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Abstract. We devise a Lagrangian Generalized Riemann Problem (GRFP) algorithm for
axisymmetric hydrodynamies, which pays attention to high-resolution boundary treat-
ment at the symmetric axis. The numerical boundary condition here is first formulated
the same as the scheme on interior cells. Then we uniformly obtain the requisite inter-
face values in constructing numerical fluxes and sources through the newly-tailored
GEP solver and its one-sided variant. There also exist some innovations in the other
two critical procedures: the derivation of vertex velocities and the compliance with
the geometry conservation law (GCL). Several challenging numerical examples are
utilized to demonstrate the performance of our algorithm in resolving discontinuities,
maintaining symmetry, alleviating overheating phenomena, and dealing with complex
fluids.
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1 Introduction

The numerical simulations of axisymmetric multi-material flows play a vital role in nu-
merous engineering applications, such as inertial confinement fusion, astrophysics, and
weaponry equipment [8,12, 36]. The dimensionality reduction induced by axisymmetry
offers a signal computational advantage. And the Lagrangian algorithms are famous for
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the effective capture of material interfaces. However, except for the resolution of discon-
tinuities, there still persist three tasks to confront in their collocation: the accordance with
conservation law [34], the maintenance of spherical symmetry [10], and the appropriate
boundary treatment at the symmetric axis r=0 [24]. Overcoming these intertwined issues
unavoidably involves multiple trade-offs.

The axisymmetric schemes can fall into two main categories concerning the discrete
manners: area-weighted and volume-weighted [22]. Each has its own pros and cons.
The former only conserves mass. In contrast, the latter, primarily combined with the cell-
centered style, can strictly conserve mass, momentum, and total energy [11]. As for the
preservation of spherical symmetry on the polar mesh, the latter is much inferior [30].

The singularity of geometrical source at the inner boundary r =0 is another in-
escapable difficulty. We cannot totally predict its function in the absence of mathematical
theories, especially when a reflected shock is formed. Well, that is exactly the most es-
sential and anticipated part. Previous efforts on this issue include the extrapolation of
neighboring solution [37], the import of heat viscosity [24], and so on. The straightfor-
ward use of reflective boundary condition is most common among them [9, 10, 20, 32].
Whereas, the research in [19] suggests its actual ignorance of source effect. Excess heat-
ing, numerical instabilities, and even non-physical solution can thus be produced.

Upon these investigations, we embark on the choice of a discrete manner, since the
numerical solution at r = 0 relies on it likewise [31]. A volume-weighted scheme on
the flexible quadrilateral mesh is precisely the one we tend to adopt. Conceivably, the
relevant algorithm will have strengths in ensuring the conservation and weaknesses in
preserving the spherical symmetry. We hope that the latter can be improved under the
applicable numerical boundary.

Our scheme is established through a geometrically compatible analysis under the fi-
nite volume framework, which reminds us that the numerical boundary condition at r=0
can take the same form. Its consistency with the conservation law is thus guaranteed.
Then we proceed to the numerical approximations of the fluxes and sources at the inte-
rior interfaces and r=(). A feasible option comes from the Generalized Riemann Problem
(GRP) solver and its one-sided version.

The studies on the GRP series could date back to [3] and have been widely exploited
since then [4, 6, 14,27, 36]. This type of solver can serve as a high-order extension of the
associated Riemann problem solver and brings us two major benefits. Firstly, we can
skip the operator splitting and naturally exhibit the source effect via the Lax-Wendroff
approach [5, 18]. Secondly, we notice that the radial velocity vanishes at r =0 due to the
symmetry argument. The one-sided GRP solver can utilize this to precisely describe the
fluids here. With the experience on the Eulerian algorithms [38,39], we believe that it can
also make a difference in the Lagrangian ones, particularly in preserving the spherical
symmetry and reducing the heating error.

Turning to the Lagrangian velocities, the linearized GRP solver has once been directly
applied at vertices in [23], since the fluid structure with initial four regions is too compli-
cated to be distinguished. In contrast, we opt to propose an entire version at interfaces
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to leverage its advantage in capturing strong discontinuities. Meanwhile, there comes
another challenge, deriving vertex velocities from interface normal ones.

The well-known CAVEAT algorithm incorporates a five-point least-squares method
to complete the shift [1], which just attains first-order accuracy. Its second-order upgrade
stems from a larger thirteen-point stencil [29]. Later, an adaptive hybrid edition of these
two is put forth in [26], which encompasses a parameter to be tuned for each individual
test. We hold the opinion that the calculation errors of vertex velocities are most likely
born out of the discontinuous fields. By autonomously retaining the smoother parts, the
thirteen-point stencil can be cut down to a narrower nine-point one. QOur strategy aims
to reduce computational errors and costs at the expense of some setup. Furthermore, the
uneven distribution of points can conduce to the recovery of flow direction.

After the least-squares step, we are stuck in the dilemma of inconsistency between
vertex velocities and face normal ones, which may cause spurious mesh motion. A plau-
sible Lagrangian algorithm should meet the axisymmetric geometry conservation law
{GCL). Thence we take it as a criterion and simply modify the face normal velocities
reciprocally.

In summary, the contribution of our algorithm rests in the high-resolution numerical
scheme and boundary condition. On execution, they are made possible by the newly
developed GRP solver and the corresponding one-sided version. Under cell-centered
discretization, we also hammer out a nine-point least-squares method and axisymmetric
GCL modification for the Lagrangian computing mesh.

The remainder of this paper is organized as follows. In Section 2, we give the identi-
cal forms of our scheme and inner boundary condition at r =0. Our axisymmetric GRP
solvers are introduced in Section 3. The nine-point least-squares method and axisym-
metric GCL correction are unveiled in Section 4. We summarize the whole algorithm
in Section 5 and present the numerical results in Section 6. The concluding remarks are
made in Section 7. To facilitate programming, we collect some useful coefficients of the
solver in Appendix.

2 The Lagrangian scheme for axisymmetric problems
We start with revisiting some fundamental facts about axisymmetric fluids. They will

subsequently be incorporated in our cell-centered Lagrangian GRP scheme.

2.1 Fluid model

Imagine that a control volume €}(t), surrounded by a piece-wise smooth boundary,
moves with the fluid. Under the Lagrangian description, the integral form of the Eu-
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ler equations on the volume (1(1) reads

d .

s dV =10,

dt./f[ﬂm'ﬂ

4 [ f dv = /[ ds 2.1)
df. ﬁ[:]'ﬂ" il aﬂmp“ : ‘

d .
4 EdV = - /j -ndS,
df.[f./;mf 3 antrlp" .

where # is the outward unit vector normal to the boundary surface dC1(t). The notations

g, u, p, and E represent the density, the velocity, the pressure, and the specific total energy

in order. The system (2.1) can be closed by such a caloric equation of state (EOS),
p=plp.e),

in which e is the specific internal energy. It connects with E via the relation e=E — |u|*/2.
In the cylindrical coordinates (r,8,z), the volume element is written as dV =rdrdfdz,
r=0. Further for axisymmetric fluids, the flow variables are independent of the azimuthal
direction £, that is
[o,u,E]=[p,u,E](r,z,t).

Other than that, the azimuthal velocity vanishes. Designate u and v as the radial (r) and
axial (z) velocity components, then the system (2.1) can be specified as

d
o dxedBis =0,

dt.[[/r.‘!mrp d

& o .

ot d dﬁdz=-[f .ds- /f[ drdedsz,
dt.[/[mnr'ﬂ“ 4 . an.rﬂpn F. 4 ntrlp i

g

2 odrdfdz= - ff o

dt j/I‘;[zjm ! g’

d .

£, Edrdfdz—= - [f 7ds,

dt.[/fnmm ! : an[ﬂpu

with the normal vector n= (n,,n.) and velocity i =u-n in terms of the boundary d(2(¢).

2.2)

Remark 2.1. Based on Reynolds’ transport theorem and Gauss’ divergence theorem, we
can derive an Eulerian description of axisymmetric fluids from the Lagrangian one (2.2):

au  19(rR(U)) oaz(Uu) (U)
e - ey + e —
r dr dz r

u;[;ﬂ, oNatis] o] %
4]

l puw J ;
u(pE+p)

(2.3)
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In this study, the fluids are characterized by the polytropic gas EOS5,
P= I:r:r' - ijfr T 1: {24}

where 7 is the adiabatic exponent. The sound speed ¢ thereof has the expression:

f o . IRal -
s [EUD 0P FFD
Vp2ae ap \ p°

Substitution of the above two equations into the system (2.3) gives its alternative,

dV dV dv
§+G{VJ§+H{V}E—TU,VL

i w o p 0 0 v 0 p 0D ou =
v_lul g_f0 o 0 1] L fow 0 0f o 1f0 (=2)
el T 100w O 00 v Vet T r| 0|

2 0 p2 0 u 00 pi2 o cu

Denote the symbols Z, IN, and IN" as the sets of whole integers, natural numbers,
and positive integers. From the perspective of the (r,z}-plane, we split the computational
domain, stretching to the symmetric axis r=0, into several non-overlapping quadrilateral
cells K, ;(t), i€ N, j € Z. Here the subscripts i and j indicate the indexes of K, ;(t) in the r
and z directions respectively. The inner boundary cells at r =0 are X’y ;(f).

From a broader three-dimensional (3D) perspective, the real cell £); ;(t) is generated
by revolving K, .(f) around the axis r=1),

O,(H={(r8,2) | (rz) eKy(t), 0<8<27)}.

We explain these two perspectives in Fig. 1. An exceptional scenario is added within
Fig. 1{c): The 3D cell (};; becomes cylindrical when its 2D counterpart K, ; is rectangu-
lar. Setting x = (r,z), we sequentially label the centroid and four vertexes of & ;; as x;;,
Xi1/2,j-1/2 Xip1/2,j-1/2: Xiy1/2,j+1/2, A0d X;_q 2 111/2, see Fig, 1(a).

As shown in Fig. 1(b), the 3D cell {);; is mostly an irregular geometry. Given its
similarities to frustums, we can write out its volume and area of each surface. Presume
that the 2D cell K; ; is non-concave (Fig. 2). Number its four edges counter-clock-wise as
Ly (k=1,2,3,4), the vertices of which are x; and x; 1 (let x5 =2x;). The volume of [}, ; is

' T 4 = :
|| = //frdrdf?dz: 3 Z{r;__ 1 FTE41TE -|-rfj|-{zh; —zk). (2.6)
4 k=1

The area of the surface &;, formed by rotating L around r=0, is
|Sk|=m(rep+re) - [xe o —xl, k=1234. (2.7)

It will hold for the boundary cells £y (j € &) likewise if we consider the area of their
inner surfaces to be zero.
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(a) Ki. {b) 0. ic) Cylindrical ﬂ,-r_...

Fig. 1: The computational cells under 2} and 3D views.
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Fig. 2: The simplified notations about £ ;.

Remark 2.2. Using the symmetry argument, the radial velocity 1 at the axis r =0 satisfies
u(r=0,z,t)=0. (2.8)

It means that if the computational domain contains ¥ =0 from the start, the situation
will remain unchanged. The boundary cells ) ;(t) stay inseparable from it, j € Z. Note-
worthily, the fluids there are quite complex. Excess heating often occurs in numerical
calculations and requires careful processing [24]. We will discuss this in Section 3.2.

2.2 Fully Lagrangian discretization

On the basis of the foregoing preparation, let us devise a Lagrangian scheme, with
second-order accuracy both in time and space, for axisymmetric fluids. Define the av-
erage of the conserved variable rlU over the 3D cell £}, ; as

U;,_f[f,Z;H:ﬁf[[ﬂ rl(r,z,t)drdfdz
L R Rl
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and the flux vector as F(U)= [0, pn,,pn.,pi]". The system (2.2) can be formulated as

%[lﬂé,j|ui,j_}|= - I/faﬂuF{u}dS-{-[[[ﬂum(mdrdﬁdz, (2.9)

where the source term ®(U) and the cell volume |D,q,| have been given in (2.3) and (2.6).

MNext perform spatial discretization on the two integrals of (2.9). It suggests from
Fig. 2 that a cell boundary d();; consists of four surfaces. The surface integral can be
approximated as

I[/;ﬂgJﬂu}dS:

among which F.:= F(U; ) is the numerical flux across the surface &;. These four variable
values Uy (k=1,2,3,4) can be evaluated at each midpoint of L; in the 2D view, precisely
Wisyyoji=U(V(ric12,2zjt)) and Ujjaq = U(V(r;,2521/2,t)).

Later, we evaluate the volume integral of source term by the interface method [16],

% 3 @ |02 ]
(U)drdfdz = —rdrdfdz = 2408 (2.11)
SSIY SOy T Tij :

where L; ; is a weighted average of ®;. (k=1,2,3,4). The definition of numerical source ®;
is analogous to F;. The utilization of interface values aids in preserving the well-balanced
property with scarcely increased numerical difficulties.

Plugging (2.10) and (2.11) into (2.9), we get a semi-discrete adaptation of (2.2},

Y f[s Fu)ds= ¥ KIS, a0,= | S (210

F=1204 k=124 E=1234

T |ﬂi.'|
3 (Uil l) = = ¥, Fe|Sk|+—= L
F=1134 if

Employ the midpoint rule for time advancement, then the full discretization is achieved:

(] -l-% | JI-I-%

by gty apn, D LT

B A i @
i.f I'”-

gt 1 g A

¥ |ﬂ}’;'1| i |ﬂ;r,u‘1 [Ferey
Herein the superscript n signifies the value at the n-th time level t =", with the time
increment A =" — " and the middle level " V2 ="+ At /2.

We have derived the cell-centered Lagrangian scheme (2.12) of axisymmetric fluids
under the 3D view. It can be exploited as a consistent boundary treatment at r=( because
we have circumvented the singularity of @ /r. As matters stand, three issues will be
focused on later.

(i) How to construct the numerical flux F"' 172 and source L H/22 We will propose
the GRP solvers in Section 3 for an “interchange” variable V' 172 to address it.
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(ii) How to calculate geometrical quantities |23, |2'+!], and |S]"'/%? They can

) i
ndl/2 m+41 5 e
i+1/2,j41/2 and Xip1j241/2 LE N, jeZ.

Thereby we will put forward a nine-point least-squares method in Section 4.1 for

the velocity u” , /252142 and the acceleration (du/dt)

be derived from the vertex positions x

n
i+1/2,j41/2°

n4+1/2

(iti) The underlying midpoint velocities u; | /5 and L2

ij+142
the vertex velocities u:-’i‘_fffli 112 in (i), i €N, j € Z. We will slightly modify v+
in Section 4.2 to reach this with the help of axisymmetric GCL constraint.

in (i) are supposed to match

3 The axisymmetric GRP solvers
Suppose that at time t=t", V{r,z,t") is distributed piece-wise linearly,

Virz,t") = F}]-r + 5:'1._5 (= x:'].,i T, xe K (17), (3.1)

among which Vi, =V (U} ), ¢=[6,,¢-]42= [0V /dr,0V /8z] is the gradient tensor of V. In

this section, we separate the GRI’ solvers for the normal variable values V2 (feN)

1=1/2
. u A L R + ¥ N
into two scenarios: the one for H’f_*ﬁ,";‘i (i€ IN") at the interior interfaces and the other for
':"_": j; 3 at the symmetric axis r =0. The same goes for ‘I._-'_"“II ]1’?2.

3.1 Interior interface values

The exposition is made in three steps: (i) Derive the local Eulerian system about V along
the interface normal #. (ii) Convert it to the Lagrangian type. (iii) Formulate the initial
condition of the GRP and supply concrete content of its solver.

(i) Local rotated Eulerian system

Paired with #=(n,,n-) and i, we denote the interface tangential vector and velocity
as t={—n-,n,) and v. These four can be linked together by a unit orthogonal matrix N,

@HT=N-(10)7, N={.’f.]=[”r ”] N-1=NT.

t —H= My
The local coordinate { = (,5) is the projection of x=(r,z) to n and £,
(EMT=N-(r,z)T, ie. [T=Nx". (3.2)

QOut of the misalignment between the directions of u = (1,7} and n, we redefine the local
flow system. The variable rotation is fulfilled using a block diagonal matrix M,

V=MV=[p,i,dp", M=diag(1,N,1). (3.3)
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Multiplying the system (2.5) by M, we acquire its new interpretation around V(£&,,t)

av aV
3 +H|[lr’ — =%(&n,V), (3.4)

with the matrices G(V) and H(V) being

W oon
— +G(V
a3 TGV ==

-:S.

G(V)=nMG(VIM" +n.MH(VIMT, H(V)=-n.MG(VIM"4+nMH(V)M",

The source term ¥(r,V) in (2.5) conforms to the rotational invariance: MY =Y. Using
(3.2) and (3.3), it can be transformed via

¥(r,V)=Y(r(&n),V(EnV)). (3.5)

For simplicity, we denote the right representation as ¥ (¢, V). Such is the case with (3.4).
Fixing 5, the {-split of the system (3.4) writes:
av av ~ g

—+ G(V)==Y1(EV), ¥i=——r
WNgF=06V), h=-7F
Remark 3.1. The systems (2.3), (2.5), and (3.4) will actually describe 2D planar flows if the
source terms @ and ¥ are dropped. This deviates from our topic. Moreover, the splitting
of ¥(c,1,V) is the key to the dimensional splitting of (3.4). Our practice mainly bases on

the concern that the system (3.6) can revert to a radially symmetric fluid model,

A (3.6)

JVv dV
ﬁ FGIV)—
when n=(=x1,0) (Fig. 1(c)). Our Lagrangian GRP solver shall be convertible to the 1D

Eulerian one in [19] under such condition.

_‘T{r V), (3.7)

(ii) Euler-Lagrange mapping

At time t =", concentrating on {7 ;. and letting 7 =1, > o we define the La-
grangian coordinate of the particle located at ¢ as

i .

Ei=[  w(sn— r; LS =) -pls, " )ds. (3.8)
;u]
AR

It stands for the total mass enclosed in the duct section s € [&” ,&|, which is shaped

i=172;j"
like an annulus when n=({=1,0).

Assuming that the particle paths issuing from different positions do not intersect with
each other during the time interval { £ [t",1"*1), the mapping Z — &(Z,t) and its inverse
¢ —Z2(Z,t) are well defined. Thus we have

d i
af{ t)=u(E,t). (3.9)
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Just like (3.5), a flow variable Q can be expressed in both the Eulerian form Q(¢,t) and
the Lagrangian form Q(Z,1).
Using (3.9), the time derivative of Q(Z,1) is
_9Q T (&
af {u,t‘} o (1) +1(Z,1) 2 (C.t) :

E=2{E4) g=(5.1)

which is identical to the total derivative dQ/d#{c,f). Drawing on (3.2) and (3.8), we know

—E(E = [rzrr[E,f}pl[E,i:l_j o (3.10)

With the above two equations, the Lagrangian formalism of the system (3.6) is

i I—A{f’)g—g =¥, (E,V), A(V)=nrp(G(V)-il), (3.11)

at
where [ is the identity matrix. All of the flow variables, as well as the coordinate r, are
functions of = and t.

(iii) Specifics of the GRP solver
Shift our attention to a couple of adjacent cells K 1, and K. According to (3.1), the

variable V(r,z, ") is distributed as
+eli-(x =), xe K",

Jf"

V(r,z,t“}: { ]
T
F.: 1I+gr Li {_1' xr l;] d I“:K::j 1.4

in them. From the standpoint of x" | ,  on JL” the rotated f’(ﬁ,r;,i‘"] on both sides of the
interface is distributed as

o Vi(Ey) =MV '**Tfrf"{’;‘-ﬁ'fj'f- s ﬁ:z i
l{a I]T,f"}lz 5 I
Vz{a f]’]' _MV } r_:r‘ -1,f" (': g.: t,l} ’

where ¢ is the gradient tensor of V. Using (3.2) and (3.3), it can relate to ¢ by

av aﬁ*]

_— i = T
3z’ an McN".

o=[oz,oq]axa= [
As displayed in Fig 3, we can complete the Euler-Lagrange transformation of the
variable V on the = Mi1s 2 plane by (3.8) and (3.10),

=V, +V/Z, E<0,
,,( ) Vit (312)
Vi(E):=Vr+VRE, E>0,
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Fig. 3: The localization of I]I'I—J.-'z,.l (i IN") viewed from K.

wherein ";'; and '}F’ (/=L or R) are prearranged as

V,:= lim Vi{(Z.5" , ), V/(E)= - ;
E E-Im— l{ 1 :l“.} L|: ) HrrP{E:’?,!J___ | }_;ru}
) (o),
V= lim V,»(E, VL(E) = i A
R= E}-ﬂl{ 2( !j? } R[ :l ”rrP{E:H{I_ _’ru}

The GRI' of our interest is a Caur:h}-' problem for (3.11) subject to the initial condition
(3.12). The interior interface values V" *lf,f,l (i €IN") are obtained through resolving it at

(Zo7.4) = (071" 1 15 t"). Specifically, we approximate them with second-order accuracy:

A8 Ut R (aaf)“l , IeN’, (3.13)

T Al T
of which the two decisive components are the instantaneous values of the solution and
its temporal derivative at the initial discontinuity Z =10,

o LA )
V-‘.‘ .-J:L_ 11 {E}”* E.r }I; (ﬁ)l rt f]fl”'l af [:u ir] "f J

We simply refer to them as V, and (3V/at), here-in-after. The former is the solution to
the associated Riemann problem along Z2=0. We illustrate the differences and similarities
between it and the GRP in Fig. 4. Details can be found in [5,32].

On the flip side, using the Lax-Wendroff procedure, the resolution of (aV /at), re-
sembles other GRP studies in [4]. The critical piece is to derive a pair of linear relations
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Fig. 4: The comparison of a possible wave pattern on the y —};F'_”M plane. Left: the associated Riemann
problem, right: the GRF (3.11) and {3.12). Since p jumps discontinuously across the f-axis, we append it and
its lime derivative dp /di a subscript [ ([ =L or E) for differentiation, for example p, [ = ; HII'E_‘[_ p[u—,i}j‘_ 1 _,Mr]_

The same applies to ¢

concerning the Lagrangian derivatives (dii/dt), and (9p/ot),,

ar_(g)‘ +bL(E;_f)_=dL:

ag (%)‘ +bR(%)‘ =dg,

(3.14)

where the coefficients a;, b, and d; are constants depending on 17; and 17’; (0£){J=Lor
R). The deduction process is omitted. Still, to make our paper self-contained, their values
in all instances are concluded in Appendix. The readers only need to consult it when
implementing our GRP solver. After (dp/dt). is settled down, the values of (dp/dt).;
and (dv/adt). can be easily gotten by (3.11),

(g_f) q :Tf(%) & (g)d = J=ReES

So far, we have finished the resolution of interior interface values 'I:’f-" *]3’;2? (feIN").

3.2 Inner boundary values at the symmetric axis

Notice that for the boundary value V" /2 at r=0, the local coordinates (#,5) are mirrored

~1/2,f
to (r,z) and n=(—1,0). We opt to evaluate it by V”i:{f

As mentioned in Remark 2.2, the interface initially located at the axis r =0 can never
escape from there. Thus we obtain the value V'_E']F}; f by resolving the one-sided GREP at

(r,z,t)=(0,z",, ,t"}. It is a Dirichlet problem for (3.7) subject to the initial data

V(rzt")=Vi(rz)=Vo+¢5; (x—x5,)" (3.15)
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Fig. 5 The flow sheet of calculating the interface values V" L2 (j= Ny
E g i—1/2,]

and the boundary condition (2.8). The corresponding solver is referred to our past re-
search in [39]. Its heart resides in employing the L'Hospital's rule to transfer the singular
term u/r into the space derivative du /dr. We will demonstrate in Section 6 that the com-
bination of this solver and the brand-new numerical boundary condition (2.12) owns an
edge when compared with the reflective one.

For ease of understanding, the main bits of our axisymmetric GRP solvers for ‘i_?r-’j'_"l t,“;*‘r
(1= IN) are refined in Fig. 5.

4 The Lagrangian computing mesh

This section is devoted to tracking the Lagrangian mesh motion. We analyze it from two
aspects. On the one hand, the evolution of cells is driven by the movement of vertices. It
calls for calculating their velocities with the interface normal ones acquired in Section 3.
On the other hand, these two classes of velocities should be compatible with each other.
We choose to repair the potential “mismatch” by virtue of the GCL.

4.1 Nine-point least-squares method

As for calculating the interior vertex velocities u] | i+1/2 (ieN", j € &), we retrospect
the five- and thirteen-point least-squares methods raised in [1,29], see the left two panels
of Fig. 6. The latter counts the four 2D cells that share the vertex x7' | j2ji1/2 88 @ whole
linear area with respect to the velocity u. [t involves the information of twelve midpoints
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Fig. 6: The computational stencils of three least-squares methods for the objective velocity u' | ;5 o, with
the vertex x?—lfi.fd-lfl colored in blue. Left: five-point [1], middle: thirteen-point [29], right: our nine-point.
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Herein ny,, and w, ; are the direction and the weight of the Riemann velocity i) that has
shown up in (3.13). Whereas the five-point method is established on the constant field.

Motably, these two methods indiscriminately absorb the midpoints all around. It may
mix the velocity components and confuse the flow direction. In addition, we would like
to reduce computational costs and errors of the thirteen-point method. Our nine-point
edition is thus born. It avoids the area with significant velocity variation.

Its stencil firstly includes the four midpoints closely adjacent to x7' | ,, . ;5. As to the
above-mentioned four cells, the rest four peripheral midpoints are picked from the two
of them with the smallest ||Vu|| value. The matrix norm is designed for measuring the
degree of discontinuity. We usually take it as the Frobenius one and adopt the difference
approximation in [28] to quantify it.

A probable case is offered in the rightmost subfigure of Fig. 6. Eight degrees of free-
dom are taken into (4.1) to determine u} | f2,j41/2° To some extent, our method can be
seen as a rough “deep neural network” version of the thirteen-point one. The activation
function is relevant to | Vu||.

The comparisons between these three methods are given in 6.1. We can calculate the

vertex acceleration (dwu/dt)] |, ,, analogously from the interface GRP accelerations
in (3.13).

Remark 4.1. The linear estimation of vertex velocity synchronizes with our scheme (2.12).
A question arises: Can the stencil be more compact? We fear that the answer might be
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no. A linear field of ¥ demands at least six degrees of freedom for determination. Yet
the resultant 6 = 6 system will be singular on a rectangular mesh. Meanwhile, we observe
that it is better to select equal numbers of midpoints on the »- and z-sides in practice.
Otherwise the system may be ill-conditioned. These support our idea on the other side.

4.2 Axisymmetric GCL modification

The GCL plays an important role in designing the Lagrangian algorithms, while the ver-

tex velocities educed by the least-squares method might break it. So we turn back to

modify the interface normal ones. The pressure there will change a little bit accordingly.
The integral interpretation of the axisymmetric GCL can be expressed as

d :
drdbdz — /[ uds =
dt [[/s-}mr ’ J. aﬂr_ﬂu

Using (2.6), we unfold the volume integral of the 3D cell (};; in Fig. 1(b),
d|0)

n'

B
, T
TR E U1 (2r i +7e) - (21 — 2i) e (rep 1 +2r) - (Zep1 —21)
=

2 2 2
Okt (Mg + it 1) — ol oy +ran+ )]
Rearrange the last two terms by minus and plus the sum of 3, r}. It gives rise to

dlnl.-_fl » T 4

TR Y [tk (2rir +ri) s (zesen —zi) Fulregn +2r) - (251 — 2k)
3 p=1

+ 041 Elq._,_1 +1’k:| : I{}’k =Tk41 :I + Ilk{ri'._|.1 + 2?}} : (!k = FEs 1}] .
Comparing the above equation with (2.7), we can get the interface normal velocities in
line with the vertex ones. At t=1""12, a manifestation of the relation is

1 1 1 1 1
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Incidentally, the boundary velocity at the axis r =0 automatically satisfies the GCL since
we have preset ii" | ;iz =0 in our one-sided GRF solver.
Inspired by other approximate Riemann solvers in [26, 32], we revise the interface

pressure to

ieIN".

.lt-l-i,a_ 1 :lrl-,rR .l!{-iR - %,L !r-l-é,L 1414-%;& ,-._.J[-l--% !rl--I; ,
Piskd = i( i~3d Cimdd  Ci=td - ) (ul--if,r' - f--i-;') tyr R
where 1} 11‘;22} and p" 11;,‘ have appeared earlier in (3.13). The superscript [ of p;_ ]11,’;2;-{
d :E Itl,fzsz (/=L or R) has been introduced beforehand in the caption of Fig. 4.

The above two equations ultimately constitute the modification of the numerical flux

- '15“.’,‘ and source @ ':{f;{ in (2.12). The same works with F’ e 11"?2 and tb:'; 11’%
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5 Summarization of the axisymmetric GRP algorithm

It is time to piece Sections 2-4 together and present a complete story about our axisym-
metric GRP algorithm. We outline its major steps in the view of {1;; (i € IN) as follows.
The first three steps echo the three questions put forward at the end of Section 2.

Step 1. At time t ={", V(r,z,1") exhibits a piece-wise linear distribution (3.1). Obtain the

interior interface values ﬁ;-ll-lti'ﬁ (if 1= N*) and 'I_,-f'j“r.'_?J“: % by the GRP solver. Obtain

the boundary value f””t j; ? {if i=0) by the one-sided GRP solver.

Step 2. Compute the vertex velocities u' [2js1/2 and accelerations (du/dt)},, i1/ by

the nine-point least-squares method. Use the motion equation dx/df = u to deter-

. . 172 141
mine the locations X112, 44172 and xf:”l}-iwz, such as

1+1 — H M {ﬁfrr}i
xj':al.fﬂ:%_xfié.jﬂ:é + AL H?J:%.._,IJ:‘J,_--FT(

dusn
i)

ERWES

Substitute them into (2.6) and (2.7) to attain |D:-’Ir-”'“r2|, |ﬂj”|,] |, and |S;" V2 k=
1,2,3,4. ' '

i}_n +1/2

grr+1/2
172 Vi

and Lj+1/2

Step 3. Modify the normal velocity and pressure parts of by the axisym-

metric GCL constraint. Update the cell average Ej_’:f;] with the iterative formula
(2.12). Transmissive boundary conditions will be applied to the other boundaries
unless otherwise noted.

1

Step 4. Reconstruct the gradient ¢,

Step luntl t=T.

globally by the Barth—Jespersen limiter [2]. Return to

6 Numerical examples

With the entire algorithm coming into the picture, we are in the position to check its
performance. The kernel recurrence formula (2.12) serves a dual purpose: the numerical
boundary condition and the scheme on interior cells. We use the results obtained by
the modified Dukowicz solver in [33, 34] (labelled with “Vilar” in the graph legend) as
references. It has already been successfully applied to the research of symmetric flows
in [20]. Besides, we set a control group: the results under the alliance of our scheme
and reflective boundary condition (labelled with “Reflective”) in the following tests. The
magnitude of A" is limited by the CFL stability criterion with vep =0.6.
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6.1 Test of our nine-point least-squares method

Here we estimate the accuracy and effectiveness of our nine-point least-squares method.
This is achieved by comparing it with the other two methods introduced in Section 4.1
on diverse meshes and velocity fields.

Divide the computational domain [0.5,1.5] x [0.5,1.5] into N? square cells with the side
length k. Keep boundary vertices still. Move the internal ones to deform the mesh into
two types, “smooth” and random, as detailed below.

The vertices of the first “smooth” mesh correspond with the original (R,Z) by

r(R,Z)=R+0.1sin(2nR)sin(2nZ), z(R,Z)=Z+40.1sin(2nR)sin(2nZ).

The vertices of the second mesh move stochastically. The range is centered at their previ-
ous locations yet confined in a square with the side length /4. The shapes of these two
meshes are shown in Fig. 7.

As regards the velocity fields in Fig. 8, field 1 is relatively smooth,

H=F—z+(r— 12=fz=17% p=r+z+({r-1Y+(z-12=2
Conversely, field Il contains obvious rise-and-fall,

; exp(20r—20)
 1+4exp(20r—20)

= ,

which can approximate the structure of a 1D shock.

The L. errors of the vertex velocities calculated by three least-squares methods are
listed in Fig. 9. Mot only that, we assess their convergence rates using the meshes with
various numbers of cells.

It is observed that these methods can reach the second-order convergence on
“smooth” meshes, even when computing the more fluctuant field II. Simultaneously, it

Fig. 7: The general shapes of bwo test meshes. Left: “smooth”, right: random, N =16.
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F P

Fig. 8: The contour maps of two test velocity fields. Left: field | — u, middle: field [ — o, right: field Il — u.

should not be ignored that all of them experience convergence loss on random meshes.
The five-point method even degenerates below first-order.

By overall comparison, our nine-point method attains minimal errors and basically
sustains at second-order on the four cross combinations of distinct meshes and fields.

By pairwise comparison, the convergence rate of our method is much less correlated
with the smoothness of meshes and velocity fields than the five-point version (Figs. 9(b)
and 9(d)). Real Lagrangian meshes are full of uncertainties. They can be extraordinarily
“discontinuous”. Nevertheless, the five-point method has merits on robusiness due to its
simple stencil, see the leftmost subfigure of Fig. 6. Ours wins narrowly in Fig. 9(c).

Compared with the thirteen-point version, our method tightens the stencil and low-
ers the computational costs. As presented in Figs. 9(c) and 9(d), it captures the shock
more precisely. Withal, we think that the selection of mid-points helps eliminate the re-
dundant information and restore the flow direction. Numerical dissipation can thence be
restrained (specially in Fig. 9(c)).

As far as the existing results are concerned, our nine-point least-squares method in-
tegrates advantages of the other two. It exhibits certain flexibility, acceptable robusiness,
and high-order accuracy.

6.2 The free expansion problem

We proceed to the next stage to test the accuracy of the GRP algorithm via the free ex-
pansion problem [10,20,22]. The material is initially static with the dimensionless values
p=1and p=1-|x|? for |x| £ 1. The adiabatic index - in (2.4) is set to 5/3. The problem
has the following analytical solution,

1 o2xt 1 |J:|2 B 5
[P;|“F;Fl‘]— [ﬁrmiﬁ(ldﬁ) f for R“'}— W 1+2t .

We list the numerical errors and the relevant convergence rates at T = 0.4 in Table 1.
To mitigate the influence of the peripheral area, the indicators are measured within the
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Fig. 8. The L. errors of the computed vertex velocities (sequentially make N = 16,32,64,128). Solid line:
a certain slope for comparison, triangle: result under five-paint least-squares method, plus: result under
thirteen-point method, circle: result under our nine-point method. The horizontal and vertical axes are in
logarithmic scales.

interval x = (r,z) € [0,0.9] x [0,0.9]. Evidently, our algorithm can attain the anticipated
second-order accuracy in both £, and £ norms for all the evolved conserved variables.

6.3 The cylindrical and spherical Noh problems

Now we are eager to attempt the unique Noh problem [24] to validate our algorithm. It
involves a radially symmetric converging flow of cold helium (=5/3). lts cylindrical
scenario can be seen as a reduced-dimensional version of axisymmetric flows, with the
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Table 1: The £ and £y errors of our algorithm for the free expansion problem.

N Norm | Density Order | Momentum  Order | Energy  Order

20 Lo 391e-3 7.13e-3 1.02e-2
£ 5.15e-2 9.34e-2 9.16e-2

40 Lo 4.58e-4 3.09 H.6le-4 3.04 | 2273 216
£ 8.77e-3 2.55 1.67e-2 248 | 2.37e2 195

B0 Lo 7.44e-5 2.63 1.45e-4 257 | 487e4 222
£ 1.31e-3 2.74 3.66e-3 219 | 6193 193
160 Loy 1.73e-5 21 3.85e-5 1.92 | L10e4 214
£ 3.62e-4 1.86 8.26e-4 215 | 198e-3 165

position vector x = (r,0). We distinguish it from the spherical one by setting 4 =2 for the
former and d =3 for the latter. The initial conditions are p=1, u=—x/ x|, and p=0.

According to the self-similar solution investigated in [13], a gradually enlarging shock
sets off at the speed of (7—1)/2 from the very start. The field behind it is stationary.
And the “uniqueness” mostly lies in its rear constant density and pressure. Specifically,
their pre-shock values are p=(1+t/|x|)*! and p=0, while the post-shock values are
p=[(y+1)/(y—1)]"and p=(y+1)/2(y-1)"".

In the cylindrical case, we layout 200 x 100 computational cells in the primal domain
[0,1] = [0,1]. [t is compressed to [0,0.4] % [0,1] at T=0.6. The mesh variations and numerical
results versus the r-axis are presented in Figs. 10 and 11.

Broadly speaking, each result resolves the shock sharply. They all match with the
analytical solution in the pressure aspect, see Fig. 11(b). Our result (indicated as “circle”)
takes no remarkable superiority. However in the density aspect, it is much closer to the
uniform value near r =0 than the others (Fig. 11(a)).

Overheating inevitably occurs in computing the Noh implosion. It is hard to be com-
pletely suppressed. The internal energy result under reflective boundary condition (indi-
cated as “plus”) is visibly too high to be portrayed, see Fig. 11(c). By contrast, our method
is a top performer among these options. It is also comparable to those of [7,20,22]. Pre-
sumably, the one-sided GRT solver plays a role within.

The sort of spherical symmetric problems was nicely resolved on the polar meshes
with equiangular zoning [10, 20, 30], since the arrangement of cells thereof could be
aligned with the flow direction all along. We hope that our algorithm can also pull it
off on the solely quadrilateral meshes.

The corresponding numerical results are presented in Fig. 12. Strong discontinuities
and singularities at the symmetric r- and z-axes pose challenges to the calculations of
fluxes, sources, and mesh motion. Nevertheless, our algorithm still exhibits the ability to
preserve radial symmetry and ensures an admissible solution in such a severe test. The
results become significantly better with the mesh refinement (Figs. 12(c) and 12(d)).
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(a) Local initial one. (b) At T=0.

Fig. 10: The computational meshes of the cylindrical Moh problem at different times.
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Fig. 11: The scatter plots of the cylindrical Noh problem at T = (L6, Solid line: analytical solution [13],
triangle: Vilar's result [34], plus: result under reflective boundary condition, circle: our result.

Meanwhile, we must admit that it is difficult to obtain finer results at T =0.6 in pure
Lagrangian simulations. That is partly because the least-squares method proposed in
Section 4.1 is not completely precise. The numerical dissipation effects can mask the
errors it generates. Yet when the mesh is refined somewhat, the errors may accumulate,
amplify, and lead to spurious mesh deformations. The initial misalignment between the
mesh and the flow is responsible for some negative consequences likewise.
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(a) Density distribution. (b) Pressure distribution.
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Fig. 12: The numerical results of the spherical Moh problem at T = (L6, Solid line: analytical solution [13].

The shape of a symbol changes with the number of cells in the mesh, triangle: 10 =10, plus: 15= 15, circle:
2020,

6.4 Spherical 123 problem

The spherical 123 problem is selected to testify the validity of our method in simulating
rarefaction propagation. The computational domain is [0,4] x [0,4] at the outset, wherein

the density p =1 and the pressure p =0.4. The velocity is spherically outward of magni-
tude 2, y=1.4.

Given the spherical symmetry, we can construct another one-sided GRP solver based
on the boundary data v(r,z=0,t) =0 and utilize it at the axis z=0 in our algorithm.

The expanding and increasingly rounded mesh with 50 x50 cells is displayed in
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L) r r

{a) Initial one. (b} At T=0.5. [c) At T=1.

Fig. 13: The computational meshes of the spherical 123 problem at different times.

Fig. 13. We sketch the simulation results at T=1 in Fig. 14. Therein the refined numerical
solution got by a 1D code [19] is employed as a reference (labelled with “Referential”).
The control group continues to use the reflective boundary condition at z=0.

In general, our result manifests preferable spherical symmetry, see Figs. 14(a)-14(c).
As drawn in Figs. 14(d) and 14(e), all of the density and pressure values are in desirable
agreement with the referential ones. Ours is optimal since the discrepancies are barely
noticeable. Whereas these results behave differently in calculating the internal energy
(Fig. 14(f)). In terms of the inhibition of overheating, ours occupies the first place. We
attribute it to the contribution of the one-sided GRP solvers. Compared with the other
treatments, they can describe the flows at the symmetric axes more precisely. This shall
yield a positive consequence on calculating the cell averages nearby.

Additionally, we note that a flaw, the numerical oscillations near |x|=2, appears in our
internal energy result (Fig. 14(c}). We guess that there are two possible reasons. Firstly,
the region right here is close to vacuum. From (2.4) we know that a tiny error of low-
density or low-pressure may lead to a sizable deviation of internal energy. Secondly,
compared with the one-sided GRP solver in Section 3.2, the newly imposed solver at
the axis z =0 is actually built on dropping two disparate terms of the system (2.5), i.e.
G(V)aV/dr and ¥(r,V). This may bring about the defects in the simulation of intense
symmetric waves and deserve further discussion.

6.5 The Sedov-Taylor blast wave problem

The Sedov-Taylor problem is a classic test that has been widely used to confirm the ca-

pability of the Lagrangian algorithms in resolving the strong nonlinear waves [17,25].
The gas is initially still with p=1, p=10"", and y=1.4. But the energy source at origin

will immediately generate an outward traveling blast. The pressure inside the cell over
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{a) Density contours. (b) Pressure contours, ic) Internal energy contours.
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Fig. 14: The numerical results of the spherical 123 problem al T =1 with 50 isolines in each contour map.
Salid line: a refined Eulerian result [19], triangle: Vilar's method [33,34], plus: result under reflective bound-
ary condition, circle: our result, the same hereinafter,

here is pp=(7—1)pep/ Vi with the cell volume V} and the total amount of released energy
ep. If we take eg =0.425536, the shock front will be seated at |x| =1 when T=1.

As plotted in Fig. 15, we demonstrate the meshes computed by three least-squares
methods. There 30 x 30 square cells are initially laid in the zone [0,1.2] x [0,1.2]. The shock
of our nine-point method is closest to a spherical surface with the radius of 1 in contrast.

We discover that unlike Section 6.4, these meshes all put up more or less asymmetry
(particularly the one in Fig. 15(a)). This may stem from the high pressure ratio in the
problem setting. It makes the source term more crucial in determining the interface nor-
mal velocities. Thus the mesh motion differs markedly in the r and z axes. However,
our result achieves a more satisfying effect due to the higher accuracy of the nine-point
method. It leads the mesh to deform in the most likely orientation.
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{a) Five-point. {b) Thirteen-point. {c) Our nine-point.

Fig. 15: The meshes of the Sedov-Taylor problem using different vertex least-squares methods at T=1.
Drashed line: a quadrant for comparison.

The full and single views of the numerical results are given in Fig. 16. Ata glimpse,
we can make an intuitive judgment that the spherical symmetry is quite well preserved,
see Figs. 16(a) and 16(b). To be clear, the isolines are kinda out of round behind the shock.
It is probably because the quantities there varies greatly, while the mesh is sparse and
shapes like a fishing net. So the graphics software fails to rebuild a completely circular
distribution.

Cr results look reasonable except for the negligible oscillations of two-story cells
behind the shock (Figs. 16(c) and 16(d)). After careful inspection, we find that these cells
are the ones closest to the axis z=0, i.e. {};5 and (};; (1 £IN"). A possible reason is what
we have discussed in Section 6.4, the limitation of the one-sided GRP solver applied
here. Even so, it still yields a finer performance than the reflective boundary condition.
Concerning the latter, the shock waves are just like the mountain tops staggered from
each other, some of which are incorrectly located. The same sort of phenomena also
crops up in [9]. It tells us that the inappropriate numerical treatment at the symmetric
axes might seriously backfire on the interior calculations.

Based on the analysis above, we can perceive that the resolution of vertex velocities
and the choice of numerical boundary conditions can influence the outcome. Both of
them are appreciated in our algorithm.

6.6 The bubble explosion

MNow we are ready to take on the multi-material problem. Consider that a helium bubble
(7=5/3), centered at the position x; = (0,6}, stays in an air cylinder (y=1.4) [21]. The
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Fig. 16: The numerical results of the Sedov-Taylor problem at T=1.

bubble contains comparatively higher density and pressure,

[2.25,0,0,18.3], r*+(z—6)" <1,
[1,0,0,1], otherwise.

Mmmﬂ={

The computational domain [0,6] x [0,12] is occupied by 60 x 120 cells. The mesh variation
and density contours at four different moments T =05, 1, 1.5, and 2.19 are revealed in
Fig. 17. The color bar on its lower right indicates the density level.

At T=0.5, an emerging shock propagates outwards. [t causes an evident tightening
of the external mesh around the material interface. Observed from the inside, the density
value rapidly falls off and the mesh becomes looser because a strong rarefaction wave
travels inwards at the same time, see Fig. 17(a).
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{a) T=05. (b) T=1. {c) T=125. (d) T=2.19.

Fig. 17: The numerical results of the bubble explosion at different imes. The upper row: mesh variation,
the bottom row: density contours.

At T =1, the expanding rate of the bubble appears to be slowing down, while the
shock moves obviously faster. It almost arrives at the position |x—x;,| =3 (Fig. 17(b)).

At T=1.5, we can discern that a reflected shock has been generated from the collision
between the rarefaction and the axis r=0. It remains trapped in the bubble. As drawn in
Fig. 17(c), the ensuing changes are a marginal increase in density and a slight reduction
in bubble size.

At T=2.19, the reflected shock has contacted with the material interface. The mesh
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Fig. 18: The scatter plots of the bubble explosion. Solid line: referential result [35].

clinging to it shrinks again, see Fig. 17(d). The fluid takes on a complicated situation.
Therefore, we present the density and pressure values along the distance from the bubble
center xj, in Figs. 18(a) and 18(b). It can be perceived that an cutward shock and a weaker
inward one have been created. The former reaches the position around |x—x;| =2.4, yet
it is still far away from the first shock front (located near |[x—x;|=5).

Since the bubble repeatedly expands and contracts, we record its time-varying radius
in Fig. 18(c). Compared with the result under reflective boundary condition, ours agrees
better with the referential one. Overall, these three share a similar changing trend, yet
suddenly diverge after T =(1.5 when the rarefaction wave is getting close to r =0. The
reflective boundary condition ignores the source effect. We analyze that it may result
in an underestimation of kinetic energy and an overestimation of internal energy. The
bubble is consequently bigger than the others. By contrast, our numerical boundary con-
dition (2.12) is indeed derived from the governing equations (2.2) and takes such effect
into account.

Reviewing the evolution of the fluid in Fig. 17, the first shock keeps a perfectly spher-
ical shape. Well, it is not the case with the material interface. The geometrical errors of
initial mesh partition and progressively concave cells, as well as the truncation errors of
our scheme and least-squares resolution, can all be responsible for the few oscillations
in density contours. Moreover, the Richtmyer-Meshkov and Rayleigh-Taylor instabili-
ties can amplify them over time [8]. The higher-order development may contribute to
mitigating the situation [11, 15].

7 Conclusion

In this study, a cell-centered Lagrangian algorithm is contrived for axisymmetric fluids.
We prefer to use the same formulation of numerical boundary condition and the scheme
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on interior cells, then realize it by geometrically compatible analysis on the control vol-
ume. Amidst the construction of numerical fluxes and sources, the required interface val-
ues are uniformly obtained by the GRF solver and its one-sided variant. In addition, we
specifically design the next two important constitutes of the algorithm: the least-squares
calculation of vertex velocities and the accordance with the GCL. The reliability of our
handling is confirmed through various numerical experiments. Compared with the re-
flective boundary condition, the heating errors at the symmetric axis are suppressed to a
certain extent.

A range of research can be developed on our algorithm: (i) Create its higher-order
version to preserve interface symmetry. (ii) Extend it on arbitrary polygonal and curvi-
linear meshes to accommodate assorted requirements. (iii) Adjust it in actual scenarios to
exert greater application value, such as the under-water explosion, bullet-shooting, and
sliding detonation problems.
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A The coefficients in the axisymmetric GRP solver

As pointed out in Section 3.1, the hinge of our axisymmetric GRP solver lies in the co-
efficients a;, by, and d; (] =L or R} of the linear relations (3.14). For the readers’ conve-
nience, their values under different wave types are enumerated here. An extra super-
script (“rare”, “shock”, or “acous”) is added so that we can distinguish between the sce-
narios of rarefaction, shock, and acoustic wave. The newly added 1) means the position

where the interface initially placed, scilicet rfl,, ,,  or #{’,, ,» ({EIN", jEZ).
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where the value Y| is intimately connected with the adiabatic exponent 7,
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Furthermore, T, 5, and y signify the temperature, the entropy, and the Riemann invari-
ant,
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A3 Acoustic wave
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