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Abstract In this paper, we introduce the concept of square-mean pseudo
S-asymptotically (ω, c)-periodic for stochastic processes and establish some
composition and convolution theorems for such stochastic processes. In ad-
dition, we investigate the existence and uniqueness of square-mean pseudo
S-asymptotically (ω, c)-periodic mild solutions to some stochastic fractional
integrodifferential equations. We illustrate our main results with an applica-
tion to stochastic Weyl fractional integrodifferential equations.
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1. Introduction

Many publications have studied the problem of periodicity of stochastic and deter-
ministic evolution equations, because of its importance for both pure and applied
mathematics. Many real-world phenomena do not satisfy conditions of strict peri-
odicity, which are often hard to meet. Over the recent decades, researchers have
developed some generalized quasi-periodic functions, such as almost periodic func-
tions, asymptotic periodic functions, asymptotic almost periodic functions, pseudo
almost periodic functions and S-asymptotic periodic functions and so on, to better
investigate and represent these periodic behaviours and their mathematical models.
These types of functions are not exactly periodic, but posses some periodic charac-
teristics. They are helpful for modeling complex systems that have fluctuations or
perturbations. For more details on these subjects, see [7, 12, 13, 16, 19, 20, 25] and
references therein.

The topic of quasi-periodicity is very attractive and interesting to researchers
because it includes several and diverse fascinating untreated problems. Inspired by
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the well-known differential equation of Mathieu

φ′′(τ) + [a− 2q cos(2t)]φ(τ) = 0,

with solution verifying φ(t + ω) = cφ(t), ω ∈ R, c ∈ C that appear as simulations
in different scenarios, such as the firmness of train rails with passing locomotives
and the cyclic fluctuations in population growth, Alvarez, Gómez and Pinto [3]
introduced the category of (ω, c)-periodic functions. Several authors have been in-
terested in the theory, such as Abadias et al. [1], Mophou and N’Guérékata [17],
Kéré et al. [15], Khalladi et al. [14]. On the other hand, some mathematicians
have also examined how small changes can affect (ω, c)-periodic functions in ab-
stract spaces. For example, Alvarez, Castillo and Pinto [4, 5] defined the concepts
of (ω, c)-asymptotically periodic functions and (ω, c)-pseudo periodic functions in
abstract spaces and applied them to the abstract Cauchy problem of first order and
the Lasota-Wazewska model with unbounded and ergodic production of red cells.
Recently, the concept of pseudo S-asymptotically (ω, c)-periodic was introduced
by Chang et al. [8], which extends the S-asymptotically ω-periodic functions. A
study on fundamental properties and applications of S-asymptotically ω-periodic
functions can be found in [6, 9, 12,13,19,20].

It cannot be overlooked that the presence of random noise emanating from
natural sources frequently makes physical phenomena fluctuate or perturb. Hence,
to get a more precise model, it is required to include some stochastic terms in
the systems. The existence of quasi-periodic solutions for the stochastic evolution
equations is very limited (see [10,11,18,23,26] and references therein). It is natural
to study the stochastic versions of the deterministic concepts mentioned before.
According to our understanding and search, there is no previous work on the idea of
square-mean pseudo S-asymptotically (ω, c)-periodic for stochastic processes, which
is the main reason for this research. This issue is interesting and new, and hence,
the question of whether there exists a (pseudo) S-asymptotically (ω, c)-periodic mild
solution in square-mean sense is still untreated for stochastic evolution systems. The
primary novelties and major contributions of this paper are listed as follows :

(i) We introduce a new concept of square-mean S-asymptotically and pseudo S-
asymptotically (ω, c)-periodic for stochastic processes.

(ii) We establish some completeness, composition and convolution theorems for
such stochastic processes.

(iii) We also investigate the existence and uniqueness of square-mean pseudo S-
asymptotically (ω, c)-periodic mild solutions to the following class of stochas-
tic fractional evolution equations:

∂ατ ϕ(τ) = Aϕ(τ) +

∫ τ

−∞
b(τ − s)Aϕ(s)ds+ g(τ, ϕ(τ)) + f(τ, ϕ(τ) (dW (τ)/dτ),

(1.1)
where τ ∈ R, ∂ατ denotes the Weyl fractional derivative of order α > 0,
A : D(A) ⊆ L2(Ω,H) → L2(Ω,H) is a closed linear operator on a complex
separable Hilbert space L2(Ω,H) (where L2(Ω,H) is an appropriate function
space specified in Section 2) and generate an α-resolvent family {Rα(τ)}τ≥0 on
H. g, f are H-valued appropriate functions to be define later. Here (W (τ))τ∈R
represents a two-sided and standard one-dimensional Brownian motion on H.
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The obtained outcomes show that for each pseudo S-asymptotically (ω, c)-
periodic input, the output is still a bounded and continuous mild solution to
the stochastic evolution equation (1.1), which is also pseudo S-asymptotically
(ω, c)-periodic. Furthermore, we think that the obtained outcomes in this
paper could contribute to studying the existence and other qualitative prop-
erties of (pseudo) S-asymptotically (ω, c)-periodic solutions of other kinds of
stochastic evolution equations, especially the fractional problems under differ-
ent situations, without Lipschitz conditions on nonlinear terms.

This paper is organized as follows: Section 2 is concerned with some basic defini-
tions, lemmas and notations. Section 3 mainly focuses on properties of square-mean
S-asymptotically (ω, c)-periodic processes. Section 4 is devoted to applications to
some stochastic fractional evolution equations in Hilbert spaces. To end this work,
we give some illustrations in Section 5.

2. Background

Throughout this paper, we suppose that (Ω,F ,P) represents a complete probability
space with some filtration {Fτ}τ≥0 satisfying the usual conditions, and that H and
K denote complex separable Hilbert spaces. For convenience, the same notations
∥ · ∥ and (·, ·) are applied to denote the norms and the inner products in H and K.
We denote by L(K,H) the Banach space of all bounded linear operators from K to
H endowed with the topology defined by the operator norm, and L2(Ω,H) stands
for the collection of all strongly-measurable, square-integrable H-valued random
variables, which is a complex Hilbert space endowed with the norm

∥ϕ∥L2 = (E∥ϕ∥2)1/2, ϕ ∈ L2(Ω,H),

where E(·) is the expectation defined by E∥ϕ∥2 =

∫
Ω

∥ϕ∥2dP. For each t ∈ R, we

denote by Fτ the σ-field generated by the random variables
{
W (s), s ≤ t

}
and the

P-null sets.

Definition 2.1. A stochastic process ϕ : R → L2(Ω,H) is said to be

(i) stochastically bounded if there exists a constant M > 0 such that

E∥ϕ(τ)∥2 =

∫
Ω

∥ϕ(τ)∥2dP < M for all τ ∈ R;

(ii) stochastically continuous if

lim
τ→s

E∥ϕ(τ)− ϕ(s)∥2 = 0 for all s ∈ R.

We denote by BC
(
R,L2(Ω,H)

)
(resp. C

(
R,L2(Ω,H)

)
) the complex Banach space

of all bounded and continuous (resp. continuous) stochastic processes ϕ from R into

L2(Ω,H) equipped with the norm ∥ϕ∥∞ =

(
sup
τ∈R

E∥ϕ(τ)∥2
)1/2

. Furthermore, the

set C
(
R× L2(Ω,H),L2(Ω,H)

)
represents the collection of all continuous processes

g : R× L2(Ω,H) → L2(Ω,H).
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By using the principal branch of the complex Logarithm, we define c
τ
ω :=

exp
(
τ
ω log(c)

)
. In what follow, we use the following notations

c∧(τ) = cτ/ω and |c|∧(τ) := |c∧(τ)| = exp
( τ
ω
log(|c|)

)
.

We recall some definitions and properties on (ω, c)-periodic functions. Let (X, ∥·∥X)
be a complex Banach space and C(R,X) be the set of all continuous functions
f : R → X equipped with sup-norm ∥f∥∞ = supτ∈R ∥f(τ)∥X.

Definition 2.2 ( [3]). For given (ω, c) ∈ R+\{0} ×C\{0}, a function ϕ ∈ C(R,X)
is said to be (ω, c)-periodic if ϕ(τ+ω) = c ϕ(τ) for all τ ∈ R. ω is called the c-period
of ϕ.

We denote by Pω,c (R,X)) the set of all (ω, c)-periodic functions from R to X.

Lemma 2.1 ( [3]). Pω,c (R,X)) is a Banach space equipped with norm

∥ϕ∥ωc = sup
τ∈[0,ω]

∥c∧(−τ)ϕ(τ)∥X.

3. Main results and proofs

In this section, we introduce and establish some fundamental results on the new
concepts of square-mean S-asymptotically (ω, c)-periodic and square-mean pseudo
S-asymptotically (ω, c)-periodic process.

3.1. On square-mean S-asymptotically (ω, c)-periodicity

We will define a square-mean S-asymptotically (ω, c)-periodic process. First, for
given (ω, c) ∈ R\{0} × C\{0}, we define the following set

BCω,c

(
R,L2(Ω,H)

)
:=

{
ϕ ∈ C

(
R,L2(Ω,H)

)
: sup

τ∈R
E∥c∧(−τ)ϕ(τ)∥2 <∞

}
.

We get the following outcomes.

Proposition 3.1. Let ϕ ∈ C
(
R,L2(Ω,H)

)
. Then ϕ ∈ BCω,c

(
R,L2(Ω,H)

)
if and

only if

ϕ(τ) = c∧(τ)g(τ), g ∈ BC
(
R,L2(Ω,H)

)
.

Proof. It’s clear that if ϕ(τ) = c∧(τ)g(τ) with g ∈ BC
(
R,L2(Ω,H)

)
then ϕ ∈

BCω,c

(
R,L2(Ω,H)

)
. Inversely, suppose that ϕ ∈ BCω,c

(
R,L2(Ω,H)

)
. If we put g(τ) =

c∧(−τ)ϕ(τ), then we have

∥g∥2∞ = sup
t∈R

E∥c∧(−τ)ϕ(τ)∥2 <∞.

We derive that g ∈ BC
(
R,L2(Ω,H)

)
and ϕ(τ) = c∧(τ)g(τ).

Lemma 3.1. Let φ1, φ2, φ ∈ BCω,c

(
R,L2(Ω,H)

)
. The following results hold:

(i) φ1 + φ2 ∈ BCω,c

(
R,L2(Ω,H)

)
, and kφ ∈ BCω,c

(
R,L2(Ω,H)

)
for each k ∈ C.
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(ii) BCω,c

(
R,L2(Ω,H)

)
is a Banach space equipped with the norm

∥ϕ∥b,ω,c =

(
sup
τ∈R

E∥c∧(−τ)ϕ(τ)∥2
)1/2

.

Proof.

(i) Let φ1, φ2 ∈ BCω,c

(
R,L2(Ω,H)

)
. Then φ1, φ2 ∈ C

(
R,L2(Ω,H)

)
,

sup
τ∈R

E∥c∧(−τ)φ1(τ)∥2 <∞ and sup
τ∈R

E∥c∧(−τ)φ2(τ)∥2 <∞.

We get

sup
τ∈R

E∥c∧(−τ)[φ1(τ) + φ2(τ)]∥2 ≤2 sup
τ∈R

E∥c∧(−τ)φ1(τ)∥2

+ 2 sup
τ∈R

E∥c∧(−τ)φ2(τ)∥2 <∞.

Then φ1 + φ2 ∈ BCω,c

(
R,L2(Ω,H)

)
.

For k ∈ C and φ ∈ BCω,c

(
R,L2(Ω,H)

)
, we have kφ ∈ C

(
R,L2(Ω,H)

)
and

sup
τ∈R

E∥c∧(−τ)kφ(τ)∥2 = |k|2 sup
τ∈R

E∥c∧(−τ)φ(τ)∥2 <∞.

Then kφ ∈ BCω,c

(
R,L2(Ω,H)

)
.

Thus φ1 + φ2, kf ∈ SAPω,c

(
R,L2(Ω,H)

)
, for each k ∈ C.

(ii) Let {φn}n ⊆ BCω,c

(
R,L2(Ω,H)

)
be a Cauchy sequence. Using Proposition 3.1,

we can write φn(τ) = c∧(τ)gn(τ) with gn ∈ BC
(
R,L2(Ω,H)

)
, τ ∈ R. Since

∥gn−gm∥∞ = ∥φn−φm∥b,ω,c , then {gn}n∈N is also a Cauchy sequence in the
Banach space BC

(
R,L2(Ω,H)

)
. Thus, there exists g ∈ BC

(
R,L2(Ω,H)

)
such

that ∥gn − g∥∞ → 0 as n → ∞. Let φ(τ) = c∧(τ)g(τ). Then by Proposition
3.1, g ∈ BCω,c

(
R,L2(Ω,H)

)
and consequently,

lim
n→∞

∥φn − φ∥2b,ω,c = lim
n→∞

sup
τ∈R

E∥c∧(−τ)φn(τ)− c∧(−τ)φ(τ)∥2

= lim
n→∞

∥gn − g∥2∞ = 0.

That is φn(τ) → φ(τ) = c∧(τ)g(τ) in
(
BCω,c

(
R,L2(Ω,H)

)
; ∥ · ∥b,ω,c

)
. This

implies that the space BCω,c

(
R,L2(Ω,H)

)
is Banach space equipped with the

norm ∥ · ∥b,ω,c.

Definition 3.1. A stochastic process ϕ ∈ BCω,c

(
R,L2(Ω,H)

)
is said to be square-

mean S-asymptotically (ω, c)-periodic if for given ω ∈ R, c ∈ C\{0},

lim
|τ |→∞

E∥c∧(−τ)[ϕ(τ + ω)− c ϕ(τ)]∥2 = 0.

The collection of all square-mean S-asymptotically (ω, c)-periodic stochastic pro-
cesses will be denoted by SAPω,c

(
R,L2(Ω,H)

)
.

In Definition 3.1, when c = 1 and c = −1, S-asymptotically (ω, c)-periodic
process reduces to the standard S-asymptotically ω- periodic and ω-antiperiodic
process, respectively. The above notions have been studied in [10,11,23,26].

We now present the following basic properties.
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Lemma 3.2. Let φ1, φ2, φ ∈ SAPω,c

(
R,L2(Ω,H)

)
. Then the following results

hold:

(i) φ1 + φ2 ∈ SAPω,c

(
R,L2(Ω,H)

)
, and kφ ∈ SAPω,c

(
R,L2(Ω,H)

)
for each

k ∈ C.

(ii) For each b ∈ R, the process φb(τ) := φ(τ + b) ∈ SAPω,c

(
R,L2(Ω,H)

)
.

(iii) SAPω,c

(
R,L2(Ω,H)

)
is a Banach space equipped with the norm

∥ϕ∥b,ω,c =

(
sup
τ∈R

E∥c∧(−τ)ϕ(τ)∥2
)1/2

, ϕ ∈ SAPω,c

(
R,L2(Ω,H)

)
.

Proof.

(i) Let k ∈ C and ϵ > 0. Then from Definition 3.1, there exists a constant δϵ > 0
such that for each |τ | > δϵ, we have :

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 < ϵ

|k|2 + 1
,

E∥c∧(−τ)[φi(τ + ω)− cφi(τ)]∥2 <
ϵ

4
, i = 1, 2.

Hence,

E∥c∧(−τ)[kφ(τ + ω)− ckφ(τ)]∥2 = |k|2E∥c∧(−τ)[φ(τ + ω)− φ(τ)]∥ < ϵ,

and

E∥c∧(−τ)[(φ1 + φ2)(τ + ω)− c(φ1 + φ2)(τ)]∥2

=E∥c∧(−τ)[φ1(τ + ω)− cφ1(τ) + φ2(τ + ω)− cφ2(τ)]∥2

≤2E∥c∧(−τ)[φ1(τ + ω)− cφ1(τ)]∥2 + 2E∥c∧(−τ)[φ2(τ + ω)− cφ2(τ)]∥2

<
ϵ

2
+
ϵ

2
= ϵ.

Thus kφ, φ1 + φ2 ∈ SAPω,c

(
R,L2(Ω,H)

)
.

(ii) Let b ∈ R and φ ∈ SAPω,c

(
R,L2(Ω,H)

)
. Definition 3.1 implies that, for any

ϵ > 0, there exists δϵ > 0 such that

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 ≤ ϵ

|c∧(b)|2
, for |τ | > δϵ.

We derive that

E∥c∧(−τ)[φ(τ + b+ ω)− cφ(τ + b)]∥2

=E∥c∧(−τ − b)c∧(b)[φ(τ + b+ ω)− cφ(τ + b)]∥2

=|c∧(b)|2 E∥c∧(−(τ + b))[φ(τ + b+ ω)− cφ(τ + b)]∥2

<ϵ

for |τ | > δ = max{δϵ − b, δϵ + b}. Thus φb ∈ SAPω,c

(
R,L2(Ω,H)

)
.

OPEN ACCESS

DOI https://doi.org/10.12150/jnma.2025.241 | Generated on 2025-04-09 08:08:14



Square-Mean Pseudo S-Asymptotically (ω, c)-Periodicity 247

(iii) From assertion (i), we deduce that SAPω,c

(
R,L2(Ω,H)

)
is a vector space.

Let {φn}n∈N ⊂ SAPω,c

(
R,L2(Ω,H)

)
such that φn → φ as n→ ∞. Then for

any ϵ > 0, there exist constants N > 0 and δϵ > 0 such that

∥φn − φ∥2b,ω,c = sup
τ∈R

E∥c∧(−τ)[φn(τ)− φ(τ)]∥2 ≤ ϵ

9|c|2
for n ≥ N,

and
E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2 ≤ ϵ

9
, for τ > δϵ.

We obtain that for τ > δϵ

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2

=E∥c∧(−τ)[φ(τ + ω)− φN (τ + ω) + φN (τ + ω)− cφ(τ) + cφN (τ)− cφN (τ)]∥2

≤3E∥c∧(−τ)[φ(τ + ω)− φN (τ + ω)]∥2 + 3E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2

+ 3E∥c∧(−τ)[cφN (τ)− cφ(τ)]∥2

≤3|c|2 E∥c∧(−(τ + ω))[φ(τ + ω)− φN (τ + ω)]∥2

+ 3E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2

+ 3|c|2 E∥c∧(−τ)[φN (τ)− φ(τ)]∥2

≤ ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ.

This implies that the space SAPω,c

(
R,L2(Ω,H)

)
is a closed sub-space of

BCω,c

(
R,L2(Ω,H)

)
. Thus it’s a Banach space equipped with ∥ · ∥b,ω,c.

3.2. On square-mean pseudo-S-asymptotically (ω, c)-periodicity

Definition 3.2. A stochastic process ϕ ∈ BCω,c

(
R,L2(Ω,H)

)
is said to be square-

mean pseudo-S-asymptotically (ω, c)-periodic if for given ω ∈ R, c ∈ C\{0},

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[ϕ(τ + ω)− c ϕ(τ)]∥2dτ = 0.

We denote by PSAPω,c

(
R,L2(Ω,H)

)
the set of all square-mean S-asymptotically

(ω, c)-periodic stochastic processes.
We have the following basic properties.

Lemma 3.3. Let φ1, φ2, φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
. The following results hold:

(i) φ1 + φ2 ∈ PSAPω,c

(
R,L2(Ω,H)

)
, and kφ ∈ PSAPω,c

(
R,L2(Ω,H)

)
for each

k ∈ C.
(ii) For each b ∈ R, the process φb(τ) := φ(τ + b) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

(iii) PSAPω,c

(
R,L2(Ω,H)

)
is a Banach space equipped with the norm ∥ · ∥b,ω,c.

Proof.

(i) From Definition 3.2, we have :

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φi(τ + ω) + cφi(τ)]∥2dτ = 0, i = 1, 2.
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Hence, for any k ∈ C, we get

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[kφ(τ + ω)− ckφ(τ)]∥2dτ

= lim
q→∞

|k|2

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω) + φ(τ)]∥2dτ = 0,

and

0 ≤ lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[(φ1 + φ2)(τ + ω)− c(φ1 + φ2)(τ)]∥2dτ

= lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ1(τ + ω)− cφ1(τ) + φ2(τ + ω)− cφ2(τ)]∥2dτ

≤2 lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ1(τ + ω)− cφ1(τ)]∥2dτ

+ 2 lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ2(τ + ω)− cφ2(τ)]∥2dτ

=0.

Thus kφ, φ1 + φ2 ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

(ii) Let b ∈ R and φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
. From Definition 3.2, we have :

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ = 0.

Thus for each b ∈ R, we get

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + b+ ω)− cφ(τ + b)]∥2dτ

= lim
q→∞

1

2q

∫ q+b

−q+b

E∥c∧(−τ + b)[φ(τ + ω)− cφ(τ)]∥2dτ

≤|c∧(b)|2 lim
q→∞

1

2q

∫ q+|b|

−q+|b|
E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

≤|c∧(b)|2 lim
q→∞

(q + |b|)
q

1

2(q + |b|)

∫ q+|b|

−q+|b|
E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

=0.

Thus φb ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

(iii) From assertion (i), we deduce that PSAPω,c

(
R,L2(Ω,H)

)
is a vector space.

Let {φn}n∈N ⊂ PSAPω,c

(
R,L2(Ω,H)

)
such that φn → φ as n → ∞. Then

for any ϵ > 0, there exist constants N > 0 and δϵ > 0 such that

∥φn − φ∥2b,ω,c = sup
τ∈R

E∥c∧(−τ)[φn(τ)− φ(τ)]∥2dτ ≤ ϵ

9|c|2
, for n ≥ N

and
1

2q

∫ q

−q

E∥c∧(−τ)[φN (τ + ω)−cφN (τ)]∥2dτ ≤ ϵ

9
for q > δϵ.
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We obtain for q > δϵ

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

=
1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− φN (τ + ω) + φN (τ + ω)− cφ(τ)

+ cφN (τ)− cφN (τ)]∥2dτ

≤3
1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− φN (τ + ω)]∥2

+ 3E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2dτ

+ 3
1

2q

∫ q

−q

E∥c∧(−τ)[cφN (τ)− cφ(τ)]∥2dτ

≤3|c|2 1

2q

∫ q

−q

E∥c∧(−(τ+ω))[φ(τ+ω)−φN (τ+ω)]∥2dτ
(
since c∧(+ω)=c

)
+ 3

1

2q

∫ q

−q

E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2dτ

+ 3|c|2 1

2q

∫ q

−q

E∥c∧(−τ)[φN (τ)− φ(τ)]∥2dτ

≤3|c|2 ∥ϕN − φ∥2b,ω,c + 3
1

2q

∫ q

−q

E∥c∧(−τ)[φN (τ + ω)− cφN (τ)]∥2dτ

+ 3|c|2 ∥ϕN − φ∥2b,ω,c

≤ ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ.

This implies that the space PSAPω,c

(
R,L2(Ω,H)

)
is a closed sub-space of

BCω,c

(
R,L2(Ω,H)

)
. Thus it’s a Banach space equipped with ∥ · ∥b,ω,c.

The following Lemma gives a characterization of the square-mean pseudo-S-
asymptotically (ω, c)-periodic process

Lemma 3.4. Let φ ∈ BCω,c

(
R,L2(Ω,H)

)
. Then the following assertions are equiv-

alent:

(i) lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ = 0.

(ii) For each ϵ > 0, lim
q→∞

1

2q

∫
Mq,ϵ(φ)

dτ = 0 where

Mq,ϵ(φ) :=
{
τ ∈ [−q, q] : E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 ≥ ϵ

}
.

Proof.
Claim 1. (i) =⇒ (ii).

Since

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

=
1

2q

∫
[−q,q]\Mq,ϵ(φ)

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ
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+
1

2q

∫
Mq,ϵ(φ)

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

≥ 1

2q

∫
Mq,ϵ(φ)

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

≥ ϵ

2q

∫
Mq,ϵ(φ)

dτ ≥ 0,

we can see that if assertion (i) holds, then assertion (ii) is true.
Claim 2. (ii) =⇒ (i).

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

=
1

2q

∫
[−q,q]\Mq,ϵ(φ)

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

+
1

2q

∫
Mq,ϵ(φ)

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ

≤ ϵ

2q

∫ q

−q

dτ

+
1

2q

∫
Mq,ϵ(φ)

[
2E∥c∧(+ω)c∧(−(τ + ω))φ(τ + ω)∥2 + 2|c|2E∥c∧(−τ)φ(τ)∥2

]
dτ

≤ϵ+ 4|c|2∥φ∥2b,ω,c

1

2q

∫
Mq,ϵ(φ)

dτ.

Hence, we deduce that if assertion (ii) holds, then assertion (i) is true.

3.3. Some convolution theorems in PSAPω,c (R,L2(Ω,H))

We establish two convolution theorems for pseudo S-asymptotically (ω, c)-periodic
stochastic processes. Our outcomes are based on Proposition 3.1 and Lemma (3.3).

Theorem 3.1. Let {U(τ)}τ≥0 ⊂ B(H) be strongly continuous such that
∥c∧(−τ)U(τ)∥≤ψ(τ) where ψ ∈ L1(R+). If f ∈ PSAPω,c

(
R,L2(Ω,H)

)
, then

z(τ) :=

∫ τ

−∞
U(τ − s)f(s)ds ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Proof. Since f ∈ PSAPω,c

(
R,L2(Ω,H)

)
then by Proposition 3.1,

f(τ)=c∧(τ)uf (τ), where uf ∈ BC
(
R,L2(Ω,H)

)
. Then,

z(τ) =

∫ τ

−∞
U(τ − s)f(s)ds =

∫ ∞

0

U(ζ)c∧(τ − ζ)uf (τ − ζ)dζ

= c∧(τ)

∫ ∞

0

c∧(−ζ)U(ζ)uf (τ − ζ)dζ.

Let g(τ) =

∫ ∞

0

c∧(−ζ)U(ζ)uf (τ − ζ)dζ, for τ ∈ R. We have to show that g ∈

BC
(
R,L2(Ω,H)

)
. By using the Cauchy- Schwarz inequality, we get

OPEN ACCESS

DOI https://doi.org/10.12150/jnma.2025.241 | Generated on 2025-04-09 08:08:14



Square-Mean Pseudo S-Asymptotically (ω, c)-Periodicity 251

E ∥g(τ)∥2=E

∥∥∥∥∫ ∞

0

c∧(−ζ)U(ζ)uf (τ − ζ)dζ

∥∥∥∥2≤E

[∫ ∞

0

c∧(−ζ)∥U(ζ)uf (ζ − τ)∥dζ
]2

≤E

[∫ ∞

0

∥c∧(−ζ)U(ζ)uf (τ − ζ)∥dζ
]2

≤E

[∫ ∞

0

ψ(ζ)∥uf (τ − ζ)∥dζ
]2

≤
∫ ∞

0

ψ(ζ)dζ

∫ ∞

0

ψ(ζ)E∥uf (τ − ζ)∥2dζ

≤∥uf∥2∞∥ψ∥2L1 <∞.

Let τ, τ0 ∈ R. Then, by using the Cauchy- Schwarz inequality, we get

E ∥g(τ)− g(τ0)∥2 =E

∥∥∥∥∫ ∞

0

c∧(−ζ)U(ζ)
(
uf (τ − ζ)− uf (τ0 − ζ)

)
dζ

∥∥∥∥2
≤E

[∫ ∞

0

∥∥∥∥c∧(−ζ)U(ζ)(uf (τ − ζ)− uf (τ0 − ζ)

)∥∥∥∥dζ]2
≤E

[∫ ∞

0

ψ(ζ)∥uf (τ − ζ)− uf (τ0 − ζ)∥dζ
]2

≤
∫ ∞

0

ψ(ζ)dζ

∫ ∞

0

ψ(ζ)E∥uf (τ − ζ)− uf (τ0 − ζ)∥2dζ

≤∥ψ∥2L1

∫ ∞

0

ψ(ζ)E∥uf (τ − ζ)− uf (τ0 − ζ)∥2dζ.

Since ∫ ∞

0

ψ(ζ)E∥uf (τ − ζ)− uf (τ0 − ζ)∥2dζ ≤ 4∥ψ∥2L1∥uf∥2∞ <∞,

using the fact that uf ∈ BC
(
R,L2(Ω,H)

)
and the dominated convergence theorem,

it follows that

lim
τ→τ0

∫ ∞

0

ψ(ζ)E∥uf (τ − ζ)− uf (τ0 − ζ)∥2dζ = 0.

Therefore
lim
τ→τ0

E ∥g(τ)− g(τ0)∥2 = 0.

We conclude that g ∈ BC
(
R,L2(Ω,H)

)
. Hence by Proposition 3.1,

z ∈ BCω,c

(
R,L2(Ω,H)

)
.

Now let q > 0. Then, we have

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ

=
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [∫ τ+ω

−∞
U(τ + ω − s)f(s)ds− c

∫ τ

−∞
U(τ − s)f(s)ds

]∥∥∥∥2 dτ
=

1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [∫ τ

−∞
U(τ − s)f(s+ ω)ds− c

∫ τ

−∞
U(τ − s)f(s)ds

]∥∥∥∥2 dτ
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=
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [∫ ∞

0

U(s)[f(τ − s+ ω)− cf(τ − s)]ds

]∥∥∥∥2 dτ
≤ 1

2q

∫ q

−q

E

[∫ ∞

0

∥c∧(−τ)U(s)[f(τ − s+ ω)− cf(τ − s)]∥ ds
]2
dτ

≤ 1

2q

∫ q

−q

E

[∫ ∞

0

∥c∧(−s)U(s)c∧(s− τ)[f(τ − s+ ω)− cf(τ − s)]∥ ds
]2
dτ

≤ 1

2q

∫ q

−q

E

[∫ ∞

0

ψ(s) ∥c∧(s− τ)[f(τ − s+ ω)− cf(τ − s)]∥ ds
]2
dτ.

By using Cauchy- Schwarz inequality and Fubini’s theorem, we get that

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ

≤ 1

2q

∫ q

−q

[(∫ ∞

0

ψ(s)ds

)(∫ ∞

0

ψ(s)E ∥c∧(s− τ)[f(τ − s+ ω)− cf(τ − s)]∥2 ds
)]

dτ

≤∥ψ∥L1

2q

∫ q

−q

(∫ ∞

0

ψ(s)E ∥c∧(s− τ)[f(τ − s+ ω)− cf(τ − s)]∥2 ds
)
dτ

≤∥ψ∥L1

(∫ ∞

0

ψ(s)
1

2q

∫ q

−q

E ∥c∧(−(τ − s))[f(τ − s+ ω)− cf(τ − s)]∥2 dτ
)
ds.

By f ∈ PSAPω,c

(
R,L2(Ω,H)

)
, Lemma 3.3-(ii) and the dominated convergence

theorem, we get that

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ = 0.

Thus z ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Theorem 3.2. Let {U(τ)}τ≥0 ⊂ B(H) be strongly continuous such that
∥c∧(−τ)U(τ)∥ ≤ ψ(τ) where ψ ∈ L2(R+). If g ∈ PSAPω,c

(
R,L2(Ω,H)

)
, then

z(τ) :=

∫ τ

−∞
U(τ − s)g(s)dW (s) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Proof. Since g ∈ PSAPω,c

(
R,L2(Ω,H)

)
, then by Proposition 3.1

g(τ) = c∧(τ)ug(τ) ∀τ ∈ R, where ug ∈ BC
(
R,L2(Ω,H)

)
. Then,

z(τ) =

∫ τ

−∞
U(τ − s)g(s)dW (s) =

∫ τ

−∞
U(τ − s)c∧(s)ug(s)dW (s)

= c∧(τ)

∫ τ

−∞
c∧(s− τ))U(τ − s)ug(s)dW (s).

Let f(τ) =

∫ τ

−∞
c∧(s − τ)U(τ − s)ug(s)dW (s), for τ ∈ R. We have to show that

f ∈ BC
(
R,L2(Ω,H)

)
. And by using the Ito’s isometry property, we obtain

E ∥f(τ)∥2 =E

∥∥∥∥∫ τ

−∞
c∧(s− τ))U(τ − s)ug(s)dW (s)

∥∥∥∥2
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=

∫ τ

−∞
∥c∧(s− τ))U(τ − s)∥2 × E∥ug(s)∥2ds

≤
∫ τ

−∞
ψ2(τ − s)∥ug∥2∞ds

≤∥ug∥2∞
∫ ∞

0

ψ2(ζ)dζ ≤ ∥ug∥2∞∥ψ∥2L2 <∞.

Let τ, τ0 ∈ R. Then, by using the Cauchy- Schwarz inequality, we get

E ∥f(τ)− f(τ0)∥2

=E

∥∥∥∥∫ τ

−∞
c∧(s− τ))U(τ − s)ug(s)dW (s)−

∫ τ0

−∞
c∧(s− τ0))U(τ0 − s)ug(s)dW (s)

∥∥∥∥2
=E

∥∥∥∥∫ ∞

0

c∧(s))U(s)ug(τ − s)dW (τ + s)−
∫ ∞

0

c∧(s))U(s)ug(τ0 − s)dW (τ0 + s)

∥∥∥∥2 .
For ζ ∈ R, let W̃ (s) = W (s + ζ) −W (ζ), ∀s ∈ R. By using the fact that W̃ is
a Brownian motion and has the same distribution as W and by applying the Ito’s
isometry property and Fubini’s theorem, we get that

E ∥f(τ)− f(τ0)∥2 ≤E

∥∥∥∥∫ ∞

0

c∧(−s)U(s)
(
ug(τ + s)− ug(τ0 + s)

)
dW̃ (s)

∥∥∥∥2
≤
∫ ∞

0

∥c∧(−s)U(s)∥2E∥ug(τ + s)− ug(τ0 + s)∥2ds

≤
∫ ∞

0

ψ2(s)E∥ug(τ + s)− ug(τ0 + s)∥2ds.

Since ∫ ∞

0

ψ2(s)E∥ug(τ + s)− ug(τ0 + s)∥2ds ≤ 4∥ψ∥2L2∥ug∥2∞ <∞,

by using the fact that ug ∈ BC
(
R,L2(Ω,H)

)
and the dominated convergence theo-

rem, it follows that

lim
τ→τ0

∫ ∞

0

ψ2(s)E∥ug(τ + s)− ug(t0 + s)∥2 = 0.

Therefore
lim
τ→τ0

E ∥f(τ)− f(t0)∥2 = 0.

We conclude that f ∈ BC
(
R,L2(Ω,H)

)
. Hence by Proposition 3.1, we get that

z∈BCω,c

(
R,L2(Ω,H)

)
. Now let q > 0, then we have

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ

=
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ)[∫ τ+ω

−∞
U(τ + ω − s)g(s)dW (s)− c

∫ τ

−∞
U(τ − s)g(s)dW (s)

]∥∥∥∥2 dτ
=

1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ)[∫ τ

−∞
U(τ − s)g(s+ ω)dW (s+ ω)− c

∫ τ

−∞
U(τ − s)g(s)dW (s)

]∥∥∥∥2dτ.
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Let W̃ (s) =W (s+ω)−W (ω). By using the fact that W̃ is a Brownian motion and
has the same distribution as W and by applying the Ito’s isometry property and
Fubinni’s theorem, we get that

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ

=
1

2q

∫ q

−q

E

∥∥∥∥∫ τ

−∞
c∧(−τ)U(τ − s)[g(s+ ω)− cg(s)]dW̃ (s)

∥∥∥∥2 dτ
≤ 1

2q

∫ q

−q

∫ τ

−∞
E ∥c∧(−τ)U(τ − s)[g(s+ ω)− cg(s)]∥2 ds dτ

≤ 1

2q

∫ q

−q

∫ ∞

0

E ∥c∧(−τ)U(s)[g(τ − s+ ω)− cg(τ − s)]∥2 ds dτ

≤ 1

2q

∫ q

−q

∫ ∞

0

E ∥c∧(−s)U(s)c∧(s− τ)[g(τ − s+ ω)− cg(τ − s)]∥2 ds dτ

≤ 1

2q

∫ q

−q

∫ ∞

0

ψ2(s)E ∥c∧(s− τ)[f(τ − s+ ω)− cg(τ − s)]∥2 ds dτ.

≤
∫ ∞

0

ψ2(s)

[
1

2q

∫ q

−q

E ∥c∧(s− τ)[g(τ − s+ ω)− cg(τ − s)]∥2 ds
]
dτ.

By g ∈ PSAPω,c

(
R,L2(Ω,H)

)
, Lemma3.3-(ii) and the dominated convergence

theorem, we get that

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[z(τ + ω)− cz(τ)]∥2dτ = 0.

Thus z ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

3.4. Some superposition theorems in PSAPω,c (R,L2(Ω,H))

Let’s state and prove some superposition theorems. We define the set

L(q) =
{
h : R → R is locally integrable and lim

q→∞

1

2q

∫ q

−q

h(τ)dτ <∞
}
.

For given F ∈ C
(
R× L2(Ω,H),L2(Ω,H)

)
, we consider the following conditions:

(C1) (a) sup
τ∈R

E∥c∧(−τ)F (τ, y)∥2 <∞ uniformly for y ∈ L2(Ω,H).

(b) lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, cy) − cF (τ, y)]∥2dτ = 0 uniformly for

y ∈ L2(Ω,H).

(C2) There exists a constant kF > 0 such that for all y, ỹ ∈ L2(Ω,H) and τ ∈ R,

E∥F (τ, y)− F (τ, ỹ)∥2 ≤ kFE∥y − ỹ∥2.

(C3) Fτ (y) := c∧(−τ)F (τ, c∧(τ)y) is uniformly continuous for y in any bounded
subset of L2(Ω,H) uniformly in τ ∈ R; that is , for any ϵ > 0 and any bounded
subset Q ⊂ L2(Ω,H), there exists δ > 0 such that x, y ∈ Q and E∥x− y∥2 < δ
imply that

E∥Fτ (x)− Fτ (y)∥2 ≤ ϵ.
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(C4) There exists a function µ(·) ∈ L(q) such that for any ϵ > 0, there is a constant
κ > 0 such that

E∥Fτ (x)− Fτ (y)∥2 ≤ µ(τ)ϵ

for all x, y ∈ L2(Ω,H) with E∥x− y∥2 < κ and τ ∈ R.

Theorem 3.3. Suppose that F ∈C
(
R× L2(Ω,H),L2(Ω,H)

)
satisfies (C1) and (C2).

Then for each φ∈PSAPω,c

(
R,L2(Ω,H)

)
, τ 7→F (τ, φ(τ))∈PSAPω,c

(
R,L2(Ω,H)

)
.

Proof. From (C1)-(a), we have that F (·, φ(·)) ∈ BCω,c

(
R,L2(Ω,H)

)
. For each

φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
, we have that

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2dτ = 0.

We have

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω))− cF (τ, φ(τ))]∥2dτ

=
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [F (τ + ω, φ(τ + ω))− cF (τ, φ(τ)) + cF

(
τ,

1

c
φ(τ + ω)

)
−cF

(
τ,

1

c
φ(τ + ω)

)]∥∥∥∥2 dτ
≤ 1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [F (τ + ω, φ(τ + ω))− cF

(
τ,

1

c
φ(τ + ω)

)]∥∥∥∥2 dτ
+

1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [cF (τ, 1cφ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2 dτ
:= 2[J1(q) + J2(q)].

From (C1)-(b), we get lim
q→∞

J1(q) = 0. For J2(q), we have

0 ≤ J2(q) =
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [cF (τ, 1cφ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2 dτ
=

1

2q

∫ q

−q

|c∧(−τ)|2 |c|2 E
∥∥∥∥F (τ, 1cφ(τ + ω)

)
− F (τ, φ(τ))

∥∥∥∥2 dτ
≤ 1

2q

∫ q

−q

|c∧(−τ)|2 |c|2 kF E

∥∥∥∥1cφ(τ + ω)− φ(τ)

∥∥∥∥2 dτ
≤ kF

1

q

∫ q

−q

E ∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 dτ → 0 as q → ∞.

Then lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω)) − cF (τ, φ(τ))]∥2dτ = 0. Hence

F (·, φ(·)) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Theorem 3.4. Suppose that F ∈C
(
R× L2(Ω,H),L2(Ω,H)

)
satisfies (C1) and (C3).

Then for each φ∈PSAPω,c

(
R,L2(Ω,H)

)
, F (·, φ(·)) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.
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Proof. From condition (C1)-(a), we have F (·, φ(·)) ∈ BCω,c

(
R,L2(Ω,H)

)
and there

exists K > 0 such that sup
τ∈R

E∥c∧(−τ)F (τ, y))∥2 < K for all y ∈ L2(Ω,H). Now, we

have

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω))− cF (τ, φ(τ))]∥2dτ

≤ 1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [F (τ + ω, φ(τ + ω))− cF

(
τ,

1

c
φ(τ + ω)

)]∥∥∥∥2 dτ
+

1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [cF (τ, 1cφ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2 dτ
:= 2[J1(q) + J2(q)].

From (C1)-(b), we get lim
q→∞

J1(q) = 0. Let Q := {c∧(−τ)φ(τ) : τ ∈ R}. Since

φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
then Q ⊂ L2(Ω,H). Let ϵ > 0. Then by (C3) there

exists δ > 0 such that

E∥Fτ (c
∧(−τ − ω)φ(τ + ω))− Fτ (c

∧(−τ)φ(τ))∥2 ≤ ϵ

|c|2

if

E∥c∧(−τ − ω)φ(τ + ω)− c∧(−τ)φ(τ)]∥2 = E∥c∧(−τ − ω)[φ(τ + ω)− cφ(τ)]∥2 ≤ δ.
(3.1)

Note that relation (3.1) is equivalent to E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 ≤ |c|2δ.

Then, we have

1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ) [cF (τ, 1cφ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2 dτ
=|c|2 1

2q

∫ q

−q

E∥c∧(−τ)[F (τ, c∧(τ)c∧(−τ− ω)φ(τ + ω))−F (τ, c∧(−τ)c∧(τ)φ(τ))]∥2dτ

=|c|2 1

2q

∫
[−q,q]\Mq,|c|2δ(φ)

E ∥c∧(−τ) [F (τ, c∧(τ)c∧(−τ − ω)φ(τ + ω))

−F (τ, c∧(τ)c∧(−τ)φ(τ))]∥2 dτ

+ |c|2 1

2q

∫
Mq,|c|2δ(φ)

E ∥c∧(−τ) [F (τ, c∧(τ)c∧(−τ − ω)φ(τ + ω))

−F (τ, c∧(τ)c∧(−τ)φ(τ))]∥2 dτ

=|c|2 1

2q

∫
[−q,q]\Mq,|c|2δ(φ)

E
∥∥∥c∧(−τ) [Fτ

(
c∧(−τ − ω)φ(τ + ω)

)
−Fτ

(
c∧(−τ)φ(τ)

)]∥∥∥2 dτ
+ |c|2 1

2q

∫
Mq,|c|2δ(φ)

E
∥∥∥c∧(−τ)[Fτ

(
c∧(−τ− ω)φ(τ+ω)

)
−Fτ

(
c∧(−τ)φ(τ)

)]∥∥∥2dτ
≤

(
1− 1

2q

∫
Mq,|c|2δ(φ)

dτ

)
ϵ+ 4K |c|2 1

2q

∫
Mq,|c|2δ(φ)

dτ.
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Since φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
then we derive by Lemma 3.4 that lim

q→∞
J2(q) = 0.

Thus, we obtain lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω))− cF (τ, φ(τ))]∥2dτ = 0.

Therefore, we get τ 7→F (τ, φ(τ)) ∈ SAPω,c

(
R,L2(Ω,H)

)
.

Theorem 3.5. Suppose that F ∈C
(
R× L2(Ω,H),L2(Ω,H)

)
satisfies (C1) and (C4).

Then for each φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
, F (·, φ(·)) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Proof. From condition (C1)-(a), we know that F (·, φ(·))∈BCω,c

(
R,L2(Ω,H)

)
and

there exists K > 0 such that sup
τ∈R

E∥c∧(−τ)F (τ, y))∥2 < K for all y ∈ L2(Ω,H).

Now, we have

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω))− cF (τ, φ(τ))]∥2dτ

≤ 1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [F (τ + ω, φ(τ + ω))− cF

(
τ,

1

c
φ(τ + ω)

)]∥∥∥∥2 dτ
+

1

2q

∫ q

−q

2E

∥∥∥∥c∧(−τ) [cF (τ, 1cφ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2 dτ
:= 2[J1(q) + J2(q)].

From (C1)-(b), we get lim
q→∞

J1(q) = 0.

Let ϵ > 0. Since for all τ ∈ R c∧(−τ)φ(τ) ∈ PSAPω,c

(
R,L2(Ω,H)

)
, then by

(C3) there exists δ > 0 such that

E∥Fτ (c
∧(−τ − ω)φ(τ + ω))− Fτ (c

∧(−τ)φ(τ))∥2 ≤ µ(τ)ϵ

|c|2

if

E∥c∧(−τ−ω)φ(τ+ω)−c∧(−τ)φ(τ)]∥2 = E∥c∧(−τ−ω)[φ(τ+ω)−cφ(τ)]∥2 ≤ δ. (3.2)

Note that relation (3.2) is equivalent to E∥c∧(−τ)[φ(τ + ω)− cφ(τ)]∥2 ≤ |c|2δ.

Then, we have

1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ)

[
cF

(
τ,

1

c
φ(τ + ω)

)
− cF (τ, φ(τ))

]∥∥∥∥2

dτ

=|c|2 1

2q

∫ q

−q

E
∥∥c∧(−τ)

[
F
(
τ, c∧(τ)c∧(−τ − ω)φ(τ + ω)

)
− F (τ, c∧(−τ)c∧(τ)φ(τ))

]∥∥2
dτ

=|c|2 1

2q

∫
[−q,q]\M

q,|c|2δ
(φ)

E
∥∥c∧(−τ)

[
F
(
τ, c∧(τ)c∧(−τ − ω)φ(τ + ω)

)
−F (τ, c∧(τ)c∧(−τ)φ(τ))

]∥∥2
dτ

+ |c|2 1

2q

∫
M

q,|c|2δ
(φ)

E
∥∥c∧(−τ)

[
F
(
τ, c∧(τ)c∧(−τ − ω)φ(τ + ω)

)
−F (τ, c∧(τ)c∧(−τ)φ(τ))

]∥∥2
dτ
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=|c|2 1

2q

∫
[−q,q]\M

q,|c|2δ
(φ)

E
∥∥∥c∧(−τ)

[
Fτ

(
c∧(−τ − ω)φ(τ + ω)

)
− Fτ

(
c∧(−τ)φ(τ)

)]∥∥∥2

dτ

+ |c|2 1

2q

∫
M

q,|c|2δ
(φ)

E
∥∥∥c∧(−τ)

[
Fτ

(
c∧(−τ − ω)φ(τ + ω)

)
− Fτ

(
c∧(−τ)φ(τ)

)]∥∥∥2

dτ

≤ϵ
1

2q

∫ q

−q

µ(τ)dτ + 4K |c|2 1

2q

∫
M

q,|c|2δ
(φ)

dτ.

By the fact that µ ∈ L(q) and Lemma 3.4-(ii), we derive that lim
q→∞

J2(q) = 0.

Thus, we obtain lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[F (τ + ω, φ(τ + ω))− cF (τ, φ(τ))]∥2dτ = 0.

Therefore, we get τ 7→ F (τ, φ(τ)) ∈ SAPω,c

(
R,L2(Ω,H)

)
.

Corollary 3.1. Suppose that F ∈ C
(
R× L2(Ω,H),L2(Ω,H)

)
satisfies (C1) and the

following condition:
(C′4) There exists a function µ ∈ L(q) such that

E∥Fτ (x)− Fτ (y)∥2 ≤ µ(τ)E∥x− y∥2.

for all x, y ∈ L2(Ω,H) and τ ∈ R. Then for each φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
,

F (·, φ(·)) ∈ PSAPω,c

(
R,L2(Ω,H)

)
.

Proof. Since condition (C′4) implies (C4), the proof can be completed as in
Theorem 3.5.

4. A class of nonlinear stochastic fractional evolu-
tion equations

We discuss the existence and uniqueness of pseudo S-asymptotically (ω, c)-periodic
mild solution for problems (1.1). We need to recall some facts about Weyl fractional
integral and derivative of order α > 0, and α-resolvent operators (see [22]). First,
suppose that X is a Banach space. For given function h : R → X, the Weyl fractional
integral of order α > 0 is defined by

∂−α
τ h(τ) :=

1

Γ(α)

∫ τ

−∞
(τ − s)α−1h(s)ds, τ ∈ R,

when this integral is convergent. The Weyl fractional derivative ∂ατ of order α is
defined by

∂ατ h(τ) =
dn

dτn
∂−(n−α)
τ h(τ), τ ∈ R,

where n = [α] + 1, and the notation [α] represents the integer part of α. Now, Let
A be a closed and linear operator with domain D(A) defined on a Banach space X,
and α > 0. For a given kernel b(·) ∈ L1

loc(R+), it is said that A is the generator
of an α-resolvent family if there exists ξ > 0 and a strongly continuous family
Rα : R+ → B(X) such that{

λα

1 + b̂(λ)
: Re(λ) > ξ

}
⊆ ρ(A)
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and for all y ∈ X,

(λα − (1 + b̂(λ))A)−1y =
1

1 + b̂(λ)

(
λα

1 + b̂(λ)
−A

)−1

y

=

∫ ∞

0

e−λtRα(τ)ydτ, Reλ > ξ,

where b̂ denotes the Laplace transform of b. {Rα(τ)}τ≥0 is called the α-resolvent
family generated by the operator A.

Motivated by Ponce [22], we present the concept of mild solutions for Eq.(1.1).
For each τ ∈ R, W (τ) is a two-sided and standard one-dimensional Brownian
motion defined on the filtered probability space (Ω,F ,P,Fτ ) with Fτ = σ{W (u)−
W (v)|u, v ≤ τ}.

Definition 4.1. An Fτ -progressively measurable process {Φ(τ)}τ∈R is called a mild
solution of problem (1.1) if it satisfies the following stochastic integral equation

Φ(τ) =

∫ τ

−∞
Rα(τ − s)g(s, Φ(s))ds+

∫ τ

−∞
Rα(τ − s)f(s, Φ(s))dW (s)

for all τ ∈ R, where {Rα(τ)}τ≥0 is the resolvent family generated by the operator
A.

Theorem 4.1. Suppose that the operator A generates an α-resolvent operator
{Rα(τ)}τ≥0 ⊂ B(H) such that for τ ≥ 0, ∥c∧(−τ)Rα(τ)∥ ≤ Kα(τ) where Kα ∈
L1(R+) ∩ L2(R+). Furthermore, assume that g ∈ C

(
R× L2(Ω,H),L2(Ω,H)

)
, f ∈

C
(
R× L2(Ω,H),L(K,H)

)
satisfies (C1) and there exist constants L,L′ > 0 such

that for any Φ1, Φ2 ∈ L2(Ω,H),

E∥g(τ, Φ1)− g(τ, Φ2)∥2 ≤ LE∥Φ1 − Φ2∥2,
E∥f(τ, Φ1)− f(τ, Φ2)∥2L(K,H) ≤ L′ E∥Φ1 − Φ2∥2,

uniformly for all τ ∈ R.
Then equation (1.1) has a unique mild solution Φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
,

provided

2

(
∥Kα∥2L1L+ L′∥Kα∥2L2

)
< 1.

Proof. From Theorem 3.3, for each Φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
, the stochastic

processes s 7→ f(s, Φ(s)) and s 7→ g(s, Φ(s)) belongs to PSAPω,c

(
R,L2(Ω,H)

)
.

From Lemmas 3.1, 3.2 and 3.2-(a), we can define the operator

S : PSAPω,c

(
R,L2(Ω,H)

)
→ PSAPω,c

(
R,L2(Ω,H)

)
by

(SΦ)(τ) =
∫ τ

−∞
Rα(τ − s)g(s, Φ(s))ds+

∫ τ

−∞
Rα(τ − s)f(s, Φ(s))dW (s). (4.1)

Let Φ1, Φ2 ∈ PSAPω,c

(
R,L2(Ω,H)

)
and τ ∈ R. Then using Cauchy- Schwarz’s

inequality and Ito’s isometry property of stochastic integral, we have

E∥c∧(−τ)(SΦ1)(τ)− (SΦ2)(τ)∥2
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≤2E∥
∫ τ

−∞
c∧(−τ)Rα(τ − s)[g(s, Φ1(s))− g(s, Φ2(s))]ds∥2

+ 2E∥
∫ τ

−∞
c∧(−τ)Rα(τ − s)[f(s, Φ1(s))− f(s, Φ2(s))]dW (s)∥2

≤2E∥
∫ τ

−∞
c∧(−τ + s)Rα(τ − s)c∧(−s)[g(s, Φ1(s))− g(s, Φ2(s))]ds∥2

+ 2E∥
∫ τ

−∞
c∧(−τ + s)Rα(τ − s)c∧(−s)[f(s, Φ1(s))− f(s, Φ2(s))]dW (s)∥2

≤2

∫ τ

−∞
Kα(τ − s)ds

(∫ τ

−∞
Kα(τ − s)E∥c∧(−s)[g(s, Φ1(s))−g(s, Φ2(s))]∥2ds

)
+ 2

(∫ τ

−∞
K2

α(τ − s)E∥c∧(−s)[f(s, Φ1(s))− f(s, Φ2(s))]∥2 ds
)

≤2L

(∫ τ

−∞
Kα(τ − s)ds

)2

sup
s∈R

E∥c∧(−s)[Φ1(s)− Φ2(s)]∥2

+ 2L′
(∫ τ

−∞
K2

α(τ − s)ds

)
∥Φ1 − Φ2∥2b,ω,c

≤2

(
∥Kα∥2L1L+ L′∥Kα∥2L2

)
∥Φ1 − Φ2∥2b,ω,c.

Therefore,

∥SΦ1 − SΦ2∥2b,ω,c ≤ 2

(
∥Kα∥2L1L+ L′∥Kα∥2L2

)
∥Φ1 − Φ2∥2b,ω,c,

which proves that S is a contraction owing to the condition

2

(
∥Kα∥2L1L+ L′∥Kα∥2L2

)
< 1.

Thus there exists a unique Φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
such that SΦ = Φ via

Banach fixed point theorem.

Theorem 4.2. Suppose that the operator A generates an α-resolvent operator
{Rα(τ)}τ≥0 ⊂ B(H) such that ∥c∧(−τ)Rα(τ)∥ ≤ Kα(τ) where Kα is a non-

increasing function with K0 :=

∞∑
n=0

Kα(n) < ∞. Furthermore, assume that g ∈

C
(
R× L2(Ω,H),L2(Ω,H)

)
, f ∈ C

(
R× L2(Ω,H),L(K,H)

)
satisfies (C1) and there

exist µ1, µ2 ∈ L1(R,R+) such that

E∥c∧(−τ)[g(τ, c∧(τ)Φ1)− g(τ, c∧(τ)Φ2)]∥2 ≤ µ1(τ)E∥Φ1 − Φ2∥2,
E∥c∧(−τ)[f(τ, c∧(τ)Φ1)− f(τ, c∧(τ)Φ2)]∥2L(K,H) ≤ µ2(τ)E∥Φ1 − Φ2∥2,

for Φ1, Φ2 ∈ L2(Ω,H), for all τ ∈ R. Then equation (1.1) has a unique mild solution
Φ ∈ PSAPω,c

(
R,L2(Ω,H)

)
, provided

2µK0

(
∥Kα∥L1 +K0

)
< 1,
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where µ = max

{
sup
τ∈R

∫ τ

τ+1

µ1(s)ds, sup
τ∈R

∫ τ

τ+1

µ2(s)ds

}
.

Proof. Since Kα is a non-increasing function with

∞∑
n=0

Kα(n) < ∞, then we

deduce that Kα ∈ L1(R+) ∩ L2(R+). Then from Corollary 3.1, for each Φ ∈
PSAPω,c

(
R,L2(Ω,H)

)
, the stochastic processes s 7→ f(s, Φ(s)) and s 7→ g(s, Φ(s))

belongs to PSAPω,c

(
R,L2(Ω,H)

)
. From Lemmas 3.1, 3.2 and 3.2-(a), we can define

the operator

S : PSAPω,c

(
R,L2(Ω,H)

)
−→ PSAPω,c

(
R,L2(Ω,H)

)
as in (4.1). Let Φ1, Φ2 ∈ PSAPω,c

(
R,L2(Ω,H)

)
and τ ∈ R. Then using Cauchy-

Schwarz’s inequality and Ito’s isometry property of stochastic integral, we have

E∥c∧(−τ)(SΦ1)(τ)− (SΦ2)(τ)∥2

≤2E∥
∫ τ

−∞
c∧(−τ)Rα(τ − s)[g(s, Φ1(s))− g(s, Φ2(s))]ds∥2

+ 2E∥
∫ τ

−∞
c∧(−τ)Rα(τ − s)[f(s, Φ1(s))− f(s, Φ2(s))]dW (s)∥2

≤2E∥
∫ τ

−∞
c∧(−τ + s)Rα(τ − s)c∧(−s)[g(s, Φ1(s))− g(s, Φ2(s))]ds∥2

+ 2E∥
∫ τ

−∞
c∧(−τ+s)Rα(τ−s)c∧(−s)[f(s, Φ1(s))−f(s, Φ2(s))]dW (s)∥2

≤2

∫ τ

−∞
Kα(τ− s)ds

(∫ τ

−∞
Kα(τ − s)E∥c∧(−s)[g(s, Φ1(s))−g(s, Φ2(s))]∥2 ds

)
+ 2

(∫ τ

−∞
K2

α(τ − s)E∥c∧(−s)[f(s, Φ1(s))− f(s, Φ2(s))]∥2ds
)

≤2∥Kα∥L1

∞∑
n=0

(∫ τ−n

τ−(n+1)

µ1(s)Kα(τ − s)E∥c∧(−s)[Φ1(s)− Φ2(s)]∥2 ds

)

+ 2

∞∑
n=0

(∫ τ−n

τ−(n+1)

µ2(s)K2
α(τ − s)E∥c∧(−s)[Φ1(s)− Φ2(s)]∥2ds

)

≤2∥Kα∥L1

∞∑
n=0

Kα(n)

(∫ τ−n

τ−(n+1)

µ1(s)ds

)
∥Φ1 − Φ2∥2b,ω,c

+ 2

∞∑
n=0

K2
α(n)

(∫ τ−n

τ−(n+1)

µ2(s)ds

)
∥Φ1 − Φ2∥2b,ω,c

≤2µK0

(
∥Kα∥L1 +K0

)
∥Φ1 − Φ2∥2b,ω,c.

Therefore, we get

∥SΦ1 − SΦ2∥2b,ω,c ≤ 2µK0

(
∥Kα∥L1 +K0

)
∥Φ1 − Φ2∥2b,ω,c.

Since 2µK0

(
∥Kα∥L1+K0

)
<1, then there exists a unique Φ∈PSAPω,c

(
R,L2(Ω,H)

)
such that SΦ = Φ via Banach fixed point theorem.
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5. An illustrative example

Let H = L2[0, π], |c| ≥ 1, ω > 0 1 < α < 2, ν > 0 and consider the following
problem

∂ατ u(τ, x) = −ν u(τ, x)− ν2

4

∫ τ

−∞

(τ − s)α−1

Γ(α)
u(s, x)ds

+g(τ, u(τ, x)) + f(τ, u(τ, x))
∂W (τ)

∂t
, (τ, x) ∈ R× (0, π),

u(τ, 0) = u(τ, π) = 0,

(5.1)

where W (τ) is a two-sided and standard one-dimensional Brownian motion defined
on the filtered probability space (Ω,F ,P,Fτ ). The problem (5.1) can be written

into the form (1.1) with Φ(τ)(x) = u(τ, x), b(τ) =
ν

4

τα−1

Γ(α)
and A = −νI, I is the

identity operator on the Hilbert space H. It follows from [22, Example 4.17], that A
generates a α−resolvent family {Rα(τ)}τ≥0 with its Laplace transform satisfying

R̂α(λ) =
λα

(λα + ν/2)2
=

λα−α/2

(λα + ν/2)
· λα−α/2

(λα + ν/2)

and

Rα(τ) = (K ∗K)(τ) where K(τ) = τ
α
2 −1Eα,α/2

(
− ν

2
τα
)

and Eα,α/2(·) is the Mittag-Leffter function (see [2]). From [21, Theorem 4.12], there
exists a constant C > 0, depending only on α, such that, for τ ≥ 0

∥c∧(−τ)Rα(τ)∥ ≤ |c|∧(−τ)C
1 + ντα

≤ C

1 + ντα
:= Kα(τ).

It follows that Kα is a non-increasing function. Since α>1 then K0 :=

∞∑
n=0

Kα(n)<∞.

Simple calculations yield that :

∥Kα∥L1 =
C

αν1/α
B

(
1

α
, 1− 1

α

)
<∞

and

∥Kα∥2L2 =

∫ ∞

0

C2

(1 + ντα)2
dτ =

C2

αν1/α−1
B

(
1

α
, 2− 1

α

)
<∞,

where B(·, ·) denotes the Beta function.

5.1. Illustration of Theorem 4.1

To illustrate Theorem 4.1, let us take the forcing terms as follows:

g(τ, u) = ψ(τ) cos(n(τ)u) +
1

1 + τ2
ψ(τ) sin(∥a(τ)u∥),
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f(τ, u) = ψ(τ)e−∥n(τ)u∥ +
1

1 + τ2
ψ(τ) cos(∥a(τ)u∥),

for τ ∈ R and u ∈ H, where ψ ∈ Pω,c (R,R) and n, a ∈ Pω, 1c
(R,R). For u ∈ H,

sup
τ∈R

E∥c∧(−τ)g(τ, u)∥2

= sup
τ∈R

E∥c∧(−τ)
(
ψ(τ) cos(n(τ)u) +

1

1 + τ2
ψ(τ) sin(∥a(τ)u∥)

)
∥2

≤ 2 sup
τ∈R

E∥c∧(−τ)ψ(τ) cos(n(τ)u)∥2 + 2 sup
τ∈R

E∥c
∧(−τ)
1 + τ2

ψ(τ) sin(∥a(τ)u∥)∥2

≤ 2 sup
τ∈R

∥c∧(−τ)ψ(τ)∥2E∥ cos(n(τ)u)∥2 + 2 sup
τ∈R

∥c∧(−τ)ψ(τ)∥2E∥ sin(a(τ)u)∥2

≤ 4 sup
τ∈R

∥c∧(−τ)ψ(τ)∥2 ≤ 4∥ψ∥2ωc <∞.

Similarly we have, sup
τ∈R

E∥c∧(−τ)f(τ, u)∥2 <∞.

Since ψ(τ + ω) cos(n(τ + ω)cu) = ψ(τ) cos

(
1

c
n(τ)cu

)
= ψ(τ) cos(n(τ)u),

then

1

2q

∫ q

−q

E∥c∧(−τ)[g(τ + ω, cu)− cg(τ, u)]∥2dτ

=
1

2q

∫ q

−q

E

∥∥∥∥c∧(−τ)( 1

1 + (τ + ω)2
ψ(τ + ω) sin(∥a(τ + ω)cu∥)

− c

1 + τ2
ψ(τ) sin(∥a(τ)u∥)

)∥∥∥∥2dτ
≤ 1

2q

∫ q

−q

(
2E

∥∥∥∥c∧(−τ) c

1 + (τ + ω)2
ψ(τ) sin(∥a(τ)u∥)

∥∥∥∥2
+ 2E

∥∥∥∥c∧(−τ) c

1 + τ2
ψ(τ) sin(∥a(τ)u∥)

∥∥∥∥2)dτ
≤ 1

2q

∫ q

−q

[
2

(
cc∧(−τ)ψ(τ)
1 + (τ + ω)2

)2

+ 2

(
cc∧(−τ)ψ(τ)

1 + τ2

)2]
dτ

≤2c2∥ψ∥2ωc

(
1

2q

∫ q

−q

[(
1

1 + (τ + ω)2

)2

+

(
1

1 + τ2

)2]
dτ

)
.

Since

1

2q

∫ q

−q

∣∣∣∣ 1

1 + τ2

∣∣∣∣2 dτ ≤ 1

2q

∫ q

−q

dτ

1 + τ2
=

arctan(q)

q
→ 0 as q → ∞,

and

1

2q

∫ q

−q

∣∣∣∣ 1

1 + (τ + ω)2

∣∣∣∣2 dτ ≤ q + ω

q

(
1

2(q + ω)

∫ q+ω

−q−ω

∣∣∣∣ 1

1 + τ2

∣∣∣∣2 dτ)→ 0 as q → ∞,
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then it follows that

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[g(τ + ω, cu)− cg(τ, u)]∥2dτ = 0.

Similarly, we have

lim
q→∞

1

2q

∫ q

−q

E∥c∧(−τ)[f(τ + ω, cu)− cf(τ, u)]∥2dτ = 0.

Therefore f and g satisfy (C1). Remark that ψ(τ + ω)n(τ + ω) = cψ(τ) 1cn(τ) =
ψ(τ)n(τ) and ψ(τ + ω)a(τ + ω) = cψ(τ) 1ca(τ) = ψ(τ)a(τ). Hence the functions ψn
and ψa are periodic. Then it follows that (ψn), (ψa) ∈ BC(R,R). Let u, v ∈ H,

E∥g(τ, u)− g(τ, v)∥2 ≤ 2E∥ψ(τ) cos(n(τ)u)− ψ(τ) cos(n(τ)v)∥2

+ 2E

∥∥∥∥ 1

1 + τ2
ψ(τ) sin(∥a(τ)u∥)− 1

1 + τ2
ψ(τ) sin(∥a(τ)v∥)

∥∥∥∥2
≤ 2∥ψn∥2∞E∥u− v∥2 + 2∥ψa∥2∞E∥u− v∥2

≤ 2(∥ψn∥2∞ + ∥ψa∥2∞)E∥u− v∥2.

The same arguments performed above give us

E∥f(τ, u)− f(τ, v)∥2 ≤ 2(∥ψn∥2∞ + ∥ψa∥2∞)E∥u− v∥2.

Therefore, by Theorem 4.1, the problem (5.1) has a unique square-mean pseudo-S-
asymptotically (ω, c)-periodic mild solution on R provided that (∥ψn∥2∞ + ∥ψa∥2∞)
is small enough.

5.2. Illustration of Theorem 4.2

Now, for Theorem 4.2, we take f and g as follows

g(τ, u) =
1

1 + τ2
ψ(τ) sin(∥a(τ)u∥), and f(τ, u) = 1

1 + τ2
p(τ) cos(∥b(τ)u∥),

for τ ∈ R and u ∈ H, where ψ, p ∈ Pω,c (R,R) and a, b ∈ Pω, 1c
(R,R). Similarly,

the same arguments performed above show that f and g satisfy (C1). Let u, v ∈ H
and τ ∈ R. Then

E∥c∧(−τ) [g(τ, c∧(τ)u)− g(τ, c∧(τ)v)] ∥2

≤ E

∥∥∥∥c∧(−τ)1 + τ2
ψ(τ) sin(∥c∧(τ)a(τ)u∥)− c∧(−τ)

1 + τ2
ψ(τ) sin(∥c∧(τ)a(τ)v∥)

∥∥∥∥2
≤
(
|c|∧(−τ)
1 + τ2

|c|∧(τ)|ψ(τ)a(τ)|
)2

E∥u− v∥2

≤ ∥ψa∥2∞
(

1

1 + τ2

)2

E∥u− v∥2.

Let µ1(τ) = ∥ψa∥2∞
(

1

1 + τ2

)2

for τ ∈ R. We have

∫
R
|µ1(τ)|dτ = 2∥ψa∥2∞

∫ ∞

0

(
1

1 + τ2

)2

dτ
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≤ 2∥ψa∥2∞
∫ ∞

0

dτ

1 + τ2
= π∥ψa∥2∞ <∞.

Then µ1 ∈ L1(R,R+). Similarly, we get

E∥c∧(−τ)f(τ, c∧(τ)u)− f(τ, c∧(τ)v)∥2 ≤ µ2(τ)E∥u− v∥2,

where µ2(τ) = ∥ψb∥2∞
(

1

1 + τ2

)2

belongs in L1(R,R+). Therefore, by Theorem 4.2,

the problem (5.1) has a unique square-mean pseudo-S-asymptotically (ω, c)-periodic
mild solution on R provided that ∥ψa∥∞ + ∥ψb∥∞ is small enough.
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[14] M. T. Khalladi, M. Kostió, A. Rahmani and V. Daniel. (ω, c)-Almost periodic
functions and applications, Filomat, 2023, 37(2), 363–385.
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