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Abstract. We study the convergence of a finite volume method based on the method of
bicharacteristics for multidimensional hyperbolic conservation laws. In particular, we
concentrate on the linear wave equation system and nonlinear Euler equations of gas
dynamics. We show the stability and the consistency of the numerical approximations.
By means of the generalized Lax equivalence principle we prove the convergence of
numerical solutions to the strong solution on the lifespan.
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1 Introduction

Hyperbolic conservation laws are fundamental to model conservation principles arising
in fluid dynamics, physics or biology. In this paper we consider multidimensional hy-
perbolic conservation laws and concentrate on the linear wave equation system and the
nonlinear Euler equations of gas dynamics.

These systems are approximated by a genuinely multidimensional finite volume evo-
lution Galerkin method which is based on the method of bicharacteristics, that has been
developed by Lukdcova, Morton and Warnecke [10]. Applying the generalized Lax

fDedicated to Professor LI Jiequan.
*Corresponding author. Email addresses: lukacova@uni-mainz.de (M. Lukitovi-Medvidova),

zhtangluni-mainz. de (Z. Tang), yuhuanyuan@nuaa.edu. en (Y. Yuan)

http:/ /S www.global-sci.com /cicp 1474 22026 Global-5cience Press



1450 M. Lukddovi-Medvidovd, Z. Tang and Y. Yuan / Commun. Comput. Phys,, 39 (2026), pp. 1479-1511

equivalence principle, see [7], and the recently developed concept of generalized solu-
tions, the dissipative solutions, we will analyze the convergence of the genuinely multi-
dimensional finite volume evolution Galerkin method.

In our recent works [6,14], we have proved the convergence of the numerical solutions
for the Euler equations obtained by the finite volume upwind method and the Godunov
method, respectively. In general, we obtain only weak® convergence to a generalized,
dissipative solution. If the limit is a weak entropy solution then the convergence is also
strong. Moreover, if the Euler equations admit a strong solution then the numerical solu-
tions converge strongly to the strong solution as long as the latter exists.

Our aim is to extend the previous convergence analysis to the genuinely multidimen-
sional finite volume method based on the method of bicharacteristics. We point out that
this is the first result available in the literature, where the convergence of the truly multi-
dimensional scheme is studied for multidimensional hyperbolic systems. In this context
we refer to the recent work of Lukaova and Yuan [15], where the convergence of finite
volume generalized Riemann problem method, see |. Li et al. [8,9], has been analysed for
scalar hyperbolic equation.

The hyperbolic conservation law on a bounded domain 0} © RY (d =2,3) reads

QU +div. F(U)=0, (tx)€(0,T)x0Q, (1.1)

where U £ RY is the conservative variable and F € RN*? is the flux function. System
(1.1) is accompanied with initial data U(0,-) = Uy on {1 and periodic boundary condi-
tions. Taking the second law of thermodynamics into account we further require that the
entropy inequality holds, i.e.

aS(U)+div, QU =0, (t,x)e(0,T) =02 (1.2)

We analyse specifically the linear wave equation system with
U=(pu)’, F=(cu,cpl)’, c>0, (1.3)
S=—2luP, Q=-cput, (14)

and the nonlinear Euler equations with

s E. T
u=(emE)', F=(m ™" 4p1,™ e“’”) , (1.5)
S . 1 1 2
S5=0Ceos, Q=? with Cy= — and s=In E . T>=L (1.6)

In this paper we concentrate on two-dimensional problem, i.e. d =2. The generalization
to d =3 is possible but technical and the details will be presented in a future work.

In (1.3), ¢ denotes the wave pressure, u=(u,v) is the velocity vector and c =constant
is the wave speed. Further, in (1.5), p denotes the density, m = (n;,mz2) = (pu,pv) is the

1 [m|?

momentum, E is the energy, p=(y—1)(E—5 =) is the pressure and S is the entropy.



