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Some New Discrete Hermite-Hadamard
Inequalities and Their Generalizations
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Abstract This article mainly studies some new discrete Hermite-Hadamard
inequalities for integer order and fractional order. For this purpose, the defi-
nitions of h-convexity and preinvexity for a real-valued function f defined on
a set of integers Z are introduced. Under these two new definitions, some new
discrete Hermite-Hadamard inequalities for integer order related to the end-
points and the midpoint a+b

2
based on the substitution rules are proposed, and

they are generalized to fractional order forms. In addition, for the h-convex
function on the time scale Z, two new discrete Hermite-Hadamard inequalities
for integer order by dividing the time scale differently are obtained.
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1. Introduction

Convex theory has always been an important component of mathematical theory,
which is often used to solve many problems in economics, optimization, engineering,
and other fields [12,24,25]. Scholars obtained many classical inequalities by utilizing
the different convexities of functions, such as Schur inequalities, Hermite-Hadamard
(H-H) inequalities, and Ostrowski type inequalities [8, 28,31].

Currently, many scholars are committed to studying the H-H inequality. In
1893, Hermite and Hadamard [14] proved the classical H-H inequality first, which
gave estimates of the upper and lower bounds of the integral mean of any convex
function, as follows:

If f : I ⊂ R → R is a convex function in I and u, v ∈ I, where u ≤ v, then

f

(
u+ v

2

)
≤ 1

v − u

∫ v

u

f(δ)dδ ≤ f(u) + f(v)

2
. (1.1)

In 2015, Noor et al. [22] obtained a new H-H integral inequality for h-convex
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functions by inserting a segmentation point u+v
2 on interval [u, v]:

1

4
[
h
(
1
2

)]2 f (u+ v

2

)
≤ 1

4h
(
1
2

) [f (3u+ v

4

)
+ f

(
u+ 3v

4

)]
≤ 1

v − u

∫ v

u

f(δ)dδ

≤
[
f(u) + f(v)

2
+ f

(
u+ v

2

)]∫ 1

0

h(t)dt

≤
{
[f(u) + f(v)]

[
1

2
+ h

(
1

2

)]}∫ 1

0

h(t)dt.

It is an important method to generalize H-H inequality by dividing intervals
differently. More researches on this aspect can be found in references [10,30,32].

Due to the importance of fractional operators in pure mathematics and applied
mathematics, scholars defined various fractional integral operators from different
directions. It has become one of the hot research topics to establish and study H-H
inequalities based on generalized fractional order integrals.

In 2013, Sarikaya et al. [26] extended inequality (1.1) using Riemann-Liouville
(R-L) fractional order integrals as follows:

f

(
u+ v

2

)
≤ Γ(α+ 1)

2(v − u)α
[
Jαu+f(v) + Jαv−f(u)

]
≤ f(u) + f(v)

2
.

In 2014, Sarikaya et al. [27] established a midpoint type H-H inequality for R-L
fractional order integrals based on the midpoint of the interval [u, v]:

f

(
u+ v

2

)
≤ 2α−1Γ(α+ 1)

(v − u)α
[
Jα
(u+v2 )

+f(v) + Jα
(u+v2 )

−f(u)
]
≤ f(u) + f(v)

2
.

In 2017, Agarwal et al. [3] established some H-H inequalities via generalized
k-fractional integrals. In 2020, Mehreen et al. [21] established H-H inequalities for
p-convex functions via conformable fractional integrals. In 2023, Tariq et al. [33]
presented a new version of the H-H inequalities for preinvex functions via non-
conformable fractional integrals. For more research on fractional order H-H integral
inequalities, please refer to references [7, 16,18,29,36].

The theory of dynamic equations on time scales is a new field in mathematical
science. In the past few years, some integral inequalities used for dynamic equations
on time scales have attracted the attention of many scholars. Discrete calculus is
a calculus theory on time scales, which is of great significance for describing the
discontinuity of certain time variables. In recent years, with the development of
discrete calculus, research on H-H inequalities for integer order and fractional order
has gradually increased.

In 2016, Atıcı and Yaldız [2] defined the convexity of real functions on any time
scale, and established discrete H-H inequalities for integer order and fractional order
via convex functions on Z. The main results are as follows:

f

(
u+ v

2

)
≤ 1

2(v − u)

[∫ v

u

f(ξ)∆ξ +

∫ v

u

f(ξ)∇ξ
]
≤ f(u) + f(v)

2
,

and

f

(
u+ v

2

)
≤ Γ(ε)

2Λ(v − u)

[
∆−ε
v−1f(u− ε) + u+1∇−εf(v)

]
≤ f(u) + f(v)

2
,
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where ε > 0 and

Λ =

∫
T[u,v]

(
(v − u)ξ + ε− 1

)ε−1
∆̂ξ.

In 2022, Wang and Xu [37] established the discrete H-H inequality for integer
order of the midpoint type via convex function on Z:

f

(
u+ v

2

)
≤ 1

2(v − u)

[∫ u+v
2

u

f(ξ)∆ξ +

∫ v

u+v
2

f(ξ)∇ξ

]
≤ f(u) + f(v)

2
.

Their result was equally extended to the discrete H-H inequality for fractional
order:

f

(
u+ v

2

)
≤ Γ(ε)

2Λ(v − u)

[
u+v
2
∇−εf(v) +∇−ε

u+v
2

f(u)
]
≤ f(u) + f(v)

2
,

where ε > 0 and

Λ =

∫
T
[u+v2

,v]

(
v − u

2
ξ + 1

)ε−1

∆̂ξ.

In 2017, Yaldız and Agarwal [38] gave the discrete H-H inequalities for integer
order and fractional order via s-convex functions on Z. For more research on H-H
inequalities on time scales, please refer to [4, 11,19,20].

So far, there are no discrete H-H inequalities for integer order and fractional
order via h-convex functions and preinvex functions on Z. Based on our new def-
initions of h-convex functions and preinvex functions on Z, we establish discrete
H-H inequalities for integer order and fractional order. Two new discrete H-H in-
equalities for h-convex functions on Z are also established by dividing the time
scale.

The work of this paper is as follows. In Section 2, we review some basic defini-
tions, theorems and give the concepts of h-convex functions and preinvex functions
on Z. In Section 3, we establish discrete H-H inequalities for integer order and frac-
tional order about h-convex functions on Z related to the interval endpoints and
the interval midpoint, respectively. We also obtain two new discrete H-H inequali-
ties for integer order via h-convex functions on Z through dividing the time scales
differently. In addition, we also establish the above two kinds of inequalities for
preinvex functions on Z related to the interval endpoints and the interval midpoint,
respectively. In Section 4, we provide a summary and point out relevant issues that
can be further studied in the future.
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2. Preliminaries

Let Z be the set of integers and a, b ∈ Z with a < b, [a, b]Z = [a, b]∩Z. We define

T[a,b] =

{
u | u =

b− t

b− a
for t ∈ [a, b]Z

}
;

T[a, a+b2 ] =

{
u | u =

2(t− a)

b− a
for t ∈

[
a,
a+ b

2

]
Z

}
;

T[ a+b2 ,b] =

{
u | u =

2(b− t)

b− a
for t ∈

[
a+ b

2
, b

]
Z

}
;

T[a, 3a+b4 ] =

{
u | u =

4(t− a)

b− a
for t ∈

[
a,

3a+ b

4

]
Z

}
;

T[ 3a+b4 , a+3b
4 ] =

{
u | u =

4t− (3a+ b)

2(b− a)
for t ∈

[
3a+ b

4
,
a+ 3b

4

]
Z

}
;

T[ a+3b
4 ,b] =

{
u | u =

4(b− t)

b− a
for t ∈

[
a+ 3b

4
, b

]
Z

}
.

It is easy to see that these sets are all subsets of [0, 1]. In addition, Na,h and b,hN
are special time scales: Na,h = {a, a+ h, a+ 2h, · · · }, b,hN = {· · · , b− 2h, b− h, b},
where h > 0 is the step size of the time scale. Specifically, when h = 1, Na,h and

b,hN are represented as Na and bN, respectively.
Next, we review several definitions which will be further used in this article.
For all t ∈ Z, σ(t) = t+ 1, ρ(t) = t− 1, µ(t) = σ(t)− t = 1, υ(t) = t− ρ(t) = 1,

which are known as the forward jump, the backward jump, the forward graininess
and the backward graininess operators, respectively. For a function f : Z → R, the
nabla and delta differences of f are given by

f∇(t) = f(t+ 1)− f(t) and f∆(t) = f(t)− f(t− 1).

The nabla and delta sums of f are given by∫ b

a

f(s)∇s =
b∑

k=a+1

f(k) and

∫ b

a

f(s)∆s =

b−1∑
k=a

f(k),

where a, b ∈ Z.
And the nabla and delta sums of f on the time scale T[a,b] are respectively

represented by the following symbols:∫
T[a,b]

f(s)∇̃s and

∫
T[a,b]

f(s)∆̃s,

where
∫
T[a,b]

1∇̃s =
∫
T[a,b]

1∆̃s = 1.

Assume that t, ε are arbitrary real numbers, and the rising and falling factorial
functions are defined as follows [13]:

tε̄ =
Γ(t+ ε)

Γ(t)
, t, t+ ε ∈ R \ N−,

t(ε) =
Γ(t+ 1)

Γ(t+ 1− ε)
, t+ 1, t+ 1− ε ∈ R \ N−,

where Γ(t) =
∫∞
0
δt−1e−δdδ.
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Discrete Hermite-Hadamard Inequalities 139

Remark 2.1. From the above definitions, we have (k + α − σ(t))(α−1) = (k −
ρ(t))α−1.

Definition 2.1. ( [1]) Let the real function f and α > 0 be given. Then

(i) the delta left and right fractional sums are defined by:

a∆
−αf(t) =

1

Γ(α)

t−α∑
s=a

(t− σ(s))(α−1)f(s), t ∈ Na+α, (2.1)

∆−α
b f(t) =

1

Γ(α)

b∑
s=t+α

(ρ(s)− t)(α−1)f(s), t ∈b−α N; (2.2)

(ii) the nabla left and right fractional sums are defined by:

a∇−αf(t) =
1

Γ(α)

t∑
s=a+1

(t− ρ(s))α−1f(s), t ∈ Na+1, (2.3)

∇−α
b f(t) =

1

Γ(α)

b−1∑
s=t

(σ(s)− t)α−1f(s), t ∈b−1 N. (2.4)

Remark 2.2. There is an equality between the delta right fractional sum and the
nabla right fractional sum:

∆−α
b−1f(a− α) = ∇−α

b f(a).

Definition 2.2. ( [23]) The function f : I ⊂ R → R is said to be convex, if

f(χt1 + (1− χ)t2) ≤ χf(t1) + (1− χ)f(t2),∀ t1, t2 ∈ I and χ ∈ [0, 1]. (2.5)

Definition 2.3. ( [15]) Let s be given in (0, 1]. The function f : I ⊂ R+ → R is
said to be s-convex in the second sense, if

f(χt1 + (1− χ)t2) ≤ χsf(t1) + (1− χ)sf(t2),∀ t1, t2 ∈ I and χ ∈ [0, 1]. (2.6)

Definition 2.4. ( [34]) Let h : (0, 1) → R be a nonnegative function, h ̸= 0. The
nonnegative function f : I ⊂ R → R is said to be h-convex, if

f(χt1 + (1− χ)t2) ≤ h(χ)f(t1) + h(1− χ)f(t2),∀ t1, t2 ∈ I and χ ∈ [0, 1]. (2.7)

Remark 2.3. If the inequality signs in inequalities (2.5)-(2.7) are reversed, then f
becomes the concave function, s-concave function in the second sense, and h-concave
function, respectively.

Definition 2.5. ( [6]) Y ⊂ Rn is invex with respect to ψ(·, ·), if

t1 + χψ(t2, t1) ∈ Y, ∀ t1, t2 ∈ Y and χ ∈ [0, 1].

Definition 2.6. ( [35]) Let Y ̸= ∅ ⊂ R be an invex set with respect to ψ : Y ×Y ̸=
∅ → R. Then, the function f : Y → R is said to be preinvex with respect to ψ, if

f(t1 + χψ(t2, t1)) ≤ χf(t2) + (1− χ)f(t1),∀ t1, t2 ∈ Y and χ ∈ [0, 1].
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Proposition 2.1. ( [17]) Let Y ⊂ Rn be an open invex with respect to ψ : Y ×Y ̸=
∅ → R. For any t1, t2 ∈ Y and χ ∈ [0, 1],

ψ(t1, t1 + χψ(t2, t1)) = −χψ(t2, t1)

and
ψ(t2, t1 + χψ(t2, t1)) = (1− χ)ψ(t2, t1).

According to the above equations, for any t1, t2 ∈ Y and χ1, χ2 ∈ [0, 1], we have

ψ(t1 + χ2ψ(t2, t1), t1 + χ1ψ(t2, t1)) = (χ2 − χ1)ψ(t2, t1).

Definition 2.7. ( [2]) The function f : Z ⊂ R → R is said to be convex on Z, if

f(χt1 + (1− χ)t2) ≤ χf(t1) + (1− χ)f(t2),∀ t1, t2 ∈ Z, and χ ∈ T[t1,t2]. (2.8)

Definition 2.8. ( [38]) Let s be given in (0, 1]. The function f : I ⊂ Z+ → R is
said to be s-convex in the second sense on Z, if

f(χt1 + (1− χ)t2) ≤ χsf(t1) + (1− χ)sf(t2),∀ t1, t2 ∈ I, and χ ∈ T[t1,t2]. (2.9)

Now, we introduce two new types of convex function defined on Z.

Definition 2.9. Let h : (0, 1) → R be a non-negative function, h ̸= 0. The
nonnegative function f : I ⊂ Z → R is said to be h-convex on Z, if

f(χt1+(1−χ)t2) ≤ h(χ)f(t1)+h(1−χ)f(t2),∀ t1, t2 ∈ I, and χ ∈ T[t1,t2]. (2.10)

If the inequality is reversed, then f is an h-concave function on Z.

Definition 2.10. Let Y ̸= ∅ ⊂ Z be an invex set with respect to ψ : Y × Y ̸=
∅ → Z. Then, the function f : Y → R is said to be preinvex with respect to ψ on
Z, if

f(t1 + χψ(t2, t1)) ≤ χf(t2) + (1− χ)f(t1),∀ t1, t2 ∈ Y, and χ ∈ T[t1,t2].

To prove our conclusions, we also need the following substitution rules on time
scale T.

Theorem 2.1. ( [5]) Assume that ω : T → R is strictly increasing and differentiable

with rd-continuous derivative, T̃ := ω(T) is a time scale. If ϕ : T → R is an rd-
continuous derivative, then for u, v ∈ T, we have∫ ω(v)

ω(u)

(ψ ◦ ω−1)(ξ)∆̃(ξ) =

∫ v

u

ϕ(ζ)ω∆(ζ)∆ζ (2.11)

or ∫ ω(v)

ω(u)

(ψ ◦ ω−1)(ξ)∇̃(ξ) =

∫ v

u

ϕ(ζ)ω∇(ζ)∇ζ. (2.12)

Theorem 2.2. ( [9]) Assume that ω : T → R is strictly decreasing and differentiable

with rd-continuous derivative, T̃ := ω(T) is a time scale. If ϕ : T → R is an rd-
continuous derivative, then for u, v ∈ T, we have∫ ω(u)

ω(v)

(ψ ◦ ω−1)(ξ)∇̃(ξ) =

∫ v

u

ϕ(ζ)(−ω∆)(ζ)∆ζ (2.13)

or ∫ ω(u)

ω(v)

(ψ ◦ ω−1)(ξ)∆̃(ξ) =

∫ v

u

ϕ(ζ)(−ω∇)(ζ)∇ζ. (2.14)
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3. Main results

3.1. Discrete Hermite-Hadamard inequalities for h-convex fun-
ctions and its generalization

First, we provide the discrete H-H inequalities for integer order via h-convex
functions on Z related to the endpoints.

Theorem 3.1. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

h
(
1
2

)f (a+ b

2

)
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤M

[
f(a) + f(b)

]
, (3.1)

where M =
∫
T[a,b]

[
h(t) + h(1− t)

]
∆̃t.

Proof. Fixing t ∈ T[a,b] \ {0, 1}, we define

x = ta+ (1− t)b, y = (1− t)a+ tb.

It is easy to see that x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex
function on [x, y]Z (or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
.

This implies that

f

(
a+ b

2

)
≤ h

(
1

2

)[
f(ta+ (1− t)b) + f((1− t)a+ tb)

]
≤ h

(
1

2

)[
h(t)f(a) + h(1− t)f(b) + h(1− t)f(a) + h(t)f(b)

]
= h

(
1

2

)[
h(t) + h(1− t)

][
f(a) + f(b)

]
.

Integrating the above inequalities with respect to t over T[a,b], we have∫
T[a,b]

f

(
a+ b

2

)
∆̃t ≤ h

(
1

2

)∫
T[a,b]

[
f(ta+ (1− t)b) + f((1− t)a+ tb)

]
∆̃t

≤ h

(
1

2

)
M
[
f(a) + f(b)

]
,

(3.2)

where M =
∫
T[a,b]

[
h(t) + h(1− t)

]
∆̃t.

Define

l1 =

∫
T[a,b]

f(ta+ (1− t)b)∆̃t, l2 =

∫
T[a,b]

f((1− t)a+ tb)∆̃t.

Calculate l1 and l2 separately below.

First, we assert that l1 = 1
b−a

∫ b
a
f(τ)∇τ .
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Let k1(t) : [a, b]Z → T[a,b] be defined by k1(t) =
b−t
b−a with t ∈ [a, b]Z. Then k1(t)

is decreasing, k−1
1 (t) = ta+ (1− t)b and (−k∇1 )(t) = 1

b−a .
According to Theorem 2.2, we obtain

l1 =

∫ 1=k1(a)

0=k1(b)

(f ◦ k−1
1 )(t)∆̃t =

∫ b

a

f(τ)(−k∇1 )(τ)∇τ

=
1

b− a

∫ b

a

f(τ)∇τ.

Next, we prove that l2 = 1
b−a

∫ b
a
f(τ)∆τ .

Let k2(t) : [a, b]Z → T[a,b] be defined by k2(t) =
t−a
b−a with t ∈ [a, b]Z. Then k2(t)

is increasing, k−1
2 (t) = (1− t)a+ tb and k∆2 (t) = 1

b−a .
Using Theorem 2.1, we get

l2 =

∫ 1=k2(b)

0=k2(a)

(f ◦ k−1
2 )(t)∆̃t =

∫ b

a

f(τ)k∆2 (τ)∆τ

=
1

b− a

∫ b

a

f(τ)∆τ.

Inserting l1 and l2 into (3.2), we find that

f

(
a+ b

2

)
≤
h
(
1
2

)
b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤ h

(
1

2

)
M
[
f(a) + f(b)

]
. (3.3)

Therefore, the inequalities (3.1) hold.

Corollary 3.1. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

h
(
1
2

)f (a+ b

2

)
≥ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≥M

[
f(a) + f(b)

]
, (3.4)

where M is given in Theorem 3.1.

Similar to the proof of Theorem 3.1, changing direction with every inequality
sign, this result is obtained.

Remark 3.1. If the special functions are taken in Theorem 3.1, the corresponding
discrete H-H inequalities for integer order related to the endpoints can be obtained:

(1) If h(x) = xs, then (3.1) becomes an inequality for s-convex functions in the
second sense on Z:

2sf

(
a+ b

2

)
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤
[
f(a) + f(b)

] ∫
T[a,b]

[
ts + (1− t)s

]
∆̃t.

(3.5)

(2) If h(x) = x, then (3.1) becomes an inequality for convex functions on Z:

f

(
a+ b

2

)
≤ 1

2(b− a)

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤ f(a) + f(b)

2
. (3.6)
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(3) If h(x) = 1, then (3.1) becomes an inequality for P -functions on Z:

f

(
a+ b

2

)
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤ 2
[
f(a) + f(b)

]
. (3.7)

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for integer
order in the above special cases of (1)-(3) can be obtained from Corollary 3.1,
where we just reverse the inequality signs in (3.5)-(3.7).

Next, we prove the discrete H-H inequalities for integer order via h-convex func-
tions on Z relating to the midpoint.

Theorem 3.2. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

h
(
1
2

)f (a+ b

2

)
≤ 2

b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]
≤N

[
f(a) + f(b)

]
,

(3.8)

where N =
∫
T
[ a+b2

,b]

[
h
(
t
2

)
+ h

(
1− t

2

)]
∆̃t.

Proof. Fixing t ∈ T[ a+b2 ,b] \ {0, 1}, we define

x =
t

2
a+

2− t

2
b, y =

2− t

2
a+ tb,

then x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex function on [x, y]Z
(or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
.

This implies that

f

(
a+ b

2

)
≤h
(
1

2

)[
f

(
t

2
a+

2− t

2
b

)
+ f

(
2− t

2
a+

t

2
b

)]
≤h
(
1

2

)[
h

(
t

2

)
f(a) + h

(
2− t

2

)
f(b)

+h

(
2− t

2

)
f(a) + h

(
t

2

)
f(b)

]
=h

(
1

2

)[
h

(
t

2

)
+ h

(
2− t

2

)] [
f(a) + f(b)

]
.

Integrating the above inequalities with respect to t over T[ a+b2 ,b], then we have∫
T
[ a+b2

,b]

f

(
a+ b

2

)
∆̃t

≤ h

(
1

2

)∫
T
[ a+b2

,b]

[
f

(
t

2
a+

2− t

2
b

)
+ f

(
2− t

2
a+

t

2
b

)]
∆̃t

≤ h

(
1

2

)
N
[
f(a) + f(b)

]
,

(3.9)
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where N =
∫
T
[ a+b2

,b]

[
h
(
t
2

)
+ h

(
1− t

2

)]
∆̃t.

Define

r1 =

∫
T
[ a+b2

,b]

f

(
t

2
a+

2− t

2
b

)
∆̃t, r2 =

∫
T
[ a+b2

,b]

f

(
2− t

2
a+

t

2
b

)
∆̃t,

then r1 = 2
b−a

∫ b
a+b
2
f(τ)∇τ , r2 = 2

b−a
∫ a+b

2

a
f(τ)∆τ (see [37]).

Inserting r1 and r2 into (3.9), we find that

f

(
a+ b

2

)
≤

2h
(
1
2

)
b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]
≤ h

(
1

2

)
N
[
f(a) + f(b)

]
.

Therefore, the inequality (3.8) hold.

Corollary 3.2. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

h
(
1
2

)f (a+ b

2

)
≥ 2

b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]
≥ N

[
f(a) + f(b)

]
,

(3.10)

where N is given in Theorem 3.2.

Similar to the proof of Theorem 3.2, changing direction with every inequality
sign, this result is obtained.

Remark 3.2. If the special functions are taken in Theorem 3.2, the corresponding
discrete H-H inequalities for integer order related to the midpoint can be obtained:

(1) If h(x) = xs, then (3.8) becomes an inequality for s-convex functions in the
second sense on Z:

2sf

(
a+ b

2

)
≤ 2

b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]

≤
[
f(a) + f(b)

] ∫
T
[ a+b2

,b]

[(
t

2

)s
+

(
2− t

2

)s]
∆̃t.

(3.11)

(2) If h(x) = x, then (3.8) becomes an inequality for convex functions on Z:

f

(
a+ b

2

)
≤ 1

b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]
≤ f(a) + f(b)

2
. (3.12)

(3) If h(x) = 1, then (3.8) becomes an inequality for P -functions on Z:

f

(
a+ b

2

)
≤ 2

b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]
≤ 2
[
f(a) + f(b)

]
. (3.13)

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for integer
order in the above special cases of (1)-(3) can be obtained from Corollary 3.2,
where we just reverse the inequality signs in (3.11)-(3.13).
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Because [a, b] =
[
a, a+b2

]
∪
[
a+b
2 , b

]
, we can also obtain the following discrete

H-H inequalities for integer order.

Theorem 3.3. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 , 3a+b4 , a+3b

4 ∈ Z, and h
(
1
2

)
̸= 0. Then we have

1

2h2
(
1
2

)f (a+ b

2

)
≤ Ω1

≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤ Ω2

≤
[
1

2
+ h

(
1

2

)] [
f(a) + f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

(3.14)

where

Ω1 =
1

2h
(
1
2

) [f (3a+ b

4

)
+ f

(
a+ 3b

4

)]
,

Ω2 =

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∫ 1

0

[
h(t) + h(1− t)

]
∆̃t.

Proof. Fixing t ∈ T[a,b] \ {0, 1}, we define

x = ta+ (1− t)b, y = (1− t)a+ tb.

It is easy to see that x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex
function on [x, y]Z (or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
.

For
[
a, a+b2

]
Z, fixing t ∈ T[a, a+b2 ] \ {0, 1}, we define

x = at+
a+ b

2
(1− t), y = a(1− t) +

a+ b

2
t,

then we can get

f

(
3a+ b

4

)
=f

(
ta+ (1− t)a+b2 + (1− t)a+ ta+b2

2

)

≤h
(
1

2

)[
f

(
ta+ (1− t)

a+ b

2

)
+ f

(
(1− t)a+ t

a+ b

2

)]
≤h
(
1

2

)[
h(t)f(a) + h(1− t)f

(
a+ b

2

)
+h(1− t)f(a) + h(t)f

(
a+ b

2

)]
=h

(
1

2

)[
f(a) + f

(
a+ b

2

)] [
h(t) + h(1− t)

]
.
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Integrating the above inequalities with respect to t over T[a, a+b2 ], then we have

∫
T
[a, a+b2 ]

f

(
3a+ b

2

)
∆̃t

≤h
(
1

2

)∫
T
[a, a+b2 ]

f

(
ta+ (1− t)

a+ b

2

)
∆̃t

+

∫
T
[a, a+b2 ]

f

(
(1− t)a+ t

a+ b

2

)
∆̃t


≤h
(
1

2

)[
f(a) + f

(
a+ b

2

)]∫
T
[a, a+b2 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.15)

Define

p1 =

∫
T
[a, a+b2 ]

f

(
ta+ (1− t)

a+ b

2

)
∆̃t,

p2 =

∫
T
[a, a+b2 ]

f

(
(1− t)a+ t

a+ b

2

)
∆̃t.

Calculate p1 and p2 separately below.

First, we assert that p1 = 2
b−a

∫ a+b
2

a
f(τ)∇τ .

Let q1(t) =
a+b−2t
b−a , t ∈

[
a, a+b2

]
Z. Then q1(t) is decreasing, q−1

1 (t) = ta + (1 −
t)a+b2 and (−q∇1 )(t) = 2

b−a .

According to Theorem 2.2, we obtain

p1 =

∫ 1=q1(a)

0=q1( a+b2 )
(f ◦ q−1

1 )(t)∆̃t =

∫ a+b
2

a

f(τ)(−q∇1 )(τ)∇τ

=
2

b− a

∫ a+b
2

a

f(τ)∇τ.

Next, we prove that p2 = 2
b−a

∫ a+b
2

a
f(τ)∆τ .

Let q2(t) =
2(t−a)
b−a , t ∈

[
a, a+b2

]
Z. Then q2(t) is increasing, q−1

2 (t) = (1 − t)a +

ta+b2 and q∆2 (t) = 2
b−a .

Using Theorem 2.1, we get

p2 =

∫ 1=q2( a+b2 )

0=q2(a)

(f ◦ q−1
2 )(t)∆̃t =

∫ a+b
2

a

f(τ)q∆2 (τ)∆τ

=
2

b− a

∫ a+b
2

a

f(τ)∆τ.
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Inserting p1 and p2 into (3.15), we find that

f

(
3a+ b

4

)
≤
2h
(
1
2

)
b− a

[∫ a+b
2

a

f(τ)∇τ +
∫ a+b

2

a

f(τ)∆τ

]

≤h
(
1

2

)[
f(a) + f

(
a+ b

2

)]∫
T
[a, a+b2 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.16)

Similarly, for
[
a+b
2 , b

]
Z, fixing t ∈ T[ a+b2 ,b] \ {0, 1}, we define

x = t
a+ b

2
+ (1− t)b, y = (1− t)

a+ b

2
+ tb,

then we can get

f

(
a+ 3b

4

)
=f

(
ta+b2 + (1− t)b+ (1− t)a+b2 + tb

2

)

≤h
(
1

2

)[
f

(
t
a+ b

2
+ (1− t)b

)
+ f

(
(1− t)

a+ b

2
+ tb

)]
≤h
(
1

2

)[
h(t)f

(
a+ b

2

)
+ h(1− t)f(b)

+h(1− t)f

(
a+ b

2

)
+ h(t)f(b)

]
=h

(
1

2

)[
f

(
a+ b

2

)
+ f(b)

] [
h(t) + h(1− t)

]
.

Integrating the above inequalities with respect to t over T[ a+b2 ,b], then we have∫
T
[ a+b2

,b]

f

(
a+ 3b

4

)
∆̃t

≤h
(
1

2

)∫
T
[ a+b2

,b]

f

(
t
a+ b

2
+ (1− t)b

)
∆̃t

+

∫
T
[ a+b2

,b]

f

(
(1− t)

a+ b

2
+ tb

)
∆̃t


≤h
(
1

2

)[
f

(
a+ b

2

)
+ f(b)

] ∫
T
[ a+b2

,b]

[
h(t) + h(1− t)

]
∆̃t.

(3.17)

Define

p3 =

∫
T
[ a+b2

,b]

f

(
t
a+ b

2
+ (1− t)b

)
∆̃t,

p4 =

∫
T
[ a+b2

,b]

f

(
(1− t)

a+ b

2
+ tb

)
∆̃t.
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Calculate p3 and p4 separately below.

First, we assert that p3 = 2
b−a

∫ b
a+b
2
f(τ)∇τ .

Let q3(t) =
2(b−t)
b−a , t ∈

[
a+b
2 , b

]
Z. Then q3(t) is decreasing, q

−1
3 (t) = ta+b2 +(1−t)b

and (−q∇3 )(t) = 2
b−a .

According to Theorem 2.2, we obtain

p3 =

∫ 1=q3( a+b2 )

0=q3(b)

(f ◦ q−1
3 )(t)∆̃t =

∫ b

a+b
2

f(τ)(−q∇3 )(τ)∇τ

=
2

b− a

∫ b

a+b
2

f(τ)∇τ.

Next, we prove that p4 = 2
b−a

∫ b
a+b
2
f(τ)∆τ .

Let q4(t) = 2t−(a+b)
b−a , t ∈

[
a+b
2 , b

]
Z. Then q4(t) is increasing, q−1

4 (t) = (1 −
t)a+b2 + tb and q∆4 (t) = 2

b−a .

Using Theorem 2.1, we get

p4 =

∫ 1=q4(b)

0=q4( a+b2 )
(f ◦ q−1

4 )(t)∆̃t =

∫ b

a+b
2

f(τ)q∆4 (τ)∆τ

=
2

b− a

∫ b

a+b
2

f(τ)∆τ.

Inserting p3 and p4 into (3.17), we find that

f

(
a+ 3b

4

)
≤
2h
(
1
2

)
b− a

[∫ b

a+b
2

f(τ)∇τ +
∫ b

a+b
2

f(τ)∆τ

]

≤h
(
1

2

)[
f

(
a+ b

2

)
+ f(b)

] ∫
T
[ a+b2

,b]

[
h(t) + h(1− t)

]
∆̃t.

(3.18)

Adding (3.16) and (3.18), we get

f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)
≤
2h
(
1
2

)
b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤h
(
1

2

)[
f(a) + f

(
a+ b

2

)]∫
T
[a, a+b2 ]

[
h(t) + h(1− t)

]
∆̃t

+ h

(
1

2

)[
f

(
a+ b

2

)
+ f(b)

] ∫
T
[ a+b2

,b]

[
h(t) + h(1− t)

]
∆̃t

≤h
(
1

2

)[
f(a) + 2f

(
a+ b

2

)
+ f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,
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namely,

Ω1 =
1

2h
(
1
2

) [f (3a+ b

4

)
+ f

(
a+ 3b

4

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤1

2

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t

=Ω2.

Hence, we have

1

2h2
(
1
2

)f (a+ b

2

)
=

1

2h2
(
1
2

)f (1

2

3a+ b

4
+

1

2

a+ 3b

4

)
≤ 1

2h2
(
1
2

) [h(1

2

)
f

(
3a+ b

4

)
+ h

(
1

2

)
f

(
a+ 3b

4

)]
= Ω1

≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤ Ω2

≤
[
f(a) + f(b)

2
+ h

(
1

2

)(
f(a) + f(b)

)] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t

=

[
1

2
+ h

(
1

2

)] [
f(a) + f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

which completes the proof.

Corollary 3.3. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 , 3a+b4 , a+3b

4 ∈ Z, and h
(
1
2

)
̸= 0. Then we have

1

2h2
(
1
2

)f (a+ b

2

)
≥ Ω1

≥ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≥ Ω2

≥
[
1

2
+ h

(
1

2

)] [
f(a) + f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

(3.19)

where Ω1,Ω2 are given in Theorem 3.3.

Similar to the proof of Theorem 3.3, changing direction with every inequality
sign, this result is obtained.

Remark 3.3. If the special functions are taken in Theorem 3.3, the corresponding
discrete H-H inequalities for integer order can be obtained:
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(1) If h(x) = xs, then (3.14) becomes an inequality for s-convex functions in the
second sense on Z:

22s−1f

(
a+ b

2

)
≤ 2s−1

[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤ 1

2

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

] ∫ 1

0

[
ts + (1− t)s

]
∆̃t

≤
[
1

2
+

1

2s

] [
f(a) + f(b)

] ∫ 1

0

[
ts + (1− t)s

]
∆̃t.

(3.20)

(2) If h(x) = x, then (3.14) becomes an inequality for convex functions on Z:

2f

(
a+ b

2

)
≤f
(
3a+ b

4

)
+ f

(
a+ 3b

4

)
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤1

2

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
≤ f(a) + f(b).

(3.21)

(3) If h(x) = 1, then (3.14) becomes an inequality for P -functions on Z:

1

2
f

(
a+ b

2

)
≤1

2

[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤f(a) + 2f

(
a+ b

2

)
+ f(b) ≤ 3

[
f(a) + f(b)

]
.

(3.22)

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for integer
order in the above special cases of (1)-(3) can be obtained from Corollary 3.3,
where we just reverse the inequality signs in (3.20)-(3.22).

Based on the above theorem, new interval piecewise points t = 3a+b
4 and t = a+3b

4
are given, and we obtain a new estimate of the discrete H-H inequalities for integer
order.

Theorem 3.4. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 , 3a+b4 , a+3b

4 , 7a+b8 , a+7b
8 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

4h
(
1
2

) [ 1

h
(
1
2

) + 2

]
f

(
a+ b

2

)

≤Ω3 ≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
(3.23)

≤Ω4 ≤
{
1

4
+

3

4

[
h

(
1

4

)
+ h

(
3

4

)]} [
f(a) + f(b)

]
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×
∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

where

Ω3 =
1

4h
(
1
2

) [f (7a+ b

8

)
+ 2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)]
,

Ω4 =

[
f(a) + f(b)

4
+

3

4
f

(
3a+ b

4

)
+

3

4
f

(
a+ 3b

4

)]∫ 1

0

[
h(t) + h(1− t)

]
∆̃t.

Proof. Fixing t ∈ T[a,b] \ {0, 1}, we define

x = ta+ (1− t)b, y = (1− t)a+ tb.

It is easy to see that x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex
function on [x, y]Z (or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
.

For
[
a, 3a+b4

]
Z, fixing t ∈ T[a, 3a+b4 ] \ {0, 1}, we define

x = ta+ (1− t)
3a+ b

4
, y = (1− t)a+ t

3a+ b

4
,

then we can get

f

(
7a+ b

8

)
=f

(
ta+ (1− t) 3a+b4 + (1− t)a+ t 3a+b4

2

)

≤h
(
1

2

)[
f

(
ta+ (1− t)

3a+ b

4

)
+ f

(
(1− t)a+ t

3a+ b

4

)]
≤h
(
1

2

)[
h(t)f(a) + h(1− t)f

(
3a+ b

4

)
+h(1− t)f(a) + h(t)f

(
3a+ b

4

)]
=h

(
1

2

)[
f(a) + f

(
3a+ b

4

)] [
h(t) + h(1− t)

]
.

Integrating the above inequalities with respect to t over T[a, 3a+b4 ], then we have∫
T
[a, 3a+b4 ]

f

(
7a+ b

8

)
∆̃t

≤h
(
1

2

)∫
T
[a, 3a+b4 ]

f

(
ta+ (1− t)

3a+ b

4

)
∆̃t

+

∫
T
[a, 3a+b4 ]

f

(
(1− t)a+ t

3a+ b

4

)
∆̃t


≤h
(
1

2

)[
f(a) + f

(
3a+ b

4

)]∫
T
[a, 3a+b4 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.24)

OPEN ACCESS

DOI https://doi.org/10.12150/jnma.2025.135 | Generated on 2025-04-15 10:20:28



152 X. Han & R. Xu

Define

u1 =

∫
T
[a, 3a+b4 ]

f

(
ta+ (1− t)

3a+ b

4

)
∆̃t,

u2 =

∫
T
[a, 3a+b4 ]

f

(
(1− t)a+ t

3a+ b

4

)
∆̃t.

Calculate u1 and u2 separately below.

First, we assert that u1 = 4
b−a

∫ 3a+b
4

a
f(τ)∇τ .

Let w1(t) = 3a+b−4t
b−a , t ∈

[
a, 3a+b4

]
Z. Then w1(t) is decreasing, w−1

1 (t) = ta +

(1− t) 3a+b4 and (−w∇
1 )(t) = 4

b−a .

According to Theorem 2.2, we obtain

u1 =

∫ 1=w1(a)

0=w1( 3a+b
4 )

(f ◦ w−1
1 )(t)∆̃t =

∫ 3a+b
4

a

f(τ)(−w∇
1 )(τ)∇τ

=
4

b− a

∫ 3a+b
4

a

f(τ)∇τ.

Next, we prove that u2 = 4
b−a

∫ 3a+b
4

a
f(τ)∆τ .

Let w2(t) =
4(t−a)
b−a , t ∈

[
a, 3a+b4

]
Z. Then w2(t) is increasing, w

−1
2 (t) = (1− t)a+

t 3a+b4 and w∆
2 (t) = 4

b−a .

Using Theorem 2.1, we get

u2 =

∫ 1=w2( 3a+b
4 )

0=w2(a)

(f ◦ w−1
2 )(t)∆̃t =

∫ 3a+b
4

a

f(τ)w∆
2 (τ)∆τ

=
4

b− a

∫ 3a+b
4

a

f(τ)∆τ.

Inserting u1 and u2 into (3.24), we find that

f

(
7a+ b

8

)
≤
4h
(
1
2

)
b− a

[∫ 3a+b
4

a

f(τ)∇τ +
∫ 3a+b

4

a

f(τ)∆τ

]

≤h
(
1

2

)[
f(a) + f

(
3a+ b

4

)]∫
T
[a, 3a+b4 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.25)

Similarly, for
[
3a+b
4 , a+3b

4

]
Z, fixing t ∈ T[ 3a+b4 , a+3b

4 ] \ {0, 1}, we define

x = t
3a+ b

4
+ (1− t)

a+ 3b

4
, y = (1− t)

3a+ b

4
+ t

a+ 3b

4
,
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then we can get

f

(
a+ b

2

)
=f

(
t 3a+b4 + (1− t)a+3b

4 + (1− t) 3a+b4 + ta+3b
4

2

)

≤h
(
1

2

)[
f

(
t
3a+ b

4
+ (1− t)

a+ 3b

4

)
+ f

(
(1− t)

3a+ b

4
+ t

a+ 3b

4

)]
≤h
(
1

2

)[
h(t)f

(
3a+ b

4

)
+ h(1− t)f

(
a+ 3b

4

)
+h(1− t)f

(
3a+ b

4

)
+ h(t)f

(
a+ 3b

4

)]
=h

(
1

2

)[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)] [
h(t) + h(1− t)

]
.

Integrating the above inequalities with respect to t over T[ 3a+b4 , a+3b
4 ], then we

have ∫
T
[ 3a+b4

, a+3b
4 ]

f

(
a+ b

2

)
∆̃t

≤h
(
1

2

)∫
T
[ 3a+b4

, a+3b
4 ]

f

(
t
3a+ b

4
+ (1− t)

a+ 3b

4

)
∆̃t

+

∫
T
[ 3a+b4

, a+3b
4 ]

f

(
(1− t)

3a+ b

4
+ t

a+ 3b

4

)
∆̃t


≤h
(
1

2

)[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
×
∫
T
[ 3a+b4

, a+3b
4 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.26)

Define

u3 =

∫
T
[ 3a+b4

, a+3b
4 ]

f

(
t
3a+ b

4
+ (1− t)

a+ 3b

4

)
∆̃t,

u4 =

∫
T
[ 3a+b4

, a+3b
4 ]

f

(
(1− t)

3a+ b

4
+ t

a+ 3b

4

)
∆̃t.

Calculate u3 and u4 separately below.

First, we assert that u3 = 2
b−a

∫ a+3b
4

3a+b
4

f(τ)∇τ .

Let w3(t) = a+3b−4t
2(b−a) , t ∈

[
3a+b
4 , a+3b

4

]
Z. Then w3(t) is decreasing, w−1

3 (t) =

t 3a+b4 + (1− t)a+3b
4 and (−w∇

3 )(t) = 2
b−a .
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According to Theorem 2.2, we obtain

u3 =

∫ 1=w3( 3a+b
4 )

0=w3( a+3b
4 )

(f ◦ w−1
3 )(t)∆̃t =

∫ a+3b
4

3a+b
4

f(τ)(−w∇
3 )(τ)∇τ

=
2

b− a

∫ a+3b
4

3a+b
4

f(τ)∇τ.

Next, we prove that u4 = 2
b−a

∫ a+3b
4

3a+b
4

f(τ)∆τ .

Let w4(t) = 4t−(3a+b)
2(b−a) , t ∈

[
3a+b
4 , a+3b

4

]
Z. Then w4(t) is increasing, w−1

4 (t) =

(1− t) 3a+b4 + ta+3b
4 and w∆

4 (t) = 2
b−a .

Using Theorem 2.1, we get

u4 =

∫ 1=w4( a+3b
4 )

0=w4( 3a+b
4 )

(f ◦ w−1
4 )(t)∆̃t =

∫ a+3b
4

3a+b
4

f(τ)w∆
4 (τ)∆τ

=
2

b− a

∫ a+3b
4

3a+b
4

f(τ)∆τ.

Inserting u3 and u4 into (3.26), we find that

f

(
a+ b

2

)
≤
2h
(
1
2

)
b− a

[∫ a+3b
4

3a+b
4

f(τ)∇τ +
∫ a+3b

4

3a+b
4

f(τ)∆τ

]

≤h
(
1

2

)[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
×
∫
T
[ 3a+b4

, a+3b
4 ]

[
h(t) + h(1− t)

]
∆̃t.

(3.27)

Similarly, for
[
a+3b
4 , b

]
Z, fixing t ∈ T[ a+3b

4 ,b] \ {0, 1}, we define

x = t
a+ 3b

4
+ (1− t)b, y = (1− t)

a+ 3b

4
+ tb,

then we can get

f

(
a+ 7b

8

)
=f

(
ta+3b

4 + (1− t)b+ (1− t)a+3b
4 + tb

2

)

≤h
(
1

2

)[
f

(
t
a+ 3b

4
+ (1− t)b

)
+ f

(
(1− t)

a+ 3b

4
+ tb

)]
≤h
(
1

2

)[
h(t)f

(
a+ 3b

4

)
+ h(1− t)f(b)

+h(1− t)f

(
a+ 3b

4

)
+ h(t)f(b)

]
≤h
(
1

2

)[
f

(
a+ 3b

4

)
+ f(b)

] [
h(t) + h(1− t)

]
.

OPEN ACCESS

DOI https://doi.org/10.12150/jnma.2025.135 | Generated on 2025-04-15 10:20:28



Discrete Hermite-Hadamard Inequalities 155

Integrating the above inequalities with respect to t over T[ a+3b
4 ,b], then we have

∫
T
[ a+3b

4
,b]

f

(
a+ 7b

8

)
∆̃t

≤h
(
1

2

)∫
T
[ a+3b

4
,b]

f

(
t
a+ 3b

4
+ (1− t)b

)
∆̃t

+

∫
T
[ a+3b

4
,b]

f

(
(1− t)

a+ 3b

4
+ tb

)
∆̃t


≤h
(
1

2

)[
f

(
a+ 3b

4

)
+ f(b)

] ∫
T
[ a+3b

4
,b]

[
h(t) + h(1− t)

]
∆̃t.

(3.28)

Define

u5 =

∫
T
[ a+3b

4
,b]

f

(
t
a+ 3b

4
+ (1− t)b

)
∆̃t,

u6 =

∫
T
[ a+3b

4
,b]

f

(
(1− t)

a+ 3b

4
+ tb

)
∆̃t.

Calculate u5 and u6 separately below.

First, we assert that u5 = 4
b−a

∫ b
a+3b

4
f(τ)∇τ .

Let w5(t) =
4(b−t)
b−a , t ∈

[
a+3b
4 , b

]
Z. Then w5(t) is decreasing, w

−1
5 (t) = ta+3b

4 +

(1− t)b and (−w∇
5 )(t) = 4

b−a .

According to Theorem 2.2, we obtain

u5 =

∫ 1=w5( a+3b
4 )

0=w5(b)

(f ◦ w−1
5 )(t)∆̃t =

∫ b

a+3b
4

f(τ)(−w∇
5 )(τ)∇τ

=
4

b− a

∫ b

a+3b
4

f(τ)∇τ.

Next, we prove that u6 = 4
b−a

∫ b
a+3b

4
f(τ)∆τ .

Let w6(t) = 4t−(a+3b)
b−a , t ∈

[
a+3b
4 , b

]
Z. Then w6(t) is increasing, w−1

6 (t) =

(1− t)a+3b
4 + tb and w∆

6 (t) = 4
b−a .

Using Theorem 2.1, we get

u6 =

∫ 1=w6(b)

0=w6( a+3b
4 )

(f ◦ w−1
6 )(t)∆̃t =

∫ b

a+3b
4

f(τ)w∆
6 (τ)∆τ

=
4

b− a

∫ b

a+3b
4

f(τ)∆τ.
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Inserting u5 and u6 into (3.28), we find that

f

(
a+ 7b

8

)
≤
4h
(
1
2

)
b− a

[∫ b

a+3b
4

f(τ)∇τ +
∫ b

a+3b
4

f(τ)∆τ

]

≤h
(
1

2

)[
f

(
a+ 3b

4

)
+ f(b)

] ∫
T
[ a+3b

4
,b]

[
h(t) + h(1− t)

]
∆̃t.

(3.29)

Letting (3.25) + 2× (3.27) + (3.29), we have

f

(
7a+ b

8

)
+2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)
≤
4h
(
1
2

)
b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤h
(
1

2

)[
f(a) + f

(
3a+ b

4

)]∫
T
[a, 3a+b4 ]

[
h(t) + h(1− t)

]
∆̃t

+ 2h

(
1

2

)[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
×
∫
T
[ 3a+b4

, a+3b
4 ]

[
h(t) + h(1− t)

]
∆̃t

+ h

(
1

2

)[
f

(
a+ 3b

4

)
+ f(b)

] ∫
T
[ a+3b

4
,b]

[
h(t) + h(1− t)

]
∆̃t

≤h
(
1

2

)[
f(a) + 3f

(
3a+ b

4

)
+ 3f

(
a+ 3b

4

)
+ f(b)

]
×
∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

namely,

Ω3 =
1

4h
(
1
2

) [f (7a+ b

8

)
+ 2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤1

4

[
f(a) + 3f

(
3a+ b

4

)
+ 3f

(
a+ 3b

4

)
+ f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t

=Ω4.

Hence, we have

1

4h
(
1
2

) [ 1

h
(
1
2

) + 2

]
f

(
a+ b

2

)
=

1

4h2
(
1
2

) [f (1

2
· 7a+ b

8
+

1

2
· a+ 7b

8

)
+ 2h

(
1

2

)
f

(
a+ b

2

)]
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≤ 1

4h2
(
1
2

) [h(1

2

)
f

(
7a+ b

8

)
+ 2h

(
1

2

)
f

(
a+ b

2

)
+ h

(
1

2

)
f

(
a+ 7b

8

)]
=Ω3

≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
≤Ω4

≤
{
1

4
+

3

4

[
h

(
1

4

)
+ h

(
3

4

)]} [
f(a) + f(b)

] ∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

which completes the proof.

Corollary 3.4. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 , 3a+b4 , a+3b

4 , 7a+b8 , a+7b
8 ∈ Z, and h

(
1
2

)
̸= 0. Then we have

1

4h
(
1
2

) [ 1

h
(
1
2

) + 2

]
f

(
a+ b

2

)

≥Ω3 ≥ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≥Ω4 ≥
{
1

4
+

3

4

[
h

(
1

4

)
+ h

(
3

4

)]} [
f(a) + f(b)

]
×
∫ 1

0

[
h(t) + h(1− t)

]
∆̃t,

(3.30)

where Ω3,Ω4 are given in Theorem 3.4.

Similar to the proof of Theorem 3.4, changing direction with every inequality
sign, this result is obtained.

Remark 3.4. If the special functions are taken in Theorem 3.4, the corresponding
discrete H-H inequalities for integer order can be obtained:

(1) If h(x) = xs, then (3.23) becomes an inequality for s-convex functions in the
second sense on Z:[

22s−2 + 2s−1
]
f

(
a+ b

2

)
≤2s−2

[
f

(
7a+ b

8

)
+ 2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]
(3.31)

≤1

4

[
f(a) + 3f

(
3a+ b

4

)
+ 3f

(
a+ 3b

4

)
+ f(b)

]
×
∫ 1

0

[
ts + (1− t)s

]
∆̃t

≤
{
1

4
+

3

4

[(
1

4

)s
+

(
3

4

)s]} [
f(a) + f(b)

]
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×
∫ 1

0

[
ts + (1− t)s

]
∆̃t.

(2) If h(x) = x, then (3.23) becomes an inequality for convex functions on Z:

2 · f
(
a+ b

2

)
≤1

2

[
f

(
7a+ b

8

)
+ 2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤1

4

[
f(a) + 3f

(
3a+ b

4

)
+ 3f

(
a+ 3b

4

)
+ f(b)

]
≤f(a) + f(b).

(3.32)

(3) If h(x) = 1, then (3.23) becomes an inequality for P -functions on Z:

3

4
· f
(
a+ b

2

)
≤1

4

[
f

(
7a+ b

8

)
+ 2f

(
a+ b

2

)
+ f

(
a+ 7b

8

)]
≤ 1

b− a

[∫ b

a

f(τ)∇τ +
∫ b

a

f(τ)∆τ

]

≤1

2

[
f(a) + 3f

(
3a+ b

4

)
+ 3f

(
a+ 3b

4

)
+ f(b)

]
≤7

2

[
f(a) + f(b)

]
.

(3.33)

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for integer
order in the above special cases of (1)-(3) can be obtained from Corollary 3.4,
where we just reverse the inequality signs in (3.31)-(3.33).

The following theorem extends the discrete H-H inequalities for integer order in
Theorem 3.1 to fractional forms involving the nabla fractional sums.

Theorem 3.5. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then for α > 0, we have

γ1

h
(
1
2

) · f (a+ b

2

)
≤ Γ(α)

b− a

[
a∇−αf(b) +∇−α

b f(a)
]
≤
[
f(a) + f(b)

]
· γ2, (3.34)

where

γ1 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1
∆̃t,

γ2 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1[
h(t) + h(1− t)

]
∆̃t.
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Proof. Fixing t ∈ T[a,b] \ {0, 1}, we define

x = ta+ (1− t)b, y = (1− t)a+ tb.

It is easy to see that x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex
function on [x, y]Z (or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
.

This implies that

f

(
a+ b

2

)
≤ h

(
1

2

)[
f(ta+ (1− t)b) + f((1− t)a+ tb)

]
≤ h

(
1

2

)[
h(t) + h(1− t)

][
f(a) + f(b)

]
.

Multiplying each term by
(
(b − a)t + 1

)α−1
and integrating with respect to t

over T[a,b], then we have∫
T[a,b]

(
(b− a)t+ 1

)α−1
f

(
a+ b

2

)
∆̃t

≤h
(
1

2

)[∫
T[a,b]

(
(b− a)t+ 1

)α−1
f(ta+ (1− t)b)∆̃t

+

∫
T[a,b]

(
(b− a)t+ 1

)α−1
f((1− t)a+ tb)∆̃t

]

≤h
(
1

2

)[
f(a) + f(b)

] ∫
T[a,b]

(
(b− a)t+ 1

)α−1[
h(t) + h(1− t)

]
∆̃t,

namely,

γ1 · f
(
a+ b

2

)
≤h
(
1

2

)[∫
T[a,b]

(
(b− a)t+ 1

)α−1
f(ta+ (1− t)b)∆̃t

+

∫
T[a,b]

(
(b− a)t+ 1

)α−1
f((1− t)a+ tb)∆̃t

]

≤h
(
1

2

)[
f(a) + f(b)

]
· γ2,

where

γ1 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1
∆̃t,

γ2 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1[
h(t) + h(1− t)

]
∆̃t.

Define

l3 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1
f(ta+ (1− t)b)∆̃t,

l4 =

∫
T[a,b]

(
(b− a)t+ 1

)α−1
f((1− t)a+ tb)∆̃t.
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Calculate l3 and l4 separately below.

First, we assert that l3 = Γ(α)
b−a a∇

−αf(b).

Let k3(t) : [a, b]Z → T[a,b] be defined by k3(t) =
b−t
b−a with t ∈ [a, b]Z. Then k3(t)

is decreasing and k−1
3 (t) = ta+ (1− t)b, (−k∇3 )(t) = 1

b−a .

In addition, letting g1(t) = (b− t+1)α−1, and F1(t) = g1(t)f(t), then we obtain

F1(k
−1
3 (t)) = g1(k

−1
3 (t))f(k−1

3 (t)) =
(
(b− a)t+ 1

)α−1
f
(
ta+ (1− t)b

)
.

So, l3 =
∫
T[a,b]

F1(k
−1
3 (t))∆̃t.

Making use of Theorem 2.2, we have

l3 =

∫ 1=k3(a)

0=k3(b)

(F1 ◦ k−1
3 )(t)∆̃t =

∫ b

a

F1(τ)(−k∇3 )(τ)∇τ

=
1

b− a

∫ b

a

(b− τ + 1)α−1f(τ)∇τ

=
Γ(α)

b− a
a∇−αf(b).

Next, we assert that l4 = Γ(α)
b−a∇

−α
b f(a).

Let k4(t) : [a, b]Z → T[a,b] be defined by k4(t) =
t−a
b−a with t ∈ [a, b]Z. Then k4(t)

is increasing and k−1
4 (t) = (1− t)a+ tb, k∆4 (t) = 1

b−a .

In addition, letting g2(t) = (t−a+1)α−1, and F2(t) = g2(t)f(t), then we obtain

F2(k
−1
4 (t)) = g2(k

−1
4 (t))f(k−1

4 (t)) =
(
(b− a)t+ 1

)α−1
f
(
(1− t)a+ tb

)
.

So, l4 =
∫
T[a,b]

F2(k
−1
4 (t))∆̃t.

Using Theorem 2.1, we get

l4 =

∫ 1=k4(b)

0=k4(a)

(F2 ◦ k−1
4 )(t)∆̃t =

∫ b

a

F2(τ)k
∆
4 (τ)∆τ

=
1

b− a

∫ b

a

(τ − a+ 1)α−1f(τ)∆τ

=
Γ(α)

b− a
∇−α
b f(a).

Thus, we obtain

γ1 · f
(
a+ b

2

)
≤
h
(
1
2

)
Γ(α)

b− a

[
a∇−αf(b) +∇−α

b f(a)
]
≤ h

(
1

2

)[
f(a) + f(b)

]
· γ2,

which means inequality (3.34) hold.

Corollary 3.5. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then for α > 0, we have

γ1

h
(
1
2

) · f (a+ b

2

)
≥ Γ(α)

b− a

[
a∇−αf(b) +∇−α

b f(a)
]
≥
[
f(a) + f(b)

]
· γ2, (3.35)

where γ1, γ2 are given in Theorem 3.5.

OPEN ACCESS

DOI https://doi.org/10.12150/jnma.2025.135 | Generated on 2025-04-15 10:20:28



Discrete Hermite-Hadamard Inequalities 161

Similar to the proof of Theorem 3.5, changing direction with every inequality
sign, this result is obtained.

Remark 3.5. Concerning the above discrete H-H inequalities for fractional order,
we obtain

(1) For α = 1, Theorem 3.5 reduces to Theorem 3.1.

(2) According to the relationship between the delta right fractional sum and the
nabla right fractional sum: ∆−α

b−1f(a− α) = ∇−α
b f(a), the following inequality

are equivalent to inequality (3.34):

γ1

h
(
1
2

) · f (a+ b

2

)
≤Γ(α)

b− a

[
a∇−αf(b) + ∆−α

b−1f(a− α)
]

≤
[
f(a) + f(b)

]
· γ2,

(3.36)

where γ1, γ2 are given in Theorem 3.5.

Remark 3.6. If the special functions are taken in Theorem 3.5, the corresponding
discrete H-H inequalities for fractional order related to the endpoint can be obtained:

(1) If h(x) = xs, then (3.34) becomes an inequality for s-convex functions in the
second sense on Z:

2sγ1 · f
(
a+ b

2

)
≤Γ(α)

b− a

[
a∇−αf(b) +∇−α

b f(a)
]

≤
[
f(a) + f(b)

]
×
∫
T[a,b]

(
(b− a)t+ 1

)α−1[
ts + (1− t)s

]
∆̃t,

(3.37)

where γ1 is given in Theorem 3.5.

(2) If h(x) = x, then (3.34) becomes an inequality for convex functions on Z:

f

(
a+ b

2

)
≤ Γ(α)

2γ1(b− a)

[
a∇−αf(b) +∇−α

b f(a)
]
≤ f(a) + f(b)

2
, (3.38)

where γ1 is given in Theorem 3.5.

(3) If h(x) = 1, then (3.34) becomes an inequality for P -functions on Z:

f

(
a+ b

2

)
≤ Γ(α)

γ1(b− a)

[
a∇−αf(b) +∇−α

b f(a)
]
≤ 2
[
f(a) + f(b)

]
, (3.39)

where γ1 is given in Theorem 3.5.

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for frac-
tional order in the above special cases of (1)-(3) can be obtained from Corollary
3.5, where we just reverse the inequality signs in (3.37)-(3.39).

The following theorem extends the discrete H-H inequalities for integer order in
Theorem 3.2 to fractional forms involving the nabla fractional sums.
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Theorem 3.6. Suppose that f : [a, b]Z → R is an h-convex function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then for α > 0, we have

γ3

2h
(
1
2

) · f (a+ b

2

)
≤ Γ(α)

b− a

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]
≤ f(a) + f(b)

2
· γ4, (3.40)

where

γ3 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

∆̃t,

γ4 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1 [
h

(
t

2

)
+ h

(
1− t

2

)]
∆̃t.

Proof. Fixing t ∈ T[ a+b2 ,b] \ {0, 1}, we define

x =
t

2
a+

2− t

2
b, y =

2− t

2
a+ tb,

then x, y ∈ [a, b]Z and x+y
2 = a+b

2 ∈ Z. Since f is an h-convex function on [x, y]Z
(or [y, x]Z), we have

f

(
x+ y

2

)
≤ h

(
1

2

)[
f(x) + f(y)

]
,

that is

f

(
a+ b

2

)
≤ h

(
1

2

)[
f

(
t

2
a+

2− t

2
b

)
+ f

(
2− t

2
a+

t

2
b

)]
≤ h

(
1

2

)[
h

(
t

2

)
+ h

(
2− t

2

)] [
f(a) + f(b)

]
.

Multiplying each term by
(
b−a
2 t+ 1

)α−1
and integrating with respect to t over

T[ a+b2 ,b], then we have

∫
T
[ a+b2

,b]

f

(
a+ b

2

)(
b− a

2
t+ 1

)α−1

∆̃t

≤h
(
1

2

)∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
t

2
a+

2− t

2
b

)
∆̃t (3.41)

+

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
2− t

2
a+

t

2
b

)
∆̃t


≤h
(
1

2

)[
f(a) + f(b)

]
×
∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1 [
h

(
t

2

)
+ h

(
1− t

2

)]
∆̃t,
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namely,

γ3 · f
(
a+ b

2

)
≤h
(
1

2

)∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
t

2
a+

2− t

2
b

)
∆̃t

+

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
2− t

2
a+

t

2
b

)
∆̃t


≤h
(
1

2

)[
f(a) + f(b)

]
· γ4,

(3.42)

where

γ3 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

∆̃t,

γ4 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1 [
h

(
t

2

)
+ h

(
1− t

2

)]
∆̃t.

Define

r3 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
t

2
a+

2− t

2
b

)
∆̃t,

r4 =

∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1

f

(
2− t

2
a+

t

2
b

)
∆̃t.

Then r3 = 2Γ(α)
b−a a+b

2
∇−αf(b), r4 = 2Γ(α)

b−a ∇−α
a+b
2

f(a) (see [37]).

Thus, we have

γ3 · f
(
a+ b

2

)
≤
2h
(
1
2

)
Γ(α)

b− a

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]

≤h
(
1

2

)[
f(a) + f(b)

]
· γ4,

(3.43)

which means inequality (3.40) holds.

Corollary 3.6. Suppose that f : [a, b]Z → R is an h-concave function with a < b,
a, b, a+b2 ∈ Z, and h

(
1
2

)
̸= 0. Then for α > 0, we have

γ3

2h
(
1
2

) · f (a+ b

2

)
≥ Γ(α)

b− a

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]
≥ f(a) + f(b)

2
· γ4, (3.44)

where γ3, γ4 are given in Theorem 3.6.

Similar to the proof of Theorem 3.6, changing direction with every inequality
sign, this result is obtained.

Remark 3.7. Concerning the above discrete H-H inequalities for fractional order,
we obtain
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(1) For α = 1, Theorem 3.6 reduces to Theorem 3.2.

(2) According to the relationship between the delta right fractional sum and the
nabla right fractional sum: ∆−α

b−1f(a− α) = ∇−α
b f(a), the following inequality

are equivalent to inequality (3.40):

γ3

2h
(
1
2

) · f (a+ b

2

)
≤Γ(α)

b− a

[
a+b
2
∇−αf(b) + ∆−α

a+b
2 −1

f(a− α)
]

≤f(a) + f(b)

2
· γ4,

(3.45)

where γ3, γ3 are given in Theorem 3.6.

Remark 3.8. If the special functions are taken in Theorem 3.6, the correspond-
ing discrete H-H inequalities for fractional order related to the midpoint can be
obtained:

(1) If h(x) = xs, then (3.40) becomes an inequality for s-convex functions in the
second sense on Z:

2s−1γ3·f
(
a+ b

2

)
≤Γ(α)

b− a

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]

≤f(a) + f(b)

2

×
∫
T
[ a+b2

,b]

(
b− a

2
t+ 1

)α−1 [(
t

2

)s
+

(
2− t

2

)s]
∆̃t,

(3.46)

where γ3 is given in Theorem 3.6.

(2) If h(x) = x, then (3.40) becomes an inequality for convex functions on Z:

f

(
a+ b

2

)
≤ Γ(α)

γ3(b− a)

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]
≤ f(a) + f(b)

2
, (3.47)

where γ3 is given in Theorem 3.6.

(3) If h(x) = 1, then (3.40) becomes an inequality for P -functions on Z:

f

(
a+ b

2

)
≤ 2Γ(α)

γ3(b− a)

[
a+b
2
∇−αf(b) +∇−α

a+b
2

f(a)
]
≤ 2
[
f(a) + f(b)

]
, (3.48)

where γ3 is given in Theorem 3.6.

(4) If f is an h-concave function on Z, the three discrete H-H inequalities for frac-
tional order in the above special cases of (1)-(3) can be obtained from Corollary
3.6, where we just reverse the inequality signs in (3.46)-(3.48).

3.2. Discrete Hermite-Hadamard inequalities for preinvex func-
tions and its generalization

First, we prove the discrete H-H inequalities for integer order via preinvex func-
tions on Z related to the endpoints.
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Theorem 3.7. Suppose that f : [a, a + ψ(b, a)]Z → R is a preinvex function with

ψ(b, a) > 0, a, b, ψ(b,a)2 ∈ Z, and satisfies Proposition 2.1. Then we have

f

(
a+

1

2
ψ(b, a)

)
≤ 1

2ψ(b, a)

[∫ a+ψ(b,a)

a

f(τ)∇τ +
∫ a+ψ(b,a)

a

f(τ)∆τ

]

≤f(a) + f(b)

2
.

(3.49)

Proof. Fixing t ∈ T[a,a+ψ(b,a)] \ {0, 1}, we define

x = a+ tψ(b, a), y = a+ (1− t)ψ(b, a).

Obviously, we can get x, y ∈ [a, a+ψ(b, a)]Z and x+y
2 ∈ Z. Since f is a preinvex

function on [x, y]Z (or [y, x]Z), we have

f

(
x+

1

2
ψ(y, x)

)
≤ 1

2

[
f(x) + f(y)

]
.

This implies that

f

(
a+ tψ(b, a) +

1

2
ψ
(
a+ (1− t)ψ(b, a), a+ tψ(b, a)

))
≤1

2

[
f(a+ tψ(b, a)) + f(a+ (1− t)ψ(b, a))

]
≤1

2

[
tf(b) + (1− t)f(a) + (1− t)f(b) + tf(a)

]
≤f(a) + f(b)

2
.

According to Proposition 2.1, we have

f

(
a+

1

2
ψ(b, a)

)
≤ 1

2

[
f(a+ tψ(b, a)) + f(a+ (1− t)ψ(b, a))

]
≤ f(a) + f(b)

2
.

Integrating the above inequalities with respect to t over T[a,a+ψ(b,a)], then we
have∫

T[a,a+ψ(b,a)]

f

(
a+

1

2
ψ(b, a)

)
∆̃t

≤1

2

∫
T[a,a+ψ(b,a)]

[
f(a+ tψ(b, a)) + f(a+ (1− t)ψ(b, a))

]
∆̃t

≤
∫
T[a,a+ψ(b,a)]

f(a) + f(b)

2
∆̃t.

(3.50)

Define

l1 =

∫
T[a,a+ψ(b,a)]

f(a+ (1− t)ψ(b, a))∆̃t,

l2 =

∫
T[a,a+ψ(b,a)]

f(a+ tψ(b, a))∆̃t.
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Calculate l1 and l2 separately below.

First, we assert that l1 = 1
ψ(b,a)

∫ a+ψ(b,a)
a

f(τ)∇τ .
Let k1(t) : [a, a+ ψ(b, a)]Z → T[a,a+ψ(b,a)] be defined by k1(t) = 1− t−a

ψ(b,a) with

t ∈ [a, a + ψ(b, a)]Z. Then k1(t) is decreasing, k−1
1 (t) = a + (1 − t)ψ(b, a) and

(−k∇1 )(t) = 1
ψ(b,a) .

According to Theorem 2.2, we obtain

l1 =

∫ 1=k1(a)

0=k1(a+ψ(b,a))

(f ◦ k−1
1 )(t)∆̃t =

∫ a+ψ(b,a)

a

f(τ)(−k∇1 )(τ)∇τ

=
1

ψ(b, a)

∫ a+ψ(b,a)

a

f(τ)∇τ.

Next, we prove that l2 = 1
ψ(b,a)

∫ a+ψ(b,a)
a

f(τ)∆τ .

Let k2(t) : [a, a+ ψ(b, a)]Z → T[a,a+ψ(b,a)] be defined by k2(t) =
t−a
ψ(b,a) with t ∈

[a, a+ ψ(b, a)]Z. Then k2(t) is increasing, k
−1
2 (t) = a+ tψ(b, a) and k∆2 (t) = 1

ψ(b,a) .

Using Theorem 2.1, we get

l2 =

∫ 1=k2(a+ψ(b,a))

0=k2(a)

(f ◦ k−1
2 )(t)∆̃t =

∫ a+ψ(b,a)

a

f(τ)k∆2 (τ)∆τ

=
1

ψ(b, a)

∫ a+ψ(b,a)

a

f(τ)∆τ.

Inserting l1 and l2 into (3.50), we find that

f

(
a+

1

2
ψ(b, a)

)
≤ 1

2ψ(b, a)

[∫ a+ψ(b,a)

a

f(τ)∇τ +
∫ a+ψ(b,a)

a

f(τ)∆τ

]

≤f(a) + f(b)

2
.

(3.51)

Therefore, the inequality (3.49) hold.

Remark 3.9. If we choose ψ(b, a) = b − a in Theorem 3.7, the inequality (3.49)
reduce to inequality (3.6).

Next, we prove the discrete H-H inequalities for integer order via preinvex func-
tions in Z related to the midpoint.

Theorem 3.8. Suppose that f : [a, a + ψ(b, a)]Z → R is a preinvex function with

ψ(b, a) > 0, a, b, ψ(b,a)2 ∈ Z, and satisfies Proposition 2.1. Then we have

f

(
a+

ψ(b, a)

2

)
≤ 1

ψ(b, a)

[∫ a+ψ(b,a)

a+
ψ(b,a)

2

f(τ)∇τ +
∫ a+

ψ(b,a)
2

a

f(τ)∆τ

]

≤f(a) + f(b)

2
.

(3.52)

Proof. Fixing t ∈ T[a+ψ(b,a)
2 ,a+ψ(b,a)] \ {0, 1}, we define

x = a+
t

2
ψ(b, a), y = a+

2− t

2
ψ(b, a),
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then x, y ∈ [a, a + ψ(b, a)]Z and x+y
2 ∈ Z. Since f is a preinvex function on [x, y]Z

(or [y, x]Z), we have

f

(
x+

1

2
ψ(y, x)

)
≤ 1

2

[
f(x) + f(y)

]
.

This implies that

f

(
a+

t

2
ψ(b, a) +

1

2
ψ

(
a+

2− t

2
ψ(b, a), a+

t

2
ψ(b, a)

))
≤ 1

2

[
f

(
a+

2− t

2
ψ(b, a)

)
+ f

(
a+

t

2
ψ(b, a)

)]
≤ 1

2

[
2− t

2
f(b) +

t

2
f(a) +

t

2
f(b) +

2− t

2
f(a)

]
=
f(a) + f(b)

2
.

According to Proposition 2.1, we have

f

(
a+

1

2
ψ(b, a)

)
≤1

2

[
f

(
a+

2− t

2
ψ(b, a)

)
+ f

(
a+

t

2
ψ(b, a)

)]
≤f(a) + f(b)

2
.

Integrating the above inequalities with respect to t over T[a+ψ(b,a)
2 ,a+ψ(b,a)], then

we have∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

f

(
a+

1

2
ψ(b, a)

)
∆̃t

≤ 1

2

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

[
f

(
a+

2− t

2
ψ(b, a)

)
+ f

(
a+

t

2
ψ(b, a)

)]
∆̃t (3.53)

≤ 1

2

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

[
f(a) + f(b)

]
∆̃t.

Define

r1 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

f

(
a+

2− t

2
ψ(b, a)

)
∆̃t,

r2 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

f

(
a+

t

2
ψ(b, a)

)
∆̃t.

Calculate r1 and r2 separately below.

First, we assert that r1 = 2
ψ(b,a)

∫ a+ψ(b,a)
a+

ψ(b,a)
2

f(τ)∇τ .

Let s1(t) :
[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
→ T[a+ψ(b,a)

2 ,a+ψ(b,a)] be defined by s1(t) =

2 − 2(t−a)
ψ(b,a) with t ∈

[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
. Then s1(t) is decreasing, s−1

1 (t) =

a+ 2−t
2 ψ(b, a) and (−s∇1 )(t) = 2

ψ(b,a) .
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According to Theorem 2.2, we obtain

r1 =

∫ 1=s1(a+ψ(b,a)
2 )

0=s1(a+ψ(b,a))

(f ◦ s−1
1 )(t)∆̃t =

∫ a+ψ(b,a)

a+
ψ(b,a)

2

f(τ)(−s∇1 )(τ)∇τ

=
2

ψ(b, a)

∫ a+ψ(b,a)

a+
ψ(b,a)

2

f(τ)∇τ.

Next, we prove that r2 = 2
ψ(b,a)

∫ a+ψ(b,a)
2

a
f(τ)∆τ .

Assume that t =
2
(
a+ψ(b,a)−τ

)
ψ(b,a) with τ ∈

[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
.

Setting τ̂ = 2a + ψ(b, a) − τ and t̂ = 2(τ̂−a)
ψ(b,a) , we have τ̂ ∈

[
a, a+ ψ(b,a)

2

]
Z
and

t̂ ∈ T[a,a+ψ(b,a)
2 ]. Hence

r2 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

f

(
a+

t

2
ψ(b, a)

)
∆̃t

=

∫
T
[a,a+ψ(b,a)

2 ]

f

(
a+

t̂

2
ψ(b, a)

)
∆̃t̂.

Let s2(t) :
[
a, a+ ψ(b,a)

2

]
Z
→ T[a,a+ψ(b,a)

2 ] be defined by s2(t) =
2(t−a)
ψ(b,a) with t ∈[

a, a+ ψ(b,a)
2

]
Z
. Then s2(t) is increasing, s

−1
2 (t) = a+ t

2ψ(b, a) and s
∆
2 (t) =

2
ψ(b,a) .

Using Theorem 2.1, we get

r2 =

∫ 1=s2(a+ψ(b,a)
2 )

0=s2(a)

(f ◦ s−1
2 )(t̂)∆̃t̂ =

∫ a+
ψ(b,a)

2

a

f(τ)s∆2 (τ)∆τ

=
2

ψ(b, a)

∫ a+
ψ(b,a)

2

a

f(τ)∆τ.

Inserting r1 and r2 into (3.53), we find that

f

(
a+

ψ(b, a)

2

)
≤ 1

ψ(b, a)

[∫ a+ψ(b,a)

a+
ψ(b,a)

2

f(τ)∇τ +
∫ a+

ψ(b,a)
2

a

f(τ)∆τ

]

≤f(a) + f(b)

2
.

Therefore, the inequality (3.52) hold.

Remark 3.10. If we choose ψ(b, a) = b − a in Theorem 3.8, the inequality (3.52)
reduce to inequality (3.12).

The following theorem extends the H-H inequalities for integer order in Theorem
3.7 to fractional forms involving the nabla fractional sums.
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Theorem 3.9. Suppose that f : [a, a + ψ(b, a)]Z → R is a preinvex function with

ψ(b, a) > 0, a, b, ψ(b,a)2 ∈ Z, and satisfies Proposition 2.1. Then for α > 0, we have

f

(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

2η1ψ(b, a)

[
a∇−αf(t)|t=a+ψ(b,a) +∇−α

a+ψ(b,a)f(t)|t=a
]

≤f(a) + f(b)

2
,

(3.54)

where

η1 =

∫
T[a,a+ψ(b,a)]

(
ψ(b, a) + 1

)α−1
∆̃t.

Proof. Fixing t ∈ T[a,a+ψ(b,a)] \ {0, 1}, we define

x = a+ tψ(b, a), y = a+ (1− t)ψ(b, a).

Obviously, we can get that x, y ∈ [a, a + ψ(b, a)]Z and x+y
2 ∈ Z. Since f is a

preinvex function on [x, y]Z (or [y, x]Z), we have

f

(
x+

1

2
ψ(y, x)

)
≤ 1

2

[
f(x) + f(y)

]
.

This implies that

f

(
a+ tψ(b, a) +

1

2
ψ
(
a+ (1− t)ψ(b, a), a+ tψ(b, a)

))
≤ 1

2

[
f(a+ tψ(b, a)) + f(a+ (1− t)ψ(b, a))

]
≤ 1

2

[
tf(b) + (1− t)f(a) + (1− t)f(b) + tf(a)

]
≤ f(a) + f(b)

2
.

According to Proposition 2.1, we have

f

(
a+

1

2
ψ(b, a)

)
≤ 1

2

[
f(a+ tψ(b, a)) + f(a+ (1− t)ψ(b, a))

]
≤ f(a) + f(b)

2
.

Multiplying each term by
(
ψ(b, a)t + 1

)α−1
and integrating with respect to t

over T[a,a+ψ(b,a)], then we have∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f

(
a+

1

2
ψ(b, a)

)
∆̃t

≤1

2

[∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ tψ(b, a))∆̃t

+

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ (1− t)ψ(b, a))

]
∆̃t

]

≤f(a) + f(b)

2

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
∆̃t,
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namely,

η1 · f
(
a+

1

2
ψ(b, a)

)
≤1

2

[∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ tψ(b, a))∆̃t

+

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ (1− t)ψ(b, a))

]
∆̃t

]

≤f(a) + f(b)

2
· η1,

where

η1 =

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
∆̃t.

Define

l3 =

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ (1− t)ψ(b, a))

]
∆̃t,

l4 =

∫
T[a,a+ψ(b,a)]

(
ψ(b, a)t+ 1

)α−1
f(a+ tψ(b, a))∆̃t.

Calculate l3 and l4 separately below.

First, we assert that l3 = Γ(α)
ψ(b,a)a∇

−αf(t)|t=a+ψ(b,a).
Let k3(t) : [a, a+ ψ(b, a)]Z → T[a,a+ψ(b,a)] be defined by k3(t) = 1− t−a

ψ(b,a) with

t ∈ [a, a + ψ(b, a)]Z. Then k3(t) is decreasing, k−1
3 (t) = a + (1 − t)ψ(b, a) and

(−k∇3 )(t) = 1
ψ(b,a) .

In addition, let g1(t) = (a+ψ(b, a)− t+1)α−1, and F1(t) = g1(t)f(t). Then we
obtain

F1(k
−1
3 (t)) = g1(k

−1
3 (t))f(k−1

3 (t)) =
(
tψ(b, a) + 1

)α−1
f
(
a+ (1− t)ψ(b, a)

)
,

so, l3 =
∫
T[a,a+ψ(b,a)]

F1(k
−1
3 (t))∆̃t.

Making use of Theorem 2.2, we have

l3 =

∫ 1=k3(a)

0=k3(a+ψ(b,a))

(F1 ◦ k−1
3 )(t)∆̃t =

∫ a+ψ(b,a)

a

F1(τ)(−k∇3 )(τ)∇τ

=
1

ψ(b, a)

∫ a+ψ(b,a)

a

(a+ ψ(b, a)− τ + 1)α−1f(τ)∇τ

=
Γ(α)

ψ(b, a)
a∇−αf(t)|t=a+ψ(b,a).

Next, we assert that l4 = Γ(α)
ψ(b,a)∇

−α
a+ψ(b,a)f(t)|t=a.

Let k4(t) : [a, a+ ψ(b, a)]Z → T[a,a+ψ(b,a)] be defined by k4(t) =
t−a
ψ(b,a) with t ∈

[a, a+ ψ(b, a)]Z. Then k4(t) is increasing, k
−1
4 (t) = a+ tψ(b, a) and k∆4 (t) = 1

ψ(b,a) .

In addition, let g2(t) = (t− a+ 1)α−1, and F2(t) = g2(t)f(t). Then we obtain

F2(k
−1
4 (t)) = g2(k

−1
4 (t))f(k−1

4 (t)) =
(
ψ(b, a)t+ 1

)α−1
f
(
a+ tψ(b, a)

)
,
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so, l4 =
∫
T[a,a+ψ(b,a)]

F2(k
−1
4 (t))∆̃t.

Using Theorem 2.1, we get

l4 =

∫ 1=k4(a+ψ(b,a))

0=k4(a)

(F2 ◦ k−1
4 )(t)∆̃t =

∫ a+ψ(b,a)

a

F2(τ)k
∆
4 (τ)∆τ

=
1

ψ(b, a)

∫ a+ψ(b,a)

a

(τ − a+ 1)α−1f(τ)∆τ

=
Γ(α)

ψ(b, a)
∇−α
a+ψ(b,a)f(t)|t=a.

Thus, we obtain

η1 · f
(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

2ψ(b, a)

[
a∇−αf(t)|t=a+ψ(b,a) +∇−α

a+ψ(b,a)f(t)|t=a
]

≤f(a) + f(b)

2
· η1,

which means inequality (3.54) hold.

Remark 3.11. Concerning the above discrete H-H inequalities for fractional order,
we obtain

(1) For α = 1, Theorem 3.9 reduces to Theorem 3.7.

(2) According to the relationship between the delta right fractional sum and the
nabla right fractional sum: ∆−α

b−1f(a− α) = ∇−α
b f(a), the following inequality

are equivalent to inequality (3.54):

f

(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

2η1ψ(b, a)

[
a∇−αf(t)|t=a+ψ(b,a) +∆−α

a+ψ(b,a)−1f(t)|t=a−α
]

≤f(a) + f(b)

2
,

(3.55)

where η1 is given in Theorem 3.9.

Remark 3.12. If we choose ψ(b, a) = b − a in Theorem 3.9, the inequality (3.54)
reduce to inequality (3.38).

The following theorem extends the H-H inequalities for integer order in Theorem
3.8 to fractional forms involving the nabla fractional sums.

Theorem 3.10. Suppose that f : [a, a+ ψ(b, a)]Z → R is a preinvex function with

ψ(b, a) > 0, a, b, ψ(b,a)2 ∈ Z, and satisfies Proposition 2.1. Then for α > 0, we have

f

(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

η2ψ(b, a)

[
a+

ψ(b,a)
2

∇−αf(t)|t=a+ψ(b,a) +∇−α
a+

ψ(b,a)
2

f(t)|t=a
]

≤f(a) + f(b)

2
,

(3.56)
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where

η2 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
+ 1

)α−1

∆̃t.

Proof. Fixing t ∈ T[a+ψ(b,a)
2 ,a+ψ(b,a)] \ {0, 1}, we define

x = a+
t

2
ψ(b, a), y = a+

2− t

2
ψ(b, a),

then x, y ∈ [a, a + ψ(b, a)]Z and x+y
2 ∈ Z. Since f is a preinvex function on [x, y]Z

(or [y, x]Z), we have

f

(
x+

1

2
ψ(y, x)

)
≤ 1

2

[
f(x) + f(y)

]
,

that is

f

(
a+

t

2
ψ(b, a) +

1

2
ψ

(
a+

2− t

2
ψ(b, a), a+

t

2
ψ(b, a)

))
≤ 1

2

[
f

(
a+

2− t

2
ψ(b, a)

)
+ f

(
a+

t

2
ψ(b, a)

)]
≤ 1

2

[
2− t

2
f(b) +

t

2
f(a) +

t

2
f(b) +

2− t

2
f(a)

]
=
f(a) + f(b)

2
.

According to Proposition 2.1, we have

f

(
a+

1

2
ψ(b, a)

)
≤1

2

[
f

(
a+

2− t

2
ψ(b, a)

)
+ f

(
a+

t

2
ψ(b, a)

)]
≤f(a) + f(b)

2
.

Multiplying each term by
(
ψ(b,a)

2 t+ 1
)α−1

and integrating with respect to t

over T[a+ψ(b,a)
2 ,a+ψ(b,a)], then we have

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

f

(
a+

1

2
ψ(b, a)

)(
ψ(b, a)

2
t+ 1

)α−1

∆̃t

≤1

2

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

2− t

2
ψ(b, a)

)
∆̃t (3.57)

+

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

t

2
ψ(b, a)

)
∆̃t


≤f(a) + f(b)

2

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

∆̃t,
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namely,

η2 · f
(
a+

1

2
ψ(b, a)

)

≤1

2

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

2− t

2
ψ(b, a)

)
∆̃t

+

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

t

2
ψ(b, a)

)
∆̃t


≤f(a) + f(b)

2
· η2,

(3.58)

where

η2 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

∆̃t.

Define

r3 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

2− t

2
ψ(b, a)

)
∆̃t,

r4 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

t

2
ψ(b, a)

)
∆̃t.

Calculate r3 and r4 separately below.

First, we assert that r3 = 2Γ(α)
ψ(b,a)a+

ψ(b,a)
2

∇−αf(t)|t=a+ψ(b,a).

Let s3(t) :
[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
→ T[a+ψ(b,a)

2 ,a+ψ(b,a)] be defined by s3(t) =

2 − 2(t−a)
ψ(b,a) with t ∈

[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
. Then s3(t) is decreasing, s−1

3 (t) =

a+ 2−t
2 ψ(b, a) and (−s∇3 )(t) = 2

ψ(b,a) .

In addition, let g3(t) = (a+ψ(b, a)− t+1)α−1, and F3(t) = g3(t)f(t). Then we
obtain

F3(s
−1
3 (t)) = g3(s

−1
3 (t))f(s−1

3 (t)) =

(
t

2
ψ(b, a) + 1

)α−1

f

(
a+

2− t

2
ψ(b, a)

)
,

so, r3 =
∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

F3(s
−1
3 (t))∆̃t.

According to Theorem 2.2, we obtain

r3 =

∫ 1=s3(a+ψ(b,a)
2 )

0=s3(a+ψ(b,a))

(F3 ◦ s−1
3 )(t)∆̃t =

∫ a+ψ(b,a)

a+
ψ(b,a)

2

F3(τ)(−s∇3 )(τ)∇τ

=
2

ψ(b, a)

∫ a+ψ(b,a)

a+
ψ(b,a)

2

(a+ ψ(b, a)− τ + 1)α−1f(τ)∇τ

=
2Γ(α)

ψ(b, a)a+
ψ(b,a)

2
∇−αf(t)|t=a+ψ(b,a).
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Next, we claim that r4 = 2Γ(α)
ψ(b,a)∇

−α
a+

ψ(b,a)
2

f(t)|t=a.

Assume that t = 2(a+ψ(b,a)−τ)
ψ(b,a) with τ ∈

[
a+ ψ(b,a)

2 , a+ ψ(b, a)
]
Z
.

Setting τ̂ = 2a + ψ(b, a) − τ and t̂ = 2(τ̂−a)
ψ(b,a) , we have τ̂ ∈

[
a, a+ ψ(b,a)

2

]
Z
and

t̂ ∈ T[a,a+ψ(b,a)
2 ]. Hence

r4 =

∫
T
[a+ψ(b,a)

2
,a+ψ(b,a)]

(
ψ(b, a)

2
t+ 1

)α−1

f

(
a+

t

2
ψ(b, a)

)
∆̃t

=

∫
T
[a,a+ψ(b,a)

2 ]

(
ψ(b, a)

2
t̂+ 1

)α−1

f

(
a+

t̂

2
ψ(b, a)

)
∆̃t̂.

Let s4(t) :
[
a, a+ ψ(b,a)

2

]
Z
→ T[a,a+ψ(b,a)

2 ] be defined by s4(t) =
2(t−a)
ψ(b,a) with t ∈[

a, a+ ψ(b,a)
2

]
Z
. Then s4(t) is increasing, s

−1
4 (t) = a+ t

2ψ(b, a) and s
∆
4 (t) =

2
ψ(b,a) .

In addition, let g4(t) = (t− a+ 1)α−1, and F4(t) = g4(t)f(t). Then we obtain

F4(s
−1
4 (t)) = g4(s

−1
4 (t))f(s−1

4 (t)) =

(
t

2
ψ(b, a) + 1

)α−1

f

(
a+

t

2
ψ(b, a)

)
,

so, r4 =
∫
T
[a,a+ψ(b,a)

2 ]
F4(s

−1
4 (t̂))∆̃t̂.

Using Theorem 2.1, we get

r4 =

∫ 1=s4(a+ψ(b,a)
2 )

0=s4(a)

(F4 ◦ s−1
4 )(t̂)∆̃t̂ =

∫ a+
ψ(b,a)

2

a

F4(τ)s
∆
4 (τ)∆τ

=
2

ψ(b, a)

∫ a+
ψ(b,a)

2

a

(τ − a+ 1)α−1f(τ)∆τ

=
2Γ(α)

ψ(b, a)
∇−α
a+

ψ(b,a)
2

f(t)|t=a.

Thus, we have

η2 · f
(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

ψ(b, a)

[
a+

ψ(b,a)
2

∇−αf(t)|t=a+ψ(b,a) +∇−α
a+

ψ(b,a)
2

f(t)|t=a
]

≤ f(a) + f(b)

2
· η2,

(3.59)

which means inequality (3.56) hold.

Remark 3.13. Concerning the above discrete H-H inequalities for fractional order,
we obtain

(1) For α = 1, Theorem 3.10 reduces to Theorem 3.8.
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(2) According to the relationship between the delta right fractional sum and the
nabla right fractional sum: ∆−α

b−1f(a− α) = ∇−α
b f(a), the following inequality

are equivalent to inequality (3.56):

f

(
a+

1

2
ψ(b, a)

)
≤ Γ(α)

η2ψ(b, a)

[
a+

ψ(b,a)
2

∇−αf(t)|t=a+ψ(b,a) +∆−α
a+

ψ(b,a)
2 −1

f(t)|t=a−α
]

≤f(a) + f(b)

2
,

(3.60)

where η2 is given in Theorem 3.10.

Remark 3.14. If we choose ψ(b, a) = b− a in Theorem 3.10, the inequality (3.56)
reduce to inequality (3.47).

4. Conclusion

We define two new convex functions: h-convex and preinvex on the time scale
Z. Based on these two new definitions, some new discrete Hermite-Hadamard in-
equalities for integer order and fractional order are obtained. Our results generalize
the discrete Hermite-Hadamard inequalities for P -functions, convex functions, and
s-convex functions in the second sense on the time scale Z. In addition, by dividing
the defined intervals differently, two new generalized discrete Hermite-Hadamard
inequalities for h-convex on the time scale Z are obtained, which is another im-
portant innovation of this paper. These results play an important role in studying
the qualitative properties of difference equations. Some inequalities involving other
time scales or sum operators also can be provided in the future.
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