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Abstract. This paper presents efficient adaptive stencil extension reconstruction meth-
ods using a discontinuity feedback factor to address weak robustness and high compu-
tational costs in high-order schemes (7th-order and above). The method features two
innovations: accuracy order adaptively increases from the lowest level based on local
stencil smoothness, unlike WENO and MUSCL limiters that reduce order from high-
est level; and the Discontinuity Feedback Factor detects sub-cell discontinuity strength
while serving as a local smoothness measure. This eliminates expensive smoothness
indicators in very high-order schemes and generalizes to arbitrary high orders. Rigor-
ous tests, including a Mach 20000 jet, demonstrate exceptional robustness.
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1 Introduction
Contemporary CFD research emphasizes developing high-order schemes for turbulent
flow simulation, building on Harten et al.’s foundational work [12]. Key methodological

advances include Essential Non-Oscillatory (ENO) schemes [12, 30], Weighted Essential
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MNon-Oscillatory (WENO) schemes [19,26], and Discontinuous Galerkin (DG) methods [6,
7], which have enhanced capabilities for handling complex flow problems with improved
accuracy and efficiency.

High-order numerical methods face two significant challenges. First, algorithm ro-
bustness decreases rapidly with increasing order when calculating discontinuity prob-
lems. Recent improvements include new stencil selection strategies, combining non-
linear and linear weights [10, 27], and TENO schemes that adapt to local flow charac-
teristics [19,30]. Limiters provide another approach, though prior limiters (van Leer [32],
van Albada [32]) are parameter-sensitive and post limiters like MOOD [5] are compu-
tationally intensive. Second, these schemes are computationally expensive. While one-
stage high-order methods [24] reduce temporal advancement costs compared to classical
Runge-Kutta approaches, spatial reconstruction remains challenging. WENO schemes
require complex smoothness indicators, especially at higher orders. Current solutions
include using lower-order stencil combinations [14, 20, 21] and weighted-least-squares
methods [13, 25], but these either lack arbitrary high-order applicability or suffer from
weak robusiness and non-unified global smoothness indicators.

In order to deal with the above challenges, the Adaptive Stencil Extension recon-
struction methods based on Discontinuity Feedback factor (ASE-DF) are constructed.
As presented in Section 3.1, DF is to define the discontinuity strength associated with
the stencil-based reconstruction. Without imposing the continuous flow distribution as-
sumption inside each cell, the use of DF makes it more flexible in developing high-order
FVM and its transition to be first-order scheme for preserving positivity property. The use
of DF not only improves the robustess of the algorithm, but also replaces the smooth-
ness indicators for each stencil, which significantly reduces the computational cost while
achieving arbitrary high-order schemes. In the DF-based schemes presented in this pa-
per, two flux functions are considered. The first one is the Lax-Friedrichs (L-F) with the
S5P-RK [11] temporal discretization, which has the positivity stability preserving, and
the other is the 2nd-order gas-kinetic scheme (GKS) [34,35] with two-stages fourth-order
(5204) temporal discretization.

This paper is organized as follows: Section 2 provides a brief overview of the high-
order finite volume scheme. Section 3 introduces the ASP-DF reconstruction methods.
In Section 4, some numerical results of the viscous and inviscid flow problems will be
presented. The last section is the conclusion.

2 High-order finite volume scheme

2.1 Finite volume framework

The Finite Volume Method (FVM) involves dividing the computational domain into a
finite amount of control volumes. Within each control volume, the physical quantities
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are integrated and averaged, resulting in the discrete equations

. r.'l—l
/.Wf_x,f"'”]ldl—"=j W{x,r“}d‘l/'—/ f F-ndS, (2.1)
o 0 g any;

where W= (p,ol,0V,0E)7 are the conservative variables in a control volume €);;, and
F are the fluxes across the d{;;. d{);; corresponds to the cell interfaces, and in a 2-D
rectangular mesh, the boundary d();; can be expressed as

4
a0);; = U ri_r',:'nf (2.2)

m=1

where I;;; denotes the pth interface of the {};;. Integrating over the cell (};;, the semi-
discrete form of Eq. (2.1) can be obtained as follows [17]

dw;; L 2

—— =L (W) =—— ?{ F(W; ) -n,ds, 2.3
dt [ JIJ |ﬂ”im;1 Eiiin { IJ { }

where W;; is the cell average variables over the €}, |€);] is the area of £2;. L(W) is the
temporal derivatives of the conservative variables, F=| E,G)7 are the flux function, and
n,,; corresponds to the outer normal direction of the interface T';; ;..

To achieve the high-order scheme, Gaussian points are considered. The line integral
over I';;  is discretized according to Gaussian quadrature as follows

F

% F{w.r;' Myds = “.lrrl Z iﬂcF(xrrl.k; H) -t {24}
i k=1

where x,,; for I;; ,, are the Gaussian points, 1, is the weight of the kth Gaussian point,

and |I;;| corresponds to the length of the [ m. Theoretically, ‘-'-i—l Gaussian points should

be used for rth order accuracy, while 5 Gaussian points combined with 5204 method
can achieve the theoretical accuracy and improving computational efficiency. Therefore,
for rth order spatial accuracy, 5 Gaussian points are used in this paper.

To update the flow variables in global coordinates, first we need to obtain the conser-
vative variables in the local coordinate

W=TW,

where the rotation matrix T for the 2-D case has the form

1 0 0 0
T— 0 cost sinf 0
N 0 —sinfl  cosd 0

0 0 0 1
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Then we can obtain the fluxes in the local coordinate
F(Xp 1) = f P f( X 4,08 dudd. (2.5)
According to [28], the global and local fluxes are related as
F(%upot) n=T "F(Xpt),

here F and F are the gas-kinetic fluxes, which will be presented in Section 2.2.

2.2 Gas-kinetic flux solver and two-stage fourth-order temporal discretization

The BGK equation [2] can be written as
fﬁ-'l.l-v_f:g_;f’ (2.6)

where f is the gas distribution function, g is the corresponding equilibrium state, and
is the collision time. The collision term satisfied the compatibility condition

fg'—f PpdE =0, (2.7)

-

where ¢ = {l,n,v,é (> o7+ r'_fz]]T, E=dudvdd; --dlk, (u,v) are the two components of
the macroscopic particle velocities, ¢ =(1,--+,k) correspond to the components of the
internal particle velocities in K dimensions, and K is the number of the internal freedom.
K=(4-2v)/(7—1) for 2-D flows, and - is the specific heat ratio.

The general macroscopic gas dynamic equations can be obtained through the
Chapman-Enskog expansion [4] of the BGK equation, and the gas distribution function
can be expressed as

f=g—1Dug+1Du(tDy)g—tD [t D, (D, )g] + -, (2.8)

where Dy=d/dt+u-V. When f=g, the equation takes the form of Euler equation, and the
Mavier-Stokes equation can be obtained by the truncated 1st-order distribution function

f=g—Tlug:+vg,+g:).

The integral solution of Eq. (2.6) is

1.7 A .
f{xm,mhu:ﬁ}=;f g(x ' w,&)e VTR 4 eV (%0, —ut,u,E), (2.9)
]
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where x,,; = (0,0} is the quadrature point at the interface in the local coordinates, and
Xy =X +u(t—1') is the trajectory of the particles, fj corresponds to the initial gas distribu-
tion function, and ¢ is the corresponding equilibrium state. Then we can construct a 2nd-
order time accuracy gas distribution function [35] at the local Gaussian point x;, ;. = (0,0)

f(Xmpotiu,6) = (1 —e -"f'*-') &
+ ['{H Tt T] augt+ (t-T e /™) Ay
etg! [1- (r4 e u—rA' | H(w)
fe t gt [ — (T4 Hal-u—TAT][1-H(u)], @1o)

where H is the Heaviside function. The functions ¢'" correspond to the initial gas distri-
bution function on the left and right sides of the cell interface, and the equilibrium state
located at the interface, respectively. The flow dynamics at the interface are contingent
upon the ratio of the time step to the local particle collision time.

The function g*,k= {,r satisfies Maxwell's distribution

K+3
Sk zpk (%) N e [CR T CR E ;:‘3]; (2.11)

where A is a function of temperature, molecular mass and the Boltzmann constant. g¢*
can be determined by

f@g‘d:=w‘, fwyda:wf, (2.12)

where W! W' are the reconstructed variables, which will be presented in Section 3.
The coefficients a,, A denote the spatial and temporal derivatives, respectively, which
have the form

ax=(dg/ox)/g=g/g A=(dg/ot)/g=g/g

which can be determined by the spatial derivatives of W and the compatibility condition
as follows S
{ay)=——=W,,

dW
et wx;
dy

Ay} =
{ax) dx

{Aau -I—e?_,,v} =10,
where 1, = (ﬂ_ﬂ;ﬂ'_-._-}“,ﬂ'x}v,ﬂx_L%I:If1+Uz +&2))7T and ay has the similar form. (---) are the
moments of a gas distribution function defined by

P{{---Il:'=f(---}3d5. (2.13)

More details about the integration calculation can be found in Appendix A. Similarly, the
equilibrium state ¢ and its derivatives g, can be obtained by the reconstructed values
W, WL, which will be presented in Section 3.5.
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The physical collision time T in the exponential function can be modified with a nu-
merical collision time T, to capture unresolved discontinuities. For inviscid flow, the
numerical collision time 7, takes the following form [35]

| Y
PP at, (2.14)

T, = C-lﬂ.f + C2 i
pltp

where C;,C, are constants, p',p" denote the pressure on the left and right side of the cell
interface, respectively. For the viscous flow, T, is enlarged according to the normalized
pressure difference [35]

I =r
Eig|E=E
r

pltpr

Y e |
PP A=
pp|

=T+ At, (2.15)

where y is the dynamical viscosity coefficient. The reason for incorporating the pres-
sure jump term to enlarge the particle collision time is to maintain the non-equilibrium
dynamics within the shock layer via kinetic particle transport.

The two-stage fourth-order (5204) temporal discretization was developed in CFD
applications [23,29], which has the form

o QAT 1 rr 1 l_a Ty
Wi =W SALL(WE) + S AP S L(WE),
d

1 {2115}
m+1 " r " 2

. _—
L(W])+25,L(W)) ),

where gE[W} are the time derivatives of the flux transport integrated over the closed
interfaces of the cell.

It is needed to obtain the first-order time derivatives of the flux at f; and " =t,+ A /2
through the GKS flux function. The total flux transport at the Gaussian point x,,; over
the time interval ¢ is expressed as

fnté fatd p
]F"(xmlhﬁﬁ}:f F"{x,,,r,_.,tjdt=[ -/r:t‘[af{x,,,rk,t,u,ﬁ]dEdr. (217)
fa ty

For the 2nd-order GKS solver, let {, =0, the flux can be approximated as a linear function
5 (xm.krf }' =F" (xm.k } +dF” {xnr,k :I L. {218}
Substituting Eq. (2.18) into Eq. (2.17), we can obtained

1
2

1 1
EarF"(xﬂl.-‘t )AL+ EatF"{xnrJ;)&rz =F”{xm,k;afr"rz)~

F”{x,,,rk].ﬁf +—oF" (x,,,}k}ﬂ.fz =" (% 50 AL,

(2.19)
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Eq. (2.19) is a linear system, and its solution is

F" (X ) = (4" (X, 1, A/ 2) — " (X, 1, AF) ) / A,
3 F" (xy1) = 4(F" (X 1, AF) — 2" (3,1, AL 2) ) / AP

Finally, the £{W};) and its time derivatives 2 P L'I:W“J can be obtained by

L(W}) ——Z|fm|§:r;kl:‘ (X k) Ty

’I m=1

Z “""l thafl: {.xl:':',k RRLETE

” m=1

(2.20)
d

T
In this way, all variables needed in Eq (2.16) are determined.

2.3 Lax-Friedrichs flux solver and RK temporal discretization

To evaluate the robustness of the new reconstruction methods, the widely used Riemann
solver, i.e., Lax-Freidrichs (L-F) flux is also considered. The 2-D Euler equations can be
expressed as

P el pV
el | pU™+p puv s
v | UV H e, | =0 (2.21)

pE J, \ UlpE+p) /. \ V(pE+p)

The L-F method [31] is a numerical method for the solution of hyperbolic partial differ-
ential equations. The 1st-order L-F flux function can be expressed as

v

1
F{Wf.n;z]=j'{Ffw.|1fﬂ +F(W]_ 1))

1 el ! r
= imﬂx{l Ly pal g o Uy ol €10 W 2= Wiga ), (222)

where F{wn‘.r ]l - {Iﬂ!,r uf,rrpn',run',ru!.r i pﬁ,l'rlﬂl,rufrrvhrr ul’,r{Pl'.J'EJ',r 4 Pl,r J } T CDI‘I‘ESPDﬂd to the
flux on the left and right side of the interface, and e = ."ll'i:;ff—r'r is the speed of sound.
The 3rd-order strong stability preserving Runge-Kutta (S5P-RK3) [11] temporal dis-
cretization has been developed because of its strong robust, which has the form
w-‘.‘ =W+ ALL(WE),

3 1 g
wm 4w" w!.” £ —.*}.fﬁ{wi-”}; (2.23)

Wit = W“+ w“p mf:{w* i,
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3 Adaptive stencil extension with discontinuous feedback
reconstruction in zero-mean form

In this section, an efficient class of high-order Adaptive Stencil Extension reconstructions
with Discontinuous Feedback factor (ASE-DF) are presented. Compared to the classical
WENO schemes, the ASE-DF schemes can improve computational efficiency, and signif-
icantly enhance the robusiness of the algorithm.

In this section, to reconstruct the left interface value Wf (172, at the cell interface
Xiy1/2,, here we set x;. 1,5, =0 for all the following reconstruct polynomials, and for

the domain [—1,0], the zero-mean form polynomials are given by

le:'{xl]=lr

gy b L gy 1o 1 o 1 oa 1 oo 1oa 1

Li(x)=gox-5 Lx)=g51+7 Ll)=3537 -7 ZLlx)=z5x+z
L1 g 1 1,1 e X = g A

25{1]—&151’ o Zﬁ{x}—ﬂxﬁx +?, Z;[x}—ax?x ~ 3 ZHU}_&J&*I Fg

3.1 Discontinuity feedback factor

To deal with the possible discontinuities in the flow field, Ji et al. [16,37] proposed an
indicator for feedback on the strength of the interface discontinuity based on the recon-
structed values of the interface, which is called the discontinuity feedback factor (DF).
The effect of DF is that when there exist discontinuities in the reconstruction stencil, the
nth-order reconstruction polynomial will be automatically reduced to the 1st-order re-
construction, thus improving the robustness of the algorithm.

To capture the discontinuity more effectively, the improved DF is considered. First,
we calculate the discontinuity strength ;1,2 at the interface I'; 1,2

Tiy 1;2=f’ﬂi’g{ ZU;'-Uz,m}- (3.1)

m=1

where ;1,5 =0, and o} /3, is the discontinuity strength of the mth Gauss point at the
interface I';. /2, which has the form

{ r { r
U L A e : r)ﬂ kit
e A (Ma,, ~Ma; )"+ (Mal—Maf ), (3.2)
where p*,k =1,r denote the left and right density of the Gauss point x;. {2, p*k=1Lr
denote the left and right pressure of the Gauss point x;, 1,2, Mal, Ma! denote the left

Mach number defined by the normal and tangential velocity, respectively.

Remark 3.1. The ;5 corresponds to the strength of the discontinuity. As long as the
cir12 =0, the flow is smooth. However, the numerical solution itself is not strictly
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continuous, which means that some interfaces have a ;1,7 of slightly larger than 0,
which corresponds to the weak discontinuities and can be dissipated during reconstruc-
tion, i.e. redundant reconstruction polynomial modifications. To deal with the prob-
lem, we set a threshold oy, for the ¢y, /3, which is used to determine whether there
is a discontinuity at the interface. The closer the threshold is to 0, the more reconstruc-
tion polynomials will be modified by DE. To improve the robustness and maintain the
high resolution of the algorithm, a threshold .. is used in this paper, which means
ettt TiantTianst -=0when ---+0;_ 32 +0; 12020t <
Tipres Lhe choice of ¢y, will be analyzed in Section 4.1.

Second, we need to calculate the DF factor ag

A=t gp+0i 1 p+0a 0+,
1o if A< Chiress (3.3)
S= il =
kT 4 frl'-];'l';'I:r|'|l.-'3'+ a4 DIhEnH-ler,

where ag € (0,1] is the DF factor of the stencil 5. When ag =1, which means the stencil is
smooth, when ag 0, there are strong discontinuities in the stencil. {--+0;_32+0; 1,2+
¢jp1/2+0 .32+ } is the sum discontinuity strength of all interfaces in a given direction
in the stencil.

Remark 3.2. For the normal and tangential reconstruction of the cell (), ;, it is necessary to
calculate the DF of the corresponding direction of the stencil. As shown in Fig. 1, taking
the x-direction as an example, {--++0;_3/2,;+0;_12,;+i12,+ii372,+ - } is considered
in the normal reconstruction, and {---+ Oij-32+0 12 H0 a2+ 0 jpast } 1s consid-
ered in the tangential reconstruction.

3.2 ASE-DEF(5,3)

First we introduce the WENOZ-AO(5,3) method. The key idea of the 5th-order WENOZ-
AO method is to reconstruct a reliable polynomial based on three 3rd-order sub-stencils

{Sr_?*],Sl’f,S?} and a 5th-order stencil 5" [1,3], which can obtain the 5th-order accuracy in
the smooth region. Consider the variables {W_2, W_1, Wy, Wi, W21, the stencil Sf?’, gives

1
wx1=2Wﬂ—3W_]+w_ D W_r2=E{W_1—2W_ 1'1-w§_'|]|.
The stencil S/ gives
1
Wi =W — W, W.r2=§l[w_1—2Wn +Wi).

The stencil S{g gives

1
Wa=Wi—-W, Wa= i{Wﬂ —2W1+Wa).
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Figure 1! 5th order reconstruction (x-direction, two Gaussian points are used) at the left side of the interface
Fi 172 Discontinuity strength of the interfaces to be considered for normal and tangential reconstruction(from

left to right).

The stencil 7 gives

W, = é (—15Wo+W_1+15W, —Wa), W, = %{—-SW:] FEW_ —W_a+2W; + W),

Wis= ;{EW[:: —W_1=3W+Wa), Wy= % (6Wp—4W_;+W_2—4W, + Wa).
il

To deal with the discontinuity, the WENOZ type non-linear weights are used as

7
p=dp | 14+ —==
where ¢=10"", d; are the linear weights, and have the following values
dy=dy;, 41 =(1—dp;)(1-dw) /2, dy=(1-dy;)dro, d3=d> .

Here dy; =dp, =0.85 are used. The global smoothness indicator 17 is defined as

T = (183~ B4 +183 - 811+ 83— A1)

The local smoothness indicators are defined as
2

p=yoat [ (Sonw) ax

j=1 Xi-1/2¢ dxd

(3.4)

(3.5)
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where g; is the order of Py(x). However, the calculation of the smoothness indicator is
a heavy part of the whole reconstruction, for the WENOZ-AQ reconstruction, not only
,8%, k=—1,0,1 but also B need to be calculated, and Huang et al. [14] found the compu-
tational cost of A is comparable with the sum of one of all ﬁi, k=-1,0,1. To improve
the computational efficiency of the algorithm, here we use a simple smoothness indicator

Bg [20] to replace the initial £ for P™(x)

Bo=¢ (B +483+BY) +18%1— Y. (3.6)

Remark 3.3. To verify the consistency of the simplified ,_Eiza with the initial 8}, using the
Taylor expansion of W at x;, we can obtain

|B3_1 = EW?}Z&:{E 1 %{-Wu}l_ %W’W”']ﬁx“ +@|{&I5},
'Bg:{wr.]zﬁxz + H_;{ u}z_l_ %w!wﬂfj Axt "|'ﬂ|:ﬂ._‘{_'5}'
ﬁ:j; ={wr]2ﬁx2 |- {%{wf’}l_%w:wm}&ﬁ ‘|-‘-rﬂ|:f_"._‘f5},

Ba=(W'2Ax2+ 13 (W")2Ax* + O(Ax®),
whereas for smoothness indicator Eﬁ, we have

= , 13
o= (W PAR+—

lz(w"jzax"Jr@(axﬁ}, (3.7)

which is exactly same as B} upto truncation error level of order @(Ax?).

Then, the global smoothness indicator 17 is modified as

7= 5 (1Bo~ B2l + 1By~ Bl + 1By~ A1),

The ASE-DF method is to use DF factor to automatically select the appropriate stencils
for reconstruction, and can be easily generalized to arbitrary high-order methods. The
DF factor reflects the strength of the discontinuity in the stencil, and we consider the
stencil to be smooth when ags =1, then we directly use the linear 5th-order polynomial
reconstruction, which has the form

Ppr(x)=Wo+ W Zi(x)+WeaZa(x)+WiaZs(x) + Wes Zy(x), (3.8)

when ags < 1, it is necessary to fall back to the WENOZ-AO method, and to enhance the
robustness of the algorithm, combined with the DF factor ags, a5+, the ith reconstructed

polynomial can be expressed as

PP(x) = Wo+agn [War Zi (x) + Waa Za(x)],
P (x) = Wo + &g [Wat Z1 (x) + Waa Za () + Waa Za (x) + Zs(x)].
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=== with DF
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:'“”"",.'? ®  reconstrocted value
I i
! %
I ]
Xi-2 Xiea 1 K Xi+1 Xi+2
o e e T " R
Xit1/2

Figure 2: A possible distribution of variables { W _», W, |, W, W, |,W,, »}. Each sub-stencil has a discontinu-
ity, and the WENO reconstruction can only select the relatively smooth sub-stencil by weights. Take stencil
Wi _2,W,_, W} as an example, the green line shows the reconstructed palynomial in the domain [x;_q 2.3, 2]
by WEMO method, and the orange line shows the DF factor can automatically converge the reconstructed poly-
nomial to 1st-order when stencil exist a discontinuity, which is mere robust compared to the WENO method.

Combined with the normalized weights w; =wy / }_w;, the final form of the reconstructed
polynomial is

i 1 L JE
Ppr(x) =@ (FPF-*[_T;.... y d—;le{r) ): w PR (x (3.9)
1] k=-=1%0

Remark 3.4. When as —+ 1, the reconstructed polynomial will revert to the initial smooth
polynomial, when ag — 0, which means there exists strong discontinuity in the stencil,
and the reconstructed polynomial will be down to 1st-order, i.e. P{x)=W,. As shown in
Fig. 2, ag can handle extreme cases that cannot be handled by the WENO scheme, thus
improving the robusiness of the algorithm.

3.3 ASE-DF(7,5,3)

The stencil 87 gives

1
W= lﬁiﬁ ~245Wo +25W_1 —2W _5+245W; - 25Wa 42 f3),

1
W= Ed_{—}l{—-l?nﬂm]-i-ﬂlﬂw 1 —57W_a+7W_3+15W; +63Ws —8Ws),
W= aﬁ{zﬂw;]—llw 1+ W_o2—28Wi + 11W>2 — Wh),

1
Wet = 777 (46W0 —39W_1+15W_2 —ZW_3 —24W1 +3W, + Wa),
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Wis = — (— 10Wg+5W_; — W_a+ 10W; —5Wa +Ws),

12[]

Wen= 20Wp+15W_1 —6W_24+W_3+15W, —6Wa 4+ Ws).

?2[3(
When ags =1, which means that the stencil is smooth, we try to extend the two cells
{W_3, Wz} to get the stencil g7 = {W_3, W_2, W_1, Wo, Wi, W2, Ws }. Calculate the DF factor
g of the stencil 877 by Eq. (3.3), when aer =1, which implies that §"7 is also smooth,
then we directly use the linear 7th-order polynomial reconstruction, which has the form

Ppp(x) =W+ WoZy (x) +WiaZo(x) + WiaZs(x) + Wi Zy(x) + WisZs(x) + Wi Za(x),
(3.10)
when ag7 < 1, the reconstruction will fall back to ASE-DF(5,3). Compared with the classi-

cal WENO method, the ASE-DF does not require additional calculation of the smoothness
indicator, which significantly improves computational efficiency.

34 ASE-DF(9,7,5,3)

The stencil $ gives

W, = 5014“{ 7175W, +889W_; — 119W_y+9W._5+7175W, — 889W, + 119W; —9W,),
W,y = ﬁ( 27895 W+ 28679W_, —9835W_»+2081W_3—205W_, — 2065,

+11459W; — 2455W5 + 236 W, ),

Wia = 72 (1365 W0 —587W_ + 8IW_ o~ 7W_3 — 1365W; +587 W — 8IWs + 7 W),
Was = ez (1174 W0 — 1160W_1 +556W_2 — 128W_ 5 13W_4 — 4641, — 68W>
+88Ws —11W,),
waﬁ(_?Swﬂ +ATW_ — 11W_ 2+ W3+ 75W; — 41Wa + 113 — W),
Wi = 854{}{ 380Wy+334W 1 — 170W_2+46W_3— 5W_, +250W,; —86Wa + 10Ws + W),
Wir= m{ﬁwn —21W_ +TW_o— W_3—35W, +21 W — TWs + W),
Wi = 4[};2{](?%” S6W_; +28W_a—8W_3+ W _s—56W, +28Wa — B3+ W,).

Similarly to ASE-DF(7,5,3), when ags =1, we try to further expand the stencil and obtain
the stencil 5. Calculate the DF factor ag« by Eq. (3.3), when ago =1, then we directly use
the linear 9th-order polynomial reconstruction, which has the form
Ppr(x)=Wo+WeZi(x)+ WeZa(x)+WaZa(x)+ WeaZa(x)
+ W5 {1}+M4h (I}"l' w.r?z?(le + WIEZE{IL {?‘11}
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when &g < 1, the reconstruction will fall back to ASE-DF(7,5,3).
By expanding the stencil, we can easily obtain arbitrary higher-order reconstruction
methods. The ASE-DF algorithm for selecting stencils is shown in Algorithm 1.

Algorithm 1: DF-based adaptive stencil extension reconstruction methods

Input: Interfaces reconstructed values W', W',
Output: The needed stencil 5 for the reconstruction.

1 calculate the correspond DF values a™ + (W!,W") by Eq. (3.3).
2 if " < 1 then
3 | select the non-linear WENQOZ-A0(5,3) with DF reconstruction method;

1 else
5 calculate the correspond DF values a’” « (W', W") by Eq. (3.3).
6 if a'" <1 then
7 | select the linear 5th-order polynomial reconstruction method;
8 else
L] calculate the correspond DF values o' + (W', W") by Eq. (3.3).
10 if a™ < 1 then
11 select the linear 7th-order polynomial reconstruction method;
12 else
13 calculate the correspond DF values a™! «+— (W!,W"} by Eq. (3.3).
14 if a'' < 1 then
15 | select the linear 9th-order polynomial reconstruction method;
16 else
17 |
18 end
19 end
20 end
21 end
22 return.

3.5 Reconstruction of equilibrium state for gas-kinetic scheme

For the non-equilibrium state, the reconstruction can be used to obtain the equilibrium
state ¢°,¢5 and ¢!, directly by gi,k=1,r, and a kinetic-based weighting method is used

[osam-w-| veezs| oo

i == {3.12)
fq:g; E=W.= fd_+f gt dE.

In this way, all the variables needed in the algorithm have been determined.

1=
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4 Numerical experiments

In this section, ASE-DF reconstruction methods and two flux solvers are used to simulate
several inviscid and viscous problems.

4.1 Analysis of the discontinuity threshold oy,

In our proposed algorithm, the selection of the .. is crucial for the calculation of the
strong shock wave problems. From Eq. (3.3), it can be seen that when a smaller value of
Tiires 15 chosen, the more reconstruction polynomials will be modified by DF, which leads
to more order-reducing of the reconstruction. As a result, the robustness of the whole
algorithm is improved but the resolution will be significantly reduced. When a larger
value of .. is chosen, which means that possible discontinuities in the stencil will not
be recognized, and more higher-order smooth stencils will be used, the resolution of the
algorithm will be improved, unfortunately, it leads to more pronounced oscillations and
the robustness will decrease.

In order to select a suitable ¢y, we present the numerical results of two strong shock
wave problems.

Example 4.1 (Blast wave problem). The initial conditions for the blast wave problem
are given as follows

(1,0,1000), 0<x<0.1,
(pat,p)=14 (1,0,0.01), 01<x<009,
(1,0,100), 09<xr<10.

400 uniform meshes are used and reflection boundary conditions are applied at both
ends. The density distribution at { = 3.8 is presented in Fig. 3. It can be seen that as

(%

55|

1
“H'_L 45

[ K] owh Ly LA 1y

Figure 3: Blast wave problem: the density distributions and local enlargement at = 3.8 with a cell size
Ax=1/400. ¢y =005, ca=50. Different values of o, using the ASE-DF(5,3) with the GKS5 solver. The
reference solution is abtained by the 1-D Sth-order WENO-AD GKS with 4000 meshes.
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ijres iNCreases, the resolution of the algorithm increases with a significant increase in
oscillations, while decreases significantly when oy, is small.

Example 4.2 (Configuration 3). Configuration 3 in [22] involves the shock-shock in-
teraction and shock-vortex interaction. The initial condition in the domain [0,1] = [0,1] is
given by

{0.138,1.206,1.206,0.129), x<0.7, y<(07,

i ) (05323,0,1.20603), x>07, y<07,

LU P =

PEAEIZY (5.0,0,15), x>07, y>07,
(0.5323,1.206,0,0.3), x<07, y=07.

The numerical results are shown in Fig. 4, similar conclusion to blast wave case, further,
no significant increase in resolution when oy,,,.. is increasing.

Thus, in order to balance robustness and resolution of the algorithm, we select s =
2.0in the following numerical simulation.

4.2 Accuracy validations

To test the accuracy of the ASE-DF schemes, the smooth sin-wave propagation [18] is
considered. In these cases, both the physical viscosity and the collision time are set to
zero. The initial condition of the equation is given by

plx)=1+02sin{x), U(x)=10, p(x)=10, x€[0,2], (4.1)
and the exact solution has the form
p(x,t)=1.0402sin(m(x~t)), U(xt)=1.0, p(xt)=10.

Periodic boundary condition is used, and the numerical results are obtained after a peri-
odic propagation at t =2.0. The accuracy of the schemes are measured in L'-error norms
in the domain [0,2].

Extending to the 2-D case, the initial condition of the 2-D sin-wave propagation is

plx,y)=1.04+02sin{tx)sin(my),
Ulxy)=10, Vix,y)=10, plxy)=10,
with the exact solution
plx,y,t) =10402sin{m{x~1))sin{m(y—£)),
Ulx,yt)=10, Vixt)=10, plxyt)=10.
To maintain the same accuracy in time and space, df =dx"/* is used, where r corresponds
to the spatial order, and s corresponds to the temporal order. The numerical results are

shown in Tables 1-2. The results show that the different schemes can achieve their theo-
retical numerical accuracy.
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Figure 4. Configuration 3: the density distribution at # =0.6 with 500 500 meshes. ¢y =005, cp=1.0. This
figure is drawn with 30 density contours. (a-d) Different values of oy, using the ASE-DF(5,3) with the GKS
solver,

4.3 Test cases with discontinuities

Example 4.3 (Shu-Osher problem). The Shu-Osher problem can examine the perfor-
mance of capturing high frequency wave, and the initial condition is given by

Biaiifle (3.857134,2.629369,10.33333), xe[0.0,1.0],
it (1.04-0.2sin(5x),0,1), x€[1.0,10.0].
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Table 1: Accuracy test for the 1-0 sin-wave propagation in Ll-error norms.

H. Zhang et al. / Commun. Comput. Phys., 39 (2026), pp. 1559-1588

—kd
- ASKE-DIEN
ASEK-DETE N
+— RAEEFMI S

LRl ad

N ASP-DF(53) order ASP-DF(7.5,3) order ASP-DF(9753) order
10 B.811260e-04 7.397310e-05 £.4581933e-06
20 2585904e-05 4.85 6.366042e-07 6.84 1.424192e-08 B.B3
40 B.337553e-07 495 5.108345e-(9 6.96 2.848478e-11 B.97
80 2.680325e-08 4.95 4.042055e-11 6.98 9.085371e-14 8.29
Table 2: Accuracy test for the 2-D sin-wave propagation in L'-error norms.
N ASP-DF(5,3) order ASP-DF(7.53) order ASP-DF(%753) order
1010 1.454911e-03 1.247749e-[4 1.797550e-05
2020 5.695852e-05  4.74 2.475327e-00 .94 3.661497e-08 B.94
4040 1.882335e-06 492 1.911540e-08 7.02 B.139979e-11 8.81
B0 B0 6.106553e-08 495 1.490022e-10 7.00 4.792616e-13 741

Lo

Fi%ure 5: Shu-Osher problem: the density distributions and local enlargement at $=1.8 with a cell size Ax=1/20.
All results are calculated by the GKS solver, o =005, cx =1.0. The reference solution is obtained by the 1-D
Sth-order WENO-AD GKS with 10000 meshes.

To clearly distinguish the ability of different schemes, 200 meshes are used. A CFL num-
ber d-r; = 0.5 is used for the all following cases. Fig. 5 shows the density distribution
using the different reconstruction methods, for the same mesh size, both ASE-DF(7,5,3)
and ASE-DF(9,7,5,3) perform better in capturing high frequency waves compared to ASE-
DF(5,3), which is consistent with theoretical expectations, and limited by the number of
meshes, the resolution of ASE-DF(9,7,5,3) is not significantly higher compared to ASE-

DE(7.,5,3).

Example 4.4 (Blast wave problem). To test the performance of the different reconstruc-
tion methods, the blast problem is simulated again. 400 uniform meshes are used and re-
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Figure 6: Blast wave problem: the density distributions and local enlargement at = 3.8 with a cell size
Ax=1/400. All results are calculated by the GKS solver, oy =0.05, cz=5.0. The reference solution is obtained
by the 1-D Sth-order WENO-AD GKS with 4000 meshes.

flection boundary conditions are applied at both ends. The density distribution at t =3.8
is presented in Fig. 6. It can be seen that resolution of the algorithm is slightly increas-
ing as the order increases, this is due to the fact that the presence of strong shock waves
in this problem, and due to the DF, leads to higher-order reconstruction being treated

more significantly by downgrading, i.e., ASE-DF(9,7,5,3}) also perform almost identically
to ASE-DF(5,3).

Example 4.5 (Configuration 3). The problem has been described in Section 4.1. The nu-
merical results are shown in Fig. 7, all schemes show low-dissipation, and the main dif-
ferences among all schemes are the strength of the shear layers, both ASE-DF(9,7,5,3) and
ASE-DF(7,5,3) are capable of resolving significantly more vortical structures compared to
ASE-DF(5,3). It is observed that the symmetry structure obtained by ninth-order ASE-DF
L-F scheme is significantly broken in Fig. 7(f), the exact cause remains unclear at present.
As reported in [Y], successive mathematical operations, especially within the costly root
function, lead to a fast amplification of floating-point errors that affects the overall flow
evolution even for moderate resolutions. We speculate that this is due to the fact that the
L-F flux involves a significant amount of square root and extremum (max/min) opera-
tions, which leads to the rapid accumulation of floating-point errors during computation.
This, in turn, increases the instability of symmetry. This phenomenon becomes more pro-
nounced in higher-order schemes.

Example 4.6 (double Mach reflection problem). In the double Mach reflection problem
[33], a rightwards-moving shock wave at Mach 10 with an incident angle of 60” with
respect to the x-axis interacting with a reflection wall boundary, which can test the shock
wave capture capability, numerical stability, dissipation and resolution of the scheme.
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Figure 7: Configuration 3: the density distribution at t =0.6 with 500 x 500 meshes. This figure is drawn with
30 density contours. (a-c) The results are calculated by the GKS solver. oy =005, co =110 [d-f) The results
are calculated by the L-F solver.

The initial condition is given by

( } (1.4,0,0,1), y < 1.732(x—0.1667),

MU P =

PSP (8,7.145,~4.125,116.8333), ohterwise.

The slip boundary condition is used at the wall starting from x=1/6, the bottom bound-
ary condition is the post-shock condition. The computational domain is [0,4] x [0,1], and
the numerical results in [2,3] x [0,1] for all schemes at { =0.2 are shown in Fig. 8, which
can be observed that all schemes show low-dissipation and can capture the shock wave
well.

Example 4.7 (Viscous sod shock problem). For N-5 solver, the viscous shock tube prob-
lem [8] is considered to test the validity of the scheme. The initial condition in the domain
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(a) ASE-DF(53), GKS solver {by ASE-DF(75.3), GES solver  (c)

(d) ASE-DF(5,3), L-F solver {e) ASE-DF(7,5,3), L-F solver i(f) ASE-DF(9,7.53), L-F solver

Figure 8: Double Mach reflection problem: the density distribution at =0.2 with 960 = 240 meshes. This figure
is drawn with 35 density contours. {a-c} The results are calculated by the GKS salver. of =0.05,0, =1.0. (d-f)
The results are calculated by the L-F solver.

[0,1] = [0,0.5] is given by

{(uu,n,u,lzu;—ﬂ, 0<x<05,

(o,u,0,p) =

(1.2,0,0,1.2/7), 05<x<1,

where 7= 1.4 and the Prandtl number Pr=1. The top boundary is set as a symmetric
boundary condition and no-slip adiabatic condition is used for others. For the case Re=
200, the density distributions with different uniform mesh points at { =1.0 from different
reconstruct methods are shown in Fig. 9. The density profiles along the lower wall for this
case are presented in Fig. 10. As shown in Table 3, the height of primary vortex predicted
by the current schemes agree well with the reference data [15].

Example 4.8 (High-mach number astrophysical jet). To test the robusiness of the
schemes, the high-mach number astrophysical jet [36] is simulated. A low mach number
Ma =80 and a very high mach number Ma == 20000 are considered. The computational
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Figure 9: Viscous sod shock problem: the density distribution at f= 1.0 for Re =200 case. Left: different
reconstruct methods with 500250 uniform meshes. Right: different reconstruct methods with 1000500
uniform meshes. All results are calculated by the GKS solver, oy =1.0,00 =100,

Table 3: Viscous shock tube problem: comparison of the primary vortex heights ameong different schemes for
Re = 200 case. The reference data can be found in [15].

Scheme 5204 GRS 5204 CGKS  ASP-DF(5,3) ASP-DF(7,5,3)

Mesh size 500 % 250 500250 500 % 250 500 % 250
Height 0.171 0.173 0.167 0.163
Scheme  ASP-DF(9,7,53) ASP-DF(53) ASP-DF(7,53) ASP-DF(9,7,5,3)
Mesh size 500 250 1000 % 500 1000 % 500 1000500

Height .153 (.171 0.164 (.160




H. Zhang et al. / Commun. Comput. Phys., 39 (2026}, pp. 1559-1588 1581

(] 120
— — AxsAyslAD = = Aamdhyz) S Al
fE -~ T Anedr]inm fipE — ~ Avsdp=]l/E0
S Ay 1150 A e 1]
— HEFERENCE — IR ENL R
¥ 1nn
L] i
ol . L]
E g
& ™ & m
i il ¢
e by L
L. ] an
i ! ; ; 0l ’ i
wa aE (1S n7 BH (%] I ¥ 1] [T 0wy LR e I
¥
(a) ASE-DF(5,3) (b) ASE-DF(7.53)
LI 126
= = A= fy=1FW = = AEPENL A= Ay=1T 580
e = = damdysiion T = = ASPOAL Axe Ayl aW
= Gz Ayl = ASPATAN Asr Ay UESH
= REFERFREE s REFERENCE
A A0H ¢
(] L
i" "
=i 2wl
(2] Al
58+ 50
48 46
M kL
d kE [ o7 E Lk ] i 3 &4 L5 (X ®T [IE] ne i
X X
(c) ASE-DF{%.7.5,3) (d) Comparison results

Figure 10: Viscous sod shock problem: density profiles along the lower wall at § = 1.0 for Re=200 case. (a-c)
Mesh refinement results for different reconstruct methods. {d) Comparison of different reconstruct methods
with 1500 750 uniform meshes. The reference line is obtained from [15].

domain [0,2] x [0,1] is filled with
(p.u,v,p,7)=105,0,0,04127,5/3).
The boundary conditions for the right, top and bottom are outflow. For the left boundary

(pou,v,p)=(5,30,0,04127), if y £[0.45,0.55] for Ma 80 case,
(p.u,0,p)=(5,8000,0,0.4127), if y € [0.45,0.55] for Ma 20000 case.

For the Ma 80 case, the terminal time is (.07, the computation is performed on a 400 x 200
mesh, and for the Ma 20000 case, the terminal time is 10, the computation is performed
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(a) ASE-DF(5,3), Mach 80 (b) ASE-DF(5,3), Mach 20000

(¢) ASE-DF(7,5,3), Mach 80

(e) ASE-DF(9,7,5,3), Mach 80 (f) ASE-DF(9,7,5,3), Mach 20000

Figure 11: High-mach number astrophysical jet: the density distribution at ¢ =0.07 and t =104 (from left to

right). This figure is drawn with 30 density contours. Non-linear function of density ¢=log(p) is used. Left:
different reconstruction methods with 400 200 meshes, Right: different reconstruction methods with 800 = 400
meshes. L-F solver is used for all results.

on a 800 x 400 mesh. Fig. 11 shows the results when using different reconstruction meth-
ods, we see that the proposed algorithm can maintain high resolution at lower Mach
number, while the algorithm maintains strong robustness at a very high Mach number.
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44 Computational efficiency

The 2D Riemann problem (Configuration 3 in [22]) with different mesh sizes are tested
for the comparison of computation cost, which is shown in Table 4. The CPU times are
recorded after running 20 time steps for each reconstruction method with a single pro-
cessor of Intel Core i7-13700K. Processor @3.40GHz.

Based on the Table 4, since there is no need to calculate additional smoothness indica-
tors in higher-order schemes, the computational time of ASE-DF(7,5,3) is about 1.4 times
of ASE-DF(5,3) due to the differences in number of Gaussian points and the reconstruct
polynomials, and the computational time of ASE-DF(9,7,5,3) is about 1.3 times of ASE-
DFE(5,3), i.e. our proposed algorithm remains efficient at arbitrary high-order methods.
In addition, compared to the classic WENO scheme, the ASP method can save approxi-
mately 30% of the computational time, moreover, as the reconstruction order increases,
the efficiency improvement of the ASP method becomes more pronounced.

Table 4: Computational time [in seconds) of different reconstruction methods with the GKS solver for the 2-D
Riemann problem.

Mesh size ASP-DF(53) ASP-DF(7,5,3) ASP-DF(9,7,53)
100% 100 4.871 6.867 8.683
2003200 18.826 27,590 34.372

400 400 74.108 106.248 136.324
800800  293.731 425.135 551.060
Meshsize WENO(5,3) WENO(7,53) WENO(9,7,53)
100 % 100 5.816 8.446 11.834
2003200 22916 33.204 46.345 |
400 400 91.101 131.382 185.049 |
800800  361.582 526.504 737.500 |

5 Conclusion

This paper presents the Adaptive Stencil Extension reconstruction method with Disconti-
nuity Feedback factor (ASE-DF), addressing two critical challenges in high-order WENO
schemes: diminishing robustness at higher orders and increased computational costs
from smoothness indicator calculations. Building on WENOZ-AO (5,3), the method in-
corporates a DF factor to enhance robustness while eliminating additional smoothness
indicators, using only the stencil’s ag for higher-order extensions. This approach main-
tains high resolution and computational efficiency, establishing a foundation for future
developments of high-order compact schemes.
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A Calculation of GKS flux function

The form of the 2nd-order gas kinetic distribution function at each Gaussian point with
a local coordinate x in Eq. (2.10) For a 2-D Maxwell’s distribution

K+3
the moment of ¢ is defined as
Ptf{--~}>=f(---)gd3, (A.2)

the general moment formula becomes

((wromg)) = ((wm) (@) {(E)),

where n,m,! are integers, and the moments of { are always even-order because of its
symmetrical property. With the integral in the domain | —oo0, 400}, we have

((u"))=1,

((u))=u,

(@ 2)y=u @) Y+ 55 ),

and

((€)=1,
(1)) =55,

A

(@) =" (@),
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Integrating terms with Heaviside function, the integral in the domain ({), +c¢) is denoted
as {(+++)) g, and (—e0,0) as ({--+)) o

{(u"))_ ——erfc( v’ﬁU),
lf“’l'uz

(0)), =60t

()=t (Y))_ 2w,

=0
and
() =-2rfc(v"{_L!')

le AL

<(“1}>k =U((u")) o~ 2Rk
() o =U{ @)+ (")

where erfc is the standard complementary error function.
For the Taylor expansion of a Maxwell’s distribution, all microscopic derivatives have
the form

1

Ay =fg +ayau+ R_T31?+RI4E{“2+[?2 +";2} zaxil:bif
1

By =gy + @yl + 8430+ Ay 5 (0 407+ &%) =ay i,

A=A+ Ayu+ Ao+ A4%{uz+vz +&%) = Aty
Combine with Eq. (A.2) and Eq. (2.12), we have

_ dW
[ pougaz=2% (A3)
which can be expanded as

b
b a{ﬁ'?_ﬂ ol
b2 l1oW 1 A, A2
b = EEZ.‘; a{:':,_\,f} = <{ﬂ.ré‘f’é¢’;']>={'{'§’a"f’j}} aa | (Ad)
by al{grf ) T4

Denoting M= { (i;1;) ), the above equations can be expressed as

Ma=b.
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For the 2-D case, the coefficient matrix M can be expanded as

({{“‘:J? {H;J} {{If‘%} _<|:11p4}}
Me | (0 (G2 () (i)
(@) i(ff‘v’lg () ((v'¢s))
\ () ((ula)) ((0'gu))  ((43))
[ 1 L 1% B,
| u ur+1/24 v Ba (A5
Sl Vv uv V241721 By |’ )
l\Bt B2 Bs By
where 4 Houd
Bt:E(u +V2 +T)'
B—o (uf* FV2LL w)
2 2A '
1 fom o (K4
53_5(1—' +u V-I—T),
1 s oo (K+4)(UP24+V2)  K24+6K+8
34_1({u+v;|+ = i )
Denoting
2 5 K42
R4=2b4—(u 4V +EPL )bh Rs=bs—VDb, Ra=bs—Lb,

the solution of Eq (A.5) can be expressed as

4

r;,lz
Apa= {R4—2UR1 —EVR';]I

3= 2& Ra—=Viw, aoa=2AR>—Una.,

5, K42

1 2
Unxz—VaI;;——uﬂ(u + Vet 5

a=b — 5
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