 and dQ; = Qi1 (x) for 0 < i < s — 1. The conditions a;o0 = a;1 = —bja, 0 <
1 <2s—1giveto N;=0,0<i<2s—1. Then

2s—1

Mosia(h) = ¢ D qjwas1-j +was
Ty =0

2s—1

= f Z qjwW2s—1—j + was

Proj=s

25—1 (2.4)

= ]{ Z ¢ Q2s—1—j,2(x, ¥) + was
r

hoj=s

= ]{ qsQ—1,2(x, y) + - 4+ q2s—190, 2(2, Y) + was
I'n

= (ags,0 — a2s,1)J2 + (bas, 2 + ags,1)J1-

If Mysi1(h) = 0, then we have aazs 0 = ags,1 = —bas, 2. This displays that for
k=2s+1, (i) also holds.

Secondly, suppose that (ii) holds for k = 2s. Then we claim that (ii) also holds
for k =2s+1.
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This assumption implies that for any given [ € {0, 1, -+, s — 1}, a2 = 0,0 <
1 < 2s—2—1. It can be obtained directly g; = 0 for 0 < i < 2s—2 —1. On the other
hand, bz = 0,0 <4 <1 —1, b # 0 give to dQ; = Q1(w) for 0 <3 <1 —1. The
conditions a;g = a;1 = —bj2, 0<i<2s—1giveto N; =0,0 <7 <2s—1. Then

2s—1

M25+1(h) = % Z qustlfj —+ wag
T 520
2s—1
N f Z qjwas—1—j + Was
T j=gs—1-1 (2.5)
2s—1
- Z quQS—l—LQ(xv y) + was
Th j=os—1-1
2
= —§a2s—1—z,2szJ3 + (a2s,0 — a2s,1)J2 + (b2s, 2 + azs,1)J1.

If M25+1(h) = 0, then we have agsflfl’gblg = 0, a2s,0 —A2s,1 = 0, bgs’g +a25’ 1= 0.
Noting that b2 # 0, we have agss—1—;,2 = 0 and ags,0 = a2s,1 = —bas,2. It means
that for k = 2s + 1, (ii) also holds.

Finally, assume that for k = 2s, (iii) holds. Then we claim that for k = 2s + 1,
(iii) also holds.

This assumption implies that for any given I € {0, 1, -+, s — 1}, a;2 = 0,0 <
1 <Il—1,a;2 # 0. Then we have ¢; = 0 for 0 < i <[ —1, ¢ # 0. On the other
hand, by = 0,0 <i <25 —2—1[ give to dQ; = Q1 (x) for 0 <i < 25 —2 —[. The
conditions a;g = a;1 = —bj2, 0 < i <2s—1giveto N; =0,0 <7 <2s— 1. Then

2s5—1
Masi1(h) = E G2s—1—jwj + was
Tn j=0
25—1

= Q2s—1—jWj + Was
f},,z Zeimay TR (2.6)

Jj=2s—1-1

= % GiQ25—1-1,2(2, Y) + was
Tn

= _gal2b25—1—l,2j3 + (ags,0 — a2s,1)J2 + (ba2s,2 + a2s,1)J1.

If M25+1(h) = 0, then we have algbgsflfl’g = 0, a2s,0 —A2s,1 = 0, bgs’g +a25’ 1= 0.
Noting that a;2 # 0, we have bas_1-;,2 = 0 and ags,0 = a2s,1 = —bas, 2. Hence we
get that (iii) also holds for k = 2s + 1.

This completes the proof for Case 1.
Case 2: k is odd.

We shall prove this case by induction.

When k = 3, it can be easily obtained by Case 31-Case 33.

Then we assume that for K = n = 2s + 1, one of the conditions (i)-(iii) holds.
We need to prove that it also holds for k =n + 1 = 2s + 2.

Firstly, assume that for k = 2s+1, (i) holds. Then we claim that for k = 2s+2,
the condition (i) holds.

The assumption means that a;o =0, 0<i<s—1. We have g; =0 for 0 <1i <
s—1. On the other hand, bz = 0, 0 < i < s—1 give to dQ; = ;1 () for 0 < i < s—1.
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The conditions a;g = a;1 = —b;2, 0 <7 < 2s give to N; =0, 0 <4 < 2s. Then

Mg yo(h 7{ ZQJw26 j+wasy1
th —0
% ZQJWQS ]+W2s+1
]{ Z%Q% 52(T y) + wasi
Fh] =3

= ]{ 45, 2(2, Y) + Qo1 Qs—1,2(2, y) + - + q2sQ0,2(2, Y) + wast1
Tn

2
= *gaszbszjg + (a2s4+1,0 — 2s+1,1)J2 + (basy1, 2 + azs+1,1) 1.
(2.7)

If Magyo(h) =0, then agbsy = 0, azs41,0 = A2s+1,1 = —basy1,2. If a2 = by =0,
then it means that (i) holds for k = 2s + 2.

In addition, when as = 0, bse # 0, it belongs to (ii) with [ = [222] — 1. When
as2 # 0, bsa = 0, it belongs to (iii) with { = [252] — 1.

Secondly, suppose that when k = 2s + 1, (ii) or (iii) holds. We want to prove
that for k = 2s + 2, the condition (ii) or (iii) also holds, respectively.

Following the same process of proof for Case 1, it is easy to prove the claim for
any given [ € {0, 1, .-+, s — 1}. Combining with the analysis of Maos12(h) = 0 in
formula (2.7), it is straightforward to obtain that for I = [%] —1 = s, it also holds.
This finishes the proof for Case 2.

By induction, the conclusion holds for each k. This leads to a complete proof of
this lemma. O

Proposition 2.4. For system (1.2), M1(h) = Ma(h) = --- = My(h) = 0,1 <
k < N and Myy1(h) Z 0, then Mi11(h) has at most two isolated zeros, multiplicity
taken into account, and two can be reached.

Proof. From Lemma 2.2, when the condition (i) holds, we have to consider this
condition by k = 2s and k = 2s + 1, respectively. When k = 2s, Mss11(h) can be
expressed as
Masi1(h) = (ag2s,0 — a2s,1)J2 + (b2s, 2 + a2s,1)J1.
When k = 2s + 1, we get
2
Msgio(h) = *gaszbszzfs + (a2s41,0 — a2s41,1)J2 + (b2st1,2 + a2s41,1)J1-

If (ii) holds, then we have for any given I,

2
M y1(h) = —§Gk7171,2bz,2J3 + (ako — ar1)J2 + (br2 + ar1)J1.

For the condition (iii), for any given [, it can be obtained from (2.6) that

2
My11(h) = _gal,Zbkflfl,QJB + (aro — ax1)J2 + (br2 + ag1)Ji.
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In short, according to the fact that (Ji, Ja, J3) is an ECT-system, Myy1(h)
has at most two isolated zeros, multiplicity taken into account, and two zeros can
appear with some proper parameters.

Proposition 2.5. For system (1.2), if Mi(h) = Ma(h) = -+ = Myy1(h) =

and Myio(h) £ 0, then Myyo has no isolated zero. If Mi(h) = Ma(h) = ---
Mp2(h) =0, then system (1.2) is integrable.

o O

Proof. For k= N + 2, according to the proof of Lemma 2.2 and Proposition 2.4,
we have My 2(h) = myq2J3 or My y2(h) = 0, where m,, ;o is a constant formed by
some parameters a; 2 and b; o with 0 <4, j < N. Therefore M2 has no isolated

zero. And if My(h) = My(h) = -+ = Myy2(h) = 0, then My(h) = 0 for any
k > N + 2, which means that system (1.2) is integrable. Hence we complete the
proof. O

Finally, we give the proof of Theorem 1.1.
Proof. [The proof of Theorem 1.1]

According to the relationship between the number of limit cycles bifurcated
from the periodic orbits and the number of zeros of Melnikov functions mentioned
in Theorem 3.4 in [6], and combining Proposition 2.1-2.5, we can get Theorem 1.1
proved. O
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