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Abstract: The framework of mixed quantum-classical dynamics is promising for realizing efficient and reliable simulations of
general nonadiabatic dynamics processes. In particular, the surface hopping method based on independent trajectories has
attracted extensive interest over the past decades. In practical applications, however, its accuracy is often limited by the
overcoherence problem. To address this limitation, we here utilize a machine learning approach to reveal the optimal
decoherence time formula for high-dimensional systems and consider the kinetic energy projected along various force directions
as the feature inputs. Remarkably, the obtained formula consistently distinguishes itself within the training set across four
distinct descriptor spaces. The systematic benchmark confirms the high reliability of the formula based on the kinetic energy
projected along the force direction of the nonactive potential energy surface. In fact, the vast majority of average population
errors achieved by surface hopping with the new formula are below 0.01 and 0.02 in the investigated one- and two-dimensional
systems, respectively. These results thus highlight the high performance of the new decoherence time formula in nonadiabatic
scattering dynamics and demonstrate the feasibility of projecting the total kinetic energy onto a proper force direction to
uncover the intricate decoherence effect in high-dimensional applications.
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In chemistry, physics, biology, and materials science, many
important dynamical processes (e.g., photochemical reactions
[1-7] photosynthesis in plants [8-11] as well as the various
electron/exciton dynamics in optoelectronic materials [12-19])
all involve the participation of multiple electronic states and
exhibit strong nonadiabatic effects. As a representative mixed
quantum-classical dynamics method, trajectory surface hopping
is supposed to achieve a good balance between simulation
accuracy and computational efficiency, making it widely used
in the theoretical investigation of nonadiabatic dynamics [20-
23]. One of the key advantages of trajectory surface hopping
lies in its seamless integration with first-principles electronic
structure calculations, thus enabling real-time and real-space
simulation of complex realistic systems [24,25]. In particular, a
series of related software packages have been developed and
widely utilized in different application scenarios [26-33].
However, the traditional fewest switches surface hopping
(FSSH) [34] still suffers from some theoretical limitations,
particularly in handling the overcoherence problem of high-

dimensional systems due to the classical treatment of nuclear
motion [35-37].

In the past decades, extensive efforts have been devoted to
addressing the challenge of overcoherence in the framework of
mixed quantum-classical dynamics [35-49]. In principle, by
incorporating the coupling between trajectories, robust density
matrix formulations can be developed to properly describe the
dynamical evolution [37,43]. However, considering the strong
requirement for ab initio nonadiabatic dynamics simulations
and complex large-scale applications, independent-trajectory-
based approaches offer a more efficient and accessible
alternative [21-23,44]. In the standard methodology of
traditional surface hopping [34], the time evolution of each
trajectory comprises four main procedures: classical nuclear
dynamics, electronic wavefunction propagation, calculation of
hopping probabilities, and velocity adjustment after successful
surface hops. At each time step, decoherence correction can be
approximately introduced through a decoherence time formula,
which serves as an effective strategy to improve the accuracy
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while maintaining the computational efficiency [45-47]. Namely,
the wavefunction coefficient of any nonactive state i (i.e., ��) is
corrected by

��(≠�)
, = �� exp ( − Δ�/���), (1)

where Δ� is the time-step size and ��� is the decoherence time
between the active state a and a nonactive state i. Accordingly,
the wavefunction coefficient of the active state a (i.e., �� ) is
then reset through

��
, = ��

|��|
1 − �≠� |� ��

, |2. (2)

In this study, we identify the optimal decoherence time
formulas through a general machine learning-assisted approach,
which leverages the benchmark data from fully quantum
dynamics and utilizes a discrete-space optimization algorithm to
adaptively tune the corresponding parameters in a large set of
iteratively generated decoherence time expressions [48].
Ultimately, the decoherence time can be calculated by the
descriptors and the related parameters during the nonadiabatic
dynamics simulation. In our recent study, we have found a
novel decoherence time formula in the form of [49]

��� = �0 + �1
Δ��

����
� (����

� −Δ��)
, (3)

where ����
� represents the kinetic energy based on the nuclear

momenta projected along a certain direction �. Specifically, for
the feature input ����

��� , ��� corresponds to the nonadiabatic
coupling (NAC) vector and the parameters in Eq. (3) are
calculated as �0 = 1.0×105 and �1 = 20. This machine learning
decoherence time formula has demonstrated high performance
in both one- and two-dimensional scattering systems. Note that
phase correction [50] has been employed in all surface hopping
simulations and atomic units are used throughout the present
study unless otherwise specified. Besides, instantaneous
decoherence correction is applied when the decoherence time is
negative.

In general, one may expect whether other feature input ����
�

with different � could also give good performance. Therefore,
we study the force-projected kinetic energies here. For each
trajectory, the nuclear motion is solved by the Newton equation

where � and ��(�) are the nuclear momenta and the
eigenenergy of the active state a, respectively. We may first
consider � as the force on the active potential energy surface
(PES) in Eq. (4), �� , which is calculated during the dynamics
simulation even without adding any decoherence correction.
Similarly, the force acting on a nonactive state reads

�� =− ∇���(�). (5)

Besides �� and �� , we also explore the force difference, which
incorporates information from both the active PES a and the
nonactive PES i,

Δ��(≠�) =− ∇�[��(�) − ��(�)]. (6)

Similar to those in the surface hopping method, the electronic
evolution in the Ehrenfest mean field (EMF) [51] approach also
follows the time-dependent Schrödinger equation, and the
nuclear motion is governed by the Newton equation. The
difference lies in the fact that the nuclear motion in EMF is
described by

��
��

=− ⟨�(�, �)|∇���0(�, �(�))|�(�, �)⟩, (7)

where P is the nuclear momenta on the average PES,
��0(�, �(�)) is the electronic Hamiltonian at the specified nuclear
coordinates �(�), and �(�, �) is the electronic wavefunction at time
t. By substituting the adiabatic expansion of the wavefunction
into Eq. (7), we can derive the equation for the nuclear motion
in the adiabatic representation,

��
��

=− � (� ����
∗∇���) + �,� ���� ����

∗(�� − ��). (8)

In the following study, we denote the force of the average PES
in Eq. (8) as ��� , which also uses information from both active
and nonactive PESs.

Figure 1. Schematic workflow of the screening processes for
decoherence time formulas assisted by machine learning. The
initial descriptor space is defined as Φ0

� = ����
� , Δ�� , where

Δ�� = �� − �� and � is a chosen force direction which has four
different options (i.e., �� , �� , Δ�� , and ��� ). Through iterative
generation with a series of binary operations {��( ⋅ , ⋅ )}, we can
obtain four different second-order descriptor spaces (i.e., Φ2

�� ,
Φ2

�� , Φ2
Δ�� , and Φ2

��� ) with a total number of 1,484 descriptors.
After screening with the training set, we obtain the optimal
decoherence time formula and benchmark it against a test set
with a wide array of one-dimensional and two-dimensional
model systems.

As the detailed machine learning algorithms to obtain the
optimal decoherence time formula have been described
elsewhere [48,49], we here only give a brief introduction and
the workflow in Figure 1. A large number of candidate
descriptors are generated in an iterative manner. Namely, the
initial descriptor space is defined as Φ0

� = [����
� , Δ��] , where

Δ�� = �� − �� and � is a chosen force direction. We then obtain
the descriptor space Φ1

� by applying a series of selected binary

��
��

=− ∇���(�), (4)
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operations to Φ0
� , and subsequently generate Φ2

� , which
involves applying the same binary operations to all the
descriptors in both Φ0

� and Φ1
� . By design, we obtain four

different second-order descriptor spaces, i.e., Φ2
�� , Φ2

�� , Φ2
Δ�� ,

and Φ2
��� , each of which contains 371 descriptors. For each

descriptor � , a decoherence time formula is defined as ��� = �0 +
�1�. We adopt 24 one-dimensional and two-dimensional models as
the training set and calculate the error function by

������ = 1
�s������cℎ����� �=1

�s�����
�=1
�cℎ����� (�� ���

S� − ���
D��)2. (9)

Here, the number of channels ��ℎ����� is 8, while the number of
samples ������� is 24. ���

�� and ���
��� are populations of the jth

channel in the ith sample at the final snapshot calculated by surface
hopping (SH) and the discrete variable representation (DVR) [52],
respectively. Note that the decoherence time here is a physically
motivated quantity introduced to enhance the accuracy of mixed
quantum-classical dynamics simulations. It is not a priori known
along trajectories, and an analytical gradient of the error function
cannot be derived. Thus, we here continue to employ the discrete
space optimization to determine the parameters [48].

In Figure 2, we show the error distribution of surface hopping
simulations with the decoherence time formulas defined based on
all the descriptors in the four descriptor spaces of Φ2

�� , Φ2
�� , Φ2

Δ�� ,
and Φ2

��� . It is apparent that the overall behavior of the descriptors
looks similar across the four descriptor spaces, with the majority of
descriptor errors concentrated around 0.019, while the minimum

error is approximately 0.013. Encouragingly, Eq. (3) consistently
stands out in the four different descriptor spaces, exhibiting either
the smallest or the second smallest error in the corresponding set of
descriptors. The relevant parameters in the decoherence time
formulas of Eq. (3) along with the associated training errors are
detailed in Table 1. It is important to note that Eq. (3) with ����

�� not
only gives the smallest error within the Φ2

�� space but also achieves
the lowest error among all the four descriptor spaces. Thereby, the
optimal decoherence time formula obtained in the training set is

��� = �0 + �1
Δ��

����
�� (����

�� −Δ��)
, (10)

where �0 = 4×106 and �1 = 1000. Although both ref. 49 and the
present study yield the optimal decoherence time formula in the
form of Eq. (3), it is important to clarify that this is obtained
independently. Namely, Eq. (3) emerges only after a careful
selection from the descriptor spaces (i.e., Φ2

��, Φ2
��, Φ2

Δ��, and Φ2
���)

in this study, thus also confirming the general applicability of this
expression.

To quantitatively evaluate the performance of decoherence
time formulas based on different force-projected kinetic
energies in the form of Eq. (3), we calculate the average
population error in a large number of test systems for the initial
momentum k by

�����(�) = 1
������cℎ����� �=1

�����
�=1
�cℎ����� (�� ���

S� − ���
D��)2, (11)

Table 1. Relevant parameters in the decoherence time formula of Eq. (3) and associated errors for surface hopping simulations obtained using
different choices of � in the same training set.

� �0 �1 Error

�� 4×106 1000 0.0123

�� 1×106 125 0.0136

Δ�� 4×104 100 0.0144

��� 8×106 62.5 0.0153

Figure 2. Error distribution of surface hopping simulations using the decoherence time formulas defined based on descriptors from (a) Φ2
��, (b)

Φ2
��, (c) Φ2

Δ��, and (d) Φ2
��� spaces in the training set. The errors associated with the descriptors which are not shown in (d) are all above 0.07.
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where ����� denotes the number of initial conditions for each
test system, and ��ℎ����� represents the number of final
channels, which is determined by the number of energy levels
and the system dimensionality. We first examine the
performance of Eq. (3) with ����

�� , ����
�� , ����

Δ�� , and ����
��� in two

two-dimensional systems, namely the STD-1 and STD-2 models
[50,53]. In the STD-1 model [53], the Hamiltonian reads

�11(�, �) =− �1 tanh ( �1�), (12)

�22(�, �) = �2 tanh [ �2(� − 1) + �2 cos ( �2� + �/2)]
+3�2/4, (13)

�12(�, �) = �21(�, �) = �3 exp ( − �3�2), (14)

where �1 = 0.05, �1 = 0.6, �2 = 0.2, �2 = 0.6, �2 = 2.0, �2 =
0.3, �3 = 0.015, and �3 = 0.3. The initial wave packet is placed
on either the lower or the upper surface at coordinates (x₀, y₀),
with x₀ = -4.0 and y₀ selected from {-2.0, -1.0, 0, 1.0, 2.0, 3.0,
4.0, 5.0}. The direction of the initial momentum is specified by
an angle θ₀ relative to the x-axis, which takes values of 0°, 15°,

30°, or 45°. For cases where the initial wave packet is located
on the lower (or upper) surface, the momentum ranges from 16
to 28 (or 8 to 20), respectively.

For the STD-1 model, the error function in Eq. (11) with
����� = 32 and ��ℎ����� = 8 is used to evaluate the performance
of surface hopping simulations. As shown in Figure 3a, the
standard FSSH method has large errors within 0.03-0.06 in the
entire momentum range when the initial wave packet is on the
upper surface. After introducing quantum decoherence
correction via Eq. (3) with ����

��� , the errors are significantly
reduced to below 0.03. In particular, when using Eq. (3) with
����

�� , the errors are uniformly smaller than 0.02. In comparison,
Eq. (3) performs poorly with ����

�� or ����
Δ�� , which even show

larger errors in the high-momentum region than FSSH which
does not have decoherence correction. Instead, when the initial
wave packet is located on the lower surface, the error of FSSH
generally falls between 0.025 and 0.03 (see Figure 3c). After
introducing decoherence correction using Eq. (3) with ����

��� , the
error stabilizes at approximately 0.015. Overall, except for Eq.
(3) with ����

Δ�� , all other three decoherence time formulas
consistently yield lower errors than FSSH across the entire
momentum range.

Figure 3. Average population errors of surface hopping with different decoherence time formulas for the STD-1 model initialized from the (a)
upper and (c) lower surfaces, and the STD-2 model initialized from the (b) upper and (d) lower surfaces. The errors of FSSH are shown by
dark cyan solid squares. For comparison, the errors of FSSH using different decoherence time formulas of Eq. (3) with ����

�� , ����
�� , ����

Δ�� , and
����

��� are represented by blue, red, ginger yellow, and pink solid squares, respectively.

We further consider the STD-2 model [50]. The diabatic
Hamiltonian is expressed as

�11(�, �) =− �0, (15)

�22(�, �) =− � exp { − �[0.75(� + �)2

+0.25(� − �)2]}, (16)

�12(�, �) = �21(�, �) = � exp { − �[0.25(� + �)2

+ 0.75(� − �)2]}, (17)

where � = 0.15, � = 0.14, � = 0.015, � = 0.06, and �0 = 0.05.
The error function of Eq. (11) with ����� = 18 and ��ℎ����� = 8 is
utilized. It is apparent that the errors of surface hopping are

significantly reduced compared to those of FSSH after
incorporating the decoherence correction of Eq. (3), particularly
when the initial wave packet is located on the upper surface
(see Figure 3b). Unlike the results obtained in the STD-1
model, Eq. (3) exhibits consistently high performance when
paired with ����

�� , ����
�� , ����

Δ��, or ����
���. Overall, Eq. (3) with ����

�� or
����

��� shows more consistent and relatively higher performance
in the two two-dimensional test systems (i.e., STD-1 and STD-2
models). Note that we have considered 832 and 468 initial
conditions for STD-1 and STD-2 models, respectively. As each
initial condition results in 8 channel populations here, we have
considered 10,400 channel populations in total for the two
representative two-dimensional models, which form a rich set
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of data. With the training data restricted to the final channel
populations, accurate description of time-dependent populations
would further validate the obtained formula. Preliminary results
indicate that incorporation of Eq. (10) into surface hopping also
yields substantial improvements in the time evolution.

To further assess the robustness of surface hopping with
decoherence corrections, we expand the investigation of Eq. (3)
with ����

�� and ����
��� to one-dimensional multi-level systems,

which provide a much larger number of test systems. In detail,
we consider a series of benchmark model bases, including the
two-level model base MB0, the three-level model base MB1,
the four-level model base MB2, and a special three-level model
base MB3 which contains models with exponential and Morse
repulsive potentials [41,54]. It is important to note that the
training set above contains only 4 one-dimensional two-level
samples. Thereby, these model bases render a comprehensive
evaluation of the applicability of decoherence time formulas in
complex multi-level scenarios.

In the two-level model base MB0 [41], five distinct
function forms are considered for the diagonal elements of the
diabatic Hamiltonian,

�11
[1] = �1, (18)

�22
[1] = �2, (19)

�11
[2] =

�2 − �1[1 − exp ( �1�)], � < 0
�2 + �1[1 − exp ( − �1�)], � > 0 (20)

�22
[2] =

�3 − �1[1 − exp ( �1�)], � < 0
�3 + �1[1 − exp ( − �1�)], � > 0 (21)

�11
[3] =

− �2 + �1[1 − exp ( �1�)], � < 0
− �2 − �1[1 − exp ( − �1�)], � > 0 (22)

�22
[3] =

�1 + �1[1 − exp ( �1�)], � < 0
�1 − �1[1 − exp ( − �1�)], � > 0 (23)

�11
[4] = �1 + �2 exp ( − �2�2), (24)

�22
[4] = �2 + �2 exp ( − �2�2), (25)

�11
[5] = �1 − �2 exp ( − �2�2), (26)

�22
[5] = �2 − �2 exp ( − �2�2), (27)

where �1 = 0.01, �1 = 1.6, �2 = 0.02, �2 = 0.28, �1 = 0, �2 = 0.01,
and �3 = 0.02. For the off-diagonal elements of the Hamiltonian,
we adopt the Gaussian-type function,

�12 = �21 = � exp ( − ��2). (28)

Here, � and � respectively represent the strength and spatial width
of the diabatic coupling. In MB0, � takes four different values (i.e.,
0.0025, 0.005, 0.02, and 0.04), corresponding to gradually
enhanced diabatic coupling strengths. And � takes two values (i.e.,
0.4 and 1.5), representing broad and narrow spatial distributions of
the diabatic coupling, respectively.

Figure 4. Average population errors of FSSH and FSSH with Eq. (3) based on different forces for (a) the two-level model base MB0 which
comprises 200 models with 26 distinct initial momenta, (b) the three-level model base MB1 consisting of 750 models with 30 different initial
momenta, (c) the four-level model base MB2 containing 625 models with 41 different initial momenta, and (d) the model base MB3 which
includes 50 models with strong repulsive potentials and 30 different initial momenta. The errors of FSSH and FSSH using Eq. (3) with ����

���

and ����
�� are shown by dark cyan, pink and red solid lines, respectively.

Based on the 25 distinct diagonal terms and 8 combinations of
off-diagonal terms, there are 200 different one-dimensional two-
level models in MB0 [41]. In Figure 4a, we show the momentum-

dependent population errors of MB0, which are calculated with
����� = 200 and ��ℎ����� = 4. For � > 16, the errors of all the
three methods are below 0.003 due to the incorporation of phase
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correction in surface hopping. In the absence of decoherence
correction, however, significant errors are observed for small �.
In particular, when � = 9, the FSSH error is about 0.065. In
contrast, after applying the decoherence correction in Eq. (3)
with ����

�� or ����
��� , the average population errors drop to less

than 0.02 for � > 6 and monotonically decrease as � increases.
Overall, the performance of surface hopping based on both ����

��

and ����
��� is similar in MB0.
It is generally expected that an increase in the number of

energy levels enhances the complexity of nonadiabatic dynamics.
Thereby, we further make a systematic study in three-level and four-
level systems. The model base MB1 consists of a collection of
scattering models featuring three energy levels and one classical
degree of freedom [54]. The diagonal elements of the Hamiltonian
take five different forms, which are

�11
[1] = �1 + �1, (29)

�22
[1] = �2 + �2, (30)

�33
[1] = �3 + �3, (31)

�11
[2] =

�2 − �1[1 − exp ( �1�)] + �1, � < 0
�2 + �1[1 − exp ( − �1�)] + �1, � > 0 (32)

�22
[2] =

�3 − �1[1 − exp ( �1�)] + �2, � < 0
�3 + �1[1 − exp ( − �1�)] + �2, � > 0 (33)

�33
[2] =

�4 − �1[1 − exp ( �1�)] + �3, � < 0
�4 + �1[1 − exp ( − �1�)] + �3, � > 0 (34)

�11
[3] =

− �2 + �1[1 − exp ( �1�)] + �1, � < 0
− �2 − �1[1 − exp ( − �1�)] + �1, � > 0 (35)

�22
[3] =

�1 + �1[1 − exp ( �1�)] + �2, � < 0
�1 − �1[1 − exp ( − �1�)] + �2, � > 0 (36)

�33
[3] =

�2 + �1[1 − exp ( �1�)] + �3, � < 0
�2 − �1[1 − exp ( − �1�)] + �3, � > 0 (37)

�11
[4] = �1 + �2 exp ( − �2�2) + �1, (38)

�22
[4] = �2 + �2 exp ( − �2�2) + �2, (39)

�33
[4] = �3 + �2 exp ( − �2�2) + �3, (40)

�11
[5] = �1 − �2 exp ( − �2�2) + �1, (41)

�22
[5] = �2 − �2 exp ( − �2�2) + �2, (42)

�33
[5] = �3 − �2 exp ( − �2�2) + �3, (43)

where �1 = 0, �2 = 0.01, �3 = 0.02, �4 = 0.03, �1 = 0, �2 = 0.005,
�3 = 0.01, �1 = 0.01, �2 = 0.02, �1 = 1.6, and �2 = 0.28. In
addition, three types of Gaussian diabatic couplings are considered
to characterize the off-diagonal elements of the Hamiltonian, which
are expressed as

�12 = �21 = �1 exp ( − �1�2), (44)

�23 = �32 = �2 exp ( − �2�2), (45)

�13 = �31 = �3 exp ( − �3�2), (46)

We consider two sets of coupling strengths, i.e., (�1 = 0.04, �2 =
0.03, �3 = 0.005) and (�1 = 0.10, �2 = 0.05, �3 = 0.01), along with
three sets of coupling widths, i.e., �1 = �2 = �3 = 0.3, 0.6, and
1.5. As there exist 125 combinations of diabatic potential surfaces
and 6 sets of diabatic couplings, MB1 contains a total number of
750 one-dimensional three-level models.

We also consider a four-level model base MB2 [54]. While the
first three diagonal elements of the Hamiltonian are the same as
those in Eqs. (29)-(43), the fourth diagonal element is chosen from
the following five expressions,

�44
[1] = �4 + �4, (47)

�44
[2] =

�5 − �1[1 − exp ( �1�)] + �4, � < 0
�5 + �1[1 − exp ( − �1�)] + �4, � > 0 (48)

�44
[3] =

�3 + �1[1 − exp ( �1�)] + �4, � < 0
�3 − �1[1 − exp ( − �1�)] + �4, � > 0 (49)

�44
[4] = �4 + �2 exp ( − �2�2) + �4, (50)

�44
[5] = �4 − �2 exp ( − �2�2) + �4, (51)

where �3 = 0.02, �4 = 0.03, �5 = 0.04, �4 = 0.025, �1 = 0.01, �2 =
0.02, �1 = 1.6, and �2 = 0.28. The six off-diagonal terms are
defined as

�12 = �21 = �1 exp ( − �1�2), (52)

�23 = �32 = �2 exp ( − �2�2), (53)

�34 = �43 = �3 exp ( − �3�2), (54)

�13 = �31 = �4 exp ( − �4�2), (55)

�24 = �42 = �5 exp ( − �5�2), (56)

�14 = �41 = �6 exp ( − �6�2), (57)
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where �1 = �2 = �3 = 0.16, �4 = �5 = 0.06, �6 = 0.01, and �1 = �2
= �3 = �4 = �5 = �6 = 1.5, reflecting strong and narrow
couplings between energetically adjacent states. Since each
diagonal term of the Hamiltonian has five options, MB2 contains
625 models in total.

In Figure 4b, we show the average population errors of MB1
with ����� = 750 and ��ℎ����� = 6. It is apparent that the most
significant difference among the three methods lies in the region
with � < 25. For instance, the FSSH method exhibits an error of
approximately 0.03 for � = 17. In comparison, this error is reduced
to about 0.02 by incorporating decoherence by Eq. (3) with ����

��� .
Using Eq. (3) with ����

�� leads to a more significant reduction in
error, with a value down to 0.004. In these three-level systems, the
differences between ����

��� and ����
�� begin to surface, while Eq. (3)

with ����
�� continues to show high performance.

As shown in Figure 4c, we further explore whether Eq. (3)
with ����

�� could have stable and high performance in the four-level
model base MB2. Similar to the performance in MB1, FSSH shows
unsatisfactory average population errors calculated with ����� = 625
and ��ℎ����� = 8. In particular, the behavior of Eq. (3) with ����

���

becomes closer to that of FSSH in the intermediate momentum
region as the number of energy levels increases. This is primarily
due to the fact that, in the investigated models, higher energy levels
are generally associated with higher potential barriers. For the
intermediate �, the kinetic energy is not large enough to surpass the
potential barrier and stronger decoherence effects are present. The
utilization of ����

��� fails to capture such strong decoherence effect

adequately.
Except the three model bases studied above, when atoms,

molecules, and metal surfaces collide, the corresponding PESs
show significant repulsive behavior. Thus, we also study the MB3
model base [54], which adopts the exponential and Morse
potentials to describe the third diabatic PES,

�33
[6] = �6

−�/�6 + �4, (58)

�33
[7] =− �7 + �7 1 − exp ( �7�) 2 + �6. (59)

Here, �6 = 0.8, �7 = 0.08, �6 = 15, �7 = 0.13, �4 = 0.03, and �6 =
0.1. While the first two diagonal elements of the Hamiltonian still
follow the forms and parameters of MB1, the off-diagonal terms of
the Hamiltonian adhere to the form in MB1 but have different
parameters, namely, �1 = 0.2, �2 = 0.1, �3 = 0.05, and �1 = �2 =
�3 = 0.6. In these cases, the errors are calculated with ����� = 50
and ��ℎ����� = 6. In significant contrast to the three model bases
above, FSSH exhibits considerable errors even in the high � region
(see Figure 4d). In fact, as infinite potential energy barriers are
present in all these systems, the decoherence correction dominates
the performance across all � regions, rather than being limited to
the low and intermediate � . The introduction of decoherence
correction (Eq. (3) with ����

��� ) achieves slightly better performance
than FSSH. Encouragingly, Eq. (3) with ����

�� still consistently
shows exceptional performance with the average population errors
below 0.01 in all cases.

Figure 5. (a) Transmission probability on the upper surface for the SAC model, (b) reflection probability on the lower surface for the DAC
model, (c) reflection probability on the lower surface for the ECR model, (d) reflection probability on the lower surface for the DBG model, (e)
transmission probability on the upper surface for the DAG model, and (f) transmission probability on the lower surface for the DRN model.
The black open circles are the exact quantum solutions by DVR. The results of FSSH and FSSH using decoherence correction in Eq. (3) with
����

�� are shown as dark cyan and red solid circles, respectively.

For all the four model bases investigated above, it is evident
that, aside from the few small k points, Eq. (3) with ����

�� (i.e., Eq.
(10)) results in negligible errors below 0.01 in most calculations.
Since 1990, the three Tully models, i.e., the simple avoided
crossing (SAC), the dual avoided crossing (DAC), and the
extended coupling with reflection (ECR) models, have served as
standard benchmark systems for new nonadiabatic dynamics

simulation methods [34,55]. In addition, three more challenging
models have been introduced, namely the dumbbell geometry
(DBG), the double arch geometry (DAG), and the dual Rosen-
Zener-Demkov non-crossing (DRN) models [47,56]. Thereby, we
here also adopt these six models to thoroughly assess the
performance of Eq. (3) with ����

�� . Since these models are well
known, we present only a single representative channel per model
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to ensure the clarity of results. In Figure 5a and Figure 5b, we
show the transmission populations on the upper surface for the
SAC model and the reflection populations on the lower surface for
the DAC model. The FSSH results are satisfactory and in line with
the exact quantum solutions. After applying the decoherence
correction using Eq. (3) with ����

�� , the results are almost identical to
those of FSSH in the SAC model, but provide a much more
accurate description of the DAC model.

In Figure 5c and Figure 5d, we show the reflection
populations on the lower surfaces for the ECR and DBG models.
The standard FSSH with phase correction generally gives
oscillating reflection probabilities for relatively small � .
Encouragingly, after decoherence correction using Eq. (3) with ����

�� ,
these oscillations are completely eliminated and the results agree
very well with the exact quantum solutions. In Figure 5e and
Figure 5f, we show the transmission populations on the upper
surface for the DAG model and those on the lower surface for the
DRN model. These two models are more complex, as nonadiabatic
dynamics simulations require a finely tuned balance between
coherence and decoherence. In the DAG model, FSSH exhibits
oscillatory results in the entire � range (see Figure 5e), indicating
that the dynamics is overcoherent. In comparison, Eq. (3) with ����

��

gives smooth results for small � and oscillatory results for large �,
which are fully consistent with the exact solutions. FSSH also fails
to describe the transmission in the small � region of the DRN
model (see Figure 5f), while Eq. (3) with ����

�� consistently yields
results that closely reproduce the exact solutions. Note that in Eq.
(10), �0 is a relatively large value. This is reasonable because the
decoherence strength should be negligible when Δ�� is very small.
We also investigated the formula with only �0 in the three Tully
models, which yields similar results with the traditional FSSH.

To summarize, we have utilized machine learning to obtain
optimal decoherence time formulas based on the force-projected
kinetic energy. Four different types of forces have been considered
as feature inputs in the decoherence time formulas, and the form of
Eq. (3) has been found to consistently stand out. Through a
systematic benchmark, we have identified that Eq. (3) with ����

��

(i.e., Eq. (10)) shows the highest performance across all the
investigated scattering systems, including two-dimensional two-
level models (i.e, STD-1 and STD-2), one-dimensional multi-level
model bases (i.e., MB0, MB1, MB2, and MB3), as well as six
standard one-dimensional models (i.e., SAC, DAC, ECR, DBG,
DAG, and DRN). However, high-dimensional scattering models
and more realistic systems are important for assessing the
generalizability of decoherence time formulas, which deserves
systematic studies in the future. Note that as a preliminary
validation of Eq. (10) in a more realistic setting, a
photodissociation model can be considered [37,57]. While the
obtained time-dependent populations agree well with the exact
quantum solutions, the traditional FSSH yields similiarly accurate
results in this model, indicating the applicability of Eq. (10) in the
weak decoherence regime. In the present study, we have extended
the framework of machine learning decoherence time from one-
dimensional scattering models to identify the optimal decoherence
time formula applicable to both one- and two-dimensional systems,
thereby further supporting the generality of studying complex
decoherence effects in nonadiabatic dynamics based on machine
learning.

Finally, we note that when considering the utilization of force
direction for decoherence correction, the active state is typically the

first option that comes to our mind. However, the systematic study
here has suggested that the force associated with the corresponding
nonactive state is actually more suitable. As the force �� primarily
determines the nuclear motion on the active PES, projection of the
kinetic energy along �� tends to overemphasize the dynamics on
the active PES and does not capture the separation of wave packet
components on different surfaces, which is associated with strong
decoherence [37]. More insights can be gained from the wave
packet reflection criterion introduced in the branching corrected
surface hopping (BCSH) method.41 In this approach, if the dot
products ��(�) ⋅ ��(�) and ��(�) ⋅ ��(� + Δ�) have opposite signs, a
wave packet reflection event is considered to occur on the ith PES
during the time interval Δ� . Based on the assumption of parallel
momenta, we may have �� = ��� , where �� and �� are nuclear
momenta on the active and nonactive PESs. This implies that the
identification of wave packet reflection on nonactive PESs requires
the information about the velocity on the active PES as well as the
force on the nonactive PES. In this regard, it is natural that the
calculation of decoherence time requires the utilization of the
kinetic energy component that is associated with the direction of
force acting on the nonactive PES (i.e., ����

�� ). Furthermore,
decoherence correction is also essential in condensed-phase
systems. Simulations with decoherence correction are not
necessarily always more accurate than uncorrected ones [58]. This
highlights the central challenge of quantum decoherence correction:
it should be applied only when appropriate [37,41]. In this regard,
identifying a universal function form that can be used to treat
nonadiabatic dynamics in a broadly applicable manner is
conceptually analogous to the design of general exchange-
correlation functional in density functional theory. More efforts
should be devoted to achieving this goal. In terms of the
computational efficiency, the proposed decoherence correction
based on force-projected kinetic energies is similar to that of
BCSH41 but is higher than that of the purely energy-based
decoherence time formula.46 However, considering that higher
accuracy may be achieved, it is still useful in many applications. In
particular, when employing machine learning Hamiltonians
[19,59,60], the corresponding forces can be analytically calculated,
which keeps the additional computational overhead at a reasonable
level even for large complex realistic systems.
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