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1   

Abstract. The operation experiences have shown that the large-scale DC magnetic bias 

caused by DC grounding electrode can be attributed to the uneven surface potential 

distribution. Here, the Chebyshev polynomial is used to fit the Hankel transform kernel 

function in order to solve the surface potential distribution for the complex earth model 

of wide area depth stratification. The adaptive order fitting method of Chebyshev 

polynomial for kernel function is obtained via shift operation, coefficient expansion and 

truncation error determination, which greatly reduces the calculation difficulty of 

surface potential distribution in a large area caused by DC grounding electrode.

Compared with the standard grounding calculation software CDEGS, the proposed 

Chebyshev polynomial approach achieves less than 1 V of earth surface potential 

deviation in range of 1-100 km when the DC grounding current is 5 000 A. Moreover,

the order of the Chebyshev polynomial has influence on the solution results, and it is 

confirmed that the 20th-order Chebyshev polynomial can meet the accuracy 

requirements for general DC bias risk assessment. The proposed surface potential 

assessment method based on shifted Chebyshev polynomial provides a basic technical 

means for the risk assessment of DC bias, which is helpful to reduce the difficulty of DC 

bias risk assessment for power grid.
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Dc power transmission in the unipolar earth return operation mode, high amplitude 

direct current will flow into the earth through the DC ground pole. Due to the poor 

conduction of the ground and the simultaneous action of the wide-area power grid, part 

of the DC current will invade the AC system, resulting in an adverse effect on the 

transformer, that is, the DC magnetic bias hazard. Dc magnetic bias seriously endangers 

the safe operation of power system. The DC bias tolerance characteristics of transformers 

are very complex [1-3], and the control of DC bias also requires a lot of manpower and 

material resources [4-7]. 

Operation experience shows that the root cause of DC magnetic bias hazard of 

power grid is the uneven distribution of surface potential caused by DC grounding 

electrode [8-11], which is manifested as follows: transmission lines are connected to many 

substations that are far apart, and the neutral points of high-voltage transformers in 

substations are mostly directly grounded. A parallel current channel is formed between 

the ground and the power network. Due to the difference of surface potential between 

substations, part of the incoming current of the DC transmission is "extracted" from the 

ground to the power system. Dc current flows through the transformer winding, the 

transformer core is saturated and the excitation half-cycle saturation phenomenon is 

generated, thus forming the DC bias hazard. Dc bias hazards are mainly transformer 

vibration and abnormal sound, as well as local temperature rise and harmonics. 

The field-circuit coupling model of DC current intrusion is adopted in the simulation 

evaluation of power grid magnetic bias [10], that is, the coupling between the above-

ground circuit model and the underground current field. The coupling is directly 

manifested as the surface potential of the power station, and the greater the difference of 

the surface potential between the power stations, the more serious the magnetic bias. The 

method of solving the surface potential is related to the selected earth model. Since the 

earth model used for DC magnetic bias problem is the actual geoelectrical structure 

model, the existing grounding analysis and evaluation methods may not be applicable 

[11-12]. Literature [13-15] systematically uses finite element method to solve the geodetic 

parameters of complex structures; literature [16-17] proposes a calculation method of 

surface potential considering the relief of terrain; Literature [18-19] focuses on the study 

of surface potential under the distribution of middle-earth fault zones. These studies 

mainly rely on commercial finite element software, which cannot be applied to the risk 

assessment of power grid magnetic bias for the time being. Geng Shan et al. [20] used the 

mirror image method to study the surface potential distribution around the DC 

grounding electrode in the complex geological environment of Xinjiang, and Ma [21] 

conducted the sensitivity analysis of the model parameters. However, the mirror image 
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method still has the problems of large calculation and low accuracy, so it cannot be 

applied to complex geological conditions. Ma [21] systematically studied the distribution 

characteristics of ground potential in the vicinity of UHV DC grounding. Li Jiali et al. [22] 

also carried out corresponding assessment work for the location of DC grounding 

electrode and the risk of DC magnetic bias under complex soil structure, and they still 

used the complex mirror method to solve the surface potential of DC grounding electrode. 

Complex image algorithm is more complex and difficult, which is not conducive to 

popularization and application. In addition, problems of rail potential and surface 

potential of high-speed railway [23], corrosion diagnosis of grounding network using 

surface potential [24], and echo state network analysis of step voltage [25] all need to 

solve surface potential, but the current research mainly relies on commercial grounding 

analysis software CDEGS, and lacks the support of public technical means. 

To sum up, the current research relies too much on commercial finite element 

calculation software and grounding calculation software, and there is no reliable 

calculation tool for use. A Chebyshev polynomial fitting algorithm is proposed to solve 

the problem of calculating the surface potential distribution in a wide area caused by DC 

ground electrode, which provides a new idea and a new method for the application of 

DC bias risk assessment and other engineering problems. 

 

2   Chebyshev polynomial solution of surface potential 
 

2.1   Basic theory of surface potential 
 

The DC grounding electrode causes a wide range of surface potential 𝑉, which can be 

written as follows: 

 𝑉(𝑟) =
𝜌1𝐼

2𝜋
∫ 𝑘1𝐽0(𝜆𝑟)d𝜆
∞

0
, (1) 

where, 𝑟 is the distance between the surface observation point and the DC grounding 

pole ( 𝑟 is much larger than the size of the DC grounding pole), 𝜌1 is the resistivity of the 

ground at the first layer, 𝐼 is the ground return current of the DC transmission system, 𝐽0 

is the first zero-order Bessel function, 𝜆 is the integral coefficient, 𝑘1 is the equivalent 

resistivity function of the horizontal stratified ground structure, which can be solved by 

the recurrence formula: 

𝑘𝑛−1 =
1 − 𝜇𝑛−1 exp(−2𝜆𝑑𝑛−1)

1 + 𝜇𝑛−1 exp(−2𝜆𝑑𝑛−1)
, 𝜇𝑛−1 =

𝜌𝑛−1 − 𝜌𝑛

𝜌𝑛−1 + 𝜌𝑛
, 

⋯ 

𝑘𝑖 =
1 − 𝜇𝑖 exp(−2𝜆𝑑𝑛−1)

1 + 𝜇𝑖 exp(−2𝜆𝑑𝑛−1)
, 𝜇𝑖 =

𝜌𝑖 − 𝜌𝑖+1𝑘𝑖+1

𝜌𝑖 + 𝜌𝑖+1 ⋅ 𝑘𝑖+1
, 
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⋯ 

 𝑘1 =
1−𝜇1 exp(−2𝜆𝑑𝑛−1)

1+𝜇1 exp(−2𝜆𝑑𝑛−1)
, 𝜇1 =

𝜌1−𝜌2𝑘2

𝜌1+𝜌2𝑘2
, (2) 

among them, the horizontal stratified geodetic structure is shown in Figure 1, where 𝑑 

is the thickness of the stratification, 𝜌 is the resistivity of the stratification, and 𝜇𝑖 is the 

reflection coefficient of the i-th stratification. 

 

Figure 1: Horizontal stratification of the earth structure 

Equation (1) belongs to the generalized infinite integral, also known as the Hankel 

transform, where 𝑘1 is the integral kernel function of the Hankel transform. Because 𝐽0 

shows oscillation attenuation with the increase of 𝑟𝜆 , the traditional numerical 

calculation method cannot accurately solve equation (1). If 𝑘1 can be expanded by an 

infinite exponential series, then formula (1) can be solved using the classical image 

method, but it cannot be solved for the case of more layers. The main reason is that the 

theoretical expression of infinite exponential series of 𝑘1  with more layers is too 

complicated and the calculation time is too long to be used in practice. 

Formula (1) is the case that the source points of the field are all on the surface. For 

the case of any position of the field source point, it is only necessary to replace the 𝑉(𝑟) 

integral with the actual case, as detailed in reference [11-12]. 

 

2.2   Chebyshev polynomial solution method 
 

The Chebyshev polynomial is a solution to the following second-order differential 

equation: 

 (1 − 𝑥2)
d2𝑦

d𝑥2 − 𝑥
d𝑦

d𝑥
+ 𝑛2𝑦2 = 0. (3) 
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This paper is based on the first class of Chebyshev polynomials. The first Chebyshev 

polynomial 𝑇: 

 𝑇0(𝑥) = 1 (4) 

 ( ) ( )
( )

( )
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where [0. 5𝑛] indicates that 0.5𝑛 is rounded down. 

If 𝑓(𝑥) is a continuous function in the interval [−1,1], it can be converted to an 

infinite series of 𝑇: 

 𝑓(𝑥) = 0.5𝑐0 + ∑ 𝑐𝑛𝑇𝑛(𝑥)∞
𝑛=1 ,  (6) 

 𝑐𝑛 =
2

𝜋
∫

𝑓(𝑥)𝑇𝑛(𝑥)

√1−𝑥2

0

−1
d𝑥, (7) 

formula (6) is also known as the Fourier-Chebyshev series expansion. 

The basic idea of Chebyshev polynomial solution method is to use Chebyshev 

polynomial to convert the infinite integral of the surface potential into the summation of 

the finite length Chebyshev sequence, and then quickly evaluate the surface potential. 

The Chebyshev polynomial is solved as follows: 

Step 1. Set the attenuation coefficient 𝐸 of the first layer as 

 𝐸 = exp(−2𝜆𝑑1). (8) 

for layer 𝑖 earth, its attenuation coefficient can be rewritten as 

 𝐸𝛿𝑖 = exp(−2𝜆𝑑𝑖) , 𝛿𝑖 =
𝑑𝑖

𝑑1
. (9) 

Step 2. Substitute formula (8) and (9) into formula (2) to obtain 

 𝑘𝑛−1 =
1−𝜇𝑛−1𝐸𝛿𝑛−1

1+𝜇𝑛−1𝐸𝛿𝑛−1
, 𝜇𝑛−1 =

𝜌𝑛−1−𝜌𝑛

𝜌𝑛−1+𝜌𝑛
, 

⋯ 

𝑘𝑖 =
1 − 𝜇𝑖𝐸𝛿𝑖

1 + 𝜇𝑖𝐸𝛿𝑖
, 𝜇𝑖 =

𝜌𝑖 − 𝜌𝑖+1𝑘𝑖+1

𝜌𝑖 + 𝜌𝑖+1𝑘𝑖+1
, 

⋯ 

 𝑘1 =
1−𝜇1𝐸𝛿1

1+𝜇1𝐸𝛿1
, 𝜇1 =

𝜌1−𝜌2𝑘2

𝜌1+𝜌2𝑘2
, (10) 

using the series expansion, the equation (10) can be reduced to 

 
1−𝜇1𝐸𝛿1

1+𝜇1𝐸𝛿1
≈ 𝐴0 + 𝐴1𝐸 + 𝐴2𝐸2 + ⋯ = ∑ 𝐴𝑖𝐸𝑖𝑚

𝑖=0 . (11) 

Three steps such as shift operation, coefficient expansion and truncation error 

determination are introduced to solve equation (11). 

1) Shift operation 

The range of the Chebyshev polynomial is [−1,1], while the coefficient 𝑘1 is [0,1]. 

Therefore, the Chebyshev polynomial must be shifted, and the shift Chebyshev 

polynomial 𝑇𝑗 expression is 
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𝑇0(𝐸) = 1,  

𝑇1(𝐸) = 2𝐸 − 1, 

𝑇2(𝐸) = 8𝐸2 − 8𝐸 + 1, 

𝑇3(𝐸) = 32𝐸3 − 48𝐸2 + 18𝐸 − 1, 

𝑇4(𝐸) = 128𝐸4 − 256𝐸3 + 160𝐸2 − 32𝐸 + 1, 

⋯ 

𝑇𝑚+1(𝐸) = 2 ⋅ (2𝐸 − 1) ⋅ 𝑇𝑚(𝐸) − 𝑇𝑚−1(𝐸), 𝑚 ≥ 1. (12) 

2) Coefficient expansion 

Carry out the shifted Chebyshev polynomial expansion of 𝑘1, and equation (11) is 

converted to 

 𝑘1(𝐸) ≈ −0.5𝑐0 + ∑ 𝑐𝑘𝑇𝑘(𝐸)𝑛
𝑘=0 → 𝐴0 + 𝐴1𝐸 + 𝐴2𝐸2 + ⋯, (13) 

where, 𝑐𝑗 is the coefficient of 𝑇𝑗, and the specific expression of 𝑐𝑗 is 

 𝑐𝑗 =
2

𝑚
∑ 𝑘1(𝜉𝑏) cos (𝜋𝑗

𝑏+0.5

𝑚+1
)𝑚

𝑏=0 , (14) 

where, 𝜉𝑏 is the root of 𝑇𝑏 coefficient equation, and the specific expression of 𝜉𝑏 is 

 𝜉𝑏 = 0.5 + 0.5 cos (𝜋
𝑏+0.5

𝑚+1
) , 𝑏 = 0,1, ⋯ , 𝑚. (15) 

3) Truncation error determination 

The error expression of m-order shift Chebyshev polynomial expression can be 

written as 

 𝜀𝑚(𝐸) = ∑ 𝑐𝑏𝑇𝑏(𝐸)∞
𝑏=𝑚+1 . (16) 

equation (16) approximates the error principal term: 

 𝜀𝑚(𝐸) ≈ 𝑐𝑚+1𝑇𝑚+1(𝐸), (17) 

the total error of the 𝐸 range error is 

 𝜀tot ≈ ∫ 𝑐𝑏+1𝑇𝑏+1(𝐸)𝑑𝐸
1

0
, (18) 

the theoretical result of the integral of equation (18) is 

 𝜀tot ≈
2

𝑚+1
∑ 𝑘1(𝜉𝑏) cos (

𝜋(𝑏+0.5)(𝑚+1)

𝑚+2
)𝑚+1

𝑏=0 ⋅ ∑
𝑡𝑖

𝑖+1
𝑚+1
𝑖=0 , (19) 

where 𝑡𝑖 is the coefficient of the shifted Chebyshev polynomial in equation (12). 

Therefore, the highest order 𝑚 in equation (13) can be determined according to the 

process shown in Figure 2. 

Step 3. Substitute equation (11) into equation (1) 

 𝑉(𝑟) =
𝜌1𝐼

2𝜋
∫ ∑ 𝐴𝑖𝐸𝑖𝐽0(𝜆𝑟)𝑛

𝑖=0 d𝜆
∞

0
. (20) 

According to the Lipschitz integral formula 

 ∫ exp(−𝜆|𝑥|) 𝐽0(𝜆𝑦)dλ
∞

0
=

1

√𝑥2+𝑦2
, (21) 

If you put in equation (20), there is 
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 𝑉(𝑟) =
𝜌1𝐼

2𝜋
∫ ∑ 𝐴𝑖𝐸𝑖𝐽0(𝜆𝑟)𝑛

𝑖=0 d𝜆
∞

0
=

𝜌1𝐼

2𝜋
∑

𝐴𝑖

√4𝑖2𝑑1
2+𝑟2

𝑛
𝑖=0 . (22) 

input current 𝐼, solve equation (22), output the calculation result. 

 

Figure 2: Flowchart to determine the maximal order m for the shift Chebyshev polynomial 

The Chebyshev polynomial method greatly reduces the difficulty of calculating the 

surface potential distribution caused by the ground return current of HVDC transmission, 

and helps to form the calculation software. 

 

3   Analysis and comparison of numerical examples 
 

The calculation result of standard grounding calculation software CDEGS on the 

potential of 5 000 A point current source at the surface range of 1 − 100 km is introduced 

and compared with the 20-order Chebyshev polynomial method. The surface potential 

distribution of the two different methods is shown in Figure 3. The deviation between 

the proposed method and the calculated results of CDEGS is 0.71 V at 1 km, 0.13 V at 10 

km, and 0.04 V at 100 km. 
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Table 1: Horizontal8-layer structure geometric parameters 

 
 

 

Figure 3: Comparison between the 20th-order Chebyshev polynomial method and CDEGS software 

Since the calculation accuracy and convergence speed of Chebyshev polynomial 

method are closely related to the order, the results of surface potential at different 

observation points of the soil model in Table 1 under different order are given in Table 2. 

As can be seen from the results in Table 2, when the order is 10, the calculation results 

have a large deviation, but when the order reaches 20 or above, the calculation results 

tend to be stable. In the range of 1-100 km, even the 20-order Chebyshev polynomial 

method has reached sufficient accuracy for engineering applications. 

In order to further analyze the numerical differences in Table 2, this paper conducted 

a more in-depth calculation analysis of Chebyshev polynomial fitting error equation (19) 

based on the situation in Table 1, and the results were shown in Table 3. As can be seen 

from Table 3, at the beginning, with the increase of the order of Chebyshev polynomials, 

the theoretical deviation of kernel function fitting decreases rapidly, but when the order 

reaches 20, the convergence rate tends to slow down. The application of this paper shows 

that as long as the order of Chebyshev polynomial is selected as the error is small, it can 

OPEN ACCESS

DOI https://doi.org/10.4208/JICS-2023-009 | Generated on 2025-04-20 20:32:52



137  Solving surface potential of DC grounding electrode by Chebyshev polynomial 

achieve a better engineering application effect, and the calculation speed is faster. Blindly 

increasing the order cannot bring obvious accuracy improvement to the calculation result, 

but will waste a lot of calculation time. 

Table 2: Surface potential calculated by Chebyshev polynomial method with different orders 

 
 

Table 3: Fitting error of Chebyshev polynomial method with different orders 

 
 

4   Conclusions 
 

In order to solve the problem of surface potential distribution caused by DC ground 
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electrode, a method of solving the integral kernel function of Hankel transform fitting 

the surface potential by Chebyshev polynomial is proposed. 

1) The Fourier-Chebyshev series expansion of the basic integral kernel function is 

solved by introducing three aspects, such as shift operation, coefficient expansion and 

truncation error determination, and the Chebyshev polynomial adaptive order fitting 

method of the kernel function is obtained, thus greatly reducing the difficulty of 

calculating the surface potential distribution. 

2) The effect of the order 𝑚 of Chebyshev polynomial on the calculation result is 

analyzed by using a geodetic example of horizontal 8-layer structure. The results show 

that when the distance between field point and source point is less than 10 m, the order 

of Chebyshev polynomial needs to be 40, and when the distance between field point and 

source point is greater than 1 km, the order of 20 can meet the accuracy requirements. 

The accuracy of the proposed method is verified by comparing it with the reference 

grounding software CDEGS. 

3) The surface potential solution method based on shifted Chebyshev polynomials 

provides a basic technical means for DC magnetic bias risk assessment, helps to reduce 

the difficulty of DC magnetic bias risk assessment of power grid, assists DC magnetic 

bias risk assessment and other related work, and can provide relevant technical support 

for power system grounding design and other industries. 
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