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Abstract. This paper is concerned with the multi-dimensional reactive Euler equa-
tions under the new equation of state (EoS) recently proposed in [45]. We show that
under this EoS the classical thermodynamic entropy is a strictly convex entropy func-
tion in general dimension. Based on this we further prove that the reactive Euler equa-
tions satisfy the stability conditions for hyperbolic relaxation systems, which guaran-
tee the existence of zero relaxation limit. The eigen-decompositions of the Jacobian
matrices in two and three dimensions are also provided. Moreover, we develop a posi-
tivity preserving and oscillation-free entropy stable discontinuous Galerkin scheme by
adapting that in [46] for the EoS of ideal gas to the newly proposed one. A key step in
doing so is to prove that the HLL (Harten-Lax-van Leer) flux is entropy stable, which
is established by tactfully using a natural assumption on a function in the EoS. The
high convergence orders stable entropy, no oscillation and positivity of the scheme are
demonstrated with numerical examples.
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1 Introduction

In this work, we are interested in inviscid compressible reactive Euler equations in D
dimensions [9, 10]:
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(1.1)

where p is the fluid density, u; is the velocity along the direction x; with i=1,2,---,D,

p is the pressure, E is the total energy per unit mass and Y € [0,1] is the reactant mass
fraction. The non-positive source term w represents the chemical reaction and we adopt
the widely used Arrhenius form

w= —pYKe_T/T, (1.2)

where K >0 is a constant rate coefficient, T = p/p is the temperature and T > 0 is the
activation constant temperature. The total energy is related to the internal energy pe (e is
the internal energy per unit mass) as

1 D
pEzEpZu%—i—pe—kqu, (1.3)
i=1

where g >0 is the heat release of reaction. To close the system, we adopt the equation of
state (EoS) proposed in [45]:

p=(v—1)(pe+qpY—pQ), (1.4)

where 7 is the specific heat ratio, {:={(Y) is a smooth function of Y. When { =0, (1.4)
degenerates to the EoS for the ideal gas.

For the original Euler equations with chemical reactions of N species, there are N
species conservation equations. Unlike this, the reactive Euler equations (1.1) are a sim-
plified system under the assumption that there is only one-step irreversible chemical re-
action converting the unreacted species to the reacted species [7,9,10]. Though relatively
simple in form, (1.1) can give complicated stable and unstable wave patterns, which have
been observed in experiments [2,7]. Due to their practical importance, the reactive Euler
equations have been widely investigated both theoretically and numerically in the past
decades, seee.g. [1,2,4,6,7,11,13,15,16,23,24,35].

Egs. (1.1) are a system of hyperbolic balance laws and degenerate to the Euler equa-
tions when Y = 0. It is well known that hyperbolic balance laws can generate shock dis-
continuities in a finite time, and thus the solutions are considered in a weak sense and are
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usually not unique. Then it is necessary to enforce entropy conditions to solve the non-
uniqueness problem of weak solutions [8]. In the concept of entropy conditions, there
is an entropy function satisfying another conservation (balance) law and it is usually re-
quired to be strictly convex [20]. The strict convexity of entropy not only guarantees a
unique classical solution to the Cauchy problem of hyperbolic conservation laws, but also
induces useful information on the boundary behavior of solutions to initial-boundary-
value problems [8,20].

However, it is recently demonstrated in [44] that for the reactive Euler equations (1.1)
with D=1 the classical entropy function associated with the thermodynamics is no longer
strictly convex under the EoS for the ideal gas. To address this issue two strategies are
proposed in [45]. The first one is to correct the entropy function and a class of strictly
convex entropy functions are derived by adding an extra term to the classical one. The
second strategy is to modify the EoS as (1.4) for the nonideal gas. It is shown in [45]
that under certain assumptions of the function ¢ the classical entropy function is strictly
convex. Additionally, with this EoS the reactive Euler equations are proved to satisfy
the stability conditions for general hyperbolic relaxation systems [40], which guarantee
the existence of zero relaxation limit. On the other hand, an elegant eigen-system of the
Jacobian matrix is presented in [45] and numerical experiments demonstrate that the EoS
(1.4) can also generate ZND (Zeldovich-von Neumann-Doering) detonations. Note that
these results are established for one dimension.

The aim of this paper is two-fold. First we validate the EoS (1.4) in multi dimensions.
We show that for the reactive Euler equations (1.1) in general dimension D, the classical
entropy function is still strictly convex under the EoS (1.4). In the multi-dimensional case,
the Hessian matrix of the entropy function is quite complicated so that it is difficult to
verify its positive definiteness by computing the high order determinants. To address this
issue, we adapt the approach in [31] to show that the corresponding quadratic form of the
Hessian matrix is positive definite. The proof is not only valid for general dimension but
also much simpler than that in [45]. Additionally, we show that the stability conditions
in [40] are still admitted in the multi-dimensional case. The eigen-decomposition of the
Jacobian matrices of the fluxes are also given explicitly, where the eigenvalues are u;,u;+c
and u; —c with ¢ the sound speed.

On the other hand, we develop a positivity preserving and oscillation-free entropy
stable discontinuous Galerkin (DG) scheme by adapting that in [46] for the EoS of ideal
gas to (1.4). The ingredients of this scheme includes (i) entropy preserving and entropy
stable fluxes to achieve entropy stability, (ii) artificial damping terms to restrain spurious
oscillations near the shocks, and (iii) positivity preserving limiters to guarantee the pos-
itivity of solutions. These ingredients are compatible with each other so that the scheme
simultaneously enjoys the properties of entropy stable, oscillation-free and positivity pre-
serving. Here the combination of the first two ingredients is from [26], which merges the
entropy stable DG framework [5] and the oscillation-free DG method [25,27]. The third
ingredient, i.e., the positivity limiter, is originally proposed in [42,43]. Based on these, our
main task is to specify the entropy preserving and entropy stable fluxes. To this end, we
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construct entropy preserving flux in the sense of [33] for the reactive Euler equations (1.1)
under the EoS (1.4). Additionally, we prove that the HLL (Harten-Lax-van Leer) flux [12]
is entropy stable under suitable assumptions on the function ¢ in the EoS (1.4). Numeri-
cal examples are presented to demonstrate the high order convergence orders and good
performance of the scheme for discontinuous problems.

The rest of the paper is organized as follows. In Section 2, we prove that under the
EoS (1.4) the classical entropy function is strictly convex. The stability of (1.1) is analysed
in Section 3, where the eigen-decompositions of the Jacobian matrices are also provided.
In Section 4, we develop a positivity preserving and oscillation-free entropy stable dis-
continuous Galerkin scheme. Numerical experiments are conducted in Section 5. Finally,
some conclusions and remarks are given in Section 6. This paper also has an appendix
that gives the eigen-decompositions of the Jacobian matrices in three dimension.

2 Strict convexity of the entropy function

In this section, we show that under the EoS (1.4) the classical entropy function associated
with the thermodynamic entropy is strictly convex for the multi-dimensional reactive
Euler equations (1.1). Specifically, we denote by s =In(p)—yIn(p) the thermodynamic
entropy and define

I i
IR R
which are the classical entropy and entropy flux for the Euler equations. It is direct to
verify as in [45] that

7] 4)1 i:]-/z/"'/D/

D
8m+28x,-q>i:l’;é/w. @.1)
i=1
Since w <0, the nonpositive entropy production requires that
Z'(Y)>0, vyelo1]. (2.2)

Let U = (p,pu1,pu2, - ,0up,pE,pY)" with t the transpose operator. We adapt the ap-
proach in [31] to show that the quadratic form of the Hessian matrix 7y is positive
definite.

Theorem 2.1. The Hessian matrix 1y is positive definite if and only if "' >0, VY € [0,1].

In(y—1)
n,y'yi1 +

Proof. Define p:= W’:D and rewrite the thermodynamic entropy as s=s(p, i) =
%lny —Inp. Let T=p/p be the temperature. It is easy to see that

Tds:dy—i—pd:).
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With this we denote 7= (y—1)5 = —ps and compute
flu=—(psu+ser)
=—p(spe1+supu) —se
=—psupu—(psp+s)er,
where e; =(1,0,0,---,0) € RP*3, Since

du(pspur) =psupuu+ (05, lHu
=psyupuu+ (suel +0s,p€] + st Hu
:PSMVUU+PSVVVZIVU+(Sy“‘PSWJ)eIP‘U/
dul(psp+s)ei] —[Zspe{+p(sppe{+spyy{[) +syy{1]el

=(2s,+ pspp)elel+(pspy+sy)yue1,

we have

uu = —psypptuu — syl — (su-+osuo) (el pu+plier) — (250+pspp)efer.
Note that

12 pE 2 (pui)*
V_E_El; —{= 202 -

We compute

1
Au p< V+ Eul +YC C —Uuy, —Uy, Tty —Uup, 1, _C/>
and
22 ul—p+Yy =) +Y" —2uy —2up, -+ —2up 1 —'-Y{"
—2u 1 0o - 0 0 0
) —2u, 0 1 0 0 0
Vuu:—ﬁ : : : . : .
—2up 0 0 1 0 0
1 0 0 - 0 0 0
==z’ 0 0o - 0 0 7"
Thus
Y2 uP+Y¥" —uy —up - —up 0 —Y{"
—u 1 0 0 0 0
—Uy 0 1 0 0 0
Lot T 1 :
VUU+E(61VU+VU61):_; : : : S
—Uup 0 0 1 0 0
0 0 0 0 0 0
—Yg" 0 0 0o 0
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Let X=(a,by,by, -+ ,bp,c,d)" and denote a = ji; X. We have
X+T]qu
1
:—PSVXJr[VourE(EIﬂuJF#Lel)]X—PSW:XW&VUX

—psuo X (el pu+uiier) X — (25 +ps00) X efer X

s D
S

pis

Note that

S
(bi—au;)*+ fé”(d—mz —PSuutt® = 2psypan— (25p+psgp)a’.

2.2
sp>0, sy <0, $<0, 5pp<0, "5y, <(250+0Spp)OSpup-

Thus 17 is positive definite if and only if {”’ >0. Here we have used the fact that Y2 ; (b;—
au;)?+(d—aY)?*+a?+a*>=0if and only if X=0. O

Remark 2.1. In one-dimensional case considered in [45], the positive definiteness of the
Hessian matrix is proved by showing that all the leading principle minors are positive.
However, for the multi-dimensional case, the Hessian matrix is quite complicated so that
it is difficult to verify its positive definiteness by computing the high order determinants.
Instead, the above proof based on the quadratic form is not only valid for general dimen-
sion but also is much simpler than that in [45]. This proof may be applied to many other
equations.

Combining (2.1), (2.2) and Theorem 2.1, we have the following conclusion.

Proposition 2.1. The classical entropy function = ;—fi is a strictly convex entropy for the
multi-dimensional reactive Euler equations (1.1) under the EoS (1.4), with { satisfying

7'(Y)>0, "(Y)>0, Vyelo1]. (2.3)

3 Stability and eigen-decomposition of the Jacobian matrix

In this section, we first analyse the stability of the multi-dimensional reactive Euler equa-
tions (1.1) under the EoS (1.4) in the sense of hyperbolic relaxation systems [3,37, 38, 40].
Then we present eigen-decomposition of the Jacobian matrix of the flux. These are exten-
sions of that in [45] for one-dimensional case.

3.1 Stability

For detonation problems, the chemical reaction is very fast so that the rate coefficient K in
the reaction term (1.3) is quite large. Thus we introduce a parameter €:=1/K and write
the reactive Euler equation (1.1) as

D
AU+Y 2 F(U) = Q(U), (3.1)
i=1
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where U takes values in an open subset G of RP™2 and

+
Fi(U) = (ou;, pu1tti, - 0111, 0U;> + P, Uity - oUp;, 0B+ pus,pu;Y) ",
Q(U)=(0,0,---,0,—pYe T/T)*,

Egs. (3.1) are a standard hyperbolic system with stiff source term, i.e., hyperbolic relax-
ation system. For such systems, the following stability conditions are formulated in [40]
to guarantee the existence of zero relaxation limit as € — 0.

(I) There is a strictly convex smooth function #(U) such that 79y F(U) is symmetric
forall UeG.

(I) There is a symmetric and non-negative definite matrix L=L(U) such that

Q(U) =—L(U)nu(U).
(IIT) The null space of L(U) is independent of U € G.

Here Condition (I) states the existence of a strictly convex entropy function, Condition
(IT) is an extension of the celebrated Onsager reciprocal relations in nonequilibrium ther-
modynamics, and Condition (IIT) expresses the fact that the physical laws of conservation
hold true, no matter what state the underlying thermodynamical system is in; see [40] for
more details. It is shown in [40] that if a system of PDEs satisfies Conditions (I)-(III), it
satisfies all the entropy dissipation conditions in [3,19,28,34,39]. In particular, Conditions
(I)-(IIT) are a strengthened version of the structural stability conditions in [37] for hyper-
bolic systems of PDEs with relaxation, which guarantee that the solution of the relaxation
system converges to that of the equilibrium system in the zero relaxation limit. Moreover,
it is observed in [40] that these conditions are satisfied by various models from applica-
tions, such as the Euler equations of gas dynamics in vibrational non-equilibrium [41],
discrete-ordinate models for radiation hydrodynamics [30], and moment closure systems
in kinetic theories [22].

Actually, it has been demonstrated in [36] that Conditions (I)-(III) are not satisfied for
the reactive Euler equations under the EoS for the ideal gas. However, for the EoS (1.4),
these conditions indeed hold true.

Theorem 3.1. If { satisfies (2.3) and ' (0) =0, i.e.,
Z'(0)=0, ¢"(Y)>0, Vye[o,1], (3.2)
then the multi-dimensional reactive Euler equations (1.1) with the EoS (1.4) satisfy the stability

Conditions (I)-(III).

Proof. It has been shown in the previous section that 17 = ;—_pi is a strictly convex entropy
under the EoS (1.4) with { satisfying (2.3). Thus Condition (I) holds and we further check

the rest two conditions.
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Define a diagonal matrix

-T/T
L(U) =diag (0,0,0,- . ,o,o,Ypeg,
which satisfies Q(U) = —L(U)nu(U). Note that '(0) =0 and " >0. We get {'(Y) >0,

VY €(0,1]. When Y=0, the numerator and denominator of 22 eg,T/T are both zero as '(0) =

0. Then it follows that

) c R(D+3)x(D+3)

Ype*T/T -T/T

/ "
C Y=0 C Y=0

which is positive since {” >0. Thus Condition (II) holds.
Condition (III) is obviously true with the above L(U) and the proof is complete. [

pe

With Conditions (1)-(IlI) satisfied for the system (3.1) under the EoS (1.4), we can
directly apply Theorems 6.1 and 6.2 in [37] to obtain: For smooth initial data, there is a
finite and e-independent time interval [0,7 ] such that the initial value problem of (3.1)
has a unique smooth solution U¢ = U*(t,x) defined for t € [0,7 | and satisfying

u€:< ugq) >—|—(9(e)

in a certain Sobolev space, as € goes to zero. Here U(*?) solves the corresponding initial
value problem of the equilibrium system of (3.1), i.e., the Euler equations.

3.2 Eigen-system of the Jacobian matrix

In this subsection, we extend the eigen-decomposition of the Jacobian matrix in [45] to the
multi-dimensional equations (1.1). The eigen-decomposition, including eigenvalues and
eigenvectors, is of practical importance for computations of hyperbolic systems. They
are used to formulate the numerical fluxes of many numerical schemes. Here we give the
decompositions for two-dimensional case and the three-dimensional results are given in
Appendix A.

Consider the two-dimensional reactive Euler equations

oiU+0,F(U)+0,G(U)=Q(U), (3.3)
where U = (p,pu,pv,0E,pY)?, u and v are the fluid velocities along x and y directions,
respectively, and

F(U) = (pu,pu*+p,puv,pEu+pu,puY) "

G(U)= (pv,puv,pvz +p,pEv+pv,pvY) +,

Q(U)

(0,0,0,0,—pYKe*T/ T)+.
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With usual notations H =E +% and c=, /’y%, we directly compute the Jacobian matrix

under the EoS (1.4) as

A=dyF(U)
0
24 (1) [} (52 402) — (T~ L'Y))

= —Uuo

1

(B—7)u
0

0 0

—(r-Dv -1
u 0

—Hu+(y=1)[3(+0*) = (~gYV)ju H—(y-Du* —(y—1)ou  u
Y

—uY
and
B=ayG(U)
0
—Uuvo

=| P+ +07) = (-Y)]
1
)

—vY

Then we have

0

v

—(r=Du
—Ho+(y=1)[3(#*+0*) = ((=7Y)Jo —(y=Dou H—(y=1)v> 7o

0

Theorem 3.2. If { satisfies (3.2) and {(0) =0, i.e.,

0 0
1 0
u 0

B—y)v -1

Y 0

7(0)=0, '(0)=0, Z"(Y)>0, VYe[1],

then the Jacobian matrix A has an eigen-decomposition

A=Radiag(u,u,u,u+c,u—c)la

with

I
S|

Ra

NI—

_£
€/+Y

(u?+v?)

— N o oo
oQd R oo

1 1
u-+c u—c

v v ,
H+4+uc H-—uc

Y Y

—(y=1¢
0

—(r=1Z'u

—(r=1)¢
—(y=1){'v

(3.4)
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and

La=Ra!
142002 1 » »
i ety (-0&  -DE -E U
2 _1 B
SYHEI-(-DEEHE-IE] 0-DEE 0-DEE S 1
12002 1 ) B L |
e —%%—@—@’ﬂ% e T -
1 . ° < <
T “rEtx re w U

And the ]acobum matrix B also has an eigen-decomposition

B=Rgdiag(v,v,0,0+c,v—c)Lp

with
1 0 0 1 1
u 0 1 u u
Rg = v 0 0 ov+c wov—c |,
3W?40*) ' u H+ve H—uc
Sy 1.0 v y
and
Lg=Rg ™"
— 2 2 _ - B
1—%1%4-(@_@’1/)771 (’)/—1)612 (7_1)612 _771 g,%
2 2 _ h -
Y+{1-(-DEE+C-ING (-DE (-DES - 1+
— 2 2 _ B B -
e e @ s s B o
2 — - p—
AR e g @

The proof of the above decompositions is direct and thus is omitted. Here we only
point out that ; in the decompositions is well defined at Y =0 by noting that

(S
Cly=o € ly=o

where the condition (3.4) for { has been used.

=0,

4 Positivity preserving and oscillation-free entropy stable DG
scheme

In this section, we develop a positivity preserving and oscillation-free entropy stable DG
scheme for the two-dimensional reaction Euler equation (3.3) under EoS (1.4), by adapt-
ing that in [46] for the EoS of ideal gas. The main ideal is to combine the oscillation-free
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entropy stable DG method [5,25-27] and the positivity limiters [42,43]. The scheme thus
constructed is entropy stable in the semi-discrete form and is positivity preserving at the
full discrete level. Additionally, it can effectively control the spurious oscillations for
discontinuous problems.

4.1 SBP matrices and nodal DG scheme

To begin with, we assume the computational domain () is periodic or compactly sup-
ported, and has a regular partition

Q= U Dij, Djj:=1ix]j,

1<i<Ny 1<j<N,

where

X __ —_
.1,xi+%], X%<X%<”'<XNX+%, hi—xi+% Xi_%,

=Wyl vy <3< <Unpp BV Y

Additionally, throughout this section we assume numerical solutions are within the ad-
missible state set

G={ucR’|p>0, p(u)>0,Y>0}.
This assumption on the positivity is introduced to theoretically prove the entropy stabil-

ity of the scheme and it can be guaranteed by positivity preserving limiters.
Denote the two-dimensional DG discrete space as

= {on(x,y): on(x,y)|p, €T¥(Dij), 1<i <Ny, 1< <N},

where T*(D; ) = { ¥ 1<k s, Ps (X)q1(y) : ps (x),q:(y) are polynomials of degree < k with x €
liandye] ]} Then our goal is to find a function Uy, € Vf such that for any smooth test
function vy, € V,f

8 av
/D”(Uh)tvhdxdy / (uy,) ahdxdy / (Uy) ayhdxdy

:_/]_

]

/Iv [Gly]Jrlvh(xu]/ )_sz 1vh xzz]/] ! dx+/ uh vhdxd]// (4.1)

[Fii%,jvh(x;%/yj)—Ff_%,jvh(xi%/yj)]dy

where Fl?jr%/j:F(Uh(x;_%,yj),Uh(x:;%,yj)) and GZH% :G(Uh(xi,y];%),uh(xi,yjtr%)) are the
numerical fluxes in the x and y directions, respectively.

In order to calculate the integral in the above formula, we introduce the Gauss-Lobato
quadrature. Set two-dimensional Gaussian-Lobato orthogonal points as (&,%s), 1,5 =
0,1,---,m on the reference element R:=1x J=[—1,1] x [—1,1]. The corresponding weights
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are wyws, where w,, r=0,1,---,m are the weights in one-dimensional case. Define the
two-dimensional Lagrangian node basis functions as

=G =M
Lrs ’ :Lr Ls - . 4.2
(&)=L (&)Ls(n) %r_@%%_m (4.2)

Using these, we follow [5,21] to define a (m+1)% x (m+1)? matrix

L= (LOOIL(H/' : '1L0m1L10/ o '/L17nl o /me) ’

where

-

Lrs — (Lrs(§O/UO)/Lrs (50/771)/' : 'rLrs(gO/Wm)/Lrs(glﬂ’]O)/' : '/Lrs (61/7]111)/' : '/Lrs(gmzﬂm))+-
Denote
Lx = (axEOOIaszL' : '/axEOmzaleoz o ‘/axtlmr ot '/axzmm) ’

L= (ayiOOIayZOL‘ : 'zayz()mlayzloz e ‘/axilrn/ e '/ayzmm) ’

which consist of derivatives of the Lagrangian nodal basis functions with respect to x and
y, respectively. Then the two-dimensional discrete difference matrices D* and DY can be
written as

D*L=L*, DYL=L".
We further introduce the mass matrix
M =diag{wowo,wow1,-,WoWmn,Ww1W0,W1W1, "+, W1 W, ** *, Wi W },
the stiffness matrix S* and SY
S$*:=MD*, SY:=MDV.
Then the SBP property gives [5]

S*+(8*)" =B :=diag {10, T3,/ Toms Tis**/ Thms "+ Toum }
=diag{-1,0,---,0,1,~1,0,---,0,1,---,~1,0,---,0,1},

Y-+ (8%)" = BV =ding { T+ T Ty )
=diag{~1,~1,---,~1,0,0,--,0,1,1,---,1},

where B* and BY each have (m+1) 1’sand (m+1) —1's.
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Denote the r-th diagonal entry of the matrix M as w,, r=1,2,---, (m—i—l)z. Similarly,
the diagonal entries of B* and BY are denoted as £} and %/, respectively. Then the above
matrices enjoy the SBP properties [5,21]:

(1) S*=MD*,8Y =MDV, B*=5"+(5")", BY=5Y+(s")T,

(m+1)? (m+1)2
(2) Z Drl_ 2 Drl_ ’ 1§r§(m+l)2,
(m+1)? (m+1
(3) Z S= Z @D} =0, 1<r<(m+1)?%
(m+1)2 (m+1)
Z =Y &D%=0, 1<r<(m+1)?%
I=1
(m+1)? (m+1)?
(4) Z SL=tf, Y S/ =1/, 1<r<(m+1)>
=1

Using the above SBP properties and the transformations

we can convert (4.1) into [5,21]

hih! I A
L pxgpijy Cipy i
g Ty DY+ 5 DG
W — = — i —
:%M*le(Pw—PJ )+31M*13y<cbf—c,;f)+—f QY, (4.3)

where

Ui = (U, i)t
17 ’ (m+1)2

= (UCxE0),3y0r0)) -+ U x(80), ), U 31(80) 50
U k@) 35 0m)), - U @) ) )
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P (B, e 1
= (B (@) i 10)), -+ F(xi (@), (), B (E0), 0,
G (E) ) F i) i) )
Gl —(GH Gl ... Gyt
G =(Gy, Gy .G )
=<G(xi(§0)zyj(770))r"'zG(xi(Co)zyj(Wm))rG(xi(Cl)/]/j(ﬂo))/ (4.4)
Gy GG i )
oY — (0¥ O .. g )t
Q _( 17%27 'Q(m+1)2)

= (Q(xi(20)y(10)), - QUxi(0),y; 1)), Qi (E1), 5 10)),
"-,Q(xi(&),yj(ﬂm))w",Q(xi(ém),yj(nm)>)+,

and

]
I

(P(U(x;%,yj(vo)),U(xii%,yj(vo)))for--,OIF(U(x;%,yj(ﬂo)),U(xii%,yj(ﬂo))),
FQUGx oy Om)) Ui (m0))0,- 0, F (U Gy () U, (),

=3

F(U(x[;,yj(nm)),ll(x,*1,yj(17m))),0w--IOIF(U(x;;,yj(nm)),u(xﬁéfyf(ﬂm))))+,

T2

G/ =(GU(xi(Z0)y,_ 1) U(xi(C0)y; 1)), GUi(Er)y ) Uxi(E1)y 1))

=3 i3 ! !
G(u(xi(‘gm)/y;_% ),U(xi((;‘m),y;r_% )),0,- e 10;
G(U (@), ) Ulsi@)y, ) GU (@), Uy )
GUU(En )y, UG (E )

(4.5)

This is the standard nodal DG scheme for the two-dimensional reactive Euler equations
(3.3).

4.2 Entropy stable nodal DG scheme

The node DG scheme (4.3) generally cannot satisfy the entropy stability condition. Here
we follow [5] to modify the scheme to be entropy stable under the EoS (1.4). Before that,
we introduce the definitions of two-dimensional entropy preserving and entropy stable
fluxes in the sense of [33].



M. Sun et al. / Commun. Comput. Phys., 39 (2026), pp. 1589-1619 1603

Definition 4.1 (entropy preserving flux). Given a entropy function 7 for (3.3), consistent
numerical fluxes F(Up,Ug) and G(Uy,UR) are entropy preserving if

(VR=V)'F(ULUR)=p1r—P11, (VR—VL)'C(UL,UR)=Por— P21,

where VL g and ¢;, , (i=1,2) are the corresponding entropy variables and entropy poten-
tial fluxes at the left and right states.

Definition 4.2 (entropy stable flux). Given a entropy function 7 for (3.3), consistent nu-
merical fluxes F(Uy,Ug) and G (U, Ug) are entropy stable if

(VR=VL)'F(ULUR) <p1r—p1L, (VR—VL)TG(ULUR) <Por—ar.

With above definitions, we modify the standard DG scheme (4.3) to be

hxhy duz] (m+1)2 b (m+1)2 VTS

7, 7, X 7, 7

YRR, 2 Dy, F F(uy, U, )+ 121 DrlG(Ur U, )
Wox . R y hxhy
_ 1Y g W i AN ]

with 1 <r<(m+1)?,1<i<N,, 1<j<N,. Here F and G are two-dimensional entropy

preserving fluxes and the fluxes in F*]r and G*]r are entropy stable. In this way, the scheme
(4.6) is entropy stable for periodic or compactly supported boundary conditions [5].

Next we derive entropy preserving and entropy stable fluxes. Actually, for the reac-
tive Euler equations (3.3) with EoS of the ideal gas, two sets of entropy preserving flux
have been proposed in [44]. Here we extend the results to the EoS (1.4). Let a;, and ar be
the values of some variable a at the left and right states, respectively. Denote

[a]=ar—ar, {{a}}= (ﬂL +ag)

and introduce the logarithmic average

In__ [[El]]
{{ll}} - [[ln(a)ﬂ .

Set a set of algebraic variables

Z1 P
) u
z=| z3 |=| © 4.7)
24 e
Z5 Y
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"l:hen we propose ’Ehe f0119wing entropy preserving fluxes F(UL,Ug):= (F,F, -, F5) and
G(UL,UR) = (Gl/GZI' o /GS):

= ()" (=2},
- s 20}
BetENR Y

={{zs}}F,
~ [ 1 1

. (4.8)

1 -
7__1{{24}Vn-2({{25}}*-{{Z§}})4-{{C}}-—{{YC'}}}Fl
%-{{Zz}}FE%-{{23}}F%4-{{€”}}F%,

Wt

and

Gi=({z)}"{{z}),

Gr={{z}}Gy,

G={{=hCi+ 2,

6= [y -3 UEN HE +Hn - 10T n] 6
H{zNCaH {2} G+

1, s
B o e R

Lemma 4.1. The numerical fluxes (4.8) and (4.9) are entropy preserving for the entropy n under
the EoS (1.4).

(4.9)

Proof. Here we prove that the flux (4.8) is entropy preservmg in the sense of Definition
4.1 and the proof for (4.9) is similar. For the entropy 17 = —:; the entropy variable and
entropy potential are given by

15 o)
pu/P
V= pv/p , Pr=pu, $2=po. (4.10)

—p/p
ol'/p

Then according to Definition (4.1) we need to prove

Ap:=(Vg— V1) E(UL,UR) — (pu) g+ (o)L =0. (4.11)
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We recall from [17] that for the two-dimensional Euler equations without chemical reac-
tions, the entropy variables corresponding to # are

=1 2p

VEuler = ‘Ou/p (4.12)
pv/p
—p/p

y=s _ p(’+0?)
=

and the entropy preserving (conservative) flux for F(U) is

FEuler :ﬁEuler<uL/ UR)

{{Zl}}hq{{zz}l
Helh + ()
- {{zs}} h ’
(i1 {{ @+ {0 D) B+ tb (Eh
(4.13)
where z; and F;(i=1,2,3) are the same as (4.7) and (4.8). This indicates that
AF,Euler = (VEuler,R - VEuler,L)JrﬁEuler (UL/ UR) - (PH)R + (PU)L =0. (414’)

Denote the i-th (i=1,2,3,4) component of Vg, and Fg,er as V; puier and F py.,, Tespec-
tively. Then V and F(Uj,UR) can be written as

01+%(C—§/Y)

02
V — 03 7
U4
/
—Cu ) (4.15)
lfl,Euler
B EZ,Euler
F<uL/uR> = F3,Euler

ﬁ4,Euler+({{€}}_{{Yg/}})ﬁl,Euler'f’{{gl}}j%
5
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Combining (4.14) and (4.15), we compute
(VR - VL)+F(UL/UR) - (pu)R + (pM)L _AF,Euler
=@~ Bputer+ [oal ({10} (0TI Py uter+ {81} Fs) +[=C 0l Fs

=[Sl Bt [ £ Y€ | Buper— Iz (1 (YT 1) Frtuter

T

m(_ 121 {{Z"}}[zs] .

M (- o+ ) s
=0.

This means that (4.8) is entropy preserving and the proof is complete. O

For the entropy stable fluxes F(-,-) and G(-,-), we take the following two-dimensional
HLL (Harten-Lax-van Leer) fluxes [18]:

AFF(UL)—A; F(UR)+A{A; (Ur—UL)

F(UL,Ug)= = ,
. 7AR_AL L (4.16)
A _/\RG(UL)—)LL G(UR)—i-/\RAL (UR—LIL)
G(UL,UR)— )\+—/\_ ’
R L

where A, =min(Ar,0), A =max(Ag,0), and A; and A are some approximations of
the leftmost wave speed and the rightmost wave speed, respectively. To determine A,
AR, we first consider the Riemann problem for the Euler equations without chemical
reactions and denote A; and Ag as the approximations of the leftmost and rightmost
wave speed proposed in [5], respectively. Those approximations guarantee that A is not
larger than the true leftmost wave speed and AR is not smaller than the true rightmost
wave speed [5]. Then we take A;,Ag such that

AL <AL <A <Ag. (4.17)

Lemma 4.2. Assume Ap,AR satisfy (4.17) and { satisfies C/(Y) >0, VY €[0,1], then the two-
dimensional HLL numerical fluxes (4.16) are entropy stable for the entropy n under the EoS (1.4).

Proof. Here we give the proof for F(U;,Ug) and that for G (U, UR) is similar. According
to Definition (4.2) we need to prove

Apprr = (Ve — V) TE(UL,UR) —[(pu)r — (ou)r] <0. (4.18)
Consider the HLL flux for the two-dimensional Euler equations with approximate wave

speeds Ar,Ag:

FEuler ( uEuler,L/ uEuler,R )

_ )\EFEuler ( uEuler,L) - )\ZFEuler(uEuler,R> + )\1—{/\; (uEuler,R - uEuler,L)
AR—AL

. (4.19)
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Since A; <A and Ag>Ag, according to Corollary 3.2 of [5], the HLL flux (4.19) is entropy
stable, i.e.,

AEuler,l—”,HLL = <VEuler,R - VEuler,L>+ﬁEuler(uEuler,L/ uEuler,R) - [(PM)R - (PM)L] <0. (4.20)
Then we  denote ﬁ(UL,UR) = (151,1:"2,' . ,155)Jr and ﬁEuler(UL,UR) =
(ﬁl,Euler,ﬁzIEulewﬁ3,Euler,ﬁ4,Euler)+ and combine (4.16), (4.19) and (4.20) to compute

Ar,HLL — DEuler,F,HLL
_ [[2(6—@*/1/)]] B+ [[—‘;]] (Bs— By puter) + [[P;;/]] E

= PN O —u) (R —Y) Tk (Gr 1)
R L

+ ;ﬁR_p;Lr A (ur=AR)[(YR=YL){1 — (Er—C1)]. (4.21)
R L

Note that { satisfies {"(Y) >0, VY €[0,1], i.e., { is a convex function. Then it follows that
(YR=YL){r—({r—CL) >0, (Yr—YL){1—({r—CL) <O.

On the other hand, since A; < u; and Ag > ug, we have A —up <0 and /\Iﬁ—uR > 0.
Substituting these into (4.21) gives Ar g1 — Agputer,r,air < 0 and thereby Ar gy, <0. This
completes the proof. O

Remark 4.1. It is interesting to note that the convexity condition of { in Lemma 4.2 is
consistent with conditions (3.2) and (3.4). Namely, this condition is required simultane-
ously for strictly convex entropy, the eigen-decomposition of Jacobian matrices and the
entropy stability of the HLL flux. From this point of view, the requirement of convexity
on the function ( is natural.

With the above two lemmas, we have the following theorem, the proof of which is the
same as that of Theorems 3.3 and 3.4 in [5].

Theorem 4.1. Suppose the boundary is periodic or compactly supported. If Ap,Ag in the HLL
flux (4.16) satisfy (4.17) and ( satisfies (3.4), then the scheme (4.6) is entropy stable for the entropy
n under the EoS (1.4), i.e.,

d (MNPt N N N

4.3 Damping terms, positivity preserving limiters and time discretizations

Damping terms and positivity preserving limiters

It is well known that DG schemes usually cause spurious oscillations for problems con-
taining discontinuities. Though the DG scheme (4.6) is entropy stable, it cannot eliminate
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the spurious oscillation either [5]. To address this issue without destroying the entropy
stability, a strategy of adding damping term to the scheme (4.6) is proposed in [26]. This
term can not only retain the entropy but also effectively eliminate the spurious oscilla-
tions. We add such terms to the scheme (4.6) as in [46] and obtain

Wih! guid o me1)? (m+1)*

141 pr Z DYE(u/, u’)+h Y. DYGU’,uy)
=1
Wox o Y h¥h! o (m)?
GG i i T i A i ] ij Wi 4 4if
—?;:(Pr _P*,r)‘i‘?l;:(Gr _G ) QV _01]( ) u’ - k;() Tuk : (422)

Here the coefficient o; ;(U) is given by

7 (U) =2,

Z(fgfgg( hyl) Y (X rweu)ll) ))é (4.23)

ij 1=0 la|=1 “0€dD;;

where 1, ; = (h;‘)2+(h]y)2, h=max(h;;), and v€ D;; are the integration points on the
L]

boundary 0D;;. The vector & is the multi-index of order |a| = a;+a;, 0w = 939y’ w
and (Lo*U), is the s-th component of Lo*U. The matrix L comes from the characteristic
decomposition such that

nlauF(Uw’) —{—nzauG(Ui,]') =L 'AL

on the element interface, where n = (n1,17) is the unit out forward normal vector of the
element interface and U  is the arithmetic average at the element interface. Additionally,
[w]], denotes the jump of the function w on the vertex v and we only compute the jump
between the element D; ; and its adjacent neighbors. More details can be found in [26].
It is shown in [26] the scheme (4.22) thus obtained is entropy stable and can effectively
eliminate the spurious oscillations.

On the other hand, since the average of above damping term in one cell is zero, the
scheme (4.22) is compatible with positivity-preserving limiters [26]. Based on this, we
impose positivity-preserving limiters to the entropy stable oscillation-free DG scheme
(4.22) as in [46]. These limiters guarantee the positivity of the pressure, the density and
the mass fraction Y at the fully discrete level. Therefore, the final scheme we obtain is
positivity preserving, oscillation-free and entropy stable.

Time discretizations

We further consider the time discretization of the semi-discrete scheme (4.22). For conve-
nience, we write the scheme as

au

—p =SW)+N(), (4.24)
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where S(U) stands for the damping term and N(U) contains the terms related to the
convection part and the source term. Here we consider two kinds of time discretizations.
The first kind is the following third-order explicit SSP RK method [32]

U =ur+at(S(U")+N(U")),

u® = Zuuiu“wim (s (u“)) +N (u“))), (4.25)
unl= %u’%%u(zm%ms (s(u@)+N(u@)).

For some tough problems, the damping term may be quite large, leading to a very re-
strictive time step for the above method. In this case, we use the following second-order
exponential RK method [14]

UMW = #A (U +AIS (U™)) + AN (U™) +pU™)),
1

U = Ee—”“uu% ((uM+ars(u®))+at(N(u®)+pu)),

(4.26)

where y is a constant.
With the above time discretizations, we refer to [46] and take the time step At as

FL 1 i
Af=min? -C ., g 20y mine /T (4.27)
%+F2 16aag 16bb, 2¢K ijr

where h* :miax(hf), hY :m]ax(h]y), ay = |||u|+cl|es, bo=||v|+¢||co, CFL is CFL number,
and T,”" is the r-th component of the vector 7—“3 Additionally, a, b and c are proper
factors used as approximations to intermediate stages when multiplied by |||u|+c||e and
l|v]+c¢|l to ensure the positivity of the SSP RK method. See Remark 4.1 of [46] and
Remark 2.7 of [42] for more details. For accuracy test with smooth solutions, we set
At=O(Ax*/™ 4 Ayk/™) with m the order of the time stepping method and k the degree of
DG polynomials.

5 Numerical examples

In this section, we conduct several numerical examples in two dimensions to validate
the positivity preserving and oscillation-free entropy stable DG scheme for the reactive
Euler equations (3.3) under the EoS (1.4). Unless otherwise stated, the time step is taken
as (4.27). According to [11,42] we take the parameters in the reactive Euler equations as
y=1.4,9=>50, T=50, K=2566.4. According to conditions (3.2) and (3.4), we take { = qY?
as in [45]. The corresponding EoSis p=(y—1)[pe+gpY (1—Y)], which degenerates to the
EoS for the ideal gas when Y =0,1.
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Example 5.1. We first test convergence orders of the scheme with smooth solutions [46]
p(x,y,t)=140.99sin(x+y—2t), u=1, v=1, p=1, Y=0

in the domain [0,277] x [0,27]. The boundary is periodic and we use P* elements with
k=2,3,4. The errors for different mesh sizes at t =1 are shown in Table 1, from which
designed convergence orders can be observed for k=2,3. While for k=4, the convergence
order is one order higher than the designed one.

Table 1: Example 5.1: Error table for the problem with smooth solutions. Here Ay=Ax.

k=2
12

Ax I' error  order error order [®error order
/4 3.20e-03 4.80e-03 1.53e-02

/8  7.52e-04 2.09 1.20e-03  2.00 43e-03 1.83
/16 1.80e-04 2.06 3.25e-04 1.88 1.90e-03 1.18
/32 3.14e-05 2.52 6.88e-05 2.24 5.09e-04 1.9

k=3
12

Ax I' error  order error order [®error order
/4  1.10e-03 2.30e-03 8.70e-03

/8 157e-04 281 5.48e-04 2.07  4.60e-03 0.919
/16 1.79e-05 3.13 6.24e-05 3.13  4.93e-04 3.22
t/32 1.63e-06 3.46 7.05e-06 3.16 8.86e-05 2.48

k=4
12

Ax I error  order error order [® error order
/4 6.09e-04 1.50e-03 7.90e-03

/8  5.33e-05 3.51 1.61e-04 3.22 1.20e-03 2.72
t/16 3.34e-06 4.00 1.33e-05 3.6 1.40e-04 3.10
t/32 8.06e-08 5.37 3.37e-07 5.3 3.89e-06 5.17

Example 5.2. Next we simulate a two-dimensional explosion wave problem with the
following initial condition [35,46]:

2 +2<0.
(0100,p,Y) = { 8,8,8,?8,09),1) x2+y2 <0.36,
,0,0, 1), x“4y->0.36.
The computational domain is [0,2] X [0,2] and the left and bottom boundaries are both
solid walls. We use the second-order exponential RK method with CFL=0.5. Numerical
solutions at terminal time ¢t = 0.2 with Ax = Ay =1/60 are shown in Fig. 1. It can be
seen from the figure that we can observe our scheme resolve the structures of blast waves
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Figure 1: Example 5.2: Solution profiles at t=0.2 and the total entropy against time for the 2D blast wave

problem.

successfully without obvious spurious oscillations or entropy increasing. However, there
are some slight oscillations for the contour lines of the pressure, even if the mesh is refined
as Ax = Ay =1/100. This may be addressed by adopting a new damping term, e.g. the

recently proposed one in [29].
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Example 5.3. Next we focus on the detonation problem with multiple obstacles. The
computational domain is [0,10] % [0,8.3] and two rectangular obstacles are located in
[1.3,3.3] x[0,2.6] and [5.1,8.3] x [0,4.3] respectively. The initial condition is

(7,0,0,200,0), x2+y2<0.36,

5.1
1,0,0,55,1), x244%>0.36 ®-1)
y

(o,u,0,p,Y)= {

and all the boundaries are solid walls.

To capture small structures near the corners we employ non-uniformly rectangular
mesh in Fig. 2. CFL number is taken as 0.65. Solutions at terminal time ¢=1 are plotted in
Fig. 3, from which we can see that the complex detonation structures are resolved clearly
without oscillations and the total entropy decreases with time. As a comparison, we
show in Fig. 4 the pressure and density profiles at the same time t =1 under the EoS for
the idea gas. It can be observed that the detonation wave transports in a similar way. But
the detonation wave under the EoS for the ideal gas has not reached the right obstacle,
unlike that under the present one. This indicates that the speed of the detonation wave
can be controlled by the new term added in the EoS. It would be interesting to adjust the
new term according to the experimental data.

Figure 2: Example 5.3: The non-uniformly rectangular mesh for the detonation problem with multiple obstacles.

6 Conclusions and remarks

In this paper we consider the analysis and computation of multi-dimensional reactive Eu-
ler equations under the EoS (1.4). We show that for the reactive Euler equations in general
dimension, the classical entropy function is still strictly convex under the EoS (1.4). In this
case, the Hessian matrix of the entropy function is quite complicated so that it is difficult
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Figure 3: Example 5.3: Density and pressure profiles at =1 and the total entropy against time for the detonation
problem with multiple obstacles.

to verify its positive definiteness by computing the high order determinants. To address
this issue, we adapt the approach in [31] to show that the corresponding quadratic form
of the Hessian matrix is positive definite. The proof is not only valid for general dimen-
sion but also much simpler than that in [45]. Additionally, we show that the stability



1614 M. Sun et al. / Commun. Comput. Phys., 39 (2026), pp. 1589-1619

35
25
30
25 2
20 15
15 p
1
10
0.5
A o
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

(a) pressure (b) density

N
o
-
o

o = N W A~ O O N © ©
o

o = N W A O O N © ©

Figure 4: Example 5.3: Density and pressure profiles at =1 for the detonation problem with multiple obstacles
under the EoS for the ideal gas.

conditions in [40] are still admitted in the multi-dimensional case, which guarantee the
existence of zero relaxation limit. The eigen-decomposition of the Jacobian matrices of
the fluxes are also given explicitly.

On the other hand, we develop a positivity preserving and oscillation-free entropy
stable discontinuous Galerkin (DG) scheme by adapting that in [46] for the EoS of ideal
gas to (1.4). The ingredients of this scheme includes (i) entropy preserving and entropy
stable fluxes to achieve entropy stability, (ii) artificial damping terms to restrain spurious
oscillations near the shocks, and (iii) positivity preserving limiters to guarantee the pos-
itivity of solutions. These ingredients are compatible with each other so that the scheme
simultaneously enjoys the properties of entropy stable, oscillation-free and positivity pre-
serving. To obtain the scheme, we construct entropy preserving flux for the reactive Euler
equations under the EoS (1.4). Additionally, we prove that the HLL is entropy stable un-
der suitable assumptions on the function ¢ in the EoS (1.4). Numerical examples are
presented to demonstrate the high order convergence orders and good performance of
the scheme for discontinuous problems.

We would like to point out that the entropy stable scheme we developed here is for
rectangular meshes. Extension to triangular meshes can be done as in [5] and is left for
our future work. Moreover, since the EoS (1.4) contains a function { to be determined, it
could be used to fit the solutions of the reactive Euler equations with detailed chemical
reactions. In this way, more accurate models are expected to be obtained.

Finally, we remark that for the reactive Euler equations with detailed chemical reac-
tions, the stability conditions (I)-(IlI) are satisfied under the EoS for the ideal gas [40].
But for the widely used EoS of nonideal gas, there are no such stability results and the
wellposedness of the corresponding reactive Euler equations is not clear. Investigation
on this interesting topic is left for our future work.
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Appendix

In this appendix we extend the eigen-decompositions in Subsection 3.2 to three-
dimensional reactive Euler equations

o:U+0<F(U)+9,G(U)+0.H(U)=Q(U),
where

U = (p,pu,pv,pw,pE,pY)",
F(U)= (pu,pu2 +p,puv,puw,0Eu+ pu,puY)
G(U)

+
7

(0v,puv,pv* + p,pvw,pEv+ po,pvY) "
+

(
H(U) = (pw,puw,pvw,pw? + p,0Ew+ pw,pwY)
Q(U)=(0,0,0,0,0,w)".

We still define H=E —|—§ and c=, /’y%. Then the Jacobian matrices under the EoS (1.4) can
be computed as

A=y F(U)
0 1 0 0 0 0
—i? 4 (y=1)[3 (P +0* +w?) = ({-'Y)] (B=7)u —(y-Do  —(y-Dw -1 —(r-1)¢
o —uv 4 u 0 0 0
- —uw w 0 u 0 0 4
—Hu+(y=1)[3(?+0*+w?) = ((=¢V)]u  H=(y=u> —(y=Dou —(y=Dwu  qyu  —(y=1)u
—uY Y 0 0 0 u
B=0d,G(U)
0 0 1 0 0 0
—uv v u 0 0 0

—?+(y=1)[; (2 + 02 +w?) = ({='Y)] *(70*1)“ (3—7)v —(y—Dw 70 ;
—Ho+(y=1)[3(i2+0*+w?) = (—=Y)]o  —(y—Dou H—(y—1)0* —(y—Low o —(y=1){'0
—vY 0 Y 0 0 v
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and
C=auG(U)

0 0 0 1 0 0

—uw w 0 u 0 0

—ow 0 w v 0 0
= P+ w?) - (=) —(y-Du —(y=1)o BG-Mw -1 —(y-1)¢
—Hw+(y=1)[ @ +0*+w?) = ((~7Y)lw —(y—Duw —(y—-Dow H-(y-Dw? 1w —(y-1)w

—wY 0 0 Y 0 w

The eigen-decompositions of these matrices are given as follows, which can be verified
by direct computations.

Theorem A.1. If { satisfies (3.4), then the Jacobian matrix A has an eigen-decomposition

A=Radiag(u,u,u,u,u+c,u—c)lLa

with
1 0 0 0 1 1
u 0 0 0 u+c u—c
v 0 1 w v v
Ra= w 0 1 v w w ’
Tu2+v®+w?) ' v+w 2wo H+uc H-—uc
~f+y 1 0 0 Y Y
and
La=Ra™"
1T R (- gY) (r-D& (D& (DY P U
Y+51-(-DEEH (-] (-DESE (-DES (-DES - 1+t
—(w+v) 0 % wzgv 0 0
B 1 0 wl—v w:lv 0 0
S R F R (S Ok —rtael -ty oty 2l g
e R Ok = S A o S = S =
The Jacobian matrix B has an eigen-decomposition
B=Rgdiag(v,v,v,0+c,v—c)Lg
with
1 0 O 0 1 1
u 0 1 w U u
v 0 0 0 v+c  v—c
Re = w 0 1 u w w ’
Tu2+v®+w?) ¢ utw 2uw H+ve H-—wvc
54y 1 0 0 Y Y
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and
Lg=Rg "’

1- 12 4wy (rpryy 2t (rv-1%  (-1D%  (-1D% -}
YA L ] (-GS (-DES (-DES LG
f(u+w) o 0 0 0

o 1 . 0 —L 0
S *22“” —3E--IMLE e Et: i =

R s (R OE = B o o S~

And the Jacobian matrix C also has an eigen-decomposition

C=Rcdiag(w,w,w,w+c,w—c)Lc

with
1 0 0 0 1 1
u 0 1 v u u
R v 0 1 u v v
= w 0 0 0 wtc w+c |’
T2+ +w?) ¢ u+v 2uv H+we H-wc
~f+y 1 0 0 Y Y
and
Lc:Rc_l
1 202 a2 _ B
1=t 4 (g gry) It (r-D% (-3 (r-1)% —rt
2402402 _ ) _
YHEI-(-DEEE IS (-DEE (-DEE (-DEE T
o —(u+v) =L 2 0
= 1 i
1 = —u 0 0
1 240242 _ _ B 7 B
T - e L A SR R =
— 2 2 2 — — —1 - — —
(S E —rty ol odso1
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