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Abstract. We study the convergence of a finite volume method based on the method of
bicharacteristics for multidimensional hyperbolic conservation laws. In particular, we
concentrate on the linear wave equation system and nonlinear Euler equations of gas
dynamics. We show the stability and the consistency of the numerical approximations.
By means of the generalized Lax equivalence principle we prove the convergence of
numerical solutions to the strong solution on the lifespan.
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1 Introduction

Hyperbolic conservation laws are fundamental to model conservation principles arising
in fluid dynamics, physics or biology. In this paper we consider multidimensional hy-
perbolic conservation laws and concentrate on the linear wave equation system and the
nonlinear Euler equations of gas dynamics.

These systems are approximated by a genuinely multidimensional finite volume evo-
lution Galerkin method which is based on the method of bicharacteristics, that has been
developed by Lukdcova, Morton and Warnecke [10]. Applying the generalized Lax
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equivalence principle, see [7], and the recently developed concept of generalized solu-
tions, the dissipative solutions, we will analyze the convergence of the genuinely multi-
dimensional finite volume evolution Galerkin method.

In our recent works [6,14], we have proved the convergence of the numerical solutions
for the Euler equations obtained by the finite volume upwind method and the Godunov
method, respectively. In general, we obtain only weak® convergence to a generalized,
dissipative solution. If the limit is a weak entropy solution then the convergence is also
strong. Moreover, if the Euler equations admit a strong solution then the numerical solu-
tions converge strongly to the strong solution as long as the latter exists.

Our aim is to extend the previous convergence analysis to the genuinely multidimen-
sional finite volume method based on the method of bicharacteristics. We point out that
this is the first result available in the literature, where the convergence of the truly multi-
dimensional scheme is studied for multidimensional hyperbolic systems. In this context
we refer to the recent work of Lukaova and Yuan [15], where the convergence of finite
volume generalized Riemann problem method, see |. Li et al. [8,9], has been analysed for
scalar hyperbolic equation.

The hyperbolic conservation law on a bounded domain 0} © RY (d =2,3) reads

QU +div. F(U)=0, (tx)€(0,T)x0Q, (1.1)

where U £ RY is the conservative variable and F € RN*? is the flux function. System
(1.1) is accompanied with initial data U(0,-) = Uy on {1 and periodic boundary condi-
tions. Taking the second law of thermodynamics into account we further require that the
entropy inequality holds, i.e.

aS(U)+div, QU =0, (t,x)e(0,T) =02 (1.2)

We analyse specifically the linear wave equation system with
U=(pu)’, F=(cu,cpl)’, c>0, (1.3)
S=—2luP, Q=-cput, (14)

and the nonlinear Euler equations with

s E. T
u=(emE)', F=(m ™" 4p1,™ e“’”) , (1.5)
S . 1 1 2
S5=0Ceos, Q=? with Cy= — and s=In E . T>=L (1.6)

In this paper we concentrate on two-dimensional problem, i.e. d =2. The generalization
to d =3 is possible but technical and the details will be presented in a future work.

In (1.3), ¢ denotes the wave pressure, u=(u,v) is the velocity vector and c =constant
is the wave speed. Further, in (1.5), p denotes the density, m = (n;,mz2) = (pu,pv) is the

1 [m|?

momentum, E is the energy, p=(y—1)(E—5 =) is the pressure and S is the entropy.
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It is well-known that for the multidimensional Euler equations there may exist in-
finitely many weak entropy solutions, i.e. the solutions satisfying (1.1),{1.6) in the weak
sense, cf. De Lellis and 5Székelyhidi [3], Chiodaroli et al. [1,2], and Feireisl et al. [5]. This
makes analysis of numerical schemes challenging. We present an elegant way of such
analysis via a generalized Lax equivalence principle and dissipative solutions.

The rest of the paper is organised as follows. Section 2 presents the numerical scheme.
Section 3 is dedicated to the discussion of entropy stability, while Section 4 introduces the
consistency formulation. In Section 5, we provide the convergence results. Numerical
experiments illustrating theoretical results are presented in the last section.

2 Finite volume evolution Galerkin method

In this section we introduce the finite volume evolution Galerkin method which is origi-
nally proposed in Lukacova et al. [10,11].

2.1 MNotations

Let Fj, be a uniform structured mesh formed by squares with the mesh parameter h<(0,1)
such that 0):=|Jg.g, K. We denote by ¢ = L|R the common face of cells L and R, by X the
set of all faces, and by (K the set of all faces of a generic cell K € Fj,.

We consider the space of piecewise constant functions

G, ={v: v|x =constant, for all K€ T, }, (2.1)

and define the projection operator

I, LYQ) @, ILpl= Y lTéT}
Kedy

I/;(cpl[x]dx, (2.2)

where |K| 2 h? is the Lebesgue measure of K and 1, is the characteristic function.
Further, we introduce the average and jump operators at the interface ¢ for v € @:

i st .
(o () = T 1) ot x) -0 )

where

ok T sl e Jin s T it
o I{.X':I—Jl_l,r‘%'i_t{_‘fhsﬂ}, o' (x) Jl_l,r‘%'i_t{_‘f on),

and # is the outer normal vector to .
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2.2 Finite volume evolution Galerkin method

We now proceed to formulate the finite volume evolution Galerkin (FVEG) method for
the hyperbolic conservation law (1.1). Letting U’ € ﬂij:", the FVEG method reads

At
u;;":u;g-[ 2, /F(U”"TM*)-HdSIdT, Ue=(Uy) |k (2.3)
o !K|ur:£rm'”

where Af is the time step and U7/ is evolved by using the approximate evolution
operator E;
Ut is () —E U, xeo. (2.4)

Time interval (0,T), T =0, is divided into time subintervals (",¢"" B L= At
Mext, we approximate the time integral with the midpoint rule and the space integral
over cell-interface ¢ with the Simpson quadrature rule, and obtain

lo| At

Ut =ug-—— Y. F°m, (2.5a)
K] rEX(K)
EF‘“’=%F(U§“)+%F(U§G) 4 %r(uﬁcj, (2.5b)

where UL“ =U"*12(X), X € {A,B,S} and A,B are the corner points of the cell-interface
, S is the barycenter of ¢, see Fig. 1. For the prediction of U“ we have used the second-
order approximate evolution operator in (2.4), which will be introduced in Section 2.3
and Section 2.4.

A crucial ingredient of the FVEG method is the evolution operator E; that takes mul-
tidimensional evolution of a solution into account. In Appendices A and B we present

o i (g
A
e
LIE‘__TE rR
oy
(53 B (5]
BL o ] BR

Figure 1: Illustration of the update point values on a Cartesian mesh.
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such evolution operator for the wave equation system and the linearized Euler equations.
Both evolution operators give the exact solution at a new time step (f+ At ), however they
are implicit in time due to the integration over the mantle of the bicharacteristic cone. In
the following sections we present suitable approximation yielding time explicit evolution
of a numerical solution.

2.3 FVEG2 for the wave equation system

In [10], various approximations of the exact evolution operator (A.1)-(A.3) were derived.
In this paper we will work with the second order approximate of time integrals

teAr plr b AL R tAE p2T
f / S(1,6)ded, f / 5(f,8)cosfdédt and [ f S(1.8)sinfdedt
t J10 t A0 Jt i)

based on the trapezoidal quadrature, here S(f,8) = clu.(%,7,F)sin®0 — (1, (%,i7,F) +
v, (%,7,F))sinfcos@+ v, (%,7,F) cos?8], cf.(A4). The application of integration by parts
yields the following aﬁpmximate evolution operator. To be consistent with [10], we de-
note it EG2:

1 por .

p= = / Ppo — tiocost —vosinfdf — ¢p +6(AF), (2.6a)
L0
1 gp2n 1

Up= EL ~pocost g (2‘.’.‘0525 ~ E) +2vpsinfcosfdf +G(AF), (2.6b)
1 sl ) ) o 1 3

== /[; —ppsint 4+ 2ugpsintcost +vp ZSIH_E—E dé+6(At"), (2.6¢)

where P=(x,y,t"*"), P'=(x,y,t"), Q= (x—ccosBAt,y —csinBAL,1").

Let us denote by LR, UL UR,BL,BR the left, right, upper left, upper right, bottom
left, bottom right neighbouring mesh cells to the edge ¢ = L|R, respectively, see Fig.1.
Applying (2.6a)-(2.6c) we obtain following explicit expressions of (¢p,up,vp) for P=5
and P = A. The expression for the case "= B shall be derived through mirror symmetry
of P=A:

Case P=5;

il iz s im
/_' ¢Rde+[- ¢ de —i(/_ upcostfdf [ ) uLcocstE?)
-3 b el =8 b

—l(/ vpsinfdf + /E
A% 3

={¢RJr'(PL:'—%'[“R—“L}'"'iPP-f (2.7a)

1
T

¢p=

ity sinﬂ‘dﬂ') ~pe
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further, we have

1 (f"
Up——
m\J-3

3 : 3
+f__ uy (2cos’f — %}dﬂ) it % (/_ 2ugsinfcosfdd + f - ZULsianosﬂdE?)
7 -3 3

T

3m
~ g cosfdf + / : ~¢Lcnsﬂdﬁ) + LS ([ tg(2cos? 6 — %)dﬂ
Iz s x

-3

=_§{¢R—¢Lj+%(”R+”LJ-‘ @)

o

I .3
UP=_([* —Prsinfdé+ /'2 -¢Lsinﬁd3) 4-1(/1 Qugsinfcosfdd
J-3 /3 HNf g

T

T

=4 5 ¥ .
+j__ ZMLsinﬁcosﬂdﬂ) + 2 ( ['_ vp{2sin®8 — %}d€+ [ " 1y (2sin6— %jdﬂ)
'5. ¥ ;j. K %
1
=E{UR +oL). (2.7c)
Case P= A:
1 0 E T 1_-..-"
¢P=E( ¢Rd9 -I-[ tPURdE+/ (PULdH-I-/. ¢Ld5)
1 ]
_E([ uﬁcnsﬂd|9+f HURCD"?BdH+] umcnsﬁdﬂ+/ uLcmﬁdﬂ)
-3 .

—%([ oRsingdo-+ /-_zlugsinﬂdﬁ-i—[ Uu,u_sinﬂdf?+[ uLsmadﬁ) it

=—(¢r+dPur+Pur +¢L) ——{“R+uug—HUL—HL : o {Uﬁ: Ui = vuL+oL) = ¢p,
(2.8a)

NII-*

1
HUp—=—=——

:pﬁcmﬂdﬁl [ gy rcostde - I-[ ¢“;_cnsﬂ'd9+fT¢LcdeH)

T(
1 5. 1 . 5. 1
g 2cos” E?— HUR 2cos0— 2 dﬂ-}-/ uyr | 2cos 68—z | df
it 2 g 2
E ]
+f_ (ZCDS IE?——) ) ([ Eunsmﬁcuqﬁdﬂ+f 2oirsinfoosfdd
T -
+/

. EEJULsinEcnsﬁdﬂ+[ Em_sinﬁcnsﬂdﬁ)

{q’JR +dur —PuL— o)+ - {Hﬁ +HUR+HUL+NL}+ [‘—UR-I‘-UUR—UUL-FUL}'
(2.8b)
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0 1 m .
vp=~— %( rsinfde + [ ¢ursinfde + [ fursinddé 4 / _ chsinl?dH)
! 5 JO . ;r T

L
B

i L2 T
.1l(/ 2ugsinfcosfde 4 /zzlfuﬁﬁiﬂ9C055d9+ [ 2uyy; sinficosfde
T if ; J0 b i

¥ 0 C
+f B EuLsiandeH) + 2 (/ Up (251:129— 1) dﬁ-{-f_ TR (Zainzﬁ - 1) de
P TNS-3 2 i 2

rf ;e A % s
+[ | 2sint@— = | df +/ vp | 2sin"f— = | dff
Jz 2 Jr 2

1 1
= (PR —¢pur—¢ur+¢r)+ —(—ug+uur—uur+ur)+ 7 (vr+vur+our+or). (2.8c)

1
4

24 FVEG2 for the Euler equations

Applying the same approximation of the time integrals to the exact evolution operator
for the linearized Euler equations, see Appendix B, we obtain the following approximate
evolution operator for the density, velocities and pressure.

" 2 ! !
pp=pp LB ~i-i Fo —P—HQCGSE}--- P—,UQsinEdH +G(AF), (2.9a)
¢

&2 "wh % ¢
2m

Up= %/ﬂ - ;f" cost + HQ{ECGSEH - %} +2vpsinficostd -+-ﬁ{ﬁi‘3}, (2.9h)

1 gan 1,
Up=— / - PIQF sinf 4+ 2ugsinfeosf 4 vo(2sin’8 — - )dO+6(AF), (2.9¢c)

o g 2

n
pr==fport— po—p'c'ugcosd—p'c'vgsinfdo+G(AF), (2.9d)
JA

where P = (x,y,t"*1), P' = (x—w'At,y—v'ALE"), Q = (x—(u'—c'cosd)At,y—(v' -
c'sinf)At,t" ). We recall that we have linearized locally the Euler equations and p',u',v",c/
are fixed linearized density, flow and sound velocity, see Appendix B.

Applying the approximate evolution operator (2.9a)-(2.9d) to a piecewise constant
data on a regular rectangular grid, we obtain analogous expression for the predicted
solution U"*1/2(P) for P=A,B and P =S5 as above. Here § is a midpoint of an arbitrary
fixed edge o =L|R and A, B are the corner points.

MNote that the bicharacteristic cone is slanted by {u"%l,vf %t]l and therefore the base
of the cone may get various positions. Taking the CFL stability condition max((u'+
')At (v"+4c")At) < h into account the base circle only falls down into neighbouring cells
to the corresponding edge o =L|K.

In what follow, we present two cases for A and 5.
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Figure 2: Hlustration of possible update of point values for the linearized Euler equations.

Case P=5: we obtain the following approximation,

2 ! i

7 pe 1 Fo g
pr=pPpr—"p + Tk B upcost — 7
r

B pL 1 I T~k p [
_PL_ETE_}.F (f.ﬂdeHJr./; p;_dﬁ) —E(—[ﬂuﬁcnsﬂdﬁ

!

2T —& i I —it
+f HLCDSEL".H) -~ %([ URSiHHdﬁ-F/ z:LsmﬁdH)

vosinfde

2a 'sinw
=pL+ 5 (PR—pL)—— 5 (ur—uL), (2.10a)
where & =arccos(u' /'),
i oo /-L‘r PO cosb+u (2cos”# 1:]+2'J sinfcosfde
B— o P‘ffj olLc 5 [l
L ([ 0do fz 0de ) +— [ (2c0s20— 1) dp
—=— 1R €O - : — -
e /...ﬁ-‘t RCOS + A prCos . up(2cos 3
Xr—a 1 1 Iy 2r-a
+ / 1y (2cosd — i}dﬁ) - = ([ tp2sinfcosddB + [ I-‘,_Zsinﬂcosﬂdﬁ)
=—?%{pn—pﬂ+mn%ﬂTM{HR—HQ by (2.10b)

Similarly, we can express vp as

1 g ) 1.
i M E’S’ sinf+2ugsinfcosf + v (2sin?f — EJ de
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T - 1 & )
— H,ﬂf ([ pnsmﬁ‘dﬂ-l—/ p:_smﬂdﬁ) H([ﬁugism&cosﬂdﬁ

Fr—u L dr—u
4 / uf_zsinﬂ'cosﬂdﬂ) + l ( / UR{ESi.l'le - E}dﬂ-l- f U;_[Zsinzﬁ = %}dﬁ)
Ja A R n

i —sin2a

(v —vL)+vL,

(2.10c)
and

1 ji=
pp=—pp'+— A po—p'cugcost —p'c'vosindde

2r—a PIEJ it I — it
=—prL+- ([ pndﬂ+[ p:_dﬂ) = (f rmcusﬂdﬁ+f HLCf}SHdH)

G U vRsianﬂ+/ " aninada)
T J—n Ja
2 2p'c’sina
=it ¥{PR =Pl PT(HR —up). (2.10d)

Case P=A: the EG2 approximate evolution operator reads

2}‘.1‘ 2m—n3
Pr=pL— 5 (f prde +/ Pund9+f PuLd9+ PLdﬁ)
e -

¢

=iy
& ot 2 —a:
~ Tt (f “Rmﬂﬁdﬁ-i-f uu}zcnsﬁdﬂ+f uuwnsﬂdﬂ—i—
d =3 fny e

uLcnsﬂdH)
=iy
! o e =i 27—y
— L{ (f ! ‘{JRSi]'leH +f EUREianE—Ff LUULEiﬂHdH‘l‘ EJngnﬁdﬁ)
Tc =y

=pp— Q{PL—FUL}‘F {px PUR — PL[J'_-I‘-P‘L:'-F—Q{FR-I‘-PUR puL—pr)

Fil?}] (MR —uyR+ UL —up ) — ¢ Elm*l—% (MR +UyR — UL —UL)
Ic rc!
COSa COSia
4 * (vR — Dy —vuL +oL) - ¢ (vp—vur+ovuL—vL)), (2.11a)
e’ e’
Hp=-— — (f pgcnsﬂdﬂ+f purcostide f purcostdf
2= 1 i &3 1
+ lp;_ccrsﬁdﬁ) +;(f | IfRI[EcnszB——}dE3+[ uur(2c0s6~ 5)d8
o T =it —ia i)
T—a 1 2rr—na 1 i)
.+f uuL{Ecnszﬁ—i}dH-l- uLl[Ecoslﬁ—i]dE?) (/ vr2sinfoosfdd
€y o =ity of —ik3
o M= 257 =
+f 2U“R251nﬂcnsﬂdﬁ'+f lUULZSianustE‘+
ay Tz

=iy

-ULESinHCDSHdH)
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qmaj

sina
T + (PR—pur-+puL—pL) - i 2 (pr+ pur — pur - pr)
sin2ay +a sin2as 4 o
# (R —uyr — L +ur )+ #{HR + R — i — L)
2

sin®ay — sin i, 1 1
%(UR vur+vuL —vr) I-EHUL+ EHL' (2.11b)

1 iy L] =iy

Up=—— F([ pRsianH+/ pugsinﬂdﬁ+f pursinfdf

e \ Jay iy -

Ly

2r—a @
+ 2p;_sinﬂ'd€) + % (/ ] up2sinfcosfde + up2sintfcosfdd

T =1 ~fr Sy

=N : 2 - : 1 Ll i 1
+f uy; 2sinfcosfdd -+ u;_:ismﬂcnsﬂdﬁ) +— (f vg(2sin 8 — —}dH
ax M=y —ika

] 21~ %]

+ _1=URi25inzH—%]dﬁ+ [ our (2sin20 - —}d9+f

COSM
plc'

iy —sin2ay ( ) A —sinZus
——|UR—TUR—TULTTL
2 2

vy (2sin?f — E)dﬂ)

c
(Pr—Pur—pur+pL)— prc’ 2 (pr—Prir+ i —pr)

2 (vg+vur —vuL — L)

2

o 2
mﬂltuﬂ— MUR 1L —up) + Iqu IPL, (211c)
T 2 2
1 iy 3 =y 20—
pp=—pL+ - (j pndﬁ‘-{-f pugdﬁ—i—j purLde+ pLdﬂ)
~ ity iy itz o fT—iy

p'c! & i oy ey
+ (f upcosfdf +f ugcosfde iy costde - HLccx-:Hdﬂ)

T — i3 &) Sy =y
P’C" iy el =iy 2t —ng
+ -—( [ orsinddo+ f pursinfdo-+ / oursinBdf -+ ULsianH)
T o =i [£4) + o =ity
[ P ) ,
ey s c'sing
=—-{P‘R —pur—pur+pL)+ ;I:F‘R + PUR—puL—pL)— PTI{HR —uyR+uyL—ur)

_ p'c'sina; p'c'cosay
Y (up+uyr —uyL—u)+————(vr—vur —vuL+vL)

p'c'cosaz

(vr —vur+oy —vL)), (2.11d)

where &y =arcsint’ /¢’, az =arccosu’ /¢’.
We note that in order to compute numerically nonlinear Euler equations the local
linearization is done by local averaging at the point P'. Thus p' = {{py}}, u' = {{ux}}.

o'={{oa}}, p'= ) ' = /T
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3 Stability

In order to prove the convergence of the FVEG method we need to show its stability and
consistency.

* For linear wave equation system the stability of the FVEG method has been studied
in [12]. By means of the von Neumann analysis and estimate of the amplification
matrix it has been shown that under a suitable CFL condition cAt/h < CFL < 1, the
FVEG method is stable in the sense of ||Uy ||t~ < ||Ug||r~.

* To show the similar property for nonlinear system of the Euler equations is a non-
trivial task. Following our work [14, Lemma 3.1] we may however prove that if a
numerical scheme is entropy stable and there exists

p,E>0, suchthat 0<p<p,, E,<E, h—0, (3.1)
then numerical solution {py,,m;, E; } stays uniformly bounded, i.e.

IC >0, ”(1-"‘.IG-[HPFJ-'"J’H1XEJ??EI’T}I“L"[Q;R-"“] =C, h—=0. {32}

Hence, in what follows we may assume the stability property (3.2) holds when
analysing the Euler problem. We point out that for nonlinear conservation law we need
in addition the weak BY estimates generated from the entropy stability of the FVEG
method. This question will be studied below.

3.1 Entropy stability of the FVEG flux

We proceed to analyze the entropy stability of the semi-discrete version of the FVEG
method (2.5), i.e.

"'iuk:_l?- E EEC(t)-m, (3.3)
| |Lr-_:._z(x]

where FL© is given in (2.5b). In this section we concentrate on the FVEG method in one-
space dimension, 1.e.

af“:r(uf—ﬁ), oc=L|R.

We note that the analysis presented here can be directly generalized to a two-dimensional
case by applying a direction by direction approach.

Following [13], we construct a path in the phase space to connect U; and Uy with
(N +1)-states, i.e.

WV with Ul=u;, UN=Uy,
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using the right eigenvectors of the associated linearized Jacobian matrix ﬁ(UL,UR),

A(UU)=A(U)=Ey(U):
{rj,, Irh =1, j= 1,---,N} such that W= —alsl,

We denote by { I, |I:|=1, j=1,---,N} the corresponding left eigenvector system, i.e.
U S dix, which yields a), = (I}, [[Uy]]s}. Then, we connect from U], to Ul with the
sub-path UW.(&),& € [~1/2,1/2] through shock wave such that

FUH(E) - FU) =M b)), with wj (3 )=, u(5) =™
(3.4)
Hence, the Rankin-Hugoniot conditions hold for £=1/2, 1.e.
FuiY—Ful)y=ALul"' —ul), with AL G) =AL.
With the above notations, we know from the construction of the FVEG method that
- : 1N .
uLJr:G: UL + Z fx{frur F.-_rEL'Z {{F(uh}}} - E;E’Tjﬂ'{’l:w "T,:= !’1{r| (35}
jAl =0 =

Next, we study the entropy stability of FEC by means of Tadmor’s comparison principle,
see [13]. To this end, we recall the explicit form of the entropy-conservative flux [16]:

N ¢ i
EEC=({F(U)}} — 5 Y qj ok (36)
=1
with ;
qF=/_f, 2E(A(ULE)) ) dE, (3.7)

and calculate the difference between g; and 4; stated in the following lemma.

Lemma 3.1. Suppose that

! 'fr — fi |+ |le = J‘Li'| <c| [[U;}Hz- (] = ua'i"'l = U:;, (3:8)

where {7 } N | is the right orthonormal eigenvectors of Ait1:= A{H{;{U}j, with the correspond-
ing eigenvalues {A% 1Y .
Then it holds

g <qp+x[AL e [U])2 k=2, (3.9)

s |
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where

(A =max{[AL],0}, [AL]:=AM(A(U)) N (AUL)),

and = I"’,,,];fz t 0ot with cy=max | 95|, co=max|p(A(U))|, p(A(U)) represents the spectral

radius of the Jacobian matrix A(U).

Proof. See Appendix C. O

Remark 3.1. We point out that assumption (3.8) holds for linear systems, since T =T D=
Al holds for any j=1,---,N. Moreover, it can be removed if a new FVEG method has a

numerical diffusion g7 <g;+x [AL]* 4+ C|[[U,]] |2, we leave the proof to an interested reader.

Remark 3.2. We can extend these results directly to the higher-dimensional case by se-
lecting the numerical flux at the midpoint of the cell boundaries. Specifically, we utilize
the one-dimensional numerical flux for both x- and y-directions.

Inspired by estimate (3.9), we slightly modify our FVEG scheme such that the new
version is entropy stable,

. 1Y ¥ . = , y 2 :
FfC={{F(Un) Y} =5 Lably, §= |G|+ (AT +el U] (3.10)
i=1

Lemma 3.1 implies that numerical viscosity of the FVEG method with FEC, cf.(3.10), is
larger than that of the entropy conservative finite volume method with the numerical
flux ch. Following Tadmor’s comparison principle [13] the FVEG method (2.5}, (3.10) is
entropy stable.

Indeed, multiplying (3.3) with wy =w(Uy), w="7u5(U), we obtain,

o _n‘S{qu_ fid FC
wi S Uk (t) === = —wk |—|”__}E:mf; ()em, (3.11)

resulting to

[de‘-zwx'“(|'lﬂ( Y (EFGU}—EFC“))'TH ¥ EFCU}-H)
Jo o dt K K| \ocri) reL(K)

= [ (RS- EE(1) ) [on oS

> fz {f‘[[u;,]]:,[[wh]]:rdsx3_}_(’__"_/; ([UA]2dS:, (3.12)

where C <0, C >0 are constants depending on the constant C in (3.2).
Entropy stability of the modified FVEG method (3.3), (3.10) implies the following
weak BV estimate.
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Lemma 3.2 (Weak BV estimate). Let Uy, be the numerical solution obtained by the FVEG
method, under the assumptions (3.2) and (3.8) hold. Then we have

¥ . Tordsily)
u,ll, Edbrdifg[ [—'d_ di<C. 3.13
[ L Bas.ars [ [ St ax (3.13)

Remark 3.3. In the above lemma we have showed that if the FVEG method is entropy
stable then the BV estimates (3.13) hold. We note that entropy stability of the FVEG
follows from Lemma 3.1 for the case that the cell-interface integral is approximated by
the midpoint rule, i.e. one-dimensional entropy stability analysis can be directly applied.
In a general case when the Simpson rule for the cell-interface integrals is used the analysis
is analogous but more tedious.

Following our recent work [15], we conjecture here that the modified FVEG scheme
based on the approximate evolution operator and an added numerical diffusion, cf.
(3.10), is entropy stable also for the Simpson rule approximation of the cell-interface in-
tegrals, (2.5b).

4 Consistency

Having obtained the weak BY estimate, we proceed by showing consistency of the FVEG
method (3.3).
4.1 Difference between U)E(G and L, Ugp

We start by showing some useful estimates of [|ULS — Uy ||, Xe {A,B,S}, Ke{L,R}, where
the concrete formulas of LIL® are derived in Section 2.3 for the wave equation system and
Section 2.4 for the Euler equations. Let us introduce the following notations for the later
use

o a=b if a<cb with a generic positive constant ¢,

e« a=p ifa=bhand b=a.

Lemma 4.1. Consider the linear wave equation system. Let ULS, X € { A, B,S} be given by (2.7)
and (2.8). Then it holds for any c € £, o =L|R that

lug-ux®l s Y llUlsll. X€{ABS}, Ke{LR} (1)
dese)

with

S(o)={Fex|Fne £ ). (4.2)
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Proof. In what follows we analyze ||U3“—Ug||, X € {A,B,S}, K=L case by case. Note
that the case K= R shall be done analogously. To this goal, let us specify 5(c) as follows

S{o)= {E“,ﬂ'_l_,l?‘_ L+ 0L O+ TR~ };

where we have denoted by ¢ + and ¢ - the edge intersecting of the mesh cell ULand L, L
and BL respectively. Analogous notation holds for ¢+ and -, see Fig. 1 for illustration.
For the first component ¢, it follows from (2.8a) that

Pr—¢a
1

1 1
= — (4{¢R+¢UR+¢UL+¢L} - ;‘T(MR'+ tuR —uuL—uL)+—(vR—Vur —UUL-J-UL])

3 1 1 1
= (E‘PL - 1{¢R+'¢Pun+¢ud) +—(up—ug +uyr—sur) = —{vr—vur+or —vu)

= (;{‘PL‘%E] + i(‘f’L—‘f’Uf_} + é{tﬁ. —fPUR]) (g —ug +HUR--“UI_}

_l_ X
T
1
——(vr—vur+oL—ouL),
which yields
(6=l < 5 (1091lo| +| [T, |+ 9Tl |+l + [Tl |+ [Ty, |+ |0y, )
Same calculations give

(01— a] < 3 (1001l + {100, |+ |01y |+l Tl | +] ol |+l |):
Further, thanks to the definition of ¢s, i.e. (2.7a), we get
PL—ps= — ({%{:‘FL +Pr) — %{”R = “L)) = %(‘PL —tPR}'I‘%[”R—HL]
implying |¢; — | < %{ltp;_ ~ g+ |ug—ur|). Altogether, we have proved ”‘P;E{G—‘PK” <
Y |l[[Ug]]s|l, where for the vector U, the L' —norm is considered.

Fes(e)
In the same manner, we obtain from the definitions of u 4 and ug, see (2.6), that

=My

1 1 1
=H‘L—(—E{¢R+¢LFR—¢UL—IPL:J-I'-Z[L!R-I‘-Hun-l-“r_,r{,-l-m_}-l-EI:*—L‘R-I'-UUR —-IJUL+IJL})
1 e 1 L
—H(ti‘?n-—ti‘?L-I-qﬁurz —tpur )+ 2[ML-IIR]4-4(HL—IJUL]-I-4 HE — UUR)

1
= E{ ~vR+vur —vuL+vL),
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and
s =~ (e o) + 30t ) ) = 2(0r—gu)+ 3 lu—w). @3

Consequently, we obtain

it =A< ( (ll+100lh |+l [l 4+ 8o |+l 1+l 1),
i €2 (nfthcr. +~|nnu:r|)

Similar estimate as for |uz—ua| holds for |u;—ug|, and we obtain |[uf" —ux| <

1L ]]e |l

resS(m

Analyzing ||o}" —vg|| analogously as [|uf® —ug|| finishes the proof. O

Lemma 4.2. Consider the Euler equations. Let USC, X € {A,B,S} be given by (2.10) and (2.11).
Under the assumption (3.2), it holds for any o € £, o =L|R that

IUx—UZSI S ¥ I[UAllell. Xe{A,B,S}, Ke{LR}. (4.4)
fres{e)

Proof. The proof can be done case-by-case calculations analogously as the proof of

Lemma 4.1. Hence, we show here only the detailed calculations for p.
With the definition of p4 and ps, see (2.11a) and (2.10a), we obtain

pL— F'A— p: L (pL—pur) — ,-, (pr = pur —puL+ PL}—F(PR-I-PUR puL—pr)

p'sinag 'sinaa
= {HR—HUR+H“L—HLJ+ = (ug+upgg—uyy —ug)
i N
/
|ﬂ COSN; p'cosis
(Vg —vyur—vuL+vr) — {vr—vur+vuL—7og)) (4.5)

et

Due to the boundedness of numerical solution we obtain

ler—pal<C Y ([lplle+ [ulle+[[]ls)- (4.6)
FeS(er)
Further, we have
lor —ps| <c([[plle + [[u]le) (4.7)

which finishes the proof. O
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4.2 Consistency formulation

Theorem 4.1 (Consistency formulation). Let U, be the numerical solution obtained by the
FVEG method (2.5) for the wave system or (2.5), (3.10) for the Euler equations with Uy, =
L1, [Up]. For the Euler equations we further assume that the assumption (3.2) holds.

Then for all T€ (0,T) we have

b= T
[Luh;pdx]r_“;é I[ﬁ(u;,att#-}-ﬁ,:Tl-tp}dxdi-l-f'u{l',:p]l, E=F(U,), (48

and the error ey T,¢ ) is bounded for any T £ (0,T) as follows

. T 172
leu(T, ¢ )| Ehlﬂ”ﬁb”cl ([0, T]=11) (_L fz I[[t]e ”%dsxdt) . (4.9)

Proof. Realizing that
[lab]]={{a}} [ib]]+ [[a]] {{2}}. (4.10)

we can rewrite the convection term .;;’11:"1 : V¢ dx as follows

l Fi:Vigpdx= E [-Hr Vepdx= Z / F,-¢- HKdl——I/EI[[Er;”qP'HdSI

Kf ?r

- I/E{nﬁfw- (LTI + (B {14911
=~ [ (TRl (¢~ {{TH(@1}}) ~ T[] {{Fi}} + B, T1[]]]) -niS,
= [ EECn- [ [Il1dS~ [ [Bll-n- (9~ {{Thig]}})d
+ (B}~ EES)-n- (LIS, @11)

Note that for the last equality we have used the Gauss theorem and the periodic bound-
ary conditions, i.e.

[[1F- 11 []]] -ndS=0.
Hence, let us denote the error terms as follows

er(t9) = [[IE(D)]-n- (9~ {{IL[4]}})dS:,
ex(t, )=~ [ ({{Fu()}} - EEC () -n- [Tl dS
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Thanks to the Lipschitz-continuity of F, i.e. ||[[F]]-n| = ||[[t]]]|, and due to the projection
error estimate ||¢ — {{I1;[@]}} || Sh| @[l g, forall x €0 €L, we shall control e;:

()| Sl o) [ INIE (]l dSe ShIPl oo L ITU(ET 1S

Moo ( [Imonras) ( [1as)”

1/2

S @lleio,r<m) (/E ||[[u;,{rl]1||2dsx) : (4.12)

On the other hand, due to the projection error estimate [[IT,[¢]]] < (|@|| -1 g, we obtain

le2(t,)| Sl llcs o1y [LNCLEDN} ~EES (1))
SHileon.a L[ IEULE) ~FUES®)-n)

r=L|ReE "
+ (1 E(UR(H)) — F(ULE (1)) -n| )dS

Shll@ller o.ry f (IUL(E) = U () ||+ || Ug(t) = UZE (1)) dS
t__Lua-sz f

1/2
5h||¢||._~t.;;ma.l[‘:||[[uhmuuds SH2 |l o ey (f HIEACHE ds) ’
(4.13)

where we have applied Lemma 3.1 and Lemma 4.2.
Finally, we have proved the consistency of the FVEG method, i.e.

[Luhtpdx] :_T=["L%(u,,-ep]dx=frf{ua,-atrP-Jrfﬂ-iiUh}dxd"
_/ [L!'h ar¢drdt+j [F (UFC)npld
:,[] I/I:l{uh.aﬂp+f-}!;?_l.(p]dxdf+r.’u{1‘f¢]'r

and ey(1,¢p) = j'” (e14e2)(t,q)dt O

5 Convergence

The aim of this section is to prove that the numerical solution {Uh}h\_:] generated by the
FVEG method (2.5), (3.10) converges as 1 — (. Due to the lack of compactness of {Uj };- o
for the Euler equations, we can only show the convergence to a generalized, the so-called,
dissipative weak solution, which we will define in what follows.



M. Lukdéovi-Medvidova, Z. Tang and Y. Yuan / Commun, Comput. Phys,, 39 (2026}, pp. 1479-1511 14497

As we will show later, in the case of linear wave equation system, our results directly
imply the convergence of the FVEG method to a weak solution.

Definition 5.1 (Dissipative weak (DW) solution). Let the initial data for the Euler equa-
tions satisfy

o0 €L7(0Y), g € L1 (ﬂ;m"r); SeeL7([1),
Ef]:EE:Qg,mU,SD:] and LEI{Q(J,??I(],SQ] dx < eo,

We say that (p,m,S) is a dissipative weak solution to the Euler equations in [0,T) = (),
0 < T = eo, if the following holds:

* Regularity. The solution (o,m,5) belongs to the class
0 € Cireak loc {[U,T};LT (ﬂJ ), ME Cweak,]uc ([ﬂ, T},L%}T (ﬂ;m:i)) ;
SEL™(0,T;L7(Q))NBVyeax ([0.T);L7(£2)),
/ E(g,m,S)(t,-)dx< [ E(gp,mg,Sp)dx forany 0<t<T.
J{1 S

* Equation of continuity. The integral identity

S
Byt B il df=-[ B di
/‘J ./n[*’ rp+m-Vypldx J,Qo#(0;)dx

holds for any g€ C; ([0,T) x Q).

* Momentum equation. The integral identity

T s -
/] /1_1 [m-ar??'i- lu-,-.u.m‘ﬂm Vg +p|[g,5]ldivxqv] dxdt
J0J0 )

T
e V.p:dR()d / @(0,-)dx
/{;j;_!fﬁ' (t)dx Iﬁmn‘F"{ Jdx
holds for any g€ C! ([0,T) x (;R?), where the Reynolds stress defect reads as
ReL (0Tt * (ARE)).

5y

* Entropy inequality.
F="1p 1!}_
[/ Sfpdx] :3/ f[Sa,qr-l--{“I#Jx;lﬂ;:.u[gﬁj}-‘E’x-:p]dxdf, S0 =8
S !‘—T]- Ty 0

forany 0<n<m<T,any € C{[0,T)xQ),@ >0, where {Tix} eqomyxn is a
parametrized probability (Young) measure,

U €L™((0,7) xQ);P (RY?)), R ={seR iR’ SER},

(V;8y=0, {V;my=m, (T;5)=8.
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* Compatibility of the energy and Reynolds stress defects. There exists a nonin-
creasing function €: [0, T} — [0,00) satisfying

“ﬁ(ﬂ—}= LE(EiJ:mmsi}]dL

'ﬁl{T—l‘—:I:/-E{Q,m,S]I{T,-:IdX~|-E, forany 0<7<T,
J10

where § € L™ (0,T;.t" ({1)) is the energy defect satisfying
min{2,d(y—1)}F <trace[R] <max{2,d(7—1)}§.

Following [7, Proposition 7.2], we obtain the following results on weak and strong
convergence of the FVEG method.

Theorem 5.1 (Weak convergence). Let the initial data {pg,my ), Eﬂ‘_‘]r}h\‘] satisfy

con=0>0, Eyu— L |mon il >0, h—=0.
= 2 20,k

We note that a suitable choice of the discrete initial data is pyg = I, [po], myp = I [mo] and
Eno=TlIs[Eq]. Let {on,mu,50} be a solution obtained by the FVEG method. Here Sy, is computed
from py and Ey. Further, suppose that assumption (3.2) holds. Then up to a subsequence, as the
case may be, {o,,my, S, } generates a DW solution (o,m,S) in the sense of Definition 5.1

{On,p, Sy) = (0,m,S) weakly-(*) in L”((D,T]XD;R‘“'E), as i —0.
Moreover,
E (o, my,5,) — <°Ia§r_1.;E{Q,ﬁi,§)> weakly-(*) in L™ ({0,T) = €Y), h—0.

We note that due to (3.2) the Reynolds stress concentration defect and energy concen-
tration defect vanish.

Theorem 5.2 (Strong convergence). Let the sequence {oy,my, Sy} 0 be a solution obtained
by the FVEG method. Let the assumptions of Theorem 5.1 hold. Then up to a subsequence
{qh,mh,s;,}h\” converges strongly to a DW solution (o,m,S) in the following sense.

* Strong convergences of Cesaro averages.
1 N

N p;,“mh*.sh., —(g,m,5), as N—ooin LY ([D,T} * ﬂ;]R“l"'z) Sforany 1< < oo,

k=1
1

N -
N Y E (@i, S <=z=;,l.,E{g,m,s;|>, as N —o0 in L1((0,T) x Q) for any 1< g < co.
=]



M. Lukdtovi-Medvidova, Z. Tang and Y. Yuan / Commun, Comput. Phys,, 39 (2026}, pp. 1479-1511 1499
* Weak solution. If (p,m,5) is a weak entropy solution of the Euler equations with initial
data {po,mp,S0), then
Tt x :JI:,LI[!,.T:I,IJEI:I.I].5{!’..\']]f _ﬁ]‘!‘ .. “,x:l = |:U,T]I % [,
and the strong convergence holds, that is,

(@i, 115, Sh, ) = (0,m,8) in L1((0,T)x C;R42),
Elpn,.my, .Sy, ) — E{p.m,S) in LI((0,T)x0)),

forany 1<g< oo,

* Strong solution. Suppose that the Euler equations admit a strong solution (p,m,5) in the
class

p.SEWY™((0,T) x02), me W= ((0,T) x4RY), p>p>0 in [0,T)x0,
emanating from the initial data {(py,mg,5q). Then it holds

(oo, 5y ) — (P;M,S] m L1 [{U,T] s ﬂ;R'f n-z] ;
E(py,my,Sy) ~+E(p,m,S) in L1((0,T) x0),

forany 1<g< oo,

Remark 5.1. 5ince the wave equation system is linear, the weak convergence of numerical
sequence { ¢y, 1y, Uy} o directly implies the convergence to a weak solution in Theorem
5.1. Due to the weak-strong uniqueness principle [7, Theorem 6.2]. We obtain strong
convergence

Py —+ b, W —+ 1, Ty — v in LI((0,T);LH0), ge[l,),

if the strong solution (¢,u,v) exists on [0,T].

6 Numerical results

Here we will present several numerical experiments for the linear wave equation system
as well as for the nonlinear Euler equations to illustrate behaviour of the FVEG method.

Example 6.1. Let (3 =[-1,1]x[~1,1], consider the following initial data for the wave
equation system,

¢(x,y,0)= —;_I[sin{ZHx} +sin(2my) ), (6.1)

u(x,y,0)=(0,0), u=(uv).
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Figure 3: Example 6.1: first-order convergence rates.

Table 1: Errors and EOC {experimental order of convergence) with the initial value presented in Example 6.1
in L'-norm with CFL=0.267 at T=0.1.

1/h @ EOC u EOC D EOC |
20 225e-01 1.33e-01 1.33e-01

40  118e-01 09311 6.64e-02 10079 6.6d4e-02 10079
80 6.09-02 09567 31802 1.0590 3.18e-02 1.0590
| 160 303e02 10067 166602 09436 1.66e-02 0.9436

| 320 152e02 09905 827e-03 1.0009 827e-03 1.0009

The speed of sound is set to ¢ =1 and periodic boundary conditions are imposed. [t can
be easily verified that the exact solution has the form

¢{x,y,t)=— %cns{ZHff}[sinl[En‘x] +sin(27y)),
u(x,y,t)= (— %{ﬁin(znct}cns(ZHx}j,lq{sin(ZHct}cns(E?ryj}) : (6.2)

The structure of the solution obtained by FVEG method (2.5) is illustrated in Fig. 4,
which is consistent with the results presented in [10]. We compute the error in the L!-
norm and its experimental order of convergence (EOC) at time T =0.1 for the grid sizes
1/h=20,40,80,160 and 320. Based on the results shown in Fig. 3, the FVEG method
achieves the first-order convergence rate, see Table 1.
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Figure 4: Selutions of Example 6.1 at T=(0.1 and 1/h=80: ¢ (left), u (middle), v (right).

Figure 5: Solutions of Gresho problem computed at T =1 on a grid with 512 < 512: p {left), p (middle), |u|
{right).

Example 6.2. The Gresho problem is a stationary rotating vortex problem for the Euler
equation with the initial data:

Sr, OD=r=0.2,
p(r,0)=1, u(r,0)=n{2-5, 02<r<04,
0, r>=104,
5412.5¢2, 0<r<02,
p(r0)=¢ 9—-4In02+412.5/> —20r +4Inr, 02<r<04,
3+4In2, r=04.

Here r=/x2+12, n=(—sinf,cos#)”, 8 €[0,277] and u= (u,v)". We choose the computa-
tional domain 0= [—0.75,0.75] x [-0.75,0.75] and periodic boundary conditions.

Fig. 5 presents the numerical results generated by the FVEG method to solve the Euler
equations on a 512512 cell grid at time T =1. The CFL number used was chosen ac-
cording to the linear stability analysis, cf. [4]. The results reveal that the density does not
remain constant throughout the simulation. Instead, it fluctuates, with observed values
ranging from 0.9968 to 1.0165.
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Table 2: Error in the L'-norm and EOC for the density, momentum and energy at T=1 for Example 6.3.

1/h  p EOC ou EOC pv EOC E  EOC |
32 2.93e-02 3.39e-02 3.48e-02 3.54e-02
64 205e02 05173 245e-02 04706 24902 04763 2.69e02 (3934 |
128 12802 06814 158¢-02 0.6304 16le02 06306 1.79-02 (0.5852
256 7.13e-03 08419 928e-03 07706 9.42e-03 07770 1.11e02 0.6956
512 372e03 0939 5.16e-03 08461 5.13¢-03 0.8782 6.42e-03 0.7868 |

Example 6.3. We consider a smooth traveling vortex for the Euler equations, a rotating
vortex is initially located at (0.5,0.5) and propagates with constant speed (u.,v.). The
initial data are:

1 PAY
f+ = |:1 = }I ] T < 1,
Pty =12
Pes otherwise,
{uc ~1024sin(8)(1-r)r%, r<1,
uix,y,t)= _
He, otherwise,
v+ 1024cos(8) (1 —-r}“ré, r<1,
vi{x,y,t)= _
Ver otherwise,
Ciey ] PERARREI R £50,
el Pe: otherwise.

Here r is the scaled distance from the initial center of the wvortex, ier =
W (x—0.5)2+(y—0.5)2/R, where R is the radius of the vortex.The function p(r) is de-
scribed in [4]. In our computation we use K=04, p. =05, u. =v.=1and p. =0.1. We
simulate the vortex on the domain [0,1] % [0,1] using periodic boundary conditions. At
T'=1 the exact solution agrees with the initial values.

Table 2 lists the error and convergence rate of traveling vortex problem computed by
the FVEG scheme. Fig. 6 show the solution structure of the problem. At T =1, as de-
picted in the bottom line of the figure, there are some changes in numerical solution due
to numerical diffusion. These perturbations are visibly pronounced, indicating that the
initially smooth geometry has been affected by the vortex dynamics over time. Naturally,
by opting for a finer grid resolution, the vortex structure is preserved more accurately, see
Figs. 7, 8 with 256 % 256 and 512 % 512 mesh resolution.

Example 6.4. We consider a two-dimensional Riemann problem for the Euler equations,
consisting of two forward moving shocks and two stationary contact discontinuities. On



M. Lukdéovi-Medvidova, Z. Tang and Y. Yuan / Commun, Comput. Phys,, 39 (2026}, pp. 1479-1511 1503

E
: .l
L
O I

Figure 6: Solutions structure of traveling vortex problem at T=0 (top), T=1 (bottom) on a grid with 128 128:
¢ (left), p (middle), |u| (right).

i
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| IO I I |

Figure 7: Solutions structure of traveling vortex problem at T=0 (top), T=1 (bottom) on a grid with 256 256:
g (left}, p (middle), x| (right).
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Figure 8: Solutions structure of traveling vortex problem at T=0 {top), T=1 (bottom) on a grid with 512:<512:
g (left), p (middle), |u| {right).

Table 3: Frrors in L'-norm and EQC for density, momentum and energy at { =115 for Example 6.4.

1/h i EOC ol EOC pu EOC E EOQC |
32 1.86e-02 - 1.53e-02 - 1.53e-02 - 6.11e-02 - |
6k 1.19e-02 06429 L1%-02 0.6358 9.86e-03 06359 4.00e-02 (0.6113 |
128 6£.40e-03 08999 52503 090897 52503 09097 21302 09124
256 249e-03 13638 2.00e-03 1.3%W 2.00e-03 13915 793e-03 1.4221
(1=[0,1] % [0,1] the initial values have the form
(0.5313,0,0,04), x>05, y>05,
1,0.7276,0,1), <05, y=>05,
(pu,o,p)= d, ) _ + (6.3)
(0.8,0,0,1), 1<05, y<05,
(1,0,07276,1), x>05, y<05.

The reference solution was computed on a mesh with 512 % 512 cells. Table 3 presents
the error and shows the first-order convergence results for the density, momentum and
energy. Fig. 9 displays the solution structure of the density at different time with 512x512
grid cells. Solution contains two shocks and two curved contact waves.
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Figure 9 Density at different time for the 2D Riemann problem described in Example 6.4 using 512 = 512
grid cells, ¢ =0.045 (left), t = 0.15 {middle), f=0.3 (right).

Figure 10: Density on different meshes 128 128 (left), 256 < 256 (middle), 512 =512 (right) for the spiral
problem described in Example 6.5.

Table 4: Errors in L'-norm and EOC for density, momentum and energy at { =(1.2 for Example 6.5.

1/h I EOC pu EQC pu EOC E EOC
32 4.76e-02 - 4.14e-02 - 4.71e-02 - 6.77e-02 -

64 30902 06253 25502 07002 2.85e-02 0.7240 4.50e-02 0.5870
128 1.79e-02 (.7855 1.46e-02 08066 1.60e-02 0.8318 2.62e-02 0.7827
256 7.71e-03 12150 631e-03 12064 6.75e-03 1.2461 1.12e-02 1.2251

Example 6.5. We consider a two-dimensional Riemann problem with the initial data

(0.5,0.5,—0.5,5), x>05 y>05
(1,05,0.5,5), x<05, y>05,
(2,—0.5,0.5,5), x<05, y<05,
(1.5,-0.5,-05,5), x>05, y<05.

(pu,0,p) = (6.4)

These initial data yield the so-called spiral problem. We compute the error and con-
vergence rate of density, momentum and energy by using the reference solution on a grid
with 512x512 cells, the results are listed in Table 4. Fig. 10 presents the contour of the den-
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sity obtained on different meshes. We can clearly recognize four contact waves forming
a spiral singularity.
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A Exact evolution operator for the wave equation system

Consider a cone with the apex P = (x,y,t+At) and the base points Q = Q{f) = (x+
cAtcost,y+ cAtsinf, t) parametrized by the angle ¢ € [0,271]. Denote by P/ = (x,,t) the
center of the base of the cone. The lines from Q(f) to P generating the mantle of the
so-called bicharacteristic cone are called bicharacteristics.

In [10] Lukdéova-Medvidova, Morton and Warnecke have applied the method of
bicharacteristics and derived the exact evolution operator for the wave equation system,
which reads as:

L i . 1 0 Y S o
c’bP:E.[n o — upcost —vgsing] df — E/r [n S(f,0)dedi, (A.1)
1 i ; _ i
i!p=£/l; [~ pocost +ugcos H.+E?Qsmﬁ’cnsﬂ]dt}-|.§up,
27 Jy 4 ' 2 2
1 2 . _ . 4
Up=2;r /n [—¢gsinf + 1 gcosfsing + vy sin® 6] df + Evp.
'Fifm EHSer}Si“Edﬁdf‘lff“mfP (x,,t)dt. (A3)
2 )i i B 2%/, WX,

The source term 5 given as
S(E8) =clu(£,7,0)sin0 — (u,(2,5,F) + v, (%,9,F))sinBcosb+ v,(%,7,F) cos’6],  (A4)

where(%,7) = (x+c(t+ At —F)cosf,y+c(t+ At —i)sinf) and f € [t,{+At].
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P=(x,y,t+At)

Q(8)
!m inxry;”

P={(x,y,t+At)

P'=(x—u'At,y—v'At)

Figure 11: Update of point value using evolution operator: wave equation (top), Euler equations (bottom ).

B Exact evolution operator for the Euler equations

The linearized Euler equations with fixed constant states p',u’,v", p’ arising in the Jacobian
matrixes A;, A, are given by

Uy + A U+ AU, =0, (B.1)
WIIETE[I:{P,l{,U,p]TﬂHd
woop 000 o' 0 g
i
s E I{;J :ej’ 0| A= E 0 S E’
0 oc® 0 u 0 0 pc?

Consequently, the exact evolution operator for the Euler equations read as:

f

A ok U
Pp=pp — P_g L 1 P_g - P—HQCBSH - P—U@‘ilﬂﬁdﬁ

t&t 21
C,znf [ Rix— (it —cn(8))(t + At —F),F,8) dod], (B.2)
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2
Hp:%l/.u ;IS’ cost I—u,;;l[zccbsﬁﬂ._ %] +2L:qugmqu9
1 t4-Al 2 o )
+§[ / R(x— (fi—cn(0))(t+At—F),[,0)cosfdedt

LAt JO

At
‘%.ftl pa(P (D) dt+ gy, (B3)

1 I
op =ﬂ /; =

t4- At X
+L[ f R{x— (i1 —cn(6))(t-+At—F),,8)sinfdAdi
2?‘[. ¢ o

\dé

B2 =

1 At 1
_E[f Py{PF{ﬂ}df“i'EUpu (B.4)
pp=—pp - p’r’ugcnsﬂ o'c'vosinBdé
—p'd o [”mfh —(fi—cn(8))(t+At—F),1,0)dédt, (B.5)
where
(x—(fi—c'n(8))(t+At—F)= — (' — ' cosB)(t +At=F)y—(v (v’ —c'sin@) (t+At—F)),
and

Rix,t,8) :=c’[ux{1',t,|9}sinzﬂ - {u_u{x. t,8)+vy(x,t,0))sindcost +v, (x, f,H]cns"‘E].

C Proof of Lemma 3.1

Proof. By choosing the integral path in (3.7) as UL(£):= {ulr‘l" w4 zaled = %{H{; +
uth +¢[[t]], we shall rewrite g7 as follows

#ZE,{AELH &))rh,rh) dé
:I/_%zg{AEUfL(e_i})rf'{Hé{ﬁl}arf{Ui(é]}}dé
i / 2 AU () (U (0)),rh—r (UL(2))) i
+~/ 22 (A(UL(E)) (rh— P (UL(E)). 1! ~r-fo5<¢}J>d¢':=§ff-

In what follows we estimate q;,ie. I, 1=1,2,3, term by term.
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Firstly, we shall control I} with
h= [ AWML (WA W) ae = [ 26N (UL(E) I (Ub(e)) Pt

- [ S (—~¢) SN @) <IN )

Note that we have used the integration by part in the fourth equality, and obtained the
last inequality by analyzing case by case (rarefaction wave and shock wave).
Secondly, applying Taylor’s expansion:

dN (U} (0)) | 2 &2V (U(0))

NUL(E))=Ab+¢ TS LA VA

dé 2 4@
, , 2 32,001y ;g
i) =ri ¢ L) EENWO) ) ),
noticing that
N (UL(E)) | & dsri( UL
—az |~ |T|—ﬁ ully,

we shall formulate [ as follows
1;:[_ " 42 (A(UL(@)r (UL(E)),rh—ri (U)(2))) e
:f. AEN (UL(E)) (e (UL (@)l =i (UL (2))) d

_ [t j .;u{uf, ), S RAUL(0)) 57 v
_L 4&(% e+ (WA

drf (LL(0 2 U0 : f
(‘:{ﬂr £ (dg( u}"‘i <riilfr' r;{igz{ }]}-I'{Tf"i(ﬁr—ﬁf]}

.ll
+,§z{df;{'jg ) dr'( :F:{U}J )dg

[ ( 4«:%{:-’”&> 28°A) (ﬁ,,W> 4T (e i —15)

dr (U (0)) dri(U(0)), ,adr/(UL(0)) (o 47 (ul(0))

3
B A T S T A S ©oode )g
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-1 (—fhﬂ{U.d’{”f“”]b)dﬁ=— o, L0,

dé dg

. 2 . I 2
ari (Wi (0)) [ 11, 1 (a1l dricub) o]
h’L nle = Az +'3_61A'| <r:rrT[[ur]]:'
c
<+ Er2 e €2
We point out that we always omit the third order terms G(|[[U]]|*) and higher in the

above calculations.
Finally, we control I3 with

= [, 28 (AW~ (UL~ (UE)))
[ 22p(A(UL())|rh —r/(UL()) Pag

: ; . 1
<er [ 2lld-r U@ PaE <R [ 2P a=Sadiulr (@
Combing above three estimates on [,i =1,2,3, we finish the proof. O
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