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Abstract. We present the development and analysis of a reinforcement learning algorithm designed to solve
continuous-space mean field game (MFG) and mean field control (MFC) problems in a unified manner. The
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via a parameterized score function, which can be efficiently updated in an online fashion, and uses Langevin
dynamics to obtain samples from the resulting distribution. The AC agent and the score function are updated
iteratively to converge, either to the MFG equilibrium or the MFC optimum for a given mean field problem,
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solve mixed mean field control games. The performance of our algorithm is evaluated using linear-quadratic
benchmarks in the asymptotic infinite horizon framework.
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1 Introduction

Mean field games and mean field control — collectively dubbed mean field problems —
are mathematical frameworks used to model and analyze the behavior and optimiza-
tion of large-scale, interacting agents in settings with varying degrees of cooperation.
Since the early 2000s, with the seminal works [21} 28], MFGs have been used to study
the equilibrium strategies of competitive agents in a large population, accounting for the
aggregate behavior of the other agents. Alternately, MFC, which is equivalent to optimal
control of McKean-Vlasov SDEs [31}32], focuses on optimizing the behavior of a central
decision-maker controlling the population in a cooperative fashion. Cast in the language
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of stochastic optimal control, both frameworks center on finding an optimal control a;,
which minimizes a cost functional objective J(«) subject to given state dynamics in the
form of a stochastic differential equation. What distinguishes mean field problems from
classical optimal control is the presence of the mean field distribution yt, which may influ-
ence both the cost functional and the state dynamics. The mean field is characterized by
a flow of probability measures that emulates the effect of a large number of participants
whose individual states are negligible but whose influence appears in the aggregate. In
this setting, the state process X; models a representative player from the crowd in the
sense that the mean field should ultimately be the law of the state process: u = L(X;).
The distinction between MFG and MFC, a competitive game versus a cooperative gover-
nance, is made rigorous by precisely how we enforce the relationship between p; and X;.
We will address the details of the MFG/MFC dichotomy in greater depth in Section 2l

MEFG and MEFC theories have been instrumental in understanding and solving prob-
lems in a wide range of disciplines, such as economics, social sciences, biology, and en-
gineering. In finance, mean field problems have been applied to model and analyze the
behavior of investors and markets. For instance, MFG can be used to model the trading
strategies of individual investors in a financial market, taking into account the impact of
the overall market dynamics. Similarly, MFC can help optimize the management of large
portfolios, where the central decision-maker seeks to maximize returns while considering
the average behavior of other investors. For in-depth examples of mean field problems in
finance, we refer the reader to [10-12].

Although traditional numerical methods for solving MFG and MFC problems have
proceeded along two avenues, solving a pair of coupled partial differential equations
(PDE) [13] or a forward-backward system of stochastic differential equations (FBSDE)
[6], there has been growing interest in solving mean field problems in a model-free way
[314,[14][19,129,[34]. With this in mind, we turn to reinforcement learning (RL), an area
of machine learning that trains an agent to make optimal decisions through interactions
with a “black box” environment. RL can be employed to solve complex problems, such as
those found in finance, traffic control, and energy management, in a model-free manner.
A key feature of RL is its ability to learn from trial-and-error experiences, refining decision-
making policies to maximize cumulative rewards. Temporal difference (TD) methods [37]
are a class of RL algorithms that are particularly well-suited for this purpose. They es-
timate value functions by updating estimates based on differences between successive
time steps, combining the benefits of both dynamic programming and Monte Carlo ap-
proaches for efficient learning without requiring a complete model of the environment.
For a comprehensive overview of the foundations and numerous families of RL strate-
gies, consult [38]. Actor-critic (AC) algorithms — the modern incarnations of which were
introduced in — are a popular subclass of TD methods where separate components,
the actor and the critic, are used to update estimates of both a policy and a value function.
The actor is responsible for selecting actions based on the current policy, while the critic
evaluates the chosen actions and provides feedback to update the policy. By combining
the strengths of both policy- and value-based approaches, AC algorithms achieve more
stable and efficient learning.



J. Mach. Learn., 4(1):11-47 13

The mean field term itself poses an interesting problem regarding how to numerically
store and update a probability measure on a continuous space in an efficient manner. Some
authors have chosen to discretize the continuous space, which leads to a vectorized repre-
sentation as in [3]4], while others have looked towards deep learning and deep generative
models [34]. We extend the latter avenue by considering a method of distributional learn-
ing known as score-matching [22] in which a probability distribution is represented by the
gradient of its log density, i.e. its Stein score function. A parametric representation of the
score function is updated using samples from the underlying distribution and allows us
to compute new samples from the distribution using a discrete version of Langevin dy-
namics. We explain how to modify the score-matching procedure for our online regime in
Section

Building off of the work of [3,/4], in which the authors adapt tabular Q-learning to
solve discrete-space MFG and MFC problems, the main contributions of this papers are:

1. We address continuous-state and -action space mean field problems in a unified man-
ner by developing an AC algorithm inspired by advantage actor-critic [33]. This
means that, for a given mean field problem, we use the same algorithm to converge
to the MFG and MFC solutions simply by adjusting the relative learning rates of the
parametric representations of the actor, critic, and mean field distribution. Compared
to Q-learning, our proposed algorithm excels in handling continuous or large finite
state- and action-spaces, thanks to our neural network implementation. Addition-
ally, it has the advantage of directly learning a policy.

2. To effectively represent the mean field distribution in continuous space, we employ
the score function, defined as the gradient of its log density. We parameterize the
score function using neural networks and update it via score-matching techniques
[22]. Our method then combines the mean field with the actor-critic paradigm by
concurrently learning the score function of the mean field distribution alongside the
optimal control, which we derive from the policy learned by the actor.

Note that our approach relies on a randomized policy for the actor while another direc-
tion of research utilizes entropy-regularization of the value function as in [16}20,42]. See
also the comment in Section 5.5 describing the relationship between the two approaches.
Other papers have concentrated on reinforcement learning for McKean-Vlasov control
problems in continuous-time such as in [44], but our approach treats both MFG and MFC
in the same algorithm. We also refer to [18] for learning MFC problems when the policy
may depend additionally on the population distribution.

The rest of the paper is organized as follows. In Sections 2] and 3] we review the infi-
nite horizon formulation for asymptotic mean field problems and recall the relevant back-
ground from RL, respectively. In Sectiondlwe modify the Markov decision process setting
of RL to apply to mean field problems and present our central algorithm. Numerical re-
sults and comparisons with benchmark solutions are presented in Section5l As a conclud-
ing application, we alter the algorithm in Section[6l to apply to mean field control games
(MFCG), an extension of mean field problems combining both MFG and MFC to model
multiple large homogeneous populations where interactions occur not only within each
group, but also between groups.
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2 Asymptotic infinite horizon mean field problems

In this section, we introduce the framework of mean field games and mean field control
in the continuous-time infinite horizon setting. We further emphasize the mathematical
distinction between the two classes of mean field problems, highlighting that they yield
distinct solutions despite the apparent similarities in their formulation.

In both cases, the mathematical setting is a filtered probability space

O, F,F = (Fi)>o0, P,

satisfying the usual conditions which support an m-dimensional Brownian motion (W);>.
The measurable function f : RY x P,(R?) x RF — R is known as the running cost, where
P (IR?) denotes space of probability measures on R¥ and P5(IRY) is the subspace of P(RR")
with finite s-th-moments. The constant § > 0 is a discount factor, which measures the
relative importance or value of future rewards or costs compared to immediate ones. For
the state dynamics, we have drift b : RY x P»(RY) x R¥ — R? and volatility ¢ : RY x
Py (RY) x RF — R,

We will focus on the asymptotic formulation of the infinite horizon mean field problem.
In this formulation, we seek a control in the feedback form that depends solely on the
state process of the representative player X : [0,00) x QO — R? with no explicit time
dependency. In other words, the control function is of the form & : RY — R, and the
trajectory of the control will be given by a; = a(X;). This choice allows us to frame the
problem more naturally in terms of the Markov decision process setting of reinforcement
learning (see Section[3), which is naturally formulated with time-independent policies.

It was shown in [3] that the asymptotic formulation of the MF problem is the limit of
the traditional time-dependent problem as t — oo in the following sense: the equilibrium
(respectively optimal) control for the time-dependent MFG (respectively MFC) problem
converges to the equilibrium (respectively optimal) control for the asymptotic problem
ast — oo.

2.1 Mean field games

The solution of a mean field game, known as a mean field game equilibrium, is a control-
mean field pair

(&, ) € A x P(RY),

where A is the set of measurable functions a : RY — R, satisfying the following condi-
tions:

1. & solves the stochastic optimal control problem

inf Jy(w) = inf E Uo e PLA(XM, pa(XPP))dt|, B>0 2.1)

subject to

ax;? = b7, 1,0 (X00) dt + o (X, pa (i) aw,, XY =g @)
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2. 1 = limy o0 L’,(Xf"ﬁ), where [,(X;W) refers to the law of Xf”

This problem models a scenario in which an infinitesimal player seeks to integrate
into a crowd of players already in the asymptotic regime as time tends toward infinity.
The resulting stationary distribution represents a Nash equilibrium under the premise
that any new player entering the crowd sees no benefit in diverging from this established
asymptotic behavior.

2.2 Mean field control

A mean field control problem solution is a control a* € A which satisfies an optimal
control problem with McKean-Vlasov dynamics

; — ~ —pBt ' «
0}&2](“) 0‘1&&1]5 [/0 e PHF(XE, u®, a(X])) dt (2.3)
subject to
dXf = b(XF, p*, a(XF)) dt + o (XF, p*, a(XF)) dW:, X5 =¢, (2.4)

using the notation % = lim;_, £(X%). We will also adopt the notation p* to refer to u*"
— the limiting distribution for the mean field distribution under the optimal control. In
this alternate scenario, we are considering the perspective of a central organizer. Their
objective is to identify the control which yields the best possible stationary distribution,
ensuring that the societal costs incurred are the lowest possible when a new individual
integrates into the group.

Although the initial distribution ¢ is specified in both cases, under suitable ergodicity
assumptions, the optimal controls & and a* are independent of this initial distribution. For
an in-depth treatment of infinite horizon mean field problems, with explicit solutions for
the case of linear dynamics and quadratic cost, refer to [30].

2.3 Mean field game/control distinction

We summarize the crucial mathematical distinction between MFG and MFEC. In the former,
one must solve an optimal control problem depending on an arbitrary distribution y and
then recover the mean field /i, which yields the law of the optimal limiting state trajectory.
If we consider the map
S H &
®(u) = lim LX),

where & = argmin J,(a), then the MFG equilibrium arises as a fixed point of ® in the
sense that

p=a(p).
In the latter case, the mean field is explicitly the law of the state process throughout the

optimization and should be thought of as a pure control problem in which the law of the
state process influences the state dynamics. Note that in the MFC case, the distribution y*
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“moves” with the choice of control #, while in the MFG case, it is “frozen” during the op-

timization step and then a fixed point problem is solved. These interpretations play a key

role in guiding the development of this paper’s central algorithm, detailed in Section 4l
Crucially, we conclude this section by noting that, in general,

(@& fr) # (a%, 1) (2.5)

for the same choice of running cost, discount factor, and state dynamics. Indeed, we will
encounter examples of mean field problems with differing solutions when we test our
algorithm against benchmark problems in Section [l

3 Reinforcement learning and actor-critic algorithms

Reinforcement learning is a family of machine learning strategies aimed at choosing the
sequence of actions which maximizes the long-term aggregate reward from an environ-
ment in a model-free way, i.e. assuming no explicit knowledge of the state dynamics or
the reward function. Intuitively, one should imagine a black box environment in which
an autonomous agent makes decisions in discrete time and receives immediate feedback
in the form of a scalar reward signal.

At stage n, the agent is in a state X;, from a given set of states X and selects an ac-
tion Ay, from a set of actions .A. The environment responds by placing the agent in a new
state X}, , and bestowing it with an immediate reward r; ., € R. The agent continues
choosing actions, encountering new states, and obtaining rewards in an attempt to maxi-
mize the total expected discounted return

E

Z ,ynrthrl] 4 (31)
n=0

where v € (0,1) is a discount factor specifying the degree to which the agent prioritizes
immediate reward over long-term returns. The case in which we seek to minimize cost
instead of maximize reward as in most financial applications, can be recast in the above
setting by taking r, ., = —c,., where ¢, , is the immediate cost incurred at the n-th
time-step. The expectation in (B.I) refers to the stochastic transition from X, to X;,
and, eventually, to the randomness in the choice of A;,. When the new state X; , and
immediate reward ¢, , only depend on the preceding state X;, and action A;,, the above
formulation is known as a Markov decision process (MDP).

The agent chooses its actions according to a policy 77 : X — P(A), which defines the
probability that a certain action should be taken in a given state. The goal of the agent is
then to find an optimal policy 7* satisfying

(e9)
* € argmax E
7T

n
,)/ rtn+1 *
n=0

As the reward ry,,, = r(X},, At,) is a function of the current state and current action, the
value to be maximized does indeed depend on the policy 7.
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For a given policy 77, two quantities of interest in RL are the so-called state-value func-
tion v; : X — R and the action-value function g : X x A — R given by

vr(x) =B | Y V'r(Xe,, Ar,) | Xip = x], (3.2)
n=0
Gr(x,a) =Ex| Y v"r(Xt,, Ar,) | Xty = x, Ayy = a] . (3.3)
n=0

The state-value function defines the expected return obtained from beginning in an initial
state x and following the policy 7 from the get-go, whereas the action-value function
defines the expected return starting from x, taking an initial action 4, and then proceeding
according to 7t after the first step. Moreover, v; and g, are related to each other via the

following:
vr(x) = Y 7m(a ] x)qe(x,a).
acA
The action-value function is integral to many RL algorithms since, assuming that the
action-value function g. corresponding to an optimal policy is known, one can derive
an optimal policy by taking the uniform distribution over the actions that maximize g,

(- | x) = unif (argmaxq*(x,a)>.
acA

However, since this paper makes far more use of v, than g,, we will henceforth refer to
the former simply as the “value function” and the latter as the “Q-function” as is common
in the literature. When referring to both v, and g, we may refer to them jointly as the
value functions associated with 7.

For our continuous-space setting, we randomize the policy according to a Gaussian
distribution as explained in Section[3.2]

3.1 Temporal difference methods

In the search for an optimal policy, one often begins with an arbitrary policy, which is
improved as the RL agent gains experience in the environment. A key factor in improving
a policy is an accurate estimate of the associated value function since this allows us to
quantify precisely how much better one policy is over another. The value function satisfies
the celebrated Bellman equation, which relates the value of the current state to that of the
successor state

On(x) = Ex e, +702(Xe,. ) | Xi, = x]. (3.4)

Since the transition from X;, to X;, ,, is Markovian, (3.4) holds for all n > 0, not just the
initial state. Importantly, the Bellman equation uniquely defines the value function for
a given 7, a fact which underlies all algorithms under the umbrella of dynamic program-
ming. Solving the Bellman equation for v, is impossible without knowing the reward
function and state transition dynamics, so an alternative strategy is needed for our model-
free scenario.
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Temporal difference methods center around iteratively updating an approximation V
to v in order to drive to zero the TD error ,,

On i= 1t YV (Xtyyy) — V(X)) (3.5)

at each timestep. TD methods use estimates of the value at future times to update the value
at the current time, a strategy known as “bootstrapping”. More importantly, the TD meth-
ods we reference here require only the immediate transition sequence {X;,,7¢,,,, Xt,., }
and no information regarding the MDP model.

3.2 Actor-critic algorithms

Actor-critic algorithms form a subset of TD methods in which explicit representations of
the policy (the actor) and the value function (the critic) are stored. Often, the represen-
tation of the policy is a parametric family of density functions in which the parameters
are the outputs of another parametric family of functions, e.g. linear functions, polyno-
mials, and neural networks. In the implementation discussed in Section ] our actor is
represented by a feedforward neural network which outputs the mean and standard de-
viation of a normal distribution. The action Ay, is then sampled according to this density.
The benefit of a stochastic policy such as this is that it allows for more exploration of the
environment so that the agent does not myopically converge to a suboptimal policy.

Since the value function simply outputs a scalar, it may be represented by any suffi-
ciently rich family of real-valued functions. Let

[y ~m, Vy=v

be the parametric approximations of 7t and v, both differentiable in their respective param-
eters ¢ and 6. The goal for AC algorithms is to converge to an optimal policy by iteratively
updating the actor to maximize the value function and updating the critic to satisfy the
Bellman equation. For the critic, this suggests minimizing the following loss function at
the n-th step:

2
LI (0) == (ras1 + 1Yo (Xe,r) — Vo(Xe,))* =: 62 (3.6)
Note that the terms inside the square are precisely the TD error d,, from (3.5).
The traditional gradient TD update treats the term y;, | = 41 + YV (X,,,) — known
as the TD target — as a constant and only considers the term —Vj(X},) as a function of 6.

This yields faster convergence from gradient descent as opposed to treating both terms as
variables in 6 [40]. With this in mind, the gradient of Ly is then

VoLy (6) = —26,VeVp(Xy,), (3.7)

meaning that, with some learning rate py > 0, we can update the parameters of the critic
iteratively using gradient descent

0 = 6+ 2016, Vo Vp(Xi,)- (3.8)

Updating the actor, on the other hand, is not so obvious since updating ¢ to maxi-
mize Vjp requires somehow computing VVj. Since the connection between Iy, and Vj is
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not explicit, it is not clear how to compute this gradient a priori. Thankfully, the desired
relation comes in the form of the policy gradient theorem [39], which relates a parameter-
ized policy and its value function via the following;:

Vo, (x) o« En,, [qm1, (X, At, )V log I (At | Xt,)] (3.9)

for any initial state x € X', where vy, and gpy,, are the true value functions associated with
the parameterized policy ITy.
As a result of the Bellman equation, we have the identity

qn(x’ ll) = IET[ [rthrl + ,yvﬂ<th+1 )] ’
given that r;  , was the reward obtained by taking the action 4 in the state x. Moreover,
adding an arbitrary “baseline” value A to qpy, (Xt,, At,) does not alter the gradient in (3.9)

as long as A does not depend on the action A;,. A common baseline value demonstrated
to reduce variance and speed up convergence is A = —oyy, (X4,) [40]. With this in mind,

we can replace qry,, (Xt,, At,) in B.9) with the TD error
On = rn+1 + 011, (Xe, ) — om1, (Xe,),

which allows us to reuse J,, from its role in updating the critic. As a whole, this suggests
the following loss function for the actor:

L () = 6, logTTy(Ar, | Xe,)- (3.10)
For a learning rate pr; > 0, the gradient descent step would then be
¥ = ¢+ pndnVylogIly(As, | Xi,). (3.11)

In practical applications, updating the actor and critic in the above fashion at each step
generally yields convergence to an optimal policy and value function, respectively. While
convergence has been proven in the case of linearly parameterized actor and critic [27],
convergence in the general case is still an open problem.

3.2.1 Relative learning rates for actor and critic

Since the gradient descent learning rates play a crucial role in the development of our fun-
damental algorithm presented in Sectiond] we briefly comment on the choice of learning
rates in AC algorithms.

The AC framework alternates between two key steps: Refining the critic to accurately
approximate the value function associated with the actor’s policy — known as policy eval-
uation — and updating the actor to maximize the value returned by the critic — known as
policy improvement. As the policy improvement step relies on the policy gradient theo-
rem (3.9), a sufficiently precise critic is required for its success. Hence, the learning rates
for the actor and critic are traditionally chosen such that

P11 < Pv-

This constraint prompts the critic to learn at a quicker pace compared to the actor, thereby
ensuring that the value function from the policy evaluation phase closely aligns with the
policy’s true value function.
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4 Unified mean field actor-critic algorithm for infinite horizon

In this section, we introduce a novel infinite horizon mean field actor-critic (IH-MF-AC)
algorithm for solving both MFG and MFC problems in continuous-time and continuous-
space. Although there have been significant strides in recasting the MDP framework for
continuous-time using the Hamiltonian of the associated continuous-time control prob-
lem as an analog of the Q-function [23-25,142], we instead take the classical approach
of first discretizing the continuous-time problem and then applying the MDP strategies
discussed in Section Bl As our focus is aimed at identifying the stationary solution of
the infinite horizon mean field problems, discretizing time does not meaningfully depart
from the original continuous-time problem presented in Section2l While in our ongoing
work where we tackle the finite horizon regime, the time-discretization must be treated
with more care since the mean field becomes a flow of probability distributions parame-
terized by time, and the optimal control also becomes time-dependent in this context. In
the sequel, we will first recast the mean field setting from Section [2] as a discrete MDP
parameterized by the distribution # and then lay out the general procedure of the algo-
rithm before addressing the continuous-space representation of y via score functions in
Section[d.J] Section [£.2] addresses the justification for alternating between the MFG and
MEC solutions using the actor, critic, and mean field learning rates.

To begin, we fix a small step size At > 0 and consider the resulting time discretization
(to, t1,t2,...) where t, = nAt. We then rewrite the cost objectives in (Z1) and (2.3) as the

Riemann sum
[ee)

E| Y e Pf(Xy,, 1 Ar,)AL|, 4.1)

n=0

and the state dynamics in 2.2) and (2.4) as the Euler-Maruyama approximation
thH = th + b(th, U, Atn)At + U'(th, U, Atn)AWn/ AW, ~ N(O, At). (4.2)

This reformulation is directly in correspondence with the MDP setting presented in Sec-
tion - albeit, parameterized by p. Observe that

Tt = —f(thr U, Atn)At, = eflgAt,

and the state transition dynamics are given by (.2). Note that the model and approxima-
tion approach used to derive the reward and next state dynamics are our own choice for
simulation purposes but are not prescriptive. The agent sees the environment as a black
box and has no knowledge of the details of the problem.

In the style of the AC method described in Section 3.2} our algorithm maintains and
updates a policy Iy and a value function Vy which are meant as stand-ins for the control &
(respectively a*) of the MFG (respectively MFC) and the cost functional ], respectively.
Both are taken to be feedforward neural networks. The third component is the mean field
distribution y, which is updated simultaneously with the actor and critic at each timestep
to approximate the law of X;. The procedure at the n-th step is as follows: the agent is
in the state X;, as a result of the dynamics in (.2) where y is replaced with the current
estimate of the mean field y,,_1. The value of X;, is then used to update the mean field,
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yielding a new estimate y, (see section Section Al for details). Using the actor’s policy,
the agent samples an action A, ~ ITy, (- | X;,) and executes it in the environment. The
agent receives a reward which, unbeknownst to the agent, is given by

rtn+1 = _f(th’ Hun, Atn)At

(the valuery, , is known to the agent but the form of f is not). The environment places the
agent in a new state X;,,, according to (4£.2) using the distribution y,, and the action Ay,.
The previous steps encapsulate what is meant by model free in the sense that the agent
has no explicit knowledge of the function f nor the state transition dynamics given by b, c;
it relies only on the immediate information ¢, , and X} ,,. Subsequently, ITy, and Vj,
are updated according to the update rules from Section 3.2l To mimic the infinite horizon
regime, we iterate this procedure for a large number of steps until we achieve convergence
to the limiting distribution /i (respectively p*) and the equilibrium (respectively optimal)
control & (respectively a*). The complete pseudocode is presented in Algorithm[Il

Algorithm 1 IH-MF-AC: Infinite Horizon Mean Field Actor-Critic

Require: Number of time steps N >> 0; discrete time step size At; neural network learning

rates for actor pyy, critic py, and score py; Langevin dynamics step size €.

1. Initialize neural networks:
Actor Iy, : RY — P(RF).
Critic Vp, : R? — R.
Score 2, : R? — R,

2. Agent receives initial state X, from the Environment.

3 forn=0,..., N—1do

4  Environment computes score loss: L(Z")(qon) =tr(ViZg,(Xs,)) + [|Zg, (X, [3/2.

5. Environment updates score with SGD: ¢, 1 = ¢, — pZV(pLgl) (¢n).

6:  Environment generates mean field samples S;, = (SS),SE?, cee, Sg{)) from %, .,
using Langevin dynamics (.3) with step size € and compute fis, = Zi'(:l ) st /k.

7. Agent samples action: A;, ~ ITy, (- | X, ).

8  Agent observes reward 7,1 and next state X;, , generated from the environment
based on its knowledge of 7ig, .

9:  Agent computes TD target: y,, 11 = ry41 +e PV (Xy,,,)-

10:  Agent computes TD error: dg, = yy+1 — Vo, (Xt,)-

11:  Agent computes critic loss: L%}l )(6,) = &5 .

12 Agent updates critic with SGD: 6,11 = 6, — pyVy Lg’ ) (6n).

13:  Agent computes actor loss: Ll(-? )(1pn) = —0g, log Iy, (A, | Xt,,).

14 Agent updates actor with SGD: ¢, 1 = ¢, — PHVIPL(F?) ().
15: end for
16: return (ITy,, Loy )
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4.1 Representation of y via score-matching

The question of how to represent and update u in the continuous-space setting deserves
special consideration in this work. In [3}/4], the authors deal with the discrete-space mean
tield distribution in a natural way, using a normalized vector containing the probabilities
of each state. Each individual state is modeled as a one-hot vector (a Dirac delta measure),
and the approximation i, is updated at each step using an exponentially weighted update
of the form p,, 1 = pn + pu(dx,, — pn) with the mean field learning rate p,, > 0. [18] uses
a similar update in the context of an AC algorithm for solving only MFC problems, while
focusing on a more in-depth treatment of the continuous-time aspect. The authors in [34]
tackle continuous-state spaces for the MFG problem using the method of normalizing
flows, which pushes forward a fixed latent distribution, such as a Gaussian, using a series
of parameterized invertible maps [35]. There is reason to believe that other deep genera-
tive models, such as generative adversarial networks (GANSs) or variational auto-encoders
(VAEs), may yield successful representations of the population distribution with their own
drawbacks and advantages.

In our case, partly due to its simplicity of implementation, we opt for the method
known as score-matching [22], which has been successfully applied to generative model-
ing [36]. If 4 has a density function p,, : R? — R, then its Stein score function is defined as

su(x) := Vlog py(x).

The score function is a useful proxy for y in the sense that we can use s, to generate
samples from y using a Langevin Monte Carlo approach. Given an initial sample xy from
an arbitrary distribution and a small step size € > 0, the sequence defined by

€
X1 = X+ 58p(Xm) + Vezm, zm~N(0,1) (4.3)

converges to a sample from y as m — .
From the standpoint of parametric approximation, if (£),co is a sufficiently rich fam-

ily of functions from R? — RY, the natural goal is to find the parameters ¢ which minimize
the residual E;[||Z4(x) — s,(x)||3]. Although we do not know the true score function,
a suitable application of integration by parts yields an expression that is proportional to
the previous residual but independent of s,

1
Eyop | tr (Vx2¢(x))—|—§]|2(,,(x)H% : (4.4)

We adapt the above expression for our online setting in the following way. At the n-th
step, we have a sample X;, of the state process and a score representation X, . We take
the loss function for X to be

n 1
L™ (gn) = tr (Vi (X1,) + 51120, (X, [ (45)

Assuming X is differentiable with respect to ¢, we then update the parameters using the
gradient descent step

Pn+1 = Pn — PvapL(zn)(q)n)r (4.6)
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where py > 0 is the mean field learning rate. Now we can generate samples from %, .,
and take y,, to be the empirical distribution of these samples. More concretely, let S;, =

(SE:),Sg), e ,St(k)) be the k samples generated from X, , using the Langevin Monte

Carlo algorithm in @.3), and let
Hn = ﬁsmr

where the notation jig := Yk dg.i) /k denotes the empirical distribution of the points S =
(S 1 s . . S(k)). By the law of large numbers, Hig, converges to the true distribution

corresponding to X, | as k — oo.

In the context of generative modeling, the gradient descent update in (.6) is usually
evaluated with several mini-batches of independent samples all from a single distribution.
This contrasts with our online approach in which each update is done with the current
state X;,, which is generated from a different distribution than the previous state. We
justify this as a form of bootstrapping in which we attempt to learn a target distribution
that is continuously moving, but ultimately converging to the limiting distribution of the
MFG or MFC. Since our updates depend on individual samples, we expect the loss Ly, to
be a noisy estimate of the expectation in (4.4), which may slow down convergence. Rather
than updating at every timestep, another option would be to perform a batch update af-
ter every m > 1 timesteps using all samples (Xy,, Xt,.,,..., Xt,, ;) generated along the
state trajectory, which may accelerate convergence by reducing variance. It is important to
acknowledge that the m samples will come from different distributions, so the batch up-
date will also introduce bias into the gradient estimate. This may be mitigated by instead
running multiple trajectories in parallel and updating the score function at each step using

the samples (Xt(nl), Xt(nz), o, Xt(;n)) from the same timestep.

4.2 Unifying mean field game and mean field control problems

Having laid out the general algorithm, we now address the issue of unifying the MFG and
MFC formulations in the style of [34].

The intuitions presented in Section 2 regarding the difference between MFG and MFC
suggest that the interplay between the learning rates pry, py, and py may be used to differ-
entiate between the two solutions of the mean field problem. Taking ps. < min{pry, pv}
emulates the notion of solving the classical control problem corresponding to a fixed
(frozen) u — or, in this case, a slowly moving u — and then updating the distribution
to match the law of the state process in an iterative manner. This matches the strat-
egy discussed in Section 7] for finding an MFG equilibrium. Conversely, taking ps >
max{pry, pv} is more in keeping with simultaneous optimization of the mean field and
the policy, which should yield the MFC solution as discussed in Section 2.2l

Borkar’s stochastic multi-scale approximation framework [7,[8] has been applied in
[3H5] to describe how the choice of learning rates is crucial to derive the solution of dif-
ferent mean field problems using a 2-time scale Q-learning algorithm. Following similar
ideas, we show how our method can be expressed as a 3-time scale actor-critic algorithm
converging to MFG or MFC solution depending on the choice of learning rates.
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In particular, Algorithm [Ilis characterized by the following system of numerical up-
dates:
Pni1 = @n = P VolLs(pn),
9n+1 =0p — PXVGLV(BH)/ (4-7)

Pni1 = P — PV Lir(Pn),

where Ly, Ly, and Ly (each of which actually depend implicitly on all three of the param-
eter vectors) are the loss functions of the Stein score, the critic, and the actor networks,
respectively, with p%, 0 and pl! being the corresponding learning rates satisfying usual
Robbins-Monro type conditions, namely

agk
=)
=™
I
e
=)
=<
Il
Ragh
i)
=
I
2

n=0 n=0 n=0
Z(pn) :Z<pn) :Z<pn) < oo.
n=0 n=0 n=0

The relationship between learning rates is crucial to determine the convergence of our
algorithm. As shown by [9]], the actor-critic paradigm can be represented as a multi-scale
stochastic approximation procedure in which the updates of the actor evolve at a much
slower pace than the ones of the critic. Indeed, as discussed in Section [3.2.1] choosing
pr1 < py allows the actor IT to be seen as frozen by the critic V which can be learned ac-
cordingly. Our algorithm extends the traditional 2-time scale framework of actor-critic
algorithms to approach mean field problems by adding an additional time scale for learn-
ing the mean field distributions.

Three time scale approach for MFG. If pX < pl! < p)/ so that

o 03/
—171[>—>0,—HV>—>0asn>—>oo,
p?l n

the system (@.7) tracks the ODE system
¢ =—Volz(e,9,0),
. 1
Y =—-Vyln(e,9,6), (4.8)

. 1
0 =——=Velv(¢,9.9),

where pZ /pll and pll/p" are thought of being of order € < 1 and & < 1, respectively. In
the case ¢ and ¢ are fixed, we assume the ODE

. 1
0= —£V9LV<QO, ll],e)

to have a stable equilibrium (¢, ¢, 69-%) corresponding to the local minimum of the oper-
ator Ly, meaning that the network approximates the value function V corresponding to
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the policy IT and the population distribution y described respectively by the parameters
and ¢. Similarly, given fixed ¢, we assume the ODE

) 1
P = —szan(qo, ¥, 00,p)

to reach a stable equilibrium (¢, ¢, 0¢,y,,) as the local minimum of the operator Ly, mean-
ing that the network approximates the optimal policy of the infinitesimal player facing the
crowd distribution y with Stein score function parameterized by ¢. Finally, the ODE

¢ = —Volu(e, Py, 0p,y,)
stabilizes at (¢*, P, 09 e ), the local minimum of Ly, which results the network approx-

imating the Stein score function of the population at equilibrium of the MFG problem.

Three time scale approach for MFC. If pIl < o/ < p* so that

or P
v — 0, % = 0 as n = oo
Pn O

the system (@.7) tracks the ODE system:
Y = —=VylLu(e,9,9),
; 1
6 = —EVGLV(Q"/ ¥,0), (4.9)

1
¢ = —EVKPLZ(?/IPIG)/

where pll/pY and pY /p* are thought of being of order ¢ < 1 and & < 1 respectively.
Considering ¢ and 6 to be fixed, we assume the ODE

p o L
¢=——2Vole(e,90)

to have a stable equilibrium (¢, 1, 0) corresponding to the local minimum of the oper-
ator Ly, meaning that the network approximates the population distribution induced by
the policy and value function described respectively by the parameter i and 6. Similarly,
tixed ¥, we assume the ODE

. 1
0= ——Volv(pye 9,0)

to reach a stable equilibrium (¢y o ¥ fy) as the local minimum of the operator Ly, mean-

ing that the network approximates the value function corresponding to the policy IT de-
scribed by ¢. Finally, the ODE

¥ = —VyLn(pye, ¥, 0yp)
stabilizes at (q)‘/’*f@w* SP*, Oy ), the local minimum of Ly which corresponds to the network
approximating the optimal control strategy of the MFC problem.
Writing a rigorous proof of convergence with precise assumptions on these operators

is extremely complicated and outside of the scope of this paper. It was recently achieved
in the case of Q-learning with finite-state and -action spaces in [5].
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5 Numerical results

5.1 A linear-quadratic benchmark

We test our algorithm on a linear-quadratic (LQ) mean field problem where we wish to
optimize

E [/o e Pt (%a% + o1 (Xp — com)? 4¢3 (Xy — ca)* + C5m2> dt] (5.1)

with state dynamics
dX; =a;dt+odW;, te [0, OO), (52)

where m = [ x u(dx) so that the mean field dependence is only through the first moment
of the asymptotic distribution y. Note that the state dynamics depend only linearly on the
control &, and the running cost function depends on «, X, and m quadratically, hence the
name linear-quadratic.

The various terms in (5.J) have the following interpretations: the first and last terms
penalize « and m from being too large, the second term addresses the relationship between
the state process and the mean field distribution, which penalizes X from deviating too far
from cpm, and the third term penalizes X for being far from c4. The coefficients ¢y, c3, and
c5 determine the relative influence of each term on the total cost.

Both of the one-dimensional MFG and MFC problems corresponding to (5.1) and (5.2)
have explicit analytic solutions, which we state now using the notation consistent with the
derivations in [3]. We also test our algorithm on the equivalent multivariate problem for
which we include the full derivation of the solutions in Appendix[Al

5.2 Solution for asymptotic mean field game

Traditional methods for deriving the LQ problem solution begin with recovering the value
function

i 1
v(x):= D}?}iE [/0 e Pt <§zx% +c1(Xs — com)? + c3(Xp —cg)? + c5m2> dt‘ X = x]

as the solution of a Hamilton-Jacobi-Bellman equation. In the MFG case, we denote the
optimal value function as 9 and an explicit form is given by

b(x) = f'zxz + flx + fo,

where
f = —ﬁ+\/ﬁ2+8(C1+C3)
2 4 ’
fl _ 2f2C3C4

fz(ﬁ -+ Zfz) — 6162’
A C5Yh2 + C3Ci + C1C2ﬂA12 + (Tzf‘z — f%/z

p

=
o
I
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Then the optimal control for the MFG is
a(x) = —0'(x) = —(2x + 7). (5.3)
Substituting (5.3) into (5.2) yields the Ornstein-Uhlenbeck process
dX; = — (212X, + 1) dt + o dW,
whose limiting distribution /I = lim;_;« L(X;) is
A= N <—2r—1}2 %) 5.4)
Since the mean field interaction for the LQ problem is only through the mean 1= [x7(dx),

we note that a simplified form of i is

r
- S S (5.5)
2, cp+cz—cc

5.3 Solution for asymptotic mean field control

Similarly as above, we denote the MFC value function by v* and claim that is has the form
v*(x) = Tha® + Tjx + T}

with

_ B+ VB +8(c1tc)
= I ,
2r§C3C4
I3(B+2T3) +c5 —c1c2(2 —¢2)’

C5m*2 + C3ci + clc%m*z + 02F§ — FTZ/Z

p

I3

Iy =

Iy =

The optimal control for the MFC is

a*(x) = —v*'(x) = — (2T5x +T7). (5.6)
Substituting (5.6) into (5.2) yields the Ornstein-Uhlenbeck process

dXj = — (2L X) +T7) dt + o dW;,
whose limiting distribution p* = lim;_,. £(X}) is

. r: o2
i _N<_21"§’ 41";)' (5.7)

Since the mean field interaction is only through the mean m* = [ x u*(dx), we note that
an equation for m* which only depends explicitly on the running cost coefficients is

m*__rT — €3¢4
N 21‘5 N C1—|—C3—|—C5—C1C2<2—62>.

(5.8)
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5.4 A multivariate linear-quadratic benchmark

We also test our algorithm on a higher-dimensional generalization of the scalar LQ prob-
lem in (5.2) and (5.I) with the cost functional

E [/0 ePt (%a?at—i—(x—sz)Tcl(x—sz)—|—(x—C4)TC3(x—C4)—|—mTC5m) dt} , (6.9)

and state dynamics
dX; =a;dt+odW;, te [0, OO) (5.10)

In this case, C1, C3, C5 € R¥* are positive-definite matrices, c4 € R4, Cy e R4¥ g e RE¥M,
and W; is an m-dimensional Brownian motion. We test our algorithm on a benchmark
problem for the case d = m = 2, and refer the reader to Appendix [Alfor the derivations
of the analytic solutions to both the MFG and MFC problems associated with the above
system.

5.5 Hyperparameters and numerical specifics

For our numerical experiment, we test our algorithm on two different sets of values for
the running cost coefficients and volatility ¢ as listed in Tables 53] and (.4 for the one-
dimensional case and Table 5.7 for the 2-dimensional case. The discount factor is fixed in
all cases to f = 1, and the continuous time is discretized using step size At = 0.01. The
critic and score functions are both feedforward neural networks with one hidden layer
of 128 neurons and a tanh activation function. For the one-dimensional examples, the
actor is also a feedforward neural network that outputs the mean and standard deviation
of a normal distribution from which an action is sampled. Its architecture consists of
a shared hidden layer of size 64 neurons and a tanh activation followed by two separate
layers of size 64 neurons for the mean and standard deviation. The standard deviation
layer is bookended by a softmax activation function to ensure its output is positive. The
actor is meant to converge to a deterministic policy — also known as a pure control — over
time, so in order to ensure a minimal level of exploration, we add a baseline value of 10>
to the output layer. This straightforwardly mimics the notion of entropy regularization
detailed in [42]. The actor for the 2-dimensional example uses the same number of hidden
layers and hidden neurons, and, correspondingly, outputs a mean vector and a diagonal
covariance matrix to induce exploration. Refer to Table[5.] for the learning rates used by
the actor, critic, and score networks which were selected via grid search to give the best
results. Table 5.2lsummarizes the total parameter count for each neural network.

For the Langevin Monte Carlo iterations, we pick a step size € = 5 x 1072 as shown in
Table[5.]] and we run 200 iterations at each step using k = 1000 samples.

The results of the algorithm applied to the LQ benchmark problem after N = 10° it-
erations are displayed in Figs. 5.1] 5.3 5.6, 5.8 5.11] with different sets of pa-
rameters along with the corresponding analytic solutions. In addition to the plots of the
learned solutions, we also provide plots for various error values to observe convergence
with respect to the number of training steps. We consider the following error metrics for
the MFG problem and their corresponding counterparts for the MFC problem:
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¢ The absolute error in the learned population mean

29

e (1) := |lmy, —1itll2,

* The expected absolute error in the learned control

o [[loey, (x) =

x)|12]

1

~ _
~

14

¢
Y [y, (x7) — &(x7) |2,
j=1

* The expected absolute error in the learned value function

where Xj are ii.d. with distribution fl forj =1,2,...

alllVe, (x) —

x)[2] =~

—_

14

‘
Y Ve, (x)) — 0(x) 2,
j=1

A

Table 5.1: Choice of learning rates used to obtain results in all figures seen in this work — pry for the actor, py
for the critic, py, for the score function, and € for the Langevin dynamics. The two left columns are the learning
rates used for the case d = 1 and the right two for d = 2. Boldface values indicate a difference in the learning
rate between the MFG and MFC regimes.

d=1 d=2
MFG MFC MFG MEFC
o | 5x107% [ 5x107% | 5x 107 | 5x107°
ov 10-° 10-° 10-° 10~>
s 10° 5x 1074 10° 1075
€ | 5x1072 | 5x1072 | 5x1072 | 5x 1072

Table 5.2: Parameter counts and activation functions for the actor HIP' critic Vj, and score Zq) neural networks
used to obtain results in all of the figures seen in this work.

Actor | Critic | Score
# parameters | 258 385 385
activation tanh ELU tanh

Table 5.3: Running cost coefficients and volatility for (5.1) and (3.2). The results for this parameter set are

displayed in Figs. B.1H5.5]

1

€2

3

C4

c5

(o4

0.25

1.5

0.5

0.6

1.0

0.3

Table 5.4: Running cost coefficients and volatility for (5.I) and (3.2). The results for this parameter set are
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It should be noted that taking larger values of the volatility ¢ yields degrading results
in the learning of the solution as a result of the lower signal-to-noise ratio in the state
samples. Tables[5.5land 5.6l illustrate the increase in several error metrics at the final time
step N for the 1-dimensional experiment with all other values fixed.

We observe many of the same insights alluded to by [3,4] regarding the differences
in recovering the MFG versus the MFC solution. Specifically, convergence to the MFG
solution is more stable and faster than convergence to the MFC solution, as evidenced
by the convergence plots in Figs. 5.2] 5.7 .5 .14 B.4) B.9 Further, in
all cases, there were certain runs in which instability was amplified by the AC algorithm,
in which case we saw the weights of the neural networks diverge to numerical overflow.
In order to combat this, we imposed a bound on the state space during the first 200,000
iterations, truncating all states to the interval [—5, 5] for one-dimension case and the box
[—5,5] x [-5, 5] in the 2-dimensional case. We removed the artificial truncation following
the initial iterations and were able to mitigate the instability issues leading to overflow.

Observe that the optimal control is particularly well-learned within the support of the
learned distribution. We postulate that a more intricate exploration scheme, perhaps along
the lines of entropy regularization [42]], may aid in learning the control in a larger domain.
We conclude by noting that for all the numerical results in this paper, the gradient de-
scent updates of Algorithm [I] (steps 5, 13, and 15) were computed using the Adam opti-

Table 5.5: Error metrics for py, = 10~°. For increasing values of o, we list the L? error in the learned mean ey,
the expected L2 error in the learned control ¢, and the expected L2 error in the learned value function ¢; after
N = 10° times steps.

o 0.3 0.5 0.7 0.9 1.1

eqn | 0.087 | 0.073 | 0.284 | 0.591 | 0.981
ey | 0267 | 0.242 | 0.693 | 0.802 | 1.819
e; | 0.178 | 0.394 | 0.522 | 0.673 | 2.005

Table 5.6: Error metrics for py, = 5 X 10~%. For increasing values of o, we list the L2 error in the learned mean e,
the expected L2 error in the learned control ¢4+, and the expected L2 error in the learned value function e, after
N = 10° time steps.

o 0.3 0.5 0.7 0.9 1.1
en | 0.115 | 0.299 | 1.876 | 2.701 | 3.415
eq+ | 0.583 | 0.441 | 1.106 | 4.556 | 6.946
ey | 0.455 | 0.742 | 2.342 | 6.035 | 5.569

Table 5.7: Running cost coefficients and volatility for (3.9) and (BI0). The results for this parameter set are
displayed in Figs. [E.1IH5.16l The coefficient values below were randomly generated with the exception of ¢.

G, Cy Cs s Cs o |

[0.964 0.236} [0.677 0.937} [0.988 1.188} {0.810} [0.011 0.072}
0.872

0.236 0.076 0.937 1.357 1.188 1.483 0.072  0.520
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Figure 5.1: The histogram (blue) is the learned asymptotic distribution using samples generated from the param-
eterized score function X, and the dashed line (blue) is the learned feedback control after N = 10 iterations
averaged over five runs with different initial samples. The green curves correspond to the optimal control and
mean field distribution for MFC, while the orange curves are the equivalent for MFG. The bottom axis shows the
state variable x, the left axis refers to the value of the control a(x), and the right axis represents the probability
density of pu.
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Figure 5.2: We plot the absolute error between the mean of samples produced from the parameterized score
function Ly, and the optimal mean 7 in the case of MFG (left) and m™ in the case of MFC (right). These
values were averaged over five runs each with different random initial samples with the standard deviation given
by the light blue shaded region. Large jumps are due to random outliers which result from the stochasticity of
our algorithm.
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Figure 5.3: The orange and green curves are the optimal value functions for the MFG and MFC problem,
respectively. The blue dashed line is the learned value function given by the negative of critic Vy, averaged over
five runs with different initial samples after N = 10° iterations. Since the original optimization problem aims to
minimize cost while our algorithm seeks to maximize reward, we take the negative of the critic function to make
the problems equivalent. The light blue shaded region depicts one standard deviation from the learned value.
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Figure 5.4: We plot the absolute error between the expected error between the learned value function Vy and the
optimal value function 9 in the case of MFG (left) and v* in the case of MFC (right). These plots were averaged
over five runs each with different random initial samples and with the standard deviation given by the light blue
shaded region. Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.5: We plot the expected error between the learned control function a, = E[ITy,] and the optimal
control & in the case of MFG (left) and a* in the case of MFC (right). These plots were averaged over five runs
each with different random initial samples and with the standard deviation given by the light blue shaded region.
Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.6: The histogram (blue) is the learned asymptotic distribution using samples generated from X, and the
dashed line (blue) is the learned feedback control after N = 10 iterations averaged over five runs with different
initial samples. The green curves correspond to the optimal control and mean field distribution for MFC, while
the orange curves are the equivalent for MFG. The bottom axis shows the state variable x, the left axis refers to
the value of the control a(x), and the right axis represents the probability density of y.
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Figure 5.7: We plot the absolute error between the mean of samples produced from the parameterized score
function Ly, and the optimal mean 7 in the case of MFG (left) and m™ in the case of MFC (right). These
values were averaged over five runs each with different random initial samples with the standard deviation given
by the light blue shaded region. Large jumps are due to random outliers which result from the stochasticity of
our algorithm.
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Figure 5.8: The orange and green curves are the optimal value functions for the MFG and MFC problem,
respectively. The blue dashed line is the learned value function given by the negative of critic Vy, averaged over
five runs with different initial samples after N = 10° iterations. Since the original optimization problem aims to
minimize cost while our algorithm seeks to maximize reward, we take the negative of the critic function to make
the problems equivalent. The light blue shaded region depicts one standard deviation from the learned value.
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Figure 5.9: We plot the absolute error between the expected error between the learned value function Vj and the
optimal value function 9 in the case of MFG (left) and v* in the case of MFC (right). These plots were averaged
over five runs each with different random initial samples and with the standard deviation given by the light blue
shaded region. Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.10: We plot the expected error between the learned control function a; = ]E[I—Ilpn} and the optimal
control & in the case of MFG (left) and a* in the case of MFC (right). These plots were averaged over five runs
each with different random initial samples and with the standard deviation given by the light blue shaded region.
Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.11: The scatter plot of points (blue) are the samples of the learned asymptotic distribution generated
from the parameterized score function ¥, after N = 10° iterations. The solid ellipses are the set of points with
Mahalanobis distance three from the optimal mean field distributions in the case of MFG (orange) and MFC
(green).
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Figure 5.12: We plot the absolute error between the mean of samples produced from the parameterized score
function Xy, and the optimal mean 7 in the case of MFG (left) and m™ in the case of MFC (right). These
values were averaged over five runs each with different random initial samples with the standard deviation given
by the light blue shaded region. Large jumps are due to random outliers which result from the stochasticity of

our algorithm.
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Figure 5.13: The orange and green vector fields (right) are the optimal controls for the MFG (top) and MFC

(bottom) problems, respectively. The blue vector fields (left) show the learned feedback controls after N = 10°
iterations averaged over five runs with different initial samples.
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Figure 5.14: We plot the expected error between the learned control function a; = ]E[I—Ilpn] and the optimal
control & in the case of MFG (left) and a* in the case of MFC (right). These plots were averaged over five runs
each with different random initial samples and with the standard deviation given by the light blue shaded region.
Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.15: We plot the absolute error between the expected error between the learned value function Vy and the
optimal value function 9 in the case of MFG (left) and v* in the case of MFC (right). These plots were averaged
over five runs each with different random initial samples and with the standard deviation given by the light blue
shaded region. Large jumps are due to random outliers which result from the stochasticity of our algorithm.
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Figure 5.16: The right-hand side plots are the optimal value functions for the MFG (top) and MFC (bottom)
problems, respectively. The left-hand side plots show the learned functions after N = 10° iterations averaged
over five runs with different initial samples.
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mization update [26] rather than the stochastic gradient descent update suggested in the
pseudocode.

We have shown that the same algorithm tested on a continuous-state space infinite
horizon LQ problem, with hyperparameters shown in Table[5.1] recovers the MFG or MFC
solution. However, our numerical experiments show that there is more stability for the
MFG problem, as also observed in the case of the Q-learning algorithm in the context
of infinite horizon and finite-space [3], and in in the context of discrete-space finite
horizon problems. In the following section, we see that we observe a similar phenomenon
in the case of the mixed mean field control game. Note, however, that in our general
algorithm we are not taking advantage of the fact that the numerical example is linear-
quadratic. Doing so, we would know a priori that the value function is quadratic and that
the control is linear, as is done, for instance, in [15].

6 Actor-critic algorithm for mean field control games

As observed in [2] in the case of tabular Q-learning, our IH-MF-AC algorithm (Algo-
rithm [I)) can easily be extended to the case of mixed mean field control game problems
that involve two population distributions, a local one and a global one. This type of game
corresponds to competitive games among a large number of large groups, where agents
within each group collaborate. The local distribution represents the distribution within
each “representative” agent’s group, while the global distribution represents the distribu-
tion of the entire population.

Such games are motivated as follows: Consider a finite population of agents consisting
of M groups, each containing N agents. An agent indexed by (m, n) indicates that she
is the n-th member of the m-th group. Agents collaborate within their respective groups
(sharing the same first index) and compete with all agents from other groups. In other
words, all N agents in group m collectively work to minimize the total cost of group m.
The MFCG corresponds to the mean-field limit as N and M tend to infinity, and serves as
a proxy for the solution in the finite player case. We refer to [1}2] for further details on
MFCG, including the limit from finite player games to infinite player games. Note that the
solution gives an approximation of the Nash equilibrium between the competitive groups.

The solution of an infinite horizon mean field control game is a control-mean field pair
(&,71) € A x P(R?) satisfying the following:

1. & solves the McKean-Vlasov stochastic optimal control problem

e N C Bt o a,fi
“1&1;]”(04) ;gng [/0 e PR, ot e (X)) dE|, B >0, (6.1)
subject to

aXi = p(XEP, gt a (XPT)) Ao (XEF, p, ptt a(XEP)) W, XGT = ¢, (6.2)
where p%# = lim;_, e E(X'Z"ﬁ ).

2. Fixed point condition fI = lim;_ E(Xf"ﬁ ).
Note that conditions 1 and 2 above imply that 1 = u®#.
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We modify Algorithm [Iinto our infinite horizon mean field control game actor-critic
(IH-MFCG-AC) algorithm such that the global score function ¥, represents the global

distribution i and the local score function ig represents the local distribution p®#". This
is meant to mimic the parallel between the mean field game solution with the global dis-
tribution, and the mean field control solution with the local distribution. Following our
intuition from Section.2] our choice of the now four learning rates will be chosen accord-
ing to

px < min{pry, pv} < max{pr, pv} < ps. (6.3)

Refer to Algorithm 2] for the complete pseudocode.

Algorithm 2 IH-MFCG-AC: Infinite Horizon Mean Field Control Game Actor-Critic

Require: Number of time steps N >> 0; discrete time step size At; neural network learning
rates for actor pry, critic py, global score py, and local score p5; Langevin dynamics step
size €.

1: Initialize neural networks:

Actor Iy, : RY — P(RF).

Critic Vp, : RY = R.

Global Score %, : R? — R4,

Local Score i‘fo : RY — RY,

Agent receives initial state X;, from the Environment.

forn=0,...,N—1do

Environment computes score loss for £: Ly (¢n)= tr(VyZg, (X4,))+ ||, (X, ) 13/2.

Environment updates X with SGD: ¢, 11 = ¢, — p2VyLs ().
6 Environment computes score loss for X: Ls(Gn)= tr(folgn (Xt,))+ Higﬂ (Xe,)5/2.
7. Environment updates X with SGD: &, 11 = &, — P5VeLs (Cn)-
(1) ¢(2)

tp 75t 7

., Sg{)) from Xy,

and S;, = (S~$), s, ., gt(i()) from ¥, ,, using Langevin dynamics @3) with step

tﬂ 4
; - vk - . vk
size € and compute fig, =} 4 555:-1) /kandjig, =i, 555’? /k.
9.  Agentsamples action: A;, ~ ITy, (- | X, ).
10:  Agent observes reward ;1 and next state X;, _, from the environment.

8. Environment generates mean field samples S;, = (

11:  Agent computes TD target: v, 11 = ry41 +e P2V (Xy,,,)-

122 Agent computes TD error: dg, = yy+1 — Vo, (Xt,)-

13:  Agent computes critic loss: Ly (0,) = 55ﬂ.

14 Agent updates critic with SGD: 6,1 = 0, — pyVgLy (0,).

15 Agent computes actor loss: Lij(y,) = —dp, log Iy, (As, | Xt,)-
16:  Agent updates actor with SGD: 9,11 = ¥, — pr1VypLr(¢n).

17: end for _

18: return (ITy,, Xy, Ze, )
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6.1 A linear-quadratic benchmark

We test Algorithm[2on the following linear-quadratic MFCG. We wish to minimize
o 1
E [/o e Pt <§rx% + 1 (X — czm)2 + 3 (X3 — c4)2

+ & (X" - 52m""")2 + 65(m""”)2> dt} (6.4)

subject to the dynamics
dX;" = a;dt + cdW;, t€[0,00), (6.5)
where
m= /xdy(x), mH = /xdy"""(x),

and the fixed point condition

m = lim B(X\") = mb,
t—ro0
where & is the optimal action.
We present the analytic solution to the MFCG problem using notation consistent with
the derivation in [2]. The value function is defined as

© (1
olx) = aigl/f\IE[/O e_ﬁt<§"‘%+01(xtf’”—sz)2+03(xf’”—04)2

+ (X‘:'M — 52711“’#)2 + 55(711“’#)2) dt | Xo = x] . (6.6)

The explicit formula v(x) = I'5x% + T1x + Iy can be derived as the solution to the Hamil-
ton-Jacobi-Bellman equation where
BB 81t t+a)

I, =
2 4 7

. 2r2C3C4
c1(l—c)+&(1—E)2+c3+865

T, =

crcam? + (618 + &5) (m®#)2 4 02Ty — T2 /2 + c5¢2

Ty = :

Then the optimal control for the MFCG is
a(x) = —(2lx +1T7). (6.7)
Substituting (6.7) into (6.5) yields the Ornstein-Uhlenbeck process
dX; = —(2T2X; +T1) dt + o dW,
whose limiting distribution is

P F1 0'2
1 fr ’X’I’{ — e —
il=u N< 2T, 41"2)' (6.8)
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We note that an equation for 7z and m*# that only depends on the running cost coeffi-

ients 1
cients is C3¢4

m:= 1 =m't = .
Cl<1—C2) +51<1—52>2+C3+55

6.9)

6.2 Hyperparameters and numerical specifics

For the LQ benchmark problem, we consider the following choice of parameters: c; = 0.5,
cp = 15,c3 =05,¢4 = 025,67 = 0.3,6, = 1.25,85 = 0.25, discount factor p = 1, and
volatility ¢ = 0.5. The time discretization is again At = 0.01. Our intention was to modify
as few of the numerical hyperparameters from Section[Blas possible, including the neural
network architectures for the actor and critic. The global and local score networks both
inherit the architecture from the score network described in Section[5.5land Table[5.2l The
learning rates for the networks are taken directly from Table 5.J] with the global and score
network learning rates assuming the values used to obtain the MFG and MFC results,
respectively, from Section[5.5 This is to say,

(PH/PV/PZ/PE) = <5 X 10_6/ 10_5/ 10_6/5 X 10_4)/

which satisfy px < pr1 < py < pg, the learning rate inequality proposed in (6.3). The
global and local distribution samples are computed at each time step using Langevin dy-
namics with € = 5 x 1072 for 200 iterations using k = 1000 samples.

The results of the IH-MFCG-AC algorithm (Algorithm[2) are presented in Figs.[6.1116.2]
As expected, the learning of the global and local distributions reflects that of the opti-
mal MFG distribution and the optimal MFC distribution, respectively. We observe that the
global score is learned faster and with more accuracy than the local score, which is prone

---- IH-MF-AC a IH-MFCG-AC [i IH-MFCG-AC p®# - MFCG
1.50 : 1.50
) .
i TN A 1.25 1 T 11.25
U 1.00 /I -1.00
— ."‘}\ \ —_— ‘?Q \ —
z 0 /I 0755 X 0 a\:\ 075%
/ N 0.50 / N 0.50
-1 / \ 10.25 -1 B T
/| N : 4 - R [
: : 0.00 — - = 10,00
=1 0 =1 0 1
X X

Figure 6.1: The histograms are the learned distributions generated using samples from the global score %,
(green) representing the global distribution 7i and the local score igﬂ (purple) representing the local score y""ﬂ
after N = 2 x 10° iterations. The dashed line (blue) is the learned feedback control averaged over five runs with
different initial samples. The benchmark solution to the MFCG is provided in orange. The x-axis shows the state
variable x, the left y-axis refers to the value of the control a(x), and the right axis represents the probability
density of u(x).
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Figure 6.2: The blue curve is a rolling average of the absolute error of the mean of samples produced from the
global score function X, (left) — denoted 7f;, — and the local score function Zg — denoted m — compared
to the optimal mean m from (&9). These values were averaged over five runs each with dlfFerent random initial
samples with the standard deviation given by the light blue shaded region. Large jumps are due to random outliers
which result from the stochasticity of our algorithm.
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Figure 6.3: The orange curve is the optimal value function for the MFCG problem. The blue dashed line is the
learned value function given by the negative of critic Vp, averaged over five runs with different initial samples
after N = 2 x 10° iterations. Since the original optimization problem aims to minimize cost while our algorithm
seeks to maximize reward, we take the negative of the critic function to make the problems equivalent. The light
blue shaded region depicts one standard deviation from the learned value.

to outliers and instability. The optimal control is learned well within the support of the
optimal distribution, but could possibly be expanded with a more advanced exploration
strategy.

7 Conclusion

We have introduced a novel AC algorithm for solving infinite horizon mean field games
and mean field control problems in continuous spaces. This algorithm, called IH-MF-AC,
uses neural networks to parameterize a policy and value function, from which an optimal
control is derived, as well as a score function, which represents the optimal mean field
distribution on a continuous space. The MFG or MFC solution is arrived at depending on
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the choice of learning rates for the actor, critic, and score networks. We test our algorithm
against a linear-quadratic benchmark problem and are able to recover the analytic solu-
tions with a high degree of accuracy. Finally, we propose and test a modification of the
algorithm, called IH-MFCG-AC, to solve the recently developed mixed mean field control
game problems. For future work, several directions are worth investigating: enhancing
the algorithm for scenarios where the signal-to-noise ratio is low (i.e. ¢ is large) or where
the horizon is finite, as well as conducting a rigorous numerical analysis of the proposed
algorithm.

Appendix A Solution for multivariate linear-quadratic
asymptotic MFG and MFC problems

For this problem, we assume the state process takes values in R?. Mimicking the notation
established in Section 5] let Cq,Cs, C5 € R?*? be symmetric positive-definite matrices,
cy € R4, and C, € R?*4, Further, let W; be an m-dimensional Brownian motion and
o € R¥™_ For this class of mean field problems, the running cost is given by

flx,pua)= %asz + (x — sz)TCl(x — Com) + (x — C4)TC3(X —cq) + mTC5m, (A.1)

and the state dynamics by
dXt = Nt dt + O'th. (AZ)

Recall that m = [ x p(dx).

A.1 Mean field game

Traditional methods for deriving the LQ problem solution begin with recovering the value
function

. © (1
v(x) = D}gg]E [/0 e Pt <§octToct + (X; — Com) T C1(X; — Cym)

+ (Xt — C4)TC3(Xt - C4) + mTC5m> dt

Xy = x} (A.3)

as the solution of a Hamilton-Jacobi-Bellman (HJB) equation. In the MFG case, we denote
the optimal value function as ¥ and assume it takes the form of the ansatz

o(x) = x " Tox + T x + Iy, (A.4)
The HJB equation for the value function in the asymptotic infinite horizon setting is
0= po(x) —H(x,u)
= po(x) — inf {Jw(x) + %tr (00" V25(x)) + %Dﬁa

+ (x — Com) T Cy(x — Com) + (x —cg) " Ca(x —c4g) + mTC5m}, (A.5)
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where H is the Hamiltonian for the given MFG problem and V? is the Hessian operator.
As the infimum term in (A.5) is quadratic in &, the value at which the infimum is attained is

&(x) = -Vo(x) (=—(Tr+T1;)x—T1).

Substituting this control into the HJB equation yields

0 = Bo(x)+ %Vﬁ(x)TVz?(x) - %tr (00T V?0(x))
— (x — Com) "Cy(x — Com) — (x —cg) " Ca(x — cq) —m " Csm.
Finally, we plug in our ansatz for the value function and simplify to obtain
0=ux"(2f%+ Bl —C; —C3)x
+ ((BT+2F)Fy 4 2C1 Com +2Cacy) ' x
+ Blo + %flTlA“l —tr (o' f2) —m" (C) C1Cy + Cs)m — ¢ Cacy.

From this we can solve for the coefficients in (A.4) to get

i, = i(—/su (B2 +8(Cy +c3)]%),

I = (BI +2f5) 71 (=2C,Com — 2C3cy),
1 1.

0= B< — Erlel + tr (UUsz) +m' (CZTC1C2 + C5)m + CIC3C4>-

Note that the square root of 821 + 8(Cy + C3) in the first equation exists and is unique
since this matrix is, in fact, symmetric positive-definite. As a result, I'; is also symmetric
positive-definite which means we may rewrite the optimal control as

>

a(x) = —2[Hx — Iy, (A.6)

To recover the equilibrium mean field distribution, we will substitute (A.6) into the
state SDE (A.2) which yields the Ornstein-Uhlenbeck process

dXt = —(2f2j<t + fl)dt + o dW;.
Note that since I, is symmetric positive-definite, X; has a limiting distribution [41]
h = li Xy).
h =l )
Further, assuming Xo is normally distributed, the limiting distribution has an explicit form
given by

- N< _ %f21f1,2>. (A7)
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Here, the covariance matrix 3 is defined by
- 1. N
vec(X) = E(Fg @ Iy) tvec(oo ),

where vec(A) is the vector obtained by stacking the columns of A into a vector from left
to right and @ is the Kronecker sum [41].

Since the mean field interaction for the LQ problem is only through the mean 7 =
J x pi(dx), we note that a simplified form of 7 is

= ——Filfl = [C1 + C3 — C1Co] ' Cacy (A.8)

A.2 Mean field control

As done previously, we denote the MFC value function by v* and claim that is has the
form

v*(x) = x ' Thx 4+ 17 x + T, (A.9)
The MFC HJB equation differs from the MFG HJB equation (A.5) with the addition of
an extra term involving the derivative of the Hamiltonian with respect to the measure y

* 0H
0= o (x) ~ Hlx p) = [ ) (x) (). (A.10)
The derivative of H with respect to y in the sense of L-derivatives [11] is
0H 0
E(h, 1) (x) = . [(h — Cam) T Cy(h — Cym) +m " Csm] (x)

ou
= %Kh—Cz/H{nW(dy))TC1<h—Cz/Rnyu(dy))

(f, nwl(dy)>TC5 [ ymtan] @

= —2(h — Com) " C1Cox +2m ' Csx,
and the integral in (A.10) is therefore
6H
/ (1)) () = —2m T (I - Cy)TC1Cox +2m 7 Csa.
RH

Recalling that the optimal control is given by
o (x) = -Vo'(x) (=-(T3+T3 )x—T}),
we plug this into (A.10) and simplify to obtain
0=x"(203% + pT3 — C; — C3)x

+ ((BT+2T3)T; +2(C1Ca+ CJ Ci(I — Cy) — Cs)m +2Cacq) ' x

1
+ By + EFTTFT —tr (UUTFE) —m" (CZTC1C2 + Cs)m — C4TC3C4.
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We solve for the coefficients of v*(x) as before to get

1 1

I3 =5 (—BI+ [21+8(Ci +C3)]?),

I = —2(BI+23) ' [(C1Ca+ C) Ci(I — Ca) — Cs)m + Caca),

I = % < - %FTTFT +tr (mel“;) +m! (CZTClCz + Cs)m + CIC3C4>.

As before, we observe that I'; must be symmetric positive-definite, so the optimal control
can be rewritten as
a*(x) = —2T5x —T7. (A.11)

To derive the optimal mean field distribution, we again substitute (A.11) into (A.2) to
get the Ornstein-Uhlenbeck process

dX; = —(2I5X; +TI7) dt 4+ o dW;,

whose limiting distribution p* = lim_,co £(X]) is

p= N( - %Filf*,Z*), (A.12)

assuming that X is normally distributed. The covariance matrix £* is again defined by
1 _
vec(X*) = 5 Ty @ T5) Yec(ooT).

Since the mean field interaction is only through the mean m* = [ x u*(dx), we note that
an equation for m* which only depends explicitly on the running cost coefficients is

m* = [C1+ C3 — C1Ca — Cy Cy(I — C) + Cs] ' Cacy (A.13)
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