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Abstract. In previous work, we developed the unified gas dynamics scheme (UGKS)
and its corresponding time-implicit variant (IUGKS) for neutron transport. The multi-
scale characteristics of these schemes are particularly well-suited for transport equa-
tions, which show good performances in large-scale conditions. However, only the
isotropic scattering model equation was considered in these studies, which does not
meet the application requirements in complex engineering cases. In this paper, we ex-
tend our studies of isotropic neutron IUGKS to encompass the transport equation with
arbitrary anisotropic scattering. We first clarify the construction principle of IUGKS-
PN scheme according to the general form of anisotropic scattering models. However,
the construction of the scheme is complex and the versatility is not strong. To ad-
dress these challenges, a more concise scheme IUGKS-AM is proposed based on the
isotropic IUGKS framework, in which the higher-order moments of the neutron dis-
tribution function are estimated. We theoretically analyze the asymptotic property of
IUGKS-AM, and verify the numerical performances in anisotropic model by numeri-
cal experiments. Finally, several complex anisotropic scattering models are computed
by using the numerical scheme, demonstrating its general applicability. This study
significantly enhances the practical utility of multi-scale neutron transport UGKS in
engineering applications.

AMS subject classifications: 82D75, 76P05, 65M08
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1 Introduction

In previous works, we developed the unified gas kinetic scheme (UGKS) and the cor-
responding time-implicit scheme (IUGKS) for neutron transport simulations [1, 2]. The
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results show that IUGKS achieves ideal accuracy and efficiency in the calculation of three-
dimensional isotropic neutron transport equation, including the multi-group model cal-
culations. In this paper, we further enhance the computational capabilities of IUGKS
by extending it to accommodate anisotropic scattering models for practical applications.
The transport equation form with general collision term is,

1
v(E)

∂ϕ(x,t,Ω,E)
∂t

+Ω·∇ϕ(x,t,Ω,E)+Σ(x,E)ϕ(x,t,Ω,E)

=
∫ ∫

Σ(x,E′) f (E→E′,Ω·Ω′)ϕ(x,t,Ω′,E′)dE′dΩ′+q(x,t,Ω,E).

Here the scattering phase function f (x,Ω′,E′→Ω,E) relys on the angle between Ω and
Ω′.

For single-scale SN methods, researches have been conducted on the computation of
anisotropic equations [3]. The SN methods employ the splitting approach to deal with
the convection and collision terms, and updates the transport equation by the source
iteration method. By introducing the anisotropic scattering function directly into the col-
lision term, the corresponding anisotropic numerical scheme can be constructed. The
anisotropic collision term does not affect the calculation of the convection term, which
is usually the core of numerical scheme construction. Despite the simple constructions,
the SN schemes usually suffer from numerical stiffness issues. Therefore, the accelera-
tion methods are needed to improve the convergence speed of the scheme. The common
used acceleration methods include high-order/low-order (HOLO) [4], diffusion synthe-
sis acceleration (DSA)/transport synthesis acceleration (TSA) [5,6], quasi-diffusion (QD),
multi-grid method [7], etc. These methods have shown good performances in isotropic
scattering simulations. But for the anisotropic models, due to that the scattering term has
a significant effect on the spectral radius of the iterative equation, the acceleration method
needs to be modified to maintain effective convergence. In practical three-dimensional
high-order scattering models, these acceleration methods still present certain complexi-
ties and difficulties in the algorithms and code.

The mathematical properties of the neutron transport equation vary with the strength
of the collision term. In the free transport region with weak collision, the equation is hy-
perbolic, while in the diffusion region with strong collision, the equation is parabolic.
Therefore, transport is a typical multi-scale process. The corresponding numerical
scheme should have asymptotic preserving (AP) properties. When the grid size or time
step is fixed, and the Knudsen number approaches zero, a numerical scheme with AP
properties can automatically recover the solution of the diffusion equation. This ensures
the validity and accuracy of the scheme in a wide range of conditions. For isotropic scat-
tering transport equation, the AP schemes have been widely studied [8–11]. Meanwhile,
it is challenging to develop numerical schemes with AP properties for anisotropic scat-
tering [12, 13].

In recent years, UGKS has been widely studied in solving multi-scale equations. In
UGKS, the cell-interface quantities and numerical fluxes are constructed with the time



S. Tan, W. Sun and J. Wei / Commun. Comput. Phys., 39 (2026), pp. 1363-1404 1365

evolution solution of the relaxation model, which naturally includes the evolution pro-
cess from free transport to collision. The scheme was initially established to simulate
the rarefied gas dynamics problems [14–16], and later extended to the linear dynam-
ics model [17] and the calculation of radiation transport [18, 19]. In previous work, we
developed the extended IUGKS [1, 2] for isotropic scattering neutron transport simula-
tions. We have demonstrated that the scheme keeps AP properties at the transport to
diffusion limit, and maintains ideal accuracy and convergence without other accelera-
tion methods. Meanwhile, in recent years, the DUGKS developed by Guo et al. has also
achieved success in the computation of multi-scale problems [20]. The construction idea
of DUGKS is basically same as UGKS. The difference is that DUGKS reconstructs cell-
interface quantities by integrating the relaxation model equation along the particle flight
direction within a specific characteristic time/length scale. With this method, the single-
step calculation cost can be reduced. DUGKS has also carried out relevant researches on
the solution of steady neutron transport equation [21]. Song developed the scheme suit-
able for anisotropic scattering neutron transport models [22], in which the collision term
is treated by source-iteration-like method, and the treatments for high-order moments
are not considered.

Based on the introduction, extending the multi-scale UGKS to anisotropic scattering
transport equations is an effective way to develop numerical schemes with good prop-
erties. The paper is organized as follows. Section 2 introduces the anisotropic scattering
neutron transport equation. In section 3, the strict IUGKS-PN scheme for anisotropic scat-
tering is introduced. Section 4 introduce the construction of the extended IUGKS-AM for
arbitrary scattering models. Section 5 is numerical test. The conclusions are drawn in
Section 6.

2 Neutron transport equation with anisotropic scattering

In physics, the distribution of neutrons in high-dimensional phase space (x,t,Ω,E) is
described by neutron angular flux ϕ(x,t,Ω,E). Here in addition to time t and space x
variables, the neutron state also includes three degrees of freedom: microscopic motion
angle Ω and energy E. The governing equation for ϕ(x,t,Ω,E) is,

1
v(E)

∂ϕ(x,t,Ω,E)
∂t

+Ω·∇ϕ(x,t,Ω,E)+Σ(x,E)ϕ(x,t,Ω,E)

=
∫ ∫

Σ(x,E′) f (E′→E,Ω·Ω′)ϕ(x,t,Ω′,E′)dE′dΩ′+q(x,t,Ω,E). (2.1)

In Eq. (2.1), v(E) is neutron microscopic speed which is related to the energy E. Σ(x,E) is
the total cross section and q(x,t,Ω,E) is the external source term. f (E→E′,Ω·Ω′) is the
scattering phase function,

f (x,Ω′,E′→Ω,E)=
L

∑
l=0

l

∑
r=−l

fl(x,E′→E)Ylr(θ,ω)Y∗
lr(θ

′,ω′), (2.2)
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where Ylr(θ,ω) is spherical harmonic function and Y∗
lr(θ,ω) denotes the complex conju-

gate of Ylr(θ,ω).
In order to write Eq. (2.1) in a relaxation form, define the collision distribution as,

S(x,t,Ω,E)=
∫ ∫ Σ(x,E′)

Σ(x,E)
f (E′→E,Ω·Ω′)ϕ(x,t,Ω′,E′)dE′dΩ′.

And further let the coefficient σl(x,E′→E) as,

σl(x,E′→E)=
Σ(x,E′)

Σ(x,E)
fl(x,E′→E).

Then the specific form of S(x,t,Ω,E) can be written as,

S(x,t,Ω,E)=
L

∑
l=0

∫
σl(x,E′→E)

l

∑
r=−l

Ylr(θ,ω)φr
l (x,t,E′)dE′. (2.3)

Here φr
l (x,t,E′) is defined,

φr
l (x,t,E′)=

∫
Y∗

lr(θ,ω)ϕ(x,Ω′,t,E′)dΩ′. (2.4)

The specific expansion form of the collision term can be referenced in Appendix A. The
neutron transport equation can be rearranged into the following form,

∂ϕ(x,t,Ω,E)
∂t

+ξ(E,Ω)·∇ϕ(x,t,Ω,E)=
S(x,t,Ω,E)−ϕ(x,t,Ω,E)

τ(x,E)
. (2.5)

Here τ(x,E)=1/(v(E)Σ(x,E)) is defined as the characteristic time, while ξ(E,Ω)=v(E)Ω
is the microscopic velocity of neutron motion.

3 IUGKS-PN scheme

For neutron transport, the energy spectrum usually spans multiple orders of magnitude.
In the energy direction, the commonly used discretization is multi-group method. When
the Ω-space is further discretized with the discrete ordinate method, the differential
equation for the relaxed model (2.5) in the (x,t)-space is,

∂ϕg,m(x,t)
∂t

+ξg,m ·∇ϕg,m(x,t)=
Sg,m(x,t)−ϕg,m(x,t)

τg(x)
. (3.1)

Here the subscript g represents the g-th discrete energy group, while the subscript m
represents the m-th discrete ordinate directions of Ωm. Ωm and the integral weight ωm
satisfy the following relations,

M

∑
m=1

ωm |Ωm ·n|n =
{

0, n is odd;
4π

n+1 , n is even.
. (3.2)
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n is the direction unit vector. For the half-space integrals, it has,

∑
Ωm·n>0

ωm |Ωm ·n|=π,

∑
Ωm·n>0

ωm |Ωm ·n|Ωm =
2π

3
n.

(3.3)

The discrete collision term is,

Sg,m(x,t)=∑
g′

L

∑
l=0

σl,g′→g

l

∑
r=−l

Ylr(θm,ωm)φr
g′,l(x,t).

The relaxation equation (3.1) has the general solution,

ϕg,m(x,t)=ϕ0,g,m(x−ξg,m(t−tn))e−(t−tn)/τg(x)+
1

τg(x)

∫ t

tn

Sg,m(x′,s)e−(t−s)/τg(x)ds. (3.4)

x′=x−ξg,m(t−s) is the neutron trajectory in collision process. The solution describes the
neutron physical evolution from free transport ϕ0,g,m(x−ξg,m(t−tn)) to the collision state
Sg,m(x′,s).

The key point of the UGKS lies in constructing the cell-interface numerical flux Fg,m(x)
based on the multi-scale evolution solution (3.4). The flux can be expressed as

Fg,m(x)=
1

∆t

∫ tn+∆t

tn

∮
ϕg,m(x,t)ξg,m ·ndsdt. (3.5)

To calculate the above numerical flux, we need to obtain the distribution functions of
ϕ0,g,m(x−ξg,m(t−tn)) and Sg,m(x′,s).

The polynomial approximation of ϕ0,g,m(x−ξg,m(t−tn)) is easy to be constructed with
the solution of ϕg,m(x,t). Take the k-th boundary sk as an example. Assume that the
interface center is xk, and the outer normal direction is nk. The adjacent unit is labeled as
j. In order to obtain a second order scheme, the linear distribution of ϕ0,g,m(x,t) around
the cell-interface sk is constructed as,

ϕ0,g,m =ϕl
g,mH[Ω̇m,k]+ϕr

g,mH[−Ω̇m,k].

Here Ω̇m,k is Ωm ·nk, and H[·] is the Heaviside function. The linear function of ϕ on the
left and right sides of the interface is,{

ϕl
g,m =ϕL

g,m,k+∇ϕg,m,i ·(x−xk), (x−xk)·nk <0,
ϕr

g,m =ϕR
g,m,k+∇ϕg,m,j ·(x−xk), (x−xk)·nk >0.

ϕL
g,m and ϕR

g,m are the values on the left and right cells of the interface. ∇ϕg,m,i and ∇ϕg,m,j
are the slopes within the corresponding cell. With the cell centroid xi and xj and the
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center quantity ϕg,m,i and ϕg,m,j, we can easily get that,{
ϕL

g,m,k =ϕg,m,i+∇ϕg,m,i ·(xk−xi),
ϕR

g,m,k =ϕg,m,j+∇ϕg,m,j ·(xk−xj).

Without loss of generality, assume xk = 0 and tn = 0, the polynomial form of ϕg,m(xk−
ξg,m(t−tn)) can be obtained,

ϕg,m(xk−ξg,m(t−tn))=
(

ϕL
g,m,k−∇ϕg,m,i ·ξg,mt)

)
H[ Ω̇m,k],

+
(

ϕR
g,m,k−∇ϕg,m,j ·ξg,mt)

)
H[−Ω̇m,k]. (3.6)

Similarly, the linear approximation of Sg,m(x′,s) is,

Sg,m(x′,s)=
(

SL
g,m,k−∇Sg,m,i ·ξg,m(t−s))

)
H[ Ω̇m,k]

+
(

SR
g,m,k−∇Sg,m,j ·ξg,m(t−s))

)
H[−Ω̇m,k], (3.7)

where the SL
g,m,k and SR

g,m,k are,

{
SL

g,m,k =Sg,m,i−∇Sg,m,i ·xi;
SR

g,m,k =Sg,m,j−∇Sg,m,j ·xj.

Here we omit the time derivative term ∇tSg,m,k. As demonstrated in subsequent analysis
and tests, this simplification shows no adverse impact on the AP property or temporal
accuracy of the scheme.

3.1 IUGKS-P0 for isotropic model

Before dealing with the anisotropic scattering case, the implicit unified gas kinetic scheme
(IUGKS) for isotropic scattering models is overviewed in this subsection. According to
the derivation in Appendix A, the isotropic collision distribution is,

Sg(x,t)=
1

4π ∑
g′

σ0,g′→g(x)φg′(x,t).

φg′(x,t) is the 0-th moment of ϕ,

φg′(x,t)=
∫

ϕg′(x,t,Ω)dΩ,
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where the superscript (0) is omitted for simplify writing. After substituting Sg(x,t) into
Eqs. (3.7) and (3.5), the numerical flux is,

Fg,m,k =T3
g,k ξ̇g,m,k

(
ϕL

g,m,kH[Ω̇m,k]+ϕR
g,m,kH[−Ω̇m,k]

)
−T4

g,k ξ̇2
g,m,k

(
∇ϕg,m,i ·nkH[Ω̇m,k]+∇ϕg,m,j ·nkH[−Ω̇m,k]

)
+T1

g,k ξ̇g,m,k∑
g′

σ0,g′→g,k

4π

(
φL

g′,kH[Ω̇m,k]+φR
g′,kH[−Ω̇m,k]

)
+T2

g,k ξ̇2
g,m,k∑

g′

σ0,g′→g,k

4π

(
∇φg′,i ·nkH[Ω̇m,k]+∇φg′,j ·nkH[−Ω̇m,k]

)
. (3.8)

The normal velocity of the interface is ξ̇g,m,k = ξg,m ·nk which can also be calculated as

vgΩ̇m,k. T(∗)
g,k are the time-space integral terms,

T3
g,k =

τg

∆t
(1−e−∆t/τg)

∮
dsk,

T4
g,k =

(
−τge−∆t/τg +τgT3

g,k

)∮
dsk,

T1
g,k =

(
1−T3

g,k

)∮
dsk,

T2
g,k =

(
−τgT1

g,k+T4
g,k

)∮
dsk.

(3.9)

According to the stability analysis in Appendix B, the time step ∆t for the flux evolution
in Eq. (3.8) should satisfy the stability condition,

∆t=min

(
∆i

vg
,
3Σg,i∆2

i
2vg

)
. (3.10)

Here ∆i =min(∆x1,i,∆x2,i,∆x3,i) is the grid scale of i-th cell. From Eq. (3.8), we should
obtain the solution of φg(x,t) to close the calculation of Fϕ

g,m,k. This is the particular part
of UGKS that is different from the commonly used single-scale SN scheme.

By integrating Eq. (3.1) in the Ω direction, one can get the governing equations of
φg(x,t),

∂φg(x,t)
∂t

+∑
m

ωm
(
ξg,m ·∇ϕg,m(x,t)

)
=

Sg(x,t)−φg(x,t)
τg(x)

. (3.11)

Accordingly, the numerical flux of φg(x,t) can be calculated as,

Fg =∑ωmFg,m(x).

With Fϕ
g,m(x) in Eq. (3.8) and the properties of discrete ordinates in Eqs. (3.2) and (3.3), Fg
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can be organized as,

Fg,k =T3
g,k∑ωm ξ̇g,m,k

(
ϕL

g,m,kH[Ω̇m,k]+ϕR
g,m,kH[−Ω̇m,k]

)
−T4

g,k∑ωm ξ̇2
g,m,k

(
∇ϕg,m,i ·nkH[Ω̇m,k]+∇ϕg,m,j ·nkH[−Ω̇m,k]

)
+T1

g,kvg∑
g′

σ0,g′→g,k
φL

g′,k−φR
g′,k

4

+T2
g,kv2

g∑
g′

σ0,g′→g,k
∇φg′,i ·nk+∇φg′,j ·nk

6
. (3.12)

For Eqs. (3.1) and (3.11), finite volume method is used in the spatial discretization, and
time-implicit discretization is used in the temporal direction. We obtain the fully discrete
form of the macro auxiliary equation firstly,[

1
∆tP

+ϵ′
1−σ0,g,i

τg,i
+∑

k
A+

g,k

]
∆φ

p
g,i+∑

k
A−

g,k∆φ
p
g,j

=−ϵ′∑
k
F p

g,k+
ϵ′

τg,i

(
S p

g,i−φ
p
g,i

)
−ϵ∑

k
F n

g,k+
ϵ

τg,i

(
Sn

g,i−φn
g,i

)
− 1

∆tP

(
φ

p
g,i−φn

g,i

)
. (3.13)

∆tP is the physical time step, which is determined according to the time scale of the
specific physical process. ∆φ

p
g,i = φ

p+1
g,i −φ

p
g,i is the residual at the cell i, while p is the

iteration number. σ0,g,i is short for σ0,g→g,i. With different values of ϵ (where ϵ′= 1−ϵ),
Eq. (3.13) represents different implicit time schemes uniformly, which are the 1st-order
backward Euler (B-E) scheme (ϵ = 0) and the 2nd-order Crank-Nicolson (C-N) scheme
(ϵ=0.5). Sg(x,t) is the angular integral of generalized equilibrium state Sg(x,t),

S p
g,i =∑

g′
σ0,g′→g,i φ

p
g′,i.

The approximate flux Jacobian coefficients A±
g,k are,

A+
g,k =

ϵ′

Vi

(
T3

g,k

∑ωm ξ̇g,m,kϕ
p
g,m,iH[ Ω̇m,k]

φ
p
g,i

+T2
g,k

v2
gσ0,g,k

3∆ij

)
,

A−
g,k =

ϵ′

Vi

(
T3

g,k

∑ωm ξ̇g,m,kϕ
p
g,m,jH[−Ω̇m,k]

φ
p
g,j

+T2
g,k

v2
gσ0,g,k

3∆ji

)
,

where
∆ij =xi ·nk−xj ·nk, ∆ji =xj ·nk−xi ·nk.

In the construction of macroscopic flux Jacobian, it is assumed that φgis continuous and
smooth at the cell interfaces.
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The fully implicit discrete form of microscopic transport equation (3.1) is,[
1

∆tP
+

ϵ′

τ
+∑

k
A+

g,m,k

]
∆ϕ

p
g,m,i+∑

k
A−

g,m,k∆ϕ
p
g,m,j

=−ϵ′∑
k

Fϕ,p
g,m,k+

ϵ′

τg,i

(
Sp+1

g,i −ϕ
p
g,m,i

)
−ϵ∑

k
Fϕ,n

g,m,k+
ϵ

τg,i

(
Sn

g,i−ϕn
g,m,i

)
− 1

∆tP

(
ϕ

p
g,m,i−ϕn

g,m,i

)
. (3.14)

∆ϕ
p
g,m,i = ϕ

p+1
g,m,i−ϕ

p
g,m,i is the residual for ϕg,m,i at the cell i. The scheme coefficients A±

g,k
are,

A±
g,k =ϵ′ ξ̇g,m,kH[±Ω̇m,k].

The linear systems in Eqs. (3.13) and (3.14) can be solved with the Lower-Upper Sym-
metric Gauss-Seidel (LU-SGS) method [23]. The discrete expression of IUGKS-P0 is ex-
actly the form of IUGKS in general grid, while the detailed derivations can be referred in
Tan [2]. Since it is a routine procedure, it will not be elaborated upon in this article.

To sum up, the calculation flowchart of IUGKS-P0 for neutron transport equation with
isotropic scattering is as shown in Algorithm 1.

Algorithm 1: IUGKS-P0 for isotropic scattering neutron transport

1. Construct the evolution solution (3.4) with ϕg,m and Sg,m;
2. Calculate macro flux (3.12) and solve the auxiliary equation (3.13) to get φg;
3. Update Sg with φg and substitute into micro flux equation (3.8);
4. Solve the micro transport equation (3.14) to get ϕg,m;
5. Update φg and Sg with ϕg,m, and goto the next loop.

3.2 IUGKS-PN for anisotropic model

When considering the anisotropic scattering models, if the collision distribution Sg,m(x,t)
is given in Eq. (2.3), the above IUGKS-P0 for isotropic scattering neutron transport can be
extended directly.

According to the analysis in Appendix A, the evolution solution is related with all the
r-th (r ≤ L) order moments of ϕ for the L-th order anisotropic scattering model. Define
the r-th order moments of ϕ as,

φ(r1,r2,r3)(x,t,E)=
∫

Ωr1
1 Ωr2

2 Ωr3
3 ϕ(x,t,Ω,E)dΩ, r1+r2+r3= r.
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Therefore, in order to close the construction of Eq. (3.4), the equations of φ(r1,r2,r3)(x,t,E)
need to be solved,

∂φ(r1,r2,r3)(x,t,E)
∂t

+∇·
(∫

ξ(E)Ωr1
1 Ωr2

2 Ωr3
3 ϕg(x,t,Ω)dΩ

)
=

∫
Ωr1

1 Ωr2
2 Ωr3

3 Sg(x,t,Ω)dΩ−φ(r1,r2,r3)(x,t,E)
τg(x)

. (3.15)

The numerical flux of φ
(r1,r2,r3)
d (x,t,E) can be get similarly,

F (r1,r2,r3)
g,k =

1
∆t

∫ ∫ tn+∆t

tn

∮
ξg ·nkΩr1

1 Ωr2
2 Ωr3

3 ϕg,k(t,Ω)dskdtdΩ.

Therefore, the solution of IUGKS-PN for neutron transport with PN scattering model of
Eq. (2.3) should be modified as Algorithm 2.

Algorithm 2: IUGKS-PN for PN scattering neutron transport

1. Construct evolution solution (3.4) with initial ϕg,m and Sg,m;
2. Calculate macro flux (3.12) and solve the auxiliary equation (3.13) to get φg;
3 For r=1,L; For r1+r2+r3= r;

Calculate the flux F (r1,r2,r3)
g,k and solve the auxiliary equation sets of φ

(r1,r2,r3)
g in (3.15);

4. Calculate Sg,m with φ
(r1,r2,r3)
g and substitute into micro flux equation (3.8) ;

5. Solve the micro transport equation (3.14) to get ϕg,m;
6. Update φ

(r1,r2,r3)
g and Sg,m with ϕg,m, and goto the next loop.

According to Algorithm 2, it is easy to see that the construction of IUGKS-PN is
closely related to the specific expression of the phase function f (x,Ω′,E′ → Ω,E). As
in step 3, the number of auxiliary equations is changing with different L. Especially in
three-dimensional multi-group computations, G∑L

r=0
(r+2)(r+1)

2 additional auxiliary equa-
tions need to be solved for the L-th order moment term. Therefore, IUGKS-PN is not only
complex in scheme construction, but also has poor universality.

4 IUGKS with anisotropic-scattering modification

To avoid introducing additional auxiliary macro equations as IUGKS-PN, a more gen-
eral numerical scheme for arbitrary anisotropic scattering model equations is developed
in this section. We also conducted a detailed analysis of the AP characteristics for the
scheme.

Assume the discrete form of neutron flux ϕ(x,t,Ω,E) can be decomposed into the
following forms,

ϕ(x,t,Ω,E)= φ(x,t,E)h(x,t,Ω,E). (4.1)
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h(x,t,Ω,E) is a normalized function which characterizes the shape distribution of the
neutron flux ϕ with energy E at the space-time point (x,t) in angular space Ω.

As mentioned before, the key to the construction of neutron transport UGKS lies in
the calculation or approximation of the collision term S(x,t,Ω,E). Define the anisotropic
scattering integral of the function h(x,t,Ω,E) as,

ς(x,t,Ω,E′→E)=
Σ(x,E′)

Σ(x,E)

∫
f (E′→E,Ω·Ω′)h(x,t,Ω′,E′)dΩ′.

Then the collision distribution Sg(x,Ω) can be simplified as,

S(x,t,Ω,E)=
∫

φ(x,t,E′)ς(x,t,Ω,E′→E)dE′. (4.2)

When f (E′ → E,Ω·Ω′) is defined as Eq. (2.2), the corresponding expression of
ς(x,t,Ω,E′→E) is,

ςg′→g(x,t,Ω)=
Σg′(x)
Σg(x)

L

∑
l=0

fl,g′→g(x)
l

∑
r=−l

Ylr(θ,ω)Πr
g′,l(x,t). (4.3)

Here Πr
g,l(x,t) is the moment of h(x,t,Ω,E),

Πr
g,l(x,t)=

∫
Y∗

lr(θ,ω)hg(x,t,Ω)dΩ.

It can be seen that, when hg(x,t,Ω) is known, the anisotropic scattering collision distribu-
tion function Sg(x,Ω) is only related with the 0-th order moment φg′(x,t). Thus, in order
to obtain the modified scheme only related to φg′(x,t), the distribution of hg(x,t,Ω) will
be get by predictor-corrector method.

In this paper, we approximate the angular distribution of ϕ for current p+1-th itera-
tion by using the shape function of the p-th iteration step. This means that the evolution
of the angular direction is explicitly handled,

h∗g(x,Ω)=
ϕ

p
g(x,Ω)

φ
p
g(x)

. (4.4)

The premise for this assumption to be correct is that the neutron flux converges in the Ω

direction. Since the neutron flux is positive in general, the prediction in (4.4) is nonsin-
gular. With h∗g(x,Ω) in hand, we only need to solve the governing equations of ϕg(x,t,Ω)
and φg(x,t) to close the evolution solution in Eq. (3.4) for any arbitrary anisotropic scat-
tering models. The scheme construction is basically same with the isotropic IUGKS-P0.
Thus we refer to this algorithm as IUGKS with anisotropic modification (IUGKS-AM) in
this paper. Furthermore, it can be get that IUGKS-P0 is actually a special form of IUGKS-
AM with hg(x,t,Ω)≡1.
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According to Algorithm 1, the details of Steps 2-5 in IUGKS-AM discretization are
emphasized in following. It should be pointed out here that the approximation used in
Eq. (4.4) should have influences on the numerical scheme. We will analyze and verify this
both theoretically and numerically in the following AP property analysis and numerical
testing in the next section.

4.1 Construction of IUGKS-AM

The governing equation for φg(x) in IUGKS-AM is,

∂φg(x,t)
∂t

+
∫

ξg ·∇ϕg(x,t,Ω)dΩ=
S̃g(x,t)−φg(x,t)

τg(x)
. (4.5)

With Eq. (4.2), the integral of collision term S(x,t,Ω,E) is,

S̃g(x,t)=∑
g′

φg′(x,t)
∫

ςg′→g(x,t,Ω)dΩ.

Applying Eq. (4.1) to the micro numerical flux equation (3.8), and integrating in Ω direc-
tion, the cell-interface numerical flux for φg in IUGKS-AM can be obtained as,

F̃ p
g,k =T3

g,k

[
H1,+

g,i,k φ
p,L
g,k +H1,−

g,j,k φ
p,R
g,k

]
−T4

g,k

(
H2,+

g,i,k∇φ
p
g,i ·nk+H2,−

g,j,k∇φ
p
g,j ·nk

)
+T1

g,k∑
g′

(
G1,+

g′→g,i,k φ
p,L
g′,k+G1,−

g′→g,j,k φ
p,R
g′,k

)
+T2

g,k∑
g′

(
G2,+

g′→g,i,k∇φ
p
g′,i ·nk+G2,−

g′→g,j,k∇φ
p
g′,j ·nk

)
.

The half space integral of r-th moment for the shape function h∗g,i(Ω) is defined as,

Hr,±
g,i,k =vr

g

∫
Ω̇r

kh∗g,i(Ω)H[±Ω̇k]dΩ,

Gr,±
g′→g,i,k =vr

g

∫
Ω̇r

kς∗g′→g,i(Ω)H[±Ω̇k]dΩ,

where Ω̇k =Ω·nk.
The fully discrete form of Eq. (4.5) can be deduced,[

1
∆tP

+ϵ′
1−σ̃0,g,i

τg,i
+∑

k
Ã+

g,k

]
∆φ

p
g,i+∑

k
Ã−

g,k∆φ
p
g,j

=−ϵ′∑
k
F̃ p

g,k+
ϵ′

τg,i

(
S̃ p

g,i−φ
p
g,i

)
−ϵ∑

k
F̃ n

g,k+
ϵ′

τg,i

(
S̃n

g,i−φn
g,i

)
− 1

∆tP

(
φ

p
g,i−φn

g,i

)
. (4.6)
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Here
σ̃0,g,i =

∫
ςg→g(x,t,Ω)dΩ,

and the coefficients Ã±
g,k are,

Ã+
g,k =

ϵ′

Vi

(
T3

g,kH
1,+
g,i,k+T1

g,kG
1,+
g,i,k+

1
∆ij

T2
g,kG

2,+
g,i,k

)
,

Ã−
g,k =

ϵ′

Vi

(
T3

g,kH
1,−
g,j,k+T1

g,kG
1,−
g,j,k+

1
∆ji

T2
g,kG

2,−
g,j,k

)
.

After Solving the linear system of (4.6), we can update φp+1(x,t,E)=φp(x,t,E)+∆φ
p
g,i, so

that the collision distribution for p+1 iteration can be predicted as,

S̃p+1
g,m,i =∑

g′
ς∗g′→g,m,i φ

p+1
g′,i . (4.7)

Then the discretization of the microscopic transport equation in IUGKS-AM has the same
expression as Eq. (3.14),[

1
∆tP

+
ϵ′

τ
+∑

k
A+

g,m,k

]
∆ϕ

p
g,m,i+∑

k
A−

g,m,k∆ϕ
p
g,m,j

=−ϵ′∑
k

F̃p
g,m,k+

ϵ′

τg,i

(
S̃p+1

g,m,i−ϕ
p
g,m,i

)
−ϵ∑

k
F̃n

g,m,k+
ϵ

τg,i

(
S̃n

g,m,i−ϕn
g,m,i

)
− 1

∆tP

(
ϕ

p
g,m,i−ϕn

g,m,i

)
. (4.8)

In Eq. (4.8), the numerical flux is,

F̃p
g,m,k =T3

g,k ξ̇g,m,k

(
ϕ

p,L
g,m,kH[Ω̇m,k]+ϕ

p,R
g,m,kH[−Ω̇m,k]

)
−T4

g,k ξ̇2
g,m,k

(
∇ϕ

p
g,m,i ·nkH[Ω̇m,k]+∇ϕ

p
g,m,j ·nkH[−Ω̇m,k]

)
+T1

g,k ξ̇g,m,k

(
S̃p+1,L

g,m,k H[Ω̇m,k]+S̃p+1,R
g,m,k H[−Ω̇m,k]

)
+T2

g,k ξ̇2
g,m,k

(
∇S̃p+1

g,m,i ·nkH[Ω̇m,k]+∇S̃p+1
g,m,j ·nkH[−Ω̇m,k]

)
. (4.9)

Again, solving the linear system of (4.8) and updating ϕ
p+1
g (x,t,Ω), we complete one

iteration of the numerical scheme. Update the shape function as,

h∗g(x,Ω)=
ϕ

p+1
g (x,Ω)

φ
p+1
g (x)

. (4.10)

The calculation process will enter the next iterative loop if it is not convergent.
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It can be seen from the discretization process of IUGKS-AM, once introducing
h(x,t,Ω,E) and ς(x,t,Ω,E′ → E) in S(x,t,Ω,E), there need not impose additional con-
straints on the form of scattering term. Therefore, IUGKS-AM can be applied to any
anisotropic scattering model, even if the scattering terms can not be expressed by spher-
ical harmonic function.

4.2 Asymptotic-preserving analysis

The AP property of IUGKS-AM under free transport limit is obvious. In this subsection,
we mainly analyze the scheme AP property in diffusion limit.

In neutron transport, the Kn number which describe the relative scale of grid size and
neutron mean free path is defined as Kn(E)= 1/∆Σ(x,E), which is Kng ∝ τg/∆t. In the
diffusion limit when Kng ≪1, the time integral terms in Eq. (3.9) has the limit values,

lim
Kng≪1

T3
g,k =0, lim

Kng≪1
T4

g,k =0, lim
Kng≪1

T1
g,k =

∮
dsk, lim

Kng≪1
T2

g,k =−τg

∮
dsk.

Then as Kng ≪1, the numerical flux in Eq. (4.9) can be simplified as,

F̃g,m,k =
[
ξ̇g,m,k

(
S̃∗,L

g,m,kH[Ω̇m,k]+S̃∗,R
g,m,kH[−Ω̇m,k]

)
− τg ξ̇2

g,m,k

(
∇S̃∗

g,m,i ·nkH[Ω̇m,k]+∇S̃∗
g,m,j ·nkH[−Ω̇m,k]

)]∮
dsk.

Assuming that ϕ(x,t,Ω,E) is spatially smooth, the integral of F̃g,m,k with Ω is,

F̃g,k =vg∑
g′

φ
p+1
g′,k ∑

m
ωmΩ̇m,kς∗g′→g,m,i

∮
dsk

−τgv2
g∑

g′

(
∇φ

p+1
g′,k ·nk

)
∑
m

ωmΩ̇2
m,kς∗g′→g,m,i

∮
dsk.

According to Eq. (4.3) and the detailed analysis of scattering coefficients in Appendix C,
the first term in F̃g,k can be rearranged as,

vg∑
g′

φ
p+1
g′,k ∑

m
ωmΩ̇m,kς∗g′→g,m,i

=∑
g′

σ1,g′→g φ
p+1
g′,k (<Ω1hp

g′ >,<Ω2hp
g′ >,<Ω3hp

g′ >)·(nk,1,nk,2,nk,3)
T

=vgJp+1
g,k ·Hg′ ·nk∑

g′
σ1,g′→g.
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Here the matrix related with <Ωihg′ > is defined as,

Hg′ =



<Ω1hp
g′>

<Ω1hp+1
g′ >

0 0

0
<Ω2hp

g′>

<Ω2hp+1
g′ >

0

0 0
<Ω3hp

g′>

<Ω3hp+1
g′ >


. (4.11)

The second term of F p+1
g,k is rewritten as,

τgv2
g∑

g′

(
∇φ

p+1
g′,k ·nk

)
∑
m

ωmΩ̇2
m,kς∗g′→g,m,i

=τgv2
g∑

g′
nk ·
(

∑
m

ωmΩmΩmς∗g′→g,m,i

)
·∇φ

p+1
g′,k .

Define 3∑
m

ωmΩmΩmς∗g′→g,m,i as the effective secondary neutron number Ce f f ,g, which has

the following forms,

Ce f f ,g =∑
g′
(σ0,g′→g−σ2,g′→g)I

+3∑
g′

σ2,g′→g

 <Ω1Ω1hp
g′ > <Ω1Ω2hp

g′ > <Ω1Ω3hp
g′ >

<Ω1Ω2hp
g′ > <Ω2Ω2hp

g′ > <Ω2Ω3hp
g′ >

<Ω1Ω3hp
g′ > <Ω2Ω3hp

g′ > <Ω3Ω3hp
g′ >

.

Therefore, it can be derived that the diffusion coefficients is tensor form in the anisotropic
scattering model,

Dg =
1
3
(
I−χHg

)−1 ·Ce f f ,g,

where
χg =∑

g′
σ1,g′→g.

According to the definition of Dg, it is easily get that in the case of strong anisotropy,
the explicit prediction of hg by using p-th step has influences on the equivalent diffusion
coefficient. This may affect the convergence rate of the numerical scheme. When the
iteration get converged with hp=hp+1 and the distribution of ϕ is approximately isotropic,
the diffusion coefficient can reduce to scalar,

Dg =
Ce f f ,g

3Σg
(
1−χg

) , Ce f f ,g =∑
g′
(σ0,g′→g+σ2,g′→g).
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The numerical flux F̃g,k can be simplified as,

F̃ p+1
g,k =−vg

[
Dg,k∇φ

p+1
g,k ·nk

]
sl

∮
dsk.

Thus the discrete equation of φg is (considering ϵ=0 to simplify the derivation),

φ
p+1
g,i −φn

g,i

vg∆tP
− 1

Vi
∑

l

(
Dg,k∇φ

p+1
g,k ·nk

∮
dsk

)
+Σg,i φ

p+1
g,i =

L

∑
l=0

∑
g′

φ
p+1
g′,i ∑

m
ς

p+1
g′→g,m,i. (4.12)

Eq. (4.12) is exactly the discrete form of the diffusion equation,

1
v(E)

∂φ(x,t,E)
∂t

−∇·(D(x,E)∇φ(x,t,E))+Σ(x,E)φ(x,t,E)

=
∫

dΩ

∫
dΩ′

∫
dE′Σ(x,E′) f (x,Ω′,E′→Ω,E)ϕ(x,t,Ω′,E′).

At this point, we have completed the analysis of the AP property of IUGKS-AM.
In some special cases, the diffusion coefficient Dg,k can be given in the usual form. For

the P1 case as example, it has,

Dg =
C0

e f f ,g

3Σg
(
1−χg

) , C0
e f f ,g =∑

g′
σ0,g′→g.

For isotropic multi-group case, it has,

Dg =
C0

e f f ,g

3Σg
.

For monoenergetic case, it has

D=
1

3Σ
.

The forms of Dg or D are exactly the diffusion coefficients under corresponding condi-
tions.

5 Numerical tests

In this section, the developed IUGKS-AM is tested comprehensively by several numerical
examples.
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5.1 Scheme accuracy test

The transport equation of 1D case can be simplified as,

∂ϕ(x,µ,t)
∂t

+µ
∂

∂x
ϕ(x,µ,t)+Σϕ(x,µ,t)=

1
2

∫
Σsϕ(x,µ′,t)dµ′+q(x,µ,t).

The exact solution of ϕ is,

ϕ(x,µ,t)=(µ+1)cos2 π(x+t).

The computation domain is [0,1], and the grids N=10,20,40,80 and 160 are used to ver-
ify the scheme accuracy in unsteady simulations. The time step is set as 2.5/N, which
varies in proportion to the grid size The simulation time is set as t=2 which is two time
cycles. The discrete ordinate number is M=2. The cross-section parameter is Σ, and we
considered two models with different scattering coefficients,{

Σs =Σ, isotropic P0 case;
Σs =Σ(1+µµ′), anisotropic P1 case.

The external source terms for the two cases are respectively,{
q=−(µ+1)2πsin2π(x+t)+Σµcos2 π(x+t), P0 case;

q=−(µ+1)2πsin2π(x+t)+ 2Σµ
3 cos2 π(x+t), P1 case.

Table 1 is the scheme accuracy of IUGKS-AM in the anisotropic P1 scattering model.
The results firstly shows that, IUGKS-AM can achieve the designed 2nd-order under both
transport and diffusion conditions. In addition, the case also indicates that omitting the
time derivative term of Sg(x,t) in the flux of IUGKS-AM has few effects on the scheme
time accuracy. This validates the rationality of the flux simplification in Eq. (3.8).

According to the construction of IUGKS-AM, the scheme should return to IUGKS
scheme in isotropic models. We further simulate the P0 model to verify the scheme per-
formances in the simplified models, which is shown in Table 2. Furthermore, by com-
paring Tables 1 and 2, it can be seen that the absolute errors of IUGKS-AM in P1 model
keep consistent with that in P0 model. This conclusion verifies that the assumptions in-
troduced in Eq. (4.4) have limited effects on the convergence accuracy of the scheme.

Table 1: The scheme accuracy of IUGKS-AM for P1 model.

Σ=2 Σ=2000
N lgL∞ lgL2 Order lgL∞ lgL2 Order
10 -1.19 -0.92 – -1.52 -1.25 –
20 -1.79 -1.61 2.01 -2.60 -2.21 3.60
40 -2.39 -2.16 1.99 -3.44 -2.88 2.78
80 -2.99 -2.79 2.01 -4.19 -3.52 2.49

160 -3.60 -3.38 2.01 -4.87 -4.20 2.29
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Table 2: The scheme accuracy test for P0 model.

Σ=2 Σ=2000
N lgL∞ lgL2 Order lgL∞ lgL2 Order
10 -1.16 -0.90 – -1.53 -1.26 –
20 -1.76 -1.57 2.01 -2.61 -2.22 3.60
40 -2.36 -2.12 1.99 -3.45 -2.90 2.79
80 -2.96 -2.74 2.01 -4.20 -3.54 2.51
160 -3.56 -3.34 2.01 -4.92 -4.23 2.40

5.2 1D unsteady monoenergetic case

In 1D monoenergetic case, the neutron equation is quite simple, so that IUGKS-PN
scheme is relatively easy to implement. Therefore, IUGKS-PN is used as reference to
quantitatively analyze the performances of IUGKS-AM under different computation con-
ditions in this case. In addition, we also implement FV-SI algorithm for comparison. In
FV-SI, the differential and integral terms of the transport equation are solved by splitting
method, and the source iteration (SI) is employed to update the equation. The spatial
discretization method is FV scheme, while the upwind numerical flux is,

Fg,m,k = ξ̇g,m,k

(
ϕL

g,m,kH[Ω̇m,k]+ϕR
g,m,kH[−Ω̇m,k]

)
.

The fully discrete form of the time implicit scheme has the same form as Eq. (3.14).
The computational domain is [0,2], while the grid size is N=200. The discrete ordinate

number is M=100. The initial distribution of the neutron flux ϕ is,

ϕ(x,0,µ)=

{
2, 0.8< x<1.2,
0, otherwise.

The maximum permission error of converge criterion for the inner iteration is 10−3. The
scattering coefficient is,

Σ(x) f (x,Ω′→Ω)=Σ(x)(1+ f1µµ′).

We consider two cases with different forms of Σ(x) and f (x,Ω′→Ω), while the form of
f (x,Ω′→Ω) are the isotropic P0 condition f1=0 and the anisotropic P1 condition f1=1.

5.2.1 Case 1

The cross section Σ(x) is,

Σ(x)=

{
0.02σ, x∈ [0.35,0.65]∪[1.35,1.65],
σ, x∈ [0,0.35)∪(0.65,1.35)∪(1.65,1].
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Figure 1: Distributions of ρ for Case 1: σ=1 (left) and 103 (right).

σ is set as 1 and 103, while the computation time tmax is set as 1 and 0.1, respectively. The
time step ∆tp is set as ∆x/3.

Fig. 1 shows the computational results of ρ,

ρ=
1
2

∫ 1

−1
ϕ(x,t,µ)dµ.

The Ref. data are solutions calculated by the explicit solver and the diffusion solver of
Li [24]. In the four cases of computation conditions, the results of IUGKS-PN, IUGKS-AM
are consistent with Ref., which firstly verifies the correctness of the numerical schemes in
different conditions.

5.2.2 Case2

The cross section Σ(x) is,
Σ0(x)=100(x−1)4σ.

σ is set to 1 and 103, while the computation physical time tmax is set as 1 and 0.1, respec-
tively. The physical time step ∆tp is ∆x/15.

Fig. 2 shows the computational results of ρ, in which the results of IUGKS-PN and
IUGKS-AM are all in agreements with the reference data.

In these two cases, the computational grid Kn number varies greatly with different
σ values. Especially for Case 2, when σ=1000, the grid Kn number is [0,103] within the
computation domain, which covers the free transport to diffusion limit condition. Thus
the case is very challenging.

In Figs. 1 and 2, when σ = 1, the calculation results of different numerical schemes
are basically the same. When σ=1000, the computational results obtained by the UGKS
methods exhibit significant differences from those obtained from the SI method. Along
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Figure 2: Distributions of ρ for case 2: σ=1 (left) and 103 (right).

Table 3: Average iteration number per time step of different schemes.

Scattering model Numerical scheme
Case 1 Case 2

σ=1 σ=103 σ=1 σ=103

Isotropic
IUGKS-P0 3.6 73.3 3.0 34.0

FV-SI 3.6 6106.6 3.0 1437.3

P1
IUGKS-P1 3.6 69.3 3.0 34.0

IUGKS-AM 3.6 69.3 3.0 34.0
FV-SI 3.6 6375.4 3.0 1534.3

with the data in Table 3, our analysis of the numerical schemes is as follows. Firstly, un-
der the condition of free transport limit, all numerical schemes can maintain ideal conver-
gence accuracy and speed. Secondly, under the diffusion limit with a large grid Kn num-
ber, the performances of different numerical schemes vary greatly. Among them, IUGKS-
AM is consistent with the reference solution of IUGKS-PN and the diffusion scheme. The
calculation of FV-SI is affected by the stiffness of the collision term, resulting in signifi-
cant numerical dissipation and differences in the calculation results. Finally, comparing
the number of iterations in Table 3, it can be seen that the convergence speed of FV-SI de-
creases at the diffusion limit. Therefore, through this example, we have verified that the
AP property of multi-scale methods enables the scheme to maintain ideal convergence
speed and accuracy under a wide range of computational conditions for both isotropic
and anisotropic models. Furthermore, the IUGKS-AM developed in this paper exhibits
similar numerical performances with the IUGKS-PN method in above cases.

In case 2, we further test IUGKS-AM in different degrees of anisotropy models. The
calculation results are shown in Table 4. The time tmax is set as 0.5. When Σ= 1, as the
anisotropy of the model increases (that f1 becomes larger), the average iteration number
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Table 4: Average iteration number of different scattering coefficient.

f1=1 f1=2 f1=3
IUGKS-P1

Σ=1
3.0 3.0 3.0

IUGKS-AM 3.0 3.0 3.0
IUGKS-P1

Σ=10
3.4 3.4 3.7

IUGKS-AM 3.5 4.1 10.9

x
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Figure 3: Distributions of ρ for case 2 with f =3: σ=1 (left) and 10 (right).

of IUGKS-AM is basically the same as that of IUGKS-P1. With Σ=10, the iteration steps
required for IUGKS-AM increase compared with IUGKS-P1 when f1 is large, while the
result of IUGKS-AM is still consistent with IUGKS-P1 shown in Fig. 3.

In this case, we verify that IUGKS-AM keeps good numerical properties in large-
range conditions when the model anisotropy is low. In strong anisotropy models, IUGKS-
AM can still obtain numerical results agree with IUGKS-PN, but it needs more iterative
steps. The numerical tests are consistent with the analysis in Section 4.2.

5.3 2D anisotropic scattering case

The geometry and boundary conditions are shown in Fig. 4. The south boundary is in-
flow with ϕw=1, and the other boundaries are set vacuum. The computational domain is
[0,1]×[0,1], and the grid size is N=26×26. The discrete ordinate is S16 without remarks.

The scattering coefficient is,

Σ(x) f (x,Ω′→Ω)=Σ
L

∑
l=0

2l+1
4π

fl Pl(Ω
′ ·Ω),
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Figure 4: Geometry and boundary conditions.

Table 5: Coefficients fl for different cases.

l Iso F1 F2 B1 B2

0 1.00000 1.00000 1.00000 1.00000 1.00000
1 2.53602 2.00917 -0.56524 -1.20000
2 3.56549 1.56339 0.29783 0.50000
3 3.97976 0.67407 0.08571
4 4.00292 0.22215 0.01003
5 3.66401 0.04725 0.00063
6 3.01601 0.00671
7 2.23304 0.00068
8 1.30251 0.00005
9 0.53463
10 0.20136
11 0.05480
12 0.01099

where Σ is the total cross section, and Pl(Ω
′ ·Ω) is the l-th Legendre polynomials in 1D

case. Five cases with different order of f (x,Ω′→Ω) are calculated, and the coefficients fl
are given in Table 5. And in the following text, we use symbols in Table 5 to mark cases
with different calculation conditions. The physical quantities φ, Qx and Qy for this case
are defined as,

φ(x)=
∫

ϕ(x,Ω)dΩ,

Qx(x)=
∫

Ωxϕ(x,Ω)dΩ,

Qy(x)=
∫

Ωyϕ(x,Ω)dΩ.
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Figure 6: Qy at x=0.5 (left), Qx at y=0 (middle) and φ(x) at x=0.5 (right) of different models.

Firstly, we use the Iso and B2 cases to verify the grid convergence. For transport
equation calculations, the challenges for numerical calculation are greater with larger
grid Kn number. So we use the condition Σ=100 to verify the convergence of spatial grid
scale. The computational grids are 26×26 and 52×52, respectively. The used discrete
ordinate is S8. The computational results in Fig. 5 show that the computation results of
refined grid are consistent with those of coarse grid. Therefore, it can be considered that
the calculation by using a 26×26 grid has reached grid convergence and will be used in
the following tests.

In Fig. 6, from left to right, the results are Qy at x= 0.5, Qx at y= 0 and φ at x= 0.5
with Σ = 1. IUGKS-AM gets good agreements with the reference results of DOM [25]
and DUGKS [22] in different scattering models. The simulations verify the accuracy of
IUGKS-AM in two-dimensional anisotropic scattering models, which also show that the
scheme has good accuracy in complex scattering models.

We further calculate the F2 model with Σ∈ [0.01,100] to test the scheme performances
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Figure 7: Qy at x=0.5 (left), Qx at y=0 (middle) and φ(x) at x=0.5 (right) for F2 model with different Σ.

in large-range conditions. Fig. 7 shows that IUGKS-AM is in good agreements with the
reference DOM results for all Σ cases. With the increase of Σ, the free transport effect
weakens and the particle diffusion is confined within a small region near the incident
boundary. When Σ≥ 5, DOM requires a refined grid as 52×52. However, IUGKS-AM,
which has good AP properties in diffusion limit, can still get ideal calculation results with
coarser 26×26 grid even with larger Σ conditions.

The geometry and boundary conditions of this case are simple, whereas the
anisotropic-scattering models are quite complex. In this case, IUGKS-AM shows good
numerical properties in high-order scattering models with a large range of computational
conditions.

5.4 1D multi-group anisotropic scattering cases

In this case, two multi-group anisotropic-scattering models are simulated by IUGKS-AM.

5.4.1 Case 1: 2-group P3 model

The first case is a simplified model with two regions and two energy group. The scatter-
ing coefficients is approximated by P3 Legendre expansion. The geometry and boundary
conditions are shown in Fig. 8.

Figure 8: Geometry for two-region P3 scattering case.
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Table 6: Cross sections and external source for different regions.

Group 1 Group 2
Source Moderator Source Moderator

q 1 0 1 0
Σ 1 1 1 0
Σs,0(g→ g) 1/2 1/2 1/2 1/2
Σs,0(g−1→ g) - - 1/2 1/2
Σs,1(g→ g) 9/10 9/10 9/10 9/10
Σs,1(g−1→ g) - - 9/10 9/10
Σs,2(g→ g) 1 1 1 1
Σs,2(g−1→ g) - - 1/5 1
Σs,3(g→ g) 3/5 3/5 3/5 3/5
Σs,3(g−1→ g) - - 3/5 3/5
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Figure 9: Group 2 scalar flux with different grids and Sn settings calculated by IUGKS-AM.

The 2-group P3 scattering coefficient for 1D geometry is,

Σ(x,E′) f (E′→E,Ω·Ω′)=
3

∑
l=0

2l+1
4π

Σs,l(E′→E)Pl(Ω
′ ·Ω). (5.1)

The cross section Σ, coefficients Σs,l(E′→ E) and the external source terms for different
group in source and moderator regions are given in Table 6.

By using different grid sizes and discrete ordinate, the calculation convergence is
checked. The computational results of φ =

∫
ϕ(x,Ω)dΩ are shown in Fig. 9. The sim-

ulation results with the grid with N = 80 and S8 can be considered as the convergent
solution, and the simulation results agree well with the reference data of [26]. The same
results is hold for the isotropic simulation.
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5.4.2 Case 2: 3-group P1 model

The second case is a 1D section of the 2D axisymmetric KAPL (Knolls Atomic Power
Laboratory) with dog-leg void model [26–28]. The geometry and boundary conditions
are shown in Fig. 10, which contains seven material regions. Three neutron groups are
simulated. In the source region (I), the external source term for each group is,

q1=0.097702, q2=0.45451, q3=0.44610.

The 3-group P1 scattering term is,

Σ(x,E′) f (E′→E,Ω·Ω′)=
1

∑
l=0

2l+1
4π

Σs,l(E′→E)Pl(Ω
′ ·Ω).

The values of Σ(E) and Σs,l(E′→E) are given in Appendix D.
Firstly, we use the isotropic scattering condition to verify the grid convergence of this

model. According to the computational results in Fig. 11, the computational results with
N = 65 and S8 can be considered as the converged results. This calculation condition is
adopted in the following numerical calculation and analysis without remarks.

Figure 10: Geometry for seven-region P1 scattering case.
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Figure 11: Grid convergence test with isotropic scattering. The scalar flux of group 3 in the figure is 10−2 times
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Figure 12: Simulation results of isotropic and P1 anisotropic scattering for different group with IUGKS-AM.

Table 7: Averaged scalar flux for isotropic and P1 anisotropic scattering.

Isotropic Anisotropic
Region Group 1 Group 2 Group 3 Group 1 Group 2 Group 3

1 9.2022E-2 3.0122E-1 1.0393E3 9.9224E-2 3.4399E-1 5.6868E2
2 6.4616E-1 2.8278E0 1.0128E3 6.1755E-1 2.6597E0 5.5452E2
3 3.6945E-2 1.2064E-1 6.1828E2 3.9897E-2 1.3787E-1 3.6066E2
4 1.5857E-5 2.7171E-5 1.9800E2 4.6106E-5 1.0933E-4 1.3234E2
5 3.6406E-7 2.2615E-6 1.3431E2 2.9855E-6 1.3102E-5 8.0935E1
6 1.8224E-7 7.0752E-7 7.8052E1 1.5982E-6 4.6453E-6 5.0740E1
7 7.0480E-8 1.2142E-7 1.4603E1 7.3869E-7 1.1725E-6 1.5437E1

Fig. 12 shows the simulation results for isotropic and P1 anisotropic scattering coeffi-
cients, which are further compared with the reference data from [27,29]. The calculations
IUGKS-AM agree well with the reference solutions of three neutron groups for both con-
ditions. Compared with isotropic model, the anisotropic effect weakens the scattering of
high-energy neutrons to thermal groups.

Table 7 gives the average scalar flux for each region in detail. The difference between
isotropic scattering and anisotropic scattering can be quantitatively compared. Under
the condition of anisotropic scattering, the number of neutrons in the first six regions is
reduced by 35−45% for the thermal group.

In these two cases, IUGKS-AM show good agreements with the reference results in
all kinds of models. The correctness and reliability of the scheme in complex model with
multi-group and anisotropic scattering conditions are verified.

5.5 3D multi-group KAPL model

Through the above scheme validation in various scattering models and multi-group con-
ditions, we further simulate the 3D model with complex geometric conditions in this
case.



1390 S. Tan, W. Sun and J. Wei / Commun. Comput. Phys., 39 (2026), pp. 1363-1404

Figure 13: Geometry and parameter distributions for 3D cylinder case.

As shown in Fig. 13, the material distribution of 3D KAPL model is complex, and its
geometry is rotationally symmetric. In Asaoka’s work [28], the 2D (r,z) axisymmetric
method is used to calculate the model. In this paper, we calculate this case directly in
3D (x,y,z) Cartesian coordinates. The 1/4 model is simulated and the boundaries of
θ = 0 and θ = π/2 are set to be periodic as Fig. 13. The 3-group external source term
and collision term are same as case 5.4.2, while the model coefficients of each region are
shown in Appendix D.

According to the convergence verification results of case 5.4.2, S8 is adopted in the Ω

direction, while the grid 30×65×6 (G1) can be used in r−z plane. However, considering
the more complex geometric structure of the 3D model, the encrypted grid 60×130×12
(G2) is further used to confirm the grid convergence. In addition, the θ-direction grid
scale is also verified in G1 and G2 with grid number 6 and 12, respectively.

Figs. 14 and 15 show the results of the neutron scalar flux at r = 356.25cm and
z= 103.75cm, respectively. Firstly, by comparing the results of G1 and G2, it can be get
that the calculations of IUGKS-AM have basically reached the grid convergence. In the
region far away from the external source, due to that the neutron flux is relatively small,
higher grid resolution is needed to accurately capture neutron distribution. The simula-
tion results are basically consistent with the reference data [28], while IUGKS-AM shows
better grid convergence.

Fig. 16 shows the contours of neutron scalar flux with isotropic and anisotropic P1
scattering models. The anisotropic influences are not obvious in source region for group-



S. Tan, W. Sun and J. Wei / Commun. Comput. Phys., 39 (2026), pp. 1363-1404 1391

z(cm)

S
c

a
la

r 
fl

u
x

0 20 40 60 80 100 120
10

­8

10
­7

10
­6

10
­5

10
­4

10
­3

10
­2

10
­1

IUGKS­AM(G1,P1)

IUGKS­AM(G1,Iso)

IUGKS­AM(G2,P1)

IUGKS­AM(G2,Iso)

TWOTRAN(37)

TWOTRAN(75)

z(cm)

S
c

a
la

r 
fl

u
x

0 20 40 60 80 100 120
10

­7

10
­6

10
­5

10
­4

10
­3

10
­2

10
­1

IUGKS­AM(G1,P1)

IUGKS­AM(G1,Iso)

IUGKS­AM(G2,P1)

IUGKS­AM(G2,Iso)

TWOTRAN(37)

TWOTRAN(75)

z(cm)

S
c

a
la

r 
fl

u
x

0 20 40 60 80 100 120
10

­4

10
­3

10
­2

10
­1

10
0

IUGKS­AM(G1,P1)

IUGKS­AM(G1,Iso)

IUGKS­AM(G2,P1)

IUGKS­AM(G2,Iso)
X10

­2

Figure 14: Scalar flux on line r=36.25 cm.. TWOTRAN(37): 1248 cells in r−z plane and S6; TWOTRAN(75):
4992 cells in r−z plane and S16 [28].
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Figure 15: Scalar flux on line z=103.75 cm. TWOTRAN(37): 1248 cells in r−z plane and S6; TWOTRAN(75):
4992 cells in r−z plane and S16 [28].

1 and group-2, where the neutron distributions are mainly determined by the external
source term. In regions far from the source region, differences of neutron scalar fluxes
are distinct. For the thermal group, the influences of anisotropic scattering coefficients
are notable in the whole computation domain.

In this case, we use IUGKS-AM to simulate the 3D anisotropic scattering model with
multi-group parameters. The model and computation conditions are relatively complex,
which is closer to the real engineering application. Based on this numerical test, IUGKS-
AM shows a good application prospect in practical engineering complex problems.

6 Conclusion

In order to meet the requirements of neutron transport simulation in complex engineer-
ing applications, this paper develops IUGKS-AM based on the isotropic scattering IUGKS
framework, which is applicable to arbitrary anisotropic scattering model. In IUGKS-
AM, the high-order moments of neutron flux are estimated by the low-order moment.
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Figure 16: Contours of neutron scalar flux with different scattering coefficients (isotropic case: colored regions
and solid gray lines; anisotropic case: dash-dot purple lines).

The scheme discretization does not introduce macro auxiliary solutions of higher-order
moment equations. Therefore, IUGKS-AM has stronger universality and extensibility,
which is also easier to implement in code. A detailed analysis of the AP properties of
IUGKS-AM at the diffusion limit is provided in the paper. In addition, the differences
between the scheme and IUGKS-PN were qualitatively/quantitatively compared numer-
ically through typical cases. The IUGKS-PN scheme rigorously calculates the high-order
moment auxiliary equations corresponding to each anisotropic scattering PN expansion
term. Through the analysis and numerical testing, it has been proven that IUGKS-AM
maintains good convergence and computational accuracy under a wide range of grid Kn
numbers. In the numerical tests, the correctness and reliability of IUGKS-AM in the cal-
culations of complex neutron transport model equations are comprehensively verified
from the perspectives of different group parameters and different order anisotropic scat-
tering models through typical 1D/2D/3D cases. The work promotes the application and
development of IUGKS in practical transport simulations, and provides a novel numer-
ical method for the calculation of complex 3D neutron anisotropic scattering transport
equations.
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Appendices

A Anisotropic collision term

In this appendix, the specific form of collision term of three-dimensional anisotropic scat-
tering model is given.

In 3D case, the expansion of f (E→E′,Ω·Ω′) in Eq. (2.2) is,

f (x,Ω′,E′→Ω,E)=
L

∑
l=0

l

∑
r=−l

fl(x,E′→E)Ylr(θ,ω)Y∗
lr(θ

′,ω′). (A.1)

Here Ylr(θ,ω) is spherical harmonic function, while Y∗
lr(θ,ω) denotes the complex conju-

gate of Ylr(θ,ω),

Ylr(θ,ω)=

[
(2l+1)(l−r)!

4π(l+r)!

]1/2

Pr
l (cosθ)eirω,

Y∗
lr(θ,ω)=

[
(2l+1)(l−r)!

4π(l+r)!

]1/2

Pr
l (cosθ)e−irω.

Ylr and Y∗
lr obey the orthonormal condition,∫ π

0

∫ 2π

0
Ylr(θ,ω)Y∗

lr(θ,ω)sinθdθdω=δll′δrr′ . (A.2)

Define µ=cosθ. The discrete ordinate directions in 3D case has the following forms,

Ω1=µ, Ω2=
√

1−µ2cosω, Ω3=
√

1−µ2sinω. (A.3)

Pm
l (µ) is the associated Legendre polynomials,

Pr
l (µ)=

(−1)r

2l l!
(1−µ2)r/2 dl+r

dµl+r (µ
2−1)l , P−r

l (µ)=(−1)r (l−r)!
(l+r)!

Pr
l (µ), |r|≤ l.

Pr
l (µ) satisfies the following orthogonal relationship,

1
2

∫ 1

−1
Pr

l (µ)Pr′
l′ (µ)dµ=

1
2l+1

(l+r)!
(l−r)!

δll′δrr′ . (A.4)

And Pr
l (µ) has the following recurrence relations,

(2l+1)µPr
l (µ)=(l+r)Pr

l−1(µ)+(l−r+1)Pr
l+1. (A.5)

With Eq. (A.1), the collision term can be rewritten as,

S(x,t,Ω,E)=
∫ Σ(x,E′)

Σ(x,E)

L

∑
l=0

l

∑
r=−l

fl(x,E′→E)Ylm(θ,ω)

(∫
Y∗

lm(θ
′,ω′)ϕ(x,t,Ω′,E′)dΩ′

)
dE′.
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Define
φr

g,l =
∫

Y∗
lr(θ,ω)ϕ(x,t,Ω,E)dΩ. (A.6)

The spherical harmonic expansion of the anisotropic collision term is,

S(x,t,Ω,E)=∑
g′

Σ(x,E′)

Σ(x,E)

L

∑
l=0

l

∑
r=−l

fl(x,E′→E)Ylr(θ,ω)φr
g′,l .

Next, in order to have a more intuitive understanding of the collision term, we give the
specific forms of Eq. (A) for low order models.

The expressions of the first few Pm
l (µ) are as,

P0
0 (µ)=1,

P0
1 (µ)=µ, P1

1 (µ)=−
√

1−µ2,

P0
2 (µ)=

3
2

µ2− 1
2

, P1
2 (µ)=−3µ

√
1−µ2, P2

2 (µ)=3(1−µ2).

Correspondingly, the low order Ylm(θ,ω) terms are,

Y00(θ,ω)=

√
1

4π
,

Y10(θ,ω)=

√
3

4π
µ,

Y11(θ,ω)=−
√

3
8π

(1−µ2)(cosω+isinω), Y1−1(θ,ω)=

√
3

8π
(1−µ2)(cosω−isinω).

For isotropic case when L=0, it has,

S(x,t,Ω,E)=
1

4π ∑
g′

Σ(x,E′)

Σ(x,E)
f0(x,E′→E)φg′ ,

where define φg′ =
∫

ϕ(x,t,Ω,E)dΩ.
For P1 case when L=1, it has,

S(x,t,Ω,E)=∑
g′

Σ(x,E′)

Σ(x,E)

(
1

4π
f0(x,E′→E)φg′+

3
4π

f1(x,E′→E)
3

∑
i=1

Ωi φ
(1)
g′,i

)
,

where the moments of ϕ are defined as,

φ
(1)
g′,i =

∫
Ωiϕ(x,t,Ω,E)dΩ.

For the P2 case with L=2, the related moments of f2(x,E′→E) include,

<Ω2
1ϕ>, <Ω2

2ϕ>, <Ω2
3ϕ>, <Ω1Ω2ϕ>, <Ω1Ω3ϕ>, <Ω2Ω3ϕ> .
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Here define the integral symbol < ·>=
∫
· dΩ.

For the P3 case with L=3, the related moments of f3(x,E′→E) include,

<Ω3
1ϕ>, <Ω3

2ϕ>, <Ω3
3ϕ>, <Ω2

1Ω2ϕ>, <Ω2
1Ω3ϕ>, <Ω2

2Ω3ϕ>,

<Ω1Ω2
2ϕ>, <Ω1Ω2

3ϕ>, <Ω2Ω2
3ϕ>, <Ω1Ω2Ω3ϕ> .

B Stability analysis of the L-th moment equation

In order to simplify the analysis process, we take the simplified model equation of one-
dimensional single-group as an example to analyze the stability. For the P0 scattering
model equation, suppose the distribution function of ϕ is,

ϕ(Ω)=
A

4π
eikx.

It can be get,

φ(0)=Aeikx, S(Ω)=
Aσ0

4π
eikx.

The transport equation of φ(0) is,

∂φ(0)

∂t
+∇·

(∫
ΩAeikxdΩ

)
=

σ0−1
τ

Aeikx. (B.1)

The space-time discrete form of Eq. (B.1) is,

φ(0),p+1−φ(0),p

∆t
+

Fϕ
i+1/2−Fϕ

i−1/2

∆x
=

σ0−1
τ

φ(0),p+1. (B.2)

Here the collision term is implicitly discrete. Let xi=0, and the flux at interface i±1/2 in
the diffusion limit is,

F (0)
i−1/2=−1

3
τv2σ0

A(1−e−ik∆x)

∆x
,

F (0)
i+1/2=−1

3
τv2σ0

A(eik∆x−1)
∆x

.

By substituting the numerical flux into Eq. (B.2), it can be get,

φ(0),p+1=

(
1

∆t
+

1−σ0

τ

)−1[1
3

τv2σ0
Aeik∆x+Ae−ik∆x−2A

∆x2 +
A
∆t

]
.

The magnification factor G is,

|G|=
(

1
∆t

+
1−σ0

τ

)−1 ∣∣∣∣23τv2σ0
cos(k∆x)−1

∆x2 +
1

∆t

∣∣∣∣≤ ∣∣∣∣1− 4
3

τv2σ0

∆x2 sin2
(

k∆x
2

)∣∣∣∣.
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Thus, the constraint condition of ∆t is,

∆t≤ 3Σ∆x2

2σ0v
.

For the P1 scattering model equation, ϕ is assumed to be,

ϕm =
A

4π
eikxΩm.

Then the expressions of φ(∗) and S(Ω) are,

φ(0)=0, φ(1)=
A
3

eikx, S=
A

4π
σ1eikxΩm.

And the equation of φ(1) is,

∂φ(1)

∂t
+∇·

(∫
Ω2ϕdΩ

)
=

σ1−1
τ

φ(1).

Similar to the derivation of P0 model equation, the numerical flux of interface i±1/2 in
the diffusion limit is,

F (1)
i−1/2=−1

5
τv2σ1

A(1−e−ik∆x)

∆x
,

F (1)
i+1/2=−1

5
τv2σ1

A(eik∆x−1)
∆x

.

We can easily get that the stability condition of P1 scattering model equation is,

∆t≤min
(

3Σ∆x2

2σ0v
,
5Σ∆x2

6σ1v

)
.

Therefore, through simple analysis, the constraint condition for the L-order scattering
term is,

∆t≤


(L+3)Σ∆x2

2(L+1)σLv , L=0,2,4,··· ,
(L+4)Σ∆x2

2(L+2)σLv , L=1,3,5,··· .
(B.3)

The limit value of Eq. (B.3) is,

∆t≤ Σ∆x2

2vmax(σ0,σ1,··· ,σL)
. (B.4)
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C Moments of collision term

Define the integral operation symbol < ·>=
∫
· dΩ. For anisotropic scattering model

equation, the 1st moments of S are,

<ΩiS>=∑
g′

L

∑
l=0

σl(x,E′→E)
l

∑
m=−l

φm
g′,l

∫
ΩiYlm(θ,ω)dΩ.

For the l-th order, the angular integral term is,
l

∑
m=−l

φm
g′,l

∫
ΩiYlm(θ,ω)dΩ

=
2l+1

4π
φ0

g′,l

∫
ΩiP0

l (µ)dΩ

+
l

∑
m=1

[
(2l+1)(l−m)!

4π(l+m)!

](
φm,R

g,l −iφm,I
g,l

)∫
ΩiPm

l (µ)eimωdΩ

+
l

∑
m=1

[
(2l+1)(l−m)!

4π(l+m)!

](
φm,R

g,l +iφm,I
g,l

)∫
ΩiPm

l (µ)e−imωdΩ. (C.1)

Here the moments of φm,R
g,l and φm,I

g,l are defined as,

φm,R
g,l =

∫
Pm

l (µ)cos(mω)ϕ(x,t,Ω,E)dΩ,

φm,I
g,l =

∫
Pm

l (µ)sin(mω)ϕ(x,t,Ω,E)dΩ.

The components of
∫

ΩiPm
l (µ)e±imωdΩ are,∫

Ω1Pm
l (µ)e±imωdΩ=

∫
µPm

l (µ)dµ
∫
(cos(mω)±isin(mω))dω=0,∫

Ω2Pm
l (µ)e±imωdΩ=

{
π
∫√

1−µ2P1
l (µ)dµ, m=1;

0, else,∫
Ω3Pm

l (µ)e±imωdΩ=

{
±iπ

∫√
1−µ2P1

l (µ)dµ, m=1;
0, else.

Thus, Eq. (C.1) can be simplified as,
l

∑
m=−l

φm
g′,l

∫
Ω1Ylm(θ,ω)dΩ=

2l+1
2

φ0
g′,l

∫
Ω1P0

l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω2Ylm(θ,ω)dΩ=

2l+1
2l(l+1)

φ1,R
g,l

∫ √
1−µ2P1

l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω3Ylm(θ,ω)dΩ=

2l+1
2l(l+1)

φ1,I
g,l

∫ √
1−µ2P1

l (µ)dµ.
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According to the orthogonal relation in Eq. (A.4), it can be further simplified as,

<Ω1S>=∑
g′

σ1,g′→g <Ω1ϕg′ >,

<Ω2S>=∑
g′

σ1,g′→g <Ω2ϕg′ >,

<Ω3S>=∑
g′

σ1,g′→g <Ω3ϕg′ > .

The 2nd moments of S are,

<ΩiΩjS>=∑
g′

L

∑
l=0

σl(x,E′→E)
l

∑
m=−l

φm
g′,l

∫
ΩiΩjYlm(θ,ω)dΩ.

For the 2nd order, the angular integral term is,

l

∑
m=−l

φm
g′,l

∫
ΩiΩjYlm(θ,ω)dΩ

=
2l+1

4π
φ0

g′,l

∫
ΩiΩjP0

l (µ)dΩ

+
l

∑
m=1

[
(2l+1)(l−m)!

4π(l+m)!

](
φm,R

g,l −iφm,I
g,l

)∫
ΩiΩjPm

l (µ)eimωdΩ

+
l

∑
m=1

[
(2l+1)(l−m)!

4π(l+m)!

](
φm,R

g,l +iφm,I
g,l

)∫
ΩiΩjPm

l (µ)e−imωdΩ. (C.2)

The components of
∫

ΩiΩjPm
l (µ)e±imωdΩ are,∫

Ω2
1Pm

l (µ)e±imωdΩ=
∫

µ2Pm
l (µ)dµ

∫
(cos(mω)±isin(mω))dω=0,∫

Ω1Ω2Pm
l (µ)e±imωdΩ=

{
π
∫

µ
√

1−µ2P1
l (µ)dµ, m=1;

0, else,∫
Ω1Ω3Pm

l (µ)e±imωdΩ=

{
±iπ

∫
µ
√

1−µ2P1
l (µ)dµ, m=1;

0, else,∫
Ω2

2Pm
l (µ)e±imωdΩ=

{
π
2

∫
(1−µ2)P2

l (µ)dµ, m=2;

0, else,∫
Ω2Ω3Pm

l (µ)e±imωdΩ=

{
±i π

2

∫
(1−µ2)P2

l (µ)dµ, m=2;

0, else,∫
Ω2

3Pm
l (µ)e±imωdΩ=

{
−π

2

∫
(1−µ2)P2

l (µ)dµ, m=2;

0, else.
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Eq. (C.2) is rearranged as,

l

∑
m=−l

φm
g′,l

∫
Ω2

1Ylm(θ,ω)dΩ=
2l+1

2
φ0

g′,l

∫
Ω2

1P0
l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω1Ω2Ylm(θ,ω)dΩ=

2l+1
2l(l+1)

φ1,R
g,l

∫
µ
√

1−µ2P1
l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω1Ω3Ylm(θ,ω)dΩ=

2l+1
2l(l+1)

φ1,I
g,l

∫
µ
√

1−µ2P1
l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω2

2Ylm(θ,ω)dΩ=
2l+1

4
φ0

g′,l

∫
(1−µ2)P0

l (µ)dµ

+
(2l+1)(l−2)!

4(l+2)!
φ2,R

g,l

∫
(1−µ2)P2

l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω2Ω3Ylm(θ,ω)dΩ=

(2l+1)(l−2)!
4(l+2)!

φ2,I
g,l

∫
(1−µ2)P2

l (µ)dµ,

l

∑
m=−l

φm
g′,l

∫
Ω2

3Ylm(θ,ω)dΩ=
2l+1

4
φ0

g′,l

∫
(1−µ2)P0

l (µ)dµ

+
(2l+1)(l−2)!

4(l+2)!
φ2,R

g,l

∫
(1−µ2)P2

l (µ)dµ.

Combined with the orthogonal relation in Eq. (A.4), the integral term of µ has the follow-
ing forms,

∫
µ2P0

0 (µ)dµ=
2
3

,∫
µ2P0

2 (µ)dµ=
4
15

,∫
µ
√

1−µ2P1
2 (µ)dµ=−4

5
,∫

(1−µ2)P0
0 (µ)dµ=

4
3

,∫
(1−µ2)P0

2 (µ)dµ=− 4
15

,∫
(1−µ2)P2

2 (µ)dµ=
16
5

.
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Thus, <ΩiΩjS> can be simplified as,

l

∑
m=−l

φm
g′,l

∫
Ω2

1Ylm(θ,ω)dΩ=
1
3 ∑

g′
(σ0,g′→g−σ2,g′→g)φg′+∑

g′
σ2,g′→g <Ω1Ω1ϕg′ >,

l

∑
m=−l

φm
g′,l

∫
Ω1Ω2Ylm(θ,ω)dΩ=∑

g′
σ2,g′→g <Ω1Ω2ϕg′ >,

l

∑
m=−l

φm
g′,l

∫
Ω1Ω3Ylm(θ,ω)dΩ=∑

g′
σ2,g′→g <Ω1Ω3ϕg′ >,

l

∑
m=−l

φm
g′,l

∫
Ω2

2Ylm(θ,ω)dΩ=
1
3 ∑

g′
(σ0,g′→g−σ2,g′→g)φg′+∑

g′
σ2,g′→g <Ω2Ω2ϕg′ >,

l

∑
m=−l

φm
g′,l

∫
Ω2Ω3Ylm(θ,ω)dΩ=∑

g′
σ2,g′→g <Ω2Ω3ϕg′ >,

l

∑
m=−l

φm
g′,l

∫
Ω2

3Ylm(θ,ω)dΩ=
1
3 ∑

g′
(σ0,g′→g−σ2,g′→g)φg′+∑

g′
σ2,g′→g <Ω3Ω3ϕg′ > .

D Model parameters for KAPL

For region void, Σg, g= 1,2,3 is set as 10−20 avoid singularity in numerical calculation.
And other cross section parameters are all zero.

Table 8: The three group total cross section parameters for KAPL.

Region Group 1 Group 2 Group 3

Source region(I) 1.5209e-1 2.4414e-1 4.7510e-1

Side iron(II) 3.0853e-1 2.6767e-1 2.4658e-1

Iron outside(III) 3.0792e-1 2.6399e-1 2.4460e-1

Side water(IV) 1.4939e-1 2.5480e-1 4.9522e-1

Bottom water(V) 1.5080e-1 2.4224e-1 4.7529e-1

Central water(VI) 1.5061e-1 2.4215e-1 4.7527e-1

Upper iron(VII) 3.0311e-1 2.6876e-1 2.4545e-1

Outer water(VIII) 1.3791e-1 2.5307e-1 4.9833e-1
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Table 9: Three group P0 cross sections for KAPL.

Region Σs,0 Group 1 Group 2 Group 3

Source region(I)

g→1 5.50690e-2 – –

g→2 6.62270e-2 1.14080e-1 –

g→3 2.81535e-2 1.30005e-1 4.75098e-1

Side iron(II)

g→1 1.81200e-1 – –

g→2 6.74630e-2 2.11630e-1 –

g→3 5.65677e-2 5.56596e-2 2.46217e-1

Iron outside(III)

g→1 1.81040e-1 – –

g→2 6.73630e-2 2.04540e-1 –

g→3 5.61202e-2 5.91218e-2 2.44224e-1

Side water(IV)

g→1 5.62070e-2 – –

g→2 6.33120e-2 1.02380e-1 –

g→3 2.71698e-2 1.52391e-1 4.95218e-1

Bottom water(V)

g→1 5.57300e-2 – –

g→2 6.47110e-2 1.14970e-1 –

g→3 2.77104e-2 1.27214e-1 4.75288e-1

Central water(VI)

g→1 5.58200e-2 – –

g→2 6.44960e-2 1.15030e-1 –

g→3 2.76445e-2 1.27071e-1 4.75270e-1

Upper iron(VII)

g→1 1.82500e-1 – –

g→2 6.52940e-2 2.13570e-1 –

g→3 5.10076e-2 5.47906e-2 2.45084e-1

Outer water(VIII)

g→1 6.11190e-2 – –

g→2 5.08650e-2 1.04630e-1 –

g→3 2.29312e-2 1.48405e-1 4.98329e-1
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Table 10: Three group P1 cross sections for KAPL.

Region Σs,1 Group 1 Group 2 Group 3

Source region(I)

g→1 3.4757e-2 – –

g→2 3.7043e-2 6.7420e-2 –

g→3 9.37598e-3 6.29807e-2 2.41101e-1

Side iron(II)

g→1 1.3024e-1 – –

g→2 -2.0035e-4 6.9070e-2 –

g→3 0.0e0 -2.1840e-3 5.5863e-2

Iron outside(III)

g→1 1.3022e-1 – –

g→2 -1.9907e-4 6.5533e-2 –

g→3 0.0e0 -2.8134e-3 5.61362e-2

Side water(IV)

g→1 3.4923e-2 – –

g→2 3.6120e-2 6.0000e-2 –

g→3 9.12651e-3 7.60892e-2 2.56796e-1

Bottom water(V)

g→1 3.4757e-2 – –

g→2 3.7043e-2 6.7420e-2 –

g→3 9.37598e-3 6.29807e-2 2.41101e-1

Central water(VI)

g→1 3.4780e-2 – –

g→2 3.6930e-2 6.7457e-2 –

g→3 9.34568e-3 6.29077e-2 2.41093e-1

Upper iron(VII)

g→1 1.3089e-1 – –

g→2 -1.0523e-4 7.0373e-2 –

g→3 0.0d0 -2.0437e-3 5.58192e-2

Outer water(VIII)

g→1 3.6483e-2 – –

g→2 2.8960e-2 6.1280e-2 –

g→3 7.22521e-3 7.39963e-2 2.58898e-1
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