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Abstract. The unified gas-kinetic wave-particle (UGKWP) method is a hybrid method
for multiscale flow simulations, in which the contributions to the whole gas evolution
from deterministic hydrodynamic wave and stochastic particle transport are combined
simultaneously. Originally, the UGKWP method was developed as a direct modeling
approach at discrete level. In this work, we revisit the time evolution of each part
of the involved simulation particles and wave molecules in UGKWP, and present the
corresponding kinetic equations. The resultant kinetic system can be viewed as a col-
lision decomposition of the original kinetic equation, which can serve as a basis for
developing other kinetic methods for flows in all flow regimes.
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1 Introduction

Itis a challenging task to simulate gas flows involving different flow regimes in which the
Knudsen number € can vary over a wide range. Classical computational fluid dynam-
ics (CFD) techniques based on Euler or Navier-Stokes equations are limited to contin-
uum flows, while stochastic particle methods, such as the Direct Simulation Monte Carlo
(DSMC) method, are mainly suitable for high-speed rarefied flows but usually encounter
difficulties for continuum flows.
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In recent years, a variety of deterministic discrete-velocity methods (DVMs) based on
gas kinetic theory have been developed for simulating multiscale flows [1,2]. Particu-
larly, kinetic schemes with asymptotic preserving (AP) properties have received much
attention due to their capability in capturing the hydrodynamic behaviors in the limit
of € — 0 without resolving kinetic scales [3,4]. A unified preserving (UP) concept was
further proposed recently [5], which can be used to assess the order of asymptotics of a
kinetic scheme for finite €. The unified gas-kinetic scheme (UGKS) [6] and discrete uni-
fied gas-kinetic scheme (DUGKS) [7] are two typical kinetic methods with UP properties,
which have found wide applications in multiscale flow simulations [8,9].

Although the deterministic DVMs with AP or UP properties can avoid limitations
on mesh size and time step by kinetic scales, a large number of discrete velocities are
required for flows involving multiple flow regimes (particularly for high Mach number
flows), leading to rather expensive memory and computational costs. Recently, a hybrid
approach, named as unified gas-kinetic wave-particle (UGKWP) method, was developed
to combine the advantages of stochastic particle method and the UGKS [10]. In UGKWP,
the gas system is represented as a two-phase system, i.e., continuum hydrodynamic wave
phase composed of gas molecules and discrete particle phase composed of simulation
particles. The hydrodynamic wave reflects the collective dynamics of molecules undergo-
ing intensive collisions, and describes the evolution of the near-equilibrium state; on the
other hand, the discrete particle phase is composed of a number of simulation particles
representing a cluster of gas molecules, which models the evolution of non-equilibrium
states. The interaction between the two phases is realized by absorbing collided particles
into wave and generating free transport particles from wave.

In the UGKWP method, particle transport is tracked directly such that no discrete
particle velocity space is required, which significantly reduces the memory and compu-
tational costs. On the other hand, the hydrodynamic wave is captured from the equi-
librium state deterministically. The contributions to the gas evolution from the wave
and particle phases depend on the local cell Knudsen number, such that the transport
of discrete particles dominates the solution in rarefied regime, while the hydrodynamic
wave dominates the solution in continuum regime. Additionally, the number of particles
changes adaptively with the local cell Knudsen number. This suggests that the particle
phase and wave phase become negligible in the continuum and free molecular limits,
respectively. Consequently, the UGKWP can serve as an efficient method for multiscale
flow simulations.

The evolution of the entire gas system in UGKWP is described by the dynamics of
simulation particles and hydrodynamic wave molecules, during which the two phases
interact with each other. It should be noted, however, that UGKWP is designed at discrete
level as a direct modeling method [8]. Here the concept of “direct modeling” means the
gas evolution is modeled directly at a discrete numerical (mesh size and time step) scale,
emphasizing that the transport process is implemented directly to construct a multi-scale
scheme. This concept is different from that in the Molecular Dynamics (MD) and Direct
Simulation Monte Carlo (DSMC) methods, in which real physics is modeled by simula-
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tion particles. In this work, we aim to present the corresponding kinetic equations for
different types of particles/molecules in UGKWP based on their underlying dynamics.
The resultant system can provide a theoretical basis for better understanding the physics
of UGKWP and developing new numerical methods. This kinetic representation also ex-
plains the direct modelling philosophy of UGKWP, which is evident from the fact that
the split of gas distribution function and the initial conditions of different parts depend
on the numerical time step.

We emphasize that the aim of the present work is to present a theoretical explanation
of the UGKWP method. The focus is not the UGKWP method itself, but the kinetic rep-
resentation of the underlying physics of UGKWP. The rest of this article is organized as
follows. In Section 2, we outline the kinetic equation based on which the UGKWP is de-
veloped, and discuss the solution structure as a superposition of uncollided and collided
molecules; Two sub-kinetic equations for the uncollided and collided molecules are also
provided in this section. In Section 3, we provide a brief review of the UGKWP method,
and represent its predecessor, the UGKP method, as a numerical method for the two sub-
kinetic equations. The corresponding kinetic representation of the UGKWP method is
presented in Section 4, together with an asymptotic analysis of the kinetic system and a
revisit of UGKWP. In Section 5, two other kinetic schemes are reinterpreted to demon-
strate their connections with the kinetic system, and a brief summary is provided in the
last section.

2 BGK model and the solution structure

The UGKWP is constructed based on certain relaxation models of the Boltzmann equa-
tion. Without loss of generality, we consider the Bhatnagar-Gross-Krook (BGK) model
for monatomic gases [11],

W HEVF=QU) =1 (f~8), @)

where f(x,¢,t) is the distribution function for gas molecules moving with velocity ¢ at
position x and time ¢, Q is the collision operator, 7 is the relaxation time, and g is the
equilibrium distribution function defined by

2
e(x &) =EW(x,t),8)= ml{;)mexp <— ‘gZRlYl"’ > . (2.2)

Here D is the spatial dimension, W =p(1,4,E) is the conservative hydrodynamic vari-
ables, with density p, velocity u, and total energy E = (|u|>+DRT)/2 (with R as the
specific gas constant and T as the temperature). W is determined by the conservative
moments of the distribution function, i.e., W = [9(¢)fd¢ with ¢ = (1,&,&2/2). Taking
the conservative moments of Eq. (2.1), we can derive the macroscopic conservative equa-
tions

W+V-F=0, (2.3)



Z.Guo, Y. Zhu and K. Xu / Commun. Comput. Phys., 39 (2026), pp. 1512-1535 1515

where F = [Zfd¢ is the macroscopic hydrodynamic flux.
The BGK equation (2.1) admits a formal analytical solution,

Flebn=e " f— gt ho) + [

{ e e g |dE @4
0
fu(x2,t)

fe(xg.)

where ty is the initial time, x’ =x—&(t—t'), and v(x,t) ft —s),s)]"!ds. Eq. (2.4)
demonstrates the structure of the solution of the BGK equat1on fu(x,é,‘,t) represents the
remaining uncollided molecules transported from fy to t; while f.(x,¢,t) represents col-
lided molecules undergoing intensive collisions. It is noted that if T is a (local) constant,
then v(x,t) = (t—to) /T, and the formal solution reduces to

flxgt)=e T0/TF(x—E(t—to),E to) +i./tte_(t_tl)/Tg(x’,é,‘,t’)dt’. 2.5)

We emphasize here that f(x—&(t—t9),&,to) represents all molecules at the initial time
to, which can either transport freely (collisionless molecules) or undergo collisions (colli-
sional molecules) at later times.

The analytical solution (2.4) suggests that the distribution function can be decom-
posed into two parts, i.e., f = f, + fc. This decomposition indicates that the gas system
can be considered as a “two-phase” system: the uncollided molecules form a discrete
phase since they are independent with each other, while the collided molecules consti-
tute a continuum wave phase since they undergo intensive collisions, which is also evident
that f. depends only on the equilibrium distribution function g. Furthermore, the kinetic
equations and corresponding initial conditions for both phases can be derived from the
definitions of f, and f,,

1
{atfu+g'vfqu1" (2.6a)
fu(x,8,t0) = f(x,8,t0),
1
{atfc+§-Vch(fc8)/ (2.6b)
fc(x,éf,to) =0

The initial conditions, f,(x,¢,to) = f(x,¢,to) and f(x,¢,to) =0, indicate that all molecules
are initially uncollided. Furthermore, the relaxation terms in Egs. (2.6a) and (2.6b) sug-
gest that the number of uncollided molecules decays exponentially with time, and col-
lided molecules are generated due to collisions among all molecules. From a particle
perspective, the probability of a molecule experiencing no collisions in time period [to, ]
is p=e~"(), The time evolutions of f, and f, are sketched in Fig. 1, where the dashed line
represents the first collision time (FCT) of molecules. A molecule in discrete phase trans-
ports freely until it encounters its first collision with other molecules at FCT, at which
point it transits to the collided state in the wave phase.
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Figure 1: Time evolutions of the distribution functions of collided and uncollided molecules. Dashed line: The
first-collision time of uncollided molecules; Shading region: collided molecules in continuum wave phase; Blank
region: Uncollided molecules in discrete phase.

With the decomposition f = f, + f., the macroscopic variables W and the flux F can
also be decomposed into two parts accordingly: W =W, + W, and F =F, +F ., where

Wolnt) = [[9@f E0IE Fuled) = [E@FEENE, a=ne  @7)

The governing equations for W, and W, can be obtained by taking the moments of
Egs. (2.6a) and Egs. (2.6b), respectively, namely,

1
ath—l—V'.’F'u——;Wu, (28a)
Wu(x,to) = W(x,to),
1
aI/vc Fe==-W,,
Wet V-Fe=2 (2.8b)

Wc(x,to) — O.

The source terms on the right-hand side of the above two equations reflect the interaction
between the discrete and continuum phases.

Egs. (2.6a) and (2.6b) can be viewed as a decomposition of the original BGK equa-
tion (2.1) based on molecular collision behaviors. Actually, if f, and f. are solutions of
Egs. (2.6a) and (2.6b), respectively, then f = f, + f. is the solution of the BGK equation
(2.1). From this viewpoint, this decomposed two-population system is equivalent to the
BGK equation (2.1), meaning that no splitting errors exist in the decomposition system.
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This contrasts with the classical time-splitting method, which separates the kinetic equa-
tion into a pure convection equation and a pure collision equation such that time-error is
introduced.

It should be pointed out that the idea of uncollided-collided decomposition was first
proposed in the “first collision source” method for solving neutron transport equation
with a source term [12]. By solving the uncollided particle equation with determinis-
tic or stochastic methods, ray effects can be effectively reduced [12-14]. Recently, this
method was extended to solve the Boltzmann-BGK equation with the asymptotic Euler
limit [15]. However, in previous studies, the kinetic equations for f,, and f, as well as the
initial conditions, are proposed intuitively. In contrast, in the present work we derived
the kinetic equations and initial conditions rigorously from the analytical solution. An
additional advantage of the present approach is that it clearly identifies the structure of
solution and reveals the time evolution of each part, as demonstrated in Fig. 1.

The two-population system given by Egs. (2.6a) and (2.6b) also offers some advan-
tages for designing numerical methods. Particularly, Eq. (2.6a) is linear, and its solution
can be obtained analytically as defined in (2.4). On the other hand, Eq. (2.6b) is non-linear,
but f.(x,¢,t) is fully determined by the equilibrium distribution g along the characteristic
line, which means it can be calculated directly from the macroscopic variables W. Conse-
quently, the two sub-kinetic equations can be solved using different numerical methods,
leading to efficient hybrid methods with desired properties.

3 UGKWP method

The UGKWP method was developed based on the unified gas kinetic particle (UGKP)
method, which is a hybrid particle-continuum method [10, 16]. In this section, we will
first provide a brief introduction to the UGKP method and then present the main details
of the UGKWP method.

3.1 UGKP method

The UGKP method is a finite-volume discretization of Eq. (2.3), where the numerical
flux across each cell interface is reconstructed based on the analytical solution (2.4). The
physical space is discretized into a number of control volumes (cells), and the update of
cell averaged macroscopic variables W in a cell V; from time t, to t, 11 =t,+ At is given

by

1
V\G”“—V\G”er Y EilSi|=0, (3.1)
il jeN(i)

where |V;] is the volume of cell V;, N (i) is the set of interface adjacent neighboring cells
of Vi, §j; is the interface between cells V; and V;, and ]Sij\ is the surface area. Additionally,
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W, is the volume-averaged macroscopic variables,
" 1
Wiz / W (x,t)dx, (3.2)
Vil Jv,

and Fjjis the flux across the interface Sij,

fnt1
Fi= [ [ 9@ g dze, 6:3)

where n;; is the unit normal vector of interface S;; pointing from cell V; to cell V}, and x;;
is the center of S;;.

The flux F; depends on the instantaneous distribution function f(x;;,¢,t), which can
be obtained from the formal analytical solution of the BGK equation. Here we assume
that the relaxation time 7 is a local constant during ¢, <t <t,; around x;;, then we can
adopt the formulation in Eq. (2.5) by setting to—t,,

t /
Flrg &)= et S0+ [T R, i St<hin. 69
tn
fu(xii,8t)

ff(xij/grt)

Accordingly, the interface flux can be decomposed into two parts, F;j= Fj +F;, where

/ " / Eon)p(8) fulxip &, dEAL, a=u,c. (3.5)

It is noted that f. depends only on the hydrodynamic variables W; therefore, F; can be
evaluated explicitly from W. In the UGKP method, a first-order Taylor expansion of g is
adopted in the time integral in Eq. (2.5),

8(xjj, 8, t") =gij— (t=t')T-Vgii+ (' —£a) gy, (36)

where g; = g(xij,&,ty). Then the collided distribution function f. can be approximated as

1 rt
fC(xijrglt):;/t e =0/ ( 1]/6 t )dt —C1g1]+C2g Vgl]+c3afgl]1 (3.7)

where xgj =X;j —&(t—t"), and

—s/T
7

c1=1—c¢ cp=s—(s+T)c1, c3=s—TC1, S=t—1t,. (3.8)

Then the contribution from f. over the whole time step can be obtained as

Fi= [ @m)p(@) [Cigh+Ca- Vi + Cangl| 2, (3.9)
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where )
At

Ci=At—71 (1—(“”), C=AP—(2T+ANCI, G="-—7Ci  (310)
The flux from the uncollided molecules, Fl’]‘, is evaluated using a particle method in
UGKEP; in other words, the discrete phase is represented by simulation particles. The
flow field at time ¢ is initialized as follows: from the given initial macroscopic variables
T/Vi0 in cell V;, a set of simulation particles {Pi(,)((mk,xk,;‘k) k=1, --,NZ.O} is sampled, and
the particle Py is characterized by its mass my, position xi, and velocity &. It is noted that
each simulation particle represents a cluster of gas molecules. At the beginning of each
time step, all particles are treated as uncollided ones, so WO =W? and WO =0. Then

evolution procedure from t, to t,1 can be described as follows

1. Resampling;:

As n>0, keep the remaining uncollided particles at ¢, and resample particles from
the wave phase following the Maxwellian distribution £(W,;(t; ),£). This means
that the whole flow field in V; is represented by N' simulation particles at the mo-
ment of ¢/

2. Classification:

Classify the particles in V; into N” collisionless particles with probability B=¢2/T
y p if p p y

and N/ collisional ones: Each particle (Py) is assigned a first collision time t; . =
min(— Tl ,At), where r is a uniform random number in [0,1]; then the particle is
called as a “collisionless particle” if t,, =At, and as a“collisional particle” otherwise.
Approximately, Ni';~BN[" and Nj.~ (1—B)N"

3. Transport:

Move all particles to new positions according to their velocities and first collision
times, i.e., x;‘H = x}} +xty for particle P;. Then keep collisionless particles (those
with t. = At) and delete collisional particles. The flux across interface S;; is mea-

sured by recording the particles passing through the interface,

Nij

Fj= ];(gk'nij)llfkmk, (3.11)
where 4, = (1,8,¢2/2), and Nj; is the number of particles passing through S;;.
4. Updating macroscopic variables:

(a) Calculate macroscopic variables of the particle phase,

n+1
Nz‘

Wil =1 ) (3.12)

where N/ is the updated number of particles in the cell.
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Figure 2: Particle evolution in UGKP. Gray: wave phase; Circle: particle phase; Blue dashed line: first collision
time; Green dashed line: boundary for collided (above) and uncollided (below) particles between t, and t.

ﬁ:e*At/T is the portion of all initial particles that survive at ¢, 1.

(b) Compute I/Vi”Jrl according to Eq. (3.1), where the flux F; = 1-"13‘ —I—FS is given by
Egs. (3.9) and (3.11).

(c) Calculate macroscopic variables for the wave phase composed of collided par-
ticles, ngﬂ = 1/\/1.’“rl — W;,;rl.

The particle dynamics and changes of state in UGKP are illustrated in Fig. 2. The
evolution procedure shows that two phases are involved in UGKP: the wave phase and
the particle phase. The wave phase is composed of gas molecules and is continuum,
while the particle phase consists of discrete simulation particles. Once an uncollided
particle undergoes collisions with other particles, it will be deleted and absorbed into the
wave phase.

Furthermore, UGKP can also be reinterpreted as a hybrid method based on the de-
composed two-population kinetic system described in Section 2. Specifically, UGKP
solves the following two-population kinetic system,

atfu‘f’g'vfu:_%fur b <t<tyy1,
fu(xE ) =fu(x, 88, ) +EWe(x,t,),8),
fet &V fe=—2(fem8), <t<tuy,
fC<x1§/t1J1r) =0,

(3.13a)

(3.13b)
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where £(W,(x,t,,),&) represents the resampled particles from the wave phase as illus-
trated in Fig. 2. Eq. (3.13a) is solved using particle method at each time step with a
re-initialized condition. On the other hand, the kinetic equation (3.13b) is solved deter-
ministically. Particularly, since the collective dynamics of the collided particles behaves
like hydrodynamic wave, it is not necessary to solve f. directly from the kinetic equation
(3.13b). Instead, UGKP solves effectively the following moment equation for collided
particles within each time step,

1
ath‘Fv':Fc: ;Wur tn §t<tn+1/

(3.14)
W, (x,t7) =0,
or equivalently the moment equation for the entire system,
IWHV-F=0, t,<t<tyu,
(3.15)
W(x,t7)=W(x,t,).

The reinterpretation of UGKP as a collision-based hybrid method provides a kinetic de-
scription of this method, even though it was initially constructed following a direct mod-
elling approach. Furthermore, UGKP gives an example of how the two-population sys-
tem described by Eq. (2.6) can offer advantages over the original kinetic equation in de-
signing numerical methods.

3.2 UGKWP method

The UGKWP method is an improvement of UGKP, which still represents the gas as a
two-phase system composed of discrete particles and continuum waves. In the UGKP
method, the wave phase W, is fully resampled as discrete particles at the beginning of
each time step (t;}). However, it is noted that only a portion of B=e~**/7 of these particles
survive to t,,1. This implies that other resampled particles become collisional and get
removed at t,,;. Therefore, it is unnecessary to sample these collisional particles from
the wave phase initially at the beginning of each time step. Based on this observation,
the UGKP is improved to UGKWP by sampling only the collisionless particles at t;! .

The first improvement lies in the initialization of the flow field at ¢y. In UGKP, the gas
system (W?) is fully represented as simulation particles. In contrast, UGKWP samples
only a portion B of W? as particles, while the remaining (1— ) W? remains at continuum
wave state. Thus, W) = BW? and W? = (1—B)W?, with the corresponding distribution
functions f,(tg) =& (WY,&) and f.(ty) = E(W?,&). Consequently, the number of sampled
particles in the initial step of UGKWP is less than that in UGKP, particularly for near
continuum flows (8 < 1).

The second improvement lies in the particle resampling from wave phase at later
times. In UGKP, the entire wave phase W, (¢, ) is resampled as simulation particles that
may either transport freely or encounter collisions. In contrast, UGKWP only samples
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collisionless particles that transport freely, which is proportional to W (t,, ), in the whole
time step are re-sampled. As a result, the gas system at t;; contains both particle and
wave phases, leading to a significant reduction in the number of simulation particles.

The time evolution of the wave phase also differs between UGKP and UGKWP. In
UGKEP, the wave phase is absent at t;| and is generated from the removed collided parti-
cles at later time. On the other hand, in UGKWP both particle and wave phases exist at
t;}, and additional wave is generated from the removed collided particles and molecules
in both phases.

The detailed evolution procedure from ¢, to t,,1 of UGKWP is listed as follows:

1. Classification:
Classify the N/’ particles in cell V; into N, free transport (collisionless) particles
with probability =¢~/T and N, = N — N, collisional ones.

2. Resampling:

As n >0, resample Ny collisionless particles from the wave phase following the
Maxwellian distribution £(BW, (¢, ),&). The total number of collisionless particles
in V;is Nf:pr+wa then.

3. Particle transport:

Move all particles (including the resampled ones from wave phase) to new posi-
tions according to their velocities and flight time, then keep collisionless particles
and delete collisional particles. The flux from particles, f is measured by record-

ing the particles passing through the interface, as given by Eq. (3.11).
4. Updating macroscopic variables:

(a) Update the macroscopic variables of the particle phase, W, as given by

pr
Eq. (3.12).
(b) Calculate the total macroscopic variables,
1 1 1
‘/\]in-i-l ‘/\]ln |V| Z ’Sl]| |V| Z FZU”|SZ]| |V| Z |Sl]|l (316)
jEN(i) jEN(i) JEN(i)

where Fj; is the flux contributed from the collided particles and collided wave

molecules, E; ! is the flux from all simulation particles including the original
ones and those resampled from wave phase, and Fj" is the flux from the un-

sampled collisional molecules of the wave phase 1n the process before their
first collisions, which is given by

n+1
FYr— / / (@) (e 0T e g (g (1= 1), 8 1) A,
(3.17)
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Figure 3: Particle evolution in UGKWP. Gray: wave phase; Circle: particle phase; Blue dashed line: first
collision time of particles; Red dashed line: first collision time of molecules in wave phase. Representations
of the distribution functions: fwf — free transport wave molecules; fu; — collisional wave molecules that will

experience collisions and get removed; fy — collided wave molecules; fpc — collided particle; fpr — collisional
particles that will experience collisions and get removed,; fpf — free transport particles.

where g, () =E(W/(t;,)) with W/ = (p./p)W, namely, g;, is the Maxwellian
distribution with temperature and average velocity determined by the total
macroscopic variables W, but with the density replaced by p.

(c) Calculate the macroscopic variables for the collided particles/molecules,
Wn'+l — Wﬁ+1 _ anrl
c,i i pi

The dynamics of the particle and wave phases in UGKWP is illustrated in Fig. 3. From
the evolution procedure, we can see clearly the interaction between the wave phase and
particle phase: simulation particles are resampled from wave phase at the beginning of
each time step, and wave is generated from collisional particles. Furthermore, it can be
found that the number of particles in UGKWP is proportional to the parameter f=¢~!/T.
This suggests that there will be very few particles in cells where the flow is continuum
(At>7), and the flow will be dominated by the hydrodynamic wave phase. Conversely,
as At < 7, the wave part becomes insignificant and the flow is dominated by the parti-
cle phase. Overall, the UGKWP method can serve as an efficient dynamical multiscale
approach for flows ranging from continuum to free-molecular regimes.
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4 Kinetic representation of UGKWP

4.1 Kinetic equations for different types of simulation particles and wave
molecules

The construction of the interface flux in UGKWP is implemented at discrete level in a
direct modelling manner [8]. To provide a more clear understanding of the physical
processes involved, we now present the kinetic equations for different types of particles
and molecules in the discrete and continuum phases.

As sketched in Fig. 3, at time f the entire system can be represented by various types
of wave molecules and simulation particles. In other words, the distribution function f
can be decomposed into six parts,

f(t) :fpf(t) +fpr(t) +fp6(t) +fwf(t) +fwr(t) +fw6(t)/ (4'1)

particle wave

where the sub-distribution functions for different particles/molecules are defined accord-
ing to their phase states and collision behaviors, namely,

fpr: collisionless particles (free transport particles during the whole time step),
te > At;

fpr: collisional particles (uncollided particles before the first collision, which
will be removed due to collisions), 0 < t. < Af;

fpe: collided particles, 0 <t. <At;

fwr: collisionless molecules (free transport wave molecules, resampled as sim-
ulation particles), t. > At;

fuwr: collisional molecules (uncollided wave molecules before the first collision,
which will be removed due to collisions), 0 < t, < At;

fuwe: collided molecules in wave, 0 <, <At.

Here the subscripts p and w represent particle phase and wave phase, respectively,
while f, r, and c represent the different collision processes, respectively. It should be
noted that f,, and f,, are distribution functions of the uncollided particles and wave
molecules in the transport process before their first collisions, which will experience col-
lisions and be removed after collisions. Actually, fpr and f,r are intermediate variables
used to better demonstrate the decomposition of the entire distribution function and the
transition process from discrete state to continuum state.

The kinetic equations for different parts can be obtained based on their time evolu-
tions in UGKWP, as described below,

{atfpf+§-vfpf=0, by <t<tpi1,

4.2
for (L) =Bfu(xELy), (4.22)
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1
{atfpr+§‘vfprr(fpr+fpf)r b <t<tyi1, (4.2b)
fpr(xrgrtrﬁ =1-B)fu(x8,t,),

1
{atfpc+g.vfch(fpcg,,), th <t<tni1, (420
fre(x,8t) =0,
atfwf+§'vfzuf:0r tn<t§tn+1,

L 3 ) (4.2d)

fuor(x,8,t7) =Bfe(x,5,t, ) = E(PWe(x,t,).8),
{atfwr‘i‘g'vfwri(fwr‘l’fwf)/ tn<t§tn+lr (4.28)
for(x,Gt)=(1-B) fe(x,E,t,),

1
atfwc"‘g'vfwc:_;(fwc_gw)/ tn<t§tn+1/ (42f)
fwc(x,é,‘,tj):o,

where g, and g, are the equilibrium distribution functions of particle and wave phases,

2
9t) = e (g ) = s WD), amp 43)

with pp = [ (fpr+ for+fpe)dg and pw = [ (fus+ fur+ fuc)dg. Note that p,(t;) = pu(t;)
and p4, () = pc(t; ), and therefore g, () = E(W!(t,)) with W/ = (po./p)W, as used in
Eq. (3.17).

Although the kinetic equations for different types of particles/molecules are clearly
presented, the UGKWP does not solve these kinetic equations separately. Instead, the
time evolutions of uncollided simulation particles in the particle phase (fpu = f,r+ fpr)
and those resampled from wave phase (f,r) are described collectively by tracking particle
movement. Similarly, the time evolutions of all collided particles and molecules (f. =
fpe+ fuc) are also described together deterministically. In summary, the kinetic system
corresponding to the UGKWP method can be written as

1
{atfplt+g'vfpllepul tn <t <tyt1, (44&1)
fP” (x,;",tf{) :fu<x1§/t;>/
{atfwf'f'g;vfwf =0, tnf< t<tyi1, ) (4:.4b)
fof (0,8t ) = Bfe(x,8,t, ) = E(PWe(x,1,),8),
1
{atfwr+§'vfer(fwr+fwf)r tn<t§tn+1/ (44C)
fwr(X,g,f,J{) = (1—,3)_}(5(%6,1‘;),
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1
{atchrg-Vch(fcg)/ by <t<tuia, (4.4d)

fC(xfgrt;T) =0,
where the kinetic equation for f,;, is obtained by summing up Egs. (4.2a), (4.2b), and

(4.2d), while that for f. is derived from Egs. (4.2c) and (4.2f).
Some comments on the above four-population kinetic system (4.4) are in order.

1. The kinetic system shows clearly the underlying dynamics of four types of par-
ticles and molecules, i.e., the relaxation process of uncollided particles in particle
phase (Eq. (4.4a)), the free transport process of particles resampled from wave phase
(Eq. (4.4b)), the relaxation process of the collisional molecules (Eq. (4.4c)), and the
collision process of all collided particles and molecules (Eq. (4.4d)). The four kinetic
equations are coupled through the re-initialization and relaxation terms. Specif-
ically, discrete particles are generated from wave phase at the beginning of each
time step, as described in Eq. (4.4b), and the collisional particles are removed from
particle phase after experiencing their first collisions to become molecules in wave
phase, as described by Eqgs. (4.4a) and (4.4d).

2. The system can be viewed as a collision decomposition of the original BGK equa-
tion. Specifically, the kinetic equation (2.1) is decomposed into a sum of four sub-
equations. This decomposition is different from the classical time-splitting method.
Actually, if fpu, fuwf, fur, and f. are solutions of the corresponding sub-equations,
f = fputfuwf+ fur+ fc will satisfy the original kinetic equation (2.1). In contrast, the
solutions of the sub-equations in the time-splitting system do not have this prop-
erty.

3. The present four-population decomposition is a generalization of the two-
population one developed in Ref. [15]. In the two-population decomposition, the
distribution function f is separated into an uncollided part f, and a collided part f,
governed by Egs. (2.6a) and (2.6b), respectively. The approach was initially devel-
oped for linear kinetic equations based on the idea of “first-collision source” [14],
and was extended to the Boltzmann-BGK equation recently [15]. The key difference
between the two-population and the present four population systems lies in the
description of the uncollided particles and molecules. In the four-population sys-
tem, the free-transport wave molecules (f, ), removed collisional wave molecules
(fwr), and uncollided simulation particles (f,,) are described separately. In con-
trast, all uncollided molecules and particles are indistinguishable and treated as
a entity in the two-population system. In other words, the two-population sys-
tem can be reduced from the four-population system by combining the three sub-
equations into a single one, i.e., Eq. (3.13a) for f; = fur+ fur+ fpu. This means
that the two-population system is just the underlying kinetic representation of the
UGKP method. We highlight here that the UGKP and UGKWP methods [10] were
developed independently and prior to the two-population hybrid method [15].
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4. Similar to the two-population system associated with the UGKP method, the four-
population system can also offer some advantages for constructing numerical meth-
ods. Specifically, the linear Egs. (4.4a), (4.4b), and (4.4c) can be solved in relatively
easy ways, while the nonlinear Eq. (4.4d) depends only on macroscopic variables
and can be addressed through its moment equations.

Finally, we present the conservative moment equations of the kinetic system,

1
atwpu+v'Fpu = _gwpur b <t<tpi1,

(4.5a)
Wi (3, ) = Wi (.85,
tWuwf A wf 7” ntl (4.5b)
Wwf(x'tn )::BWC(x’tn )
1
at"\/zur‘f’v'ﬂur:;(er—i'Wwf)’ b <E<tnia, (4.5¢)
WZUT’(xItI-’:_> = (1_13)Wc(x’t;)’
1
IWeAV-Fo=—(We=W), ty<t<tup, (4.5d)
W, (x,t) =0,
where
W= [9fude, F=[i9fuds, w=puwfure. (.6)

It is obvious that the total conservative macroscopic variables W =W, + W, s+ Wy, + W,
satisfy the conservative equation (2.3), with the flux F = F,,+F, f—i—er—l—FC. The source
terms and the re-initialized conditions at each time step reflect the exchange between the
particle and wave phases.

Now we give a brief summary of the main idea of the kinetic representation of the
UGKWP method. In this description, the gas molecules are classified into three types
during the multi-scale transport process, namely fully free transport molecules (subscript
“f"), collisional molecules before first collision (subscript “r”), and collided molecules
after first collision (subscript “c”). With the occurrence of first-time collision, the r-type
collisional molecules decay and are merged into c-type ones. In the UGKWP method, the
gas system is split into non-equilibrium particle phase and equilibrium wave phase to
achieve high numerical efficiency. These two parts both follow the multi-scale transport
process using the “three-type” description, and therefore six types are involved.

4.2 Asymptotic behaviors of the kinetic system

We now analyze the asymptotic limits of the six-population kinetic system (4.2). First we
give the analytical solutions of the sub-kinetic equations,

for(x,8t) = Bfu(x=E(t=1a), 8ty ), (4.7a)
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for(x & t) = [e= (=) ﬁ]h( Z(t—t) ), (4.7b)
fuelenf) =1 [ LN, K- Eit), @7
Fup (680 =Bfex—E(t—t) &y, (4.7d)
far(x88) = e B| felx—E(t—ta) ), (47¢)
Fuelxii & 1) = /tn S g (a8 ) (4.76)

From the above results, we can further obtain the expressions of some reduced distribu-
tion functions,

fou( &) =fpr+ fpr=e" T fu(x—E(t— 1), .1, (4.82)

Fou(,E8) =fur (&) + fuor(x,E ) =TT (x—E(t—t,),E L), (4.8b)
fu(x,8, ) fpu (x,é,t) + fuu(x,8,t) :ei(tit")/rf(x_g(t_trI)rg/t;)r (4.8¢c)
fc(x,g'f,t) —fpc(x ¢, t) +fwc(x,§,t) — i/;e(tt’)/rg(x/,gf,t/)dt’

~e18 (%, tn) +02f- V(%8 tn) +c30i8(%,8,tn), (4.8d)

where ¢y, ¢, and c3 are given by Eq. (3.8).
With the above results, we then analyze the asymptotic behaviors of the kinetic sys-
tem. First, it is easy to check that

hm e_(sh — ]_, hm e (t tn) — hm [e o (t_tiz+1)/At] _ 1,
Jh%O 5h4)0 5h4)0
(4.9)
lim e % =0, lime /7= lim e *5"(t*t"’+1)/N] =0,
Sp—>o0 Sp—00 Op—r00

where 6, =At /7T is proportional to the inverse of grid Knudsen number. Therefore, in the
continuum limit with 6, — oo, we can deduce from Eq. (4.8¢c) that f, — 0, meaning that
uncollided particles/molecules are negligible during the time interval (t,,t,+1]. Further-
more, it can be shown from Eq. (3.8) that c; =1, co = —7, and c3 —t—t, — 7. Therefore,

fe(x,8,t) = g(x,8,tn) = 18-V g(x,8,tn) + (t—tn —T)01g (%, 1), (4.10)

which is exactly the Chapman-Enskog approximation of the distribution of f(x,¢,t) at
the Navier-Stokes level. The above arguments suggest that in the continuum limit, the
kinetic equations [(4.2c) and (4.2f)] for collided particles/molecules dominate the whole
system, or Eq. (4.4d) dominates the four-population system (4.4). Moreover, the total
distribution function f = f. recovers the Navier-Stokes equations.
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Next, we consider the free molecular limit (6;, — 0). In this case, p —1 and the coeffi-
cients ¢;’s in Eq. (4.8d) satisfy ¢; —0 (i=1,2,3). Therefore, we have f.(x,¢,t) -0, and

forx Gt = fulx=(t=tn), &1 ),
for(x &) = fe(x=E(t=tn), &t ).

This implies that the kinetic equations for free-transport particles and molecules,
Egs. (4.2a) and (4.4b), dominate the system, and the total distribution function f ~
fpf+ fur recovers the collisionless BGK equation.

It is particularly interesting to examine the asymptotic behaviors of Egs. (4.2b) and
(4.2e), which describe the removed collisional particles and wave molecules, respectively.
From Eq. (4.9), we can observe that e~(!"#)/T— g — 0 in both continuum (), — c0) and
collisionless (J;, — 0) limits. Consequently, from Egs. (4.7b) and (4.7e) we can obtain that

Jim fpr(x,8,t) = lim_fyr(x,8,t) =0,

lim fur(x,8,t) = lim fy,(x,8,t) =0,
op—0 O —00

(4.11)

(4.12)

which suggests that the contributions from the collisional particles/molecules are negli-
gible in both continuum and free molecular regimes. However, it should be emphasized
that the contributions are significant in the transitional regime when J), is finite. This is
well consistent with the definition and decomposition of the distribution functions for
collisional particles and molecules. As mentioned previously, collisional particles and
molecules, represented by f,, and f,,, respectively, transport freely before their first col-
lisions and are removed once collisions occur. Therefore, both f,, and f;, serve as transi-
tional variables to describe the shift from simulation particles to wave molecules. These
observations also clarify why the transitional regime is referred as “transitional”.

4.3 Revisit UGKWP

Now we explain the UGKWP as a hybrid numerical method based on the four-
population kinetic system (4.4). The time evolution of macroscopic conservative vari-
ables in UGKWP is given by Eq. (3.16), where the cell interface flux F; is decomposed
into three parts corresponding to the transports of different particles and molecules, i.e.,

Fi=F/+F{"+F, (4.13)

where 1-"5, 1—"1-3?”, and Fl? represent the contributions from the simulation particles, removed
collisional wave molecules, and collided particles/molecules, respectively. FZ’; is obtained
by solving Eqgs. (4.4a) and (4.4b) using the particle method, which is measured by count-
ing the simulation particles across cell interfaces. Fj" is calculated by solving Eq. (4.4c)
deterministically. Specifically, from the analytical solution of f,, given by Eq. (4.7e) and
the approximation f.(t, ) = guw(t, ) = E(W/(t, ), we can obtain the expression of E{" as
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given by Eq. (3.17). It is noted that f.(t,) =~ guw(t,)) is a good approximation since
molecules in the wave phase experience extensive collisions and thus follow the local
equilibrium state. Finally, Fj is calculated based on the solution of the kinetic equation
(4.4d), i.e., fc(x;;,C,t) given by Eq. (4.8d).

The above procedure suggests that UGKWP can be viewed as a hybrid method for
the kinetic system (4.4). Specifically, the kinetic equations (4.4a) and (4.4b) are solved
using a stochastic particle method, while the kinetic equations (4.4c) and (4.4d) are not
solved directly, since only macroscopic variables are involved in the calculation. Instead,
the corresponding moment equations (4.5¢c) and (4.5d) are solved deterministically. In
practical implementation, UGKWP solves the overall moment equations for W, which
effectively addresses the moment equations (4.5¢) and (4.5d).

Furthermore, the asymptotic analysis shows that the total flux F; is consistent with
the Navier-Stokes solution in continuum limit and the collisionless Boltzmann solution
in free-molecular limit. Additionally, it is noted that both F;" and F; are evaluated from

the macroscopic variables, which requires no velocity discretization. Similarly, Fi’;, which
is evaluated from simulation particles, also avoids velocity discretization. Therefore, the
UGKWP method provides an efficient multiscale solver for all Knudsen number flows.

4.4 Two reduced three-population kinetic systems

The time evolution of each part of the particles/molecules in UGKWP can be described
by the decomposed kinetic system (4.2). Besides the four-population system given by
Eq. (4.4) corresponds to the implementation of UGKWP, the kinetic equations can be
recombined into other forms from different viewpoints. Here we present two reduced
kinetic systems containing three populations.

First, we combine the kinetic equations for the collisionless and collisional molecules
in wave phase. Specifically, we sum up Egs. (4.4b) and (4.4c) to obtain the kinetic equa-
tion for the overall uncollided wave molecules. This leads to a three-population kinetic
system,

{atfmg-wpuifpu, by << tus, w1t
Fru(x D = Fulx 1)
It fou+G-V fou= _%fwu/ by <t <ti1,
FunwE ) = %02
{atfc+c-Vfci<fcg>, <t <t w1
el ) =0,

where fyy = fu ¢+ fur, and the total distribution is f = fy,+ fuwu + fc. This system can be

(4.14b)
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viewed as a further decomposition of the two-population system (3.13) corresponding to
the UGKP method, where f,, is decomposed into f,, and fy.

Another reduced system is derived by combining the distribution functions for free
transport particles and molecules (f; = f, ¢+ fur), and those for the removed collisional
particles and molecules (f; = fyr+ fur). The system reads

atfp““:'va:O/ tn<t§tn+1/
4.15
{fF(x,c:f,t;{) ::Bf(x/g/t;)/ ( a)

1
atfr‘i‘g'vfr:_;(fr“‘fp)/ tn<t§tn+1/ (4.15b)
ff(xrgft;—;) = (1—,B)f(x,§,t,j),

1
Ifet & Vfe=——(fe=8), ta<t<tin, (4.150
fe(x,§,ty) =0

This system can also be viewed as a further decomposition of the two-population system
(3.13), in which the distribution function for all uncollided particles/molecules, f,, is
decomposed into f. and f.

The asymptotic behaviors of the above two three-population kinetic systems can also
be analyzed as demonstrated in Section 4.2. Moreover, the two systems can provide a
basis for developing efficient kinetic schemes for flows covering a wide range of flow
regimes, as mentioned in Section 2.

5 Re-interpretation of two other kinetic schemes

With the realization that the UGKWDP method can be viewed as a hybrid method based on
the four-population decomposition system, we now examine two other kinetic schemes
to explore their connections with the two-population decomposition system (3.13) cor-
responding to the UGKP method, which can be viewed as a reduced system of the six-
population one (4.2).

The first method considered is the UGKS [6], which solves the original kinetic equa-
tion (2.1) using a discrete velocity scheme in finite-volume formulation. Specifically, the
velocity space RPD is discretized into a discrete velocity set Vk ={&x: &k € RP k=1,--- K},
then the discrete-velocity Boltzmann-BGK equation (2.1) is discretized by integrating it
over a cell from t, to f,.1,

n+1_sz |V| Z fkl]‘51]| (Qn+1+QZ,l‘)/ (5.1)

JEN(i)
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where
Qri= —% [fri— 8kl (5.2a)
fio= g |, flegutn)ax (5.2b)
Fkij= /t tn“(ﬁk'"ij)fk(xij/f)dtf (5.20)

n

with g; = g(W/,&) and W; = Yk (&) fr;- The key point in UGKS is to determine
the distribution function fk(xi]-,t) at cell interface, such that the numerical flux J;; can be
evaluated. This is achieved by employing the formal integral solution (3.4) with discrete
velocities &y, i.e,

Fre(xij t) = fux(xij,t) + for(xij 1), (5.3)

where f,  and f. x are the solutions of Egs. (3.13a) and (3.13b) with the discrete velocities,
respectively, namely,

fuj(xijt) 26_(t_t")/Tf(x§j,§k,fn), (5.4)
fc}fk (xij’t) = Clg(‘x;j’gk’tn) +C2€k : vg(x;jlgk/tn) +C3atg(x;]'/‘:k/tn)/ (55)

with x7; =xjj— i (t—tu). Note that no resampling is required in the UGKS since the dis-
crete distribution functions are tracked in the evolution. From this point of view, the
UGKS actually solves the two-population kinetic system (3.13).

The second kinetic method considered is the DUGKS [7], which is also a finite-volume
discrete-velocity method similar to UGKS. The evolution of cell-averaged distribution
function in DUGKS is the same as Eq. (5.1), but the distribution function at cell interface
is evaluated in a simpler way. Specifically, the mid-point rule is used to approximate the
time integration in the flux,

tn+1
Fij= (G- mij) fie (i, t)dt = At (Sx-mij) fr(xij, tn + AL/ 2). (5.6)
tn

Then the distribution function at half time step is obtained by integrating Eq. (2.1) along
the characteristic line with a half time step,

A
fk(xi]‘,tn —f—At/Z) —fk(xgj,tn) = Zt [Qk(x,-]-,tn +At/2) +Qk(x§]',tn):| , (57)

where xgj =x;j—{xAt/2 and the trapezoidal rule is applied to the time integration of the
collision term. In order to reveal the connection with the two-population decomposition

system, we apply the same integration to Egs. (3.13a) and (3.13b) to obtain

At
fu,k(xij/tn+At/2) _fp,k(xgj/tn) = T4t [fp,k(xij;tn‘f—At/Z) +fp,k(x;j/tn)] y (5.8)
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and

At
fex(xij tn+At/2) —fh,k(xfj,tn) =T iT [fige(xij tn+ At/ 2) — gic(xij, tn+ AL/ 2) ]

— o [ ) — el )] (59)

It can be seen that Eq. (5.7) is exactly the summation of Egs. (5.8) and (5.9), suggesting
that DUGKS can also be viewed as a numerical method based on the two-population
decomposition system.

6 Summary

The UGKWP is a recently developed numerical method for multiscale flows within the
framework of direct modeling at discrete level, which separates the gas system into parti-
cle phase and hydrodynamic wave phase. The particle phase consists of the original sim-
ulation particles and those resampled from a portion of the wave, while the wave phase is
composed of real gas molecules. Based on the collision process and phase state, particles
and wave molecules are further classified into six types: collisionless particles/molecules
transporting freely, collisional particles/molecules experiencing free flight and collisions
that will be removed once a collision occurs, and collided particles/molecules experi-
encing extensive collisions. To understand the underlying kinetics of UGKWP, kinetic
equations are presented for the different types of particles/molecules.

The resulting kinetic system can be viewed as a six-population decomposition of the
original kinetic equation with re-initialization, which is then recombined into a four-
population system corresponding to the practical implementation of UGKWP. Specifi-
cally, the four-population system is composed of kinetic equations for all the original
uncollided particles (fyu = f, ¢+ fpr), collisionless wave molecules (fyy), collisional wave
molecules (fy,), and collided particles/molecules (f. = fyc+ fwc). Additionally, two re-
duced three-population kinetic systems are provided by different recombinations.

The asymptotic behaviors of the six-population kinetic system are also analyzed. It is
shown that the kinetic equations for uncollided particles/molecules dominate the system
in free-molecular regime, while the kinetic equations for the collided particles/molecules
dominate the system in the continuum limit. Interestingly, the kinetic equations for the
collisional particles/molecules play negligible roles in both limits.

Based on the four-population kinetic system, the UGKWP is revisited as a collision
hybrid method. Additionally, two other kinetic schemes (UGKS and DUGKS) are ana-
lyzed to demonstrate their connections with the reduced two-population kinetic system.
The results suggest that the decomposition system and reduced systems can also serve
as a basis for developing new kinetic methods for multiscale flows.

Finally, we note that although the present kinetic presentation is proposed for the
UGKWP method based on the original BGK model equation with a velocity-independent
collision frequency, the framework can also be employed to analysis other versions of the
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UGKWP. For example, the improved UGKWP method with a velocity-dependent colli-
sion frequency developed in Ref. [17] can be viewed as a generalized numerical solver
following the present kinetic framework. Specifically, the improved UGKWP general-
izes the treatment of the particle phase by employing a velocity-dependent collision fre-
quency to follow the physics of particle dynamics. In other words, the multi-scale frame-
work of the kinetic representation does not change for this improved UGKWP. Actually,
we can still classify six types of simulation particles and molecules based on their collision
behaviors, and define the corresponding sub-kinetic equations. This is also evident that
the same formal integral solution of the modified BGK model with a velocity-dependent
collision frequency can be obtained if a local constant collision frequency is assumed. It
should be noted that with the split kinetic equations, the treatment could be more flexible
since different equations can be solved in different ways. More complex physics can also
be incorporated, such as the adaptation of wave and particles according to local non-
equilibrium intensity [18]. This fact demonstrates the advantage of the present kinetic
representation based on collision decomposition, namely, each sub-kinetic equation can
be modified to incorporate other physics.
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