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Abstract. This paper concerns continuous subsonic-sonic potential flows in
a two-dimensional, convergent nozzle, which is governed by a free bound-
ary problem of a quasilinear degenerate elliptic equation. It is shown that for
a given nozzle perturbed from a straight one, a given point on its wall where
the curvature is zero, a given inlet which is a perturbation of an arc centered at
the vertex, and a given incoming flow angle perturbed from the angle of the in-
ner normal of the inlet, there exists uniquely a continuous subsonic-sonic flow
whose velocity vector is along the normal direction at the sonic curve, which
satisfies the slip conditions on the nozzle walls and whose sonic curve inter-
sects the upper wall at the given point. Furthermore, the sonic curve of this
flow is a free boundary, where the flow is singular in the sense that the speed is
only C1/2 Hölder continuous and the acceleration blows up. The perturbation
problem is solved in the potential plane, where the flow is governed by a free
boundary problem of a degenerate elliptic equation with three free boundaries
and two nonlocal boundary conditions, and the equation is degenerate at one
free boundary.
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1 Introduction

This paper concerns subsonic-sonic flows in curved convergent nozzles. Such
problems naturally arise in physical experiments and engineering designs, and
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there are many experiments and numerical simulations and rigorous theories in-
volved in this field [2,6]. A two-dimensional steady isentropic inviscid compress-
ible flow is governed by the following Euler system:

∂

∂x
(ρu)+

∂

∂y
(ρv)=0, (1.1)

∂

∂x
(P+ρu2)+

∂

∂y
(ρuv)=0, (1.2)

∂

∂x
(ρuv)+

∂

∂y
(P+ρv2)=0, (1.3)

where (u,v), P and ρ represent the velocity, pressure and density of the flow, re-
spectively, and P= P(ρ) is a smooth function. In particular, for a polytropic gas
with adiabatic exponent γ>1,

P(ρ)=
1

γ
ργ (1.4)

is the normalized pressure. Assume further that the flow is irrotational, i.e.

∂u

∂y
=

∂v

∂x
. (1.5)

Then, the density ρ is expressed in terms of the speed q according to the Bernoulli
law [2]

ρ(q2)=

(

1−γ−1

2
q2

)1/(γ−1)

, q=
√

u2+v2, 0<q<
√

2/(γ−1). (1.6)

The sound speed c is defined as c2=P′(ρ). At the sonic state, the sound speed is

c∗=
(

2

γ+1

)1/2

,

which is called the critical speed in the sense that the flow is subsonic when q<c∗,
sonic when q = c∗, and supersonic when q > c∗. The system (1.1)-(1.6) can be
transformed into the full potential equation

div
(

ρ
(

|∇ϕ|2
)

∇ϕ
)

=0, (1.7)

where ϕ is the velocity potential with ∇ϕ = (u,v), and ρ is defined by (1.6). It
is noted that (1.7) is elliptic in the subsonic region, degenerate at the sonic state,
while hyperbolic in the supersonic region.
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Subsonic and subsonic-sonic flows past a profile or in a nozzle have been stud-
ied for a long time. Frankl and Keldysh [12] first established the existence and
uniqueness of the subsonic flows past a two-dimensional profile with sufficiently
small Mach number at infinity. In the significant work, Bers [1] showed that there
exists a unique subsonic flow past a two-dimensional profile if the free stream
Mach number is less than a critical value; furthermore, the maximum flow speed
tends to the sound speed as the freestream Mach number tends to the critical
value. The same results for multi-dimensional cases were obtained in [7, 11]. In
these works, the flow with the critical freestream Mach number was not consid-
ered. By the compensated compactness method, it was shown in [4] that the two-
dimensional flows with sonic points past a profile may be realized as weak limits
of sequences of strictly subsonic flows. However, their regularity and unique-
ness remain unknown. A similar situation occurs for subsonic and subsonic-sonic
flows in an infinitely long nozzle. It was proved in [29] that there exists a critical
value such that a strictly subsonic flow exists uniquely as long as the incoming
mass flux is less than the critical value, and subsonic-sonic flows can be obtained
as the weak limits of strictly subsonic flows associated with the incoming mass
fluxes increasing to the critical value. The multi-dimensional cases were dealt
with in [5,10]. There are also many studies on rotational subsonic flows, we refer
readers to [3, 8, 9, 30, 31] and references therein.

For a straight convergent nozzle, there are symmetric continuous subsonic-
sonic flows, whose potential depends only on the distance of the position to
the vertex of the nozzle. A natural question is whether this radially symmet-
ric subsonic-sonic flow is stable. The structural stability of such flows was first
studied by Wang and Xin [23], where they considered the perturbation of the in-
let. Precisely, for a given inlet, which is a perturbation of an arc centered at the
vertex of the nozzle, and a given incoming mass flux, it was shown in [23] that
there exists an open interval depending only on the adiabatic exponent and the
length of the arc, such that a unique subsonic-sonic flow, which is a perturbation
of the radially symmetric subsonic-sonic flow from the arc as the inlet with the
same incoming mass flux, exists as long as the incoming mass flux belongs to
this interval and the perturbation of the inlet is sufficiently small; furthermore,
the sonic curve of this subsonic-sonic flow is a free boundary, where the flow is
singular in the sense that the speed is only C1/2 Hölder continuous and the accel-
eration blows up at the sonic state. There are also some studies on perturbational
problems [13,16–18,20,22,28]. Recently, Wang and Xin [27] studied the Lipschitz
continuous subsonic-sonic flow in general two-dimensional finitely long sym-
metric nozzles. Moreover, Wang and Xin [21, 24–26] studied smooth transonic
flows of Meyer type in de Laval nozzles.
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In the present paper, we investigate the structural stability of symmetric con-
tinuous subsonic-sonic flows when the inlet, the incoming flow angle and the
nozzle wall are perturbed. It is shown from [23] that the existence of continu-
ous subsonic-sonic flows depends on the geometry of the nozzle. The authors
prescribed the incoming flow angle and the incoming mass flux, which are two
physical quantities, to formulate the continuous subsonic-sonic flow problem in
a straight nozzle; furthermore, the sonic curve of the continuous subsonic-sonic
flow is a free boundary where the velocity vector is along the normal direction.
It is obvious that, for a continuous subsonic-sonic flow whose velocity vector is
along the normal direction at the sonic curve, the second derivative of the nozzle
wall at the intersecting point with the sonic curve must be zero. Therefore, it is
not suitable to prescribe the incoming flow angle and the incoming mass flux to
formulate the continuous subsonic-sonic flow problem in a general nozzle. In this
paper, we fix the intersecting point between the sonic curve and the upper wall
to replace the incoming mass flux condition. As in [13, 16–18, 20, 22, 23, 27, 28],
it is also assumed that the sonic curve of the continuous subsonic-sonic flow is
a free boundary where the velocity vector is along the normal direction. It is clear
that the curvature of the nozzle wall at the intersecting point with the sonic curve
should be zero. Therefore, the considered problem is as follows: For a given noz-
zle which is a perturbation of an straight one, a given point on its wall where
the curvature is zero, a given inlet which is a perturbation of an arc centered at
the vertex, and a given incoming flow angle which is a perturbation of the an-
gle of the inner normal of the inlet, we seek a continuous subsonic-sonic flow
whose velocity vector is along the normal direction at the sonic curve, which sat-
isfies the slip conditions on the nozzle walls and whose sonic curve intersects
the upper wall at the fixed point. As shown in Fig. 1, it is assumed that that
P0(x0,−x0tanϑ0) (x0<0, 0<ϑ0<π/2) is the fixed intersecting point at the upper
wall with the sonic curve, and the upper and lower walls of the nozzle are given
by

Γupw : y= f (x)>0, x1≤ x≤ x0 and Γlw : y= xtanϑ0, x1≤ x≤0,

respectively, where x1< x0,

f (x0)=−x0 tanϑ0, f ′(x0)=−tanϑ0, (1.8)

| f ′′(x)|≤δ2(x0−x)1/2, x∈ [x1,x0], (1.9)

where δ>0 be determined. The inlet is given by

Γin : x= g(y), x1tanϑ0≤y≤ f (x1),
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Figure 1: Continuous subsonic-sonic flows in a convergent nozzle with a fixed point.

which is orthogonal to the walls at (x1, f (x1)) and (x1,x1tanϑ0) and is a small
perturbation of the arc centered at the origin, i.e.

g
(

f (x1)
)

= g(x1 tanϑ0)= x1,

g′
(

f (x1)
)

=− f ′(x1),

g′(x1 tanϑ0)=−tanϑ0,

(1.10)

‖g−g0‖1,1;(x1 tanϑ0, f (x1))
≤δ, (1.11)

where

g0(y)=−
√

(x1/cosϑ0)2−y2, x1tanϑ0≤y≤ f (x1).

Then, give an incoming flow angle Θin∈C1([x1 tanϑ0, f (x1)]) satisfying

Θin(x1 tanϑ0)=ϑ0, Θin

(

f (x1)
)

=arctan f (x1), (1.12)

‖Θin+arctang′‖0,1;(x1 tanϑ0, f (x1))
≤δ. (1.13)

The outlet is chosen to be the sonic curve of the flow, which is a free boundary
from the fixed point P0 at the upper wall to a point at the lower wall and is de-
noted by

Γout : x=S(y), x2tanϑ0≤y≤−x0 tanϑ0,

where

S(−x0 tanϑ0)= x0, S(x2 tanϑ0)= x2, x2∈ (x1,0).

Then, as in [13, 16–18, 20, 23, 28], the continuous subsonic-sonic problem is for-
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mulated as

div
(

ρ(|∇ϕ|2)∇ϕ
)

=0, (x,y)∈Ω, (1.14)

∂ϕ

∂y
(x,xtanϑ0)−tanϑ0

∂ϕ

∂x
(x,xtanϑ0)=0, x1< x< x2, (1.15)

∂ϕ

∂y

(

x, f (x)
)

− f ′(x)
∂ϕ

∂x

(

x, f (x)
)

=0, x1< x< x0, (1.16)

ϕ
(

g(y),y
)

=
∫ y

f (x1)
|∇ϕ(g(τ),τ)|

(

sinΘin(τ)+cosΘin(τ)g
′(τ)

)

dτ,

x1tanϑ0<y< f (x1), (1.17)

|∇ϕ(S(y),y)|= c∗ , ϕ(S(y),y)=Cout , x2tanϑ0<y<−x0 tanϑ0, (1.18)

|∇ϕ(x,y)|< c∗, (x,y)∈Ω, (1.19)

where Ω is the domain bounded by Γupw, Γlw, Γin and Γout, (ϕ,S,Cout) is un-
known. Generally speaking, there are three types of perturbations for the sym-
metric flow: the perturbation of the inlet, the perturbation of the incoming flow
angle and the perturbation of the walls. Wang and Xin [23] studied the case in
which only the inlet is perturbed. Nie and Wang [16] studied the case in which
both the inlet and the incoming flow angle are perturbed. In [16, 23], the nozzle
is straight and the incoming mass flux is prescribed. When the wall is perturbed,
Gai et al. [13] considered the case in which the upper wall is perturbed away from
the sonic state, and the sonic curve intersects the upper wall at a free point, but the
inlet is an arc centered at the vertex of the nozzle. Later, based on this work, Nie
et al. [18] considered the case in which the inlet is also perturbed. In [13,16,18,23],
the incoming mass flux is prescribed. It can also consider the assumption that
the sonic curve intersects the upper wall at a fixed point instead of a free point.
Structural stability was proved for the case that both the inlet and the wall are
perturbed in [17], whose sonic curve intersects the upper wall at the fixed point
and the mass flux is free. Moreover, some subsonic-sonic flow problems in a con-
vergent nozzle whose cross section changes slightly were considered in [20, 28],
where the sonic curve is assumed to intersect the upper wall at a fixed point. This
paper considers the case in which the inlet, the incoming flow angle and the wall
are perturbed, and the sonic curve intersects the upper wall at a fixed point. As
in [17], it is shown in this paper that if x1 satisfies some conditions, the problem
(1.14)-(1.19) admits a unique solution as long as the perturbation is sufficiently
small. Moreover, the flow is singular in the sense that the speed is only C1/2

Hölder continuous and the acceleration blows up.
The problem (1.14)-(1.19) is a free boundary problem of a degenerate ellip-

tic equation with three free boundaries. Furthermore, the degeneracy occurs at
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one free boundary and the degeneracy is characteristic [19, 32]. We solve such
a free boundary problem in the potential plane as in [13, 16–18, 20, 23, 28]. The
reason lies in that for the sonic curve of such flows, both its form and its loca-
tion are unknown in the physical plane, while its form is known although its
location is unknown in the potential plane; furthermore, it is more convenient to
estimate the speed of the flow in the potential plane than in the physical plane
since it is a solution in the potential plane, while it is the absolute value of the
gradient of a solution in the physical plane. In the potential plane, the problem
(1.14)-(1.19) is transformed into a free boundary problem of a degenerate elliptic
equation with three free boundaries and two nonlocal and unfamiliar boundary
conditions. Moreover, the equation is degenerate at one free boundary. There
are three perturbations in this paper: the perturbation of the inlet, the pertur-
bation of the incoming flow angle and the perturbation of the nozzle wall, and
the sonic curve is assumed to intersect the upper wall at a given point where
the curvature is zero. For the problem (1.14)-(1.19) in the potential plane, the
difference of the velocity potential between the sonic curve and the inlet is free,
and the mass flux is free, and the boundary condition at the inlet and the upper
wall are nonlocal and unfamiliar, and the inlet is also free and both its form and
its location are unknown. Furthermore, the optimal estimate of the flow on the
upper wall is needed. We have to overcome some new technique difficulty in
this paper. We use the Schauder fixed-point theorem to prove the existence of
subsonic-sonic flows: for a given speed at the inlet and the upper wall in a suit-
able space, we first formulate and solve a related free boundary problem with
known boundary conditions and then show that the fixed-point theorem can be
applied to find a solution to the problem (1.14)-(1.19). It is noted that the speed at
the inlet is a perturbation of a constant, while the speed at the upper wall is a per-
turbation of a function. As mentioned in [23], we have to prescribe a Neumann
boundary condition at the inlet instead of a Robin one since the problem with
the latter boundary condition may be ill-posed. The key is precise estimates of
solutions to boundary problems of a degenerate elliptic equation. Different from
works in [13, 16–18, 20, 23, 28], we should overcome some difficulties of the new
technique of the three perturbations and obtain more elaborate estimates than
the ones in [13, 16–18, 20, 23, 28] to get the desired solution. For the uniqueness
of the subsonic-sonic flow, as mentioned in [23], not only the degeneracy and
free boundaries but also nonlocal terms bring essential difficulties. One can fix
the free boundaries into fixed boundaries and transform the nonlocal boundary
conditions into common boundary conditions by a suitable coordinate transfor-
mation. Then, the uniqueness of the continuous subsonic-sonic flow is proved by
the method of energy estimate and a series of complicated calculations.
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The paper is arranged as follows. We formulate the problem in the poten-
tial plane and state the main results (existence and uniqueness) of the paper in
Section 2. Then we prove the existence and uniqueness results in the last two
sections, respectively.

2 Formulation in the potential plane and main results

As shown in [23], if

f (x)= f0(x)=−xtanϑ0, x1≤ x≤ x0

and
g(y)= g0(y), Θin(y)=−arctang′0(y), x1 tanϑ0≤y≤ f (x1),

respectively, then there is uniquely a symmetric continuous subsonic-sonic flow
in the nozzle such that it is sonic at P0. Precisely, the speed of the symmetric
continuous subsonic-sonic flow is given by

|∇ϕ(x,y)|=Q̂

(

−
√

x2+y2

)

, x2
0≤
(

x2+y2
)

cos2ϑ0≤x2
1, xtanϑ0≤y≤−xtanϑ0,

where

Q̂∈C∞
(

[x1/cosϑ0,x0/cosϑ0)
)

∩C1/2
(

[x1/cosϑ0,x0/cosϑ0]
)

solves
{

(

rρ(Q̂2(r))Q̂(r)
)′
=0, x1/cosϑ0< r< x0/cosϑ0,

Q̂(x0/cosϑ0)= c∗.

In particular, on the upper wall, it is

Q̂up(x)= |∇ϕ(x,−xtanϑ0)|= Q̂(x/cosϑ0), x1≤ x≤ x0. (2.1)

For this symmetric continuous subsonic-sonic flow, the mass flux is

m0=−2ϑ0x0c∗ρ(c2
∗)

cosϑ0
. (2.2)

In this paper, we solve the problem (1.14)-(1.19) under the assumption that
f∈C2,α([x1,x0]) satisfying (1.8) and (1.9), g∈C2,α([x1 tanϑ0, f (x1)]) satisfying (1.10)
and (1.11), and Θin ∈C1,α([x1 tanϑ0, f (x1)]) satisfying (1.12) and (1.13), where α∈
(0,1) and δ>0.
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2.1 Formulation in the potential plane

In the potential-stream coordinates (ϕ,ψ), as in [23], the system (1.1)-(1.5) can be
reduced to

∂2A(q)

∂ϕ2
+

∂2B(q)

∂ψ2
=0,

where

A(q)=
∫ q

c∗

ρ(s2)+2s2ρ′(s2)

sρ2(s2)
ds, B(q)=

∫ q

c∗

ρ(s2)

s
ds, 0<q<

√

2/(γ−1),

furthermore, A(·) and B(·) are both the strictly increasing functions in (0,c∗].
Assume the speed of the flow at the inlet and at the upper wall to be denoted by

q
(

g(y),y
)

=Qin(y), x1tanϑ0≤y≤ f (x1),

q
(

x, f (x)
)

=Qup(x), x1≤ x≤ x0,

respectively. Let the angle of the velocity at the upper wall be denoted by

Θup(x)=arctan f ′(x), x1≤ x≤ x0.

And the incoming mass flux is given by

min=
∫ f (x1)

x1 tanϑ0

Qin(y)ρ
(

Q2
in(y)

)(

cosΘin(y)−sinΘin(y)g
′(y)

)

dy>0. (2.3)

At the inlet, the stream function is expressed as

ψ
(

g(y),y
)

=Ψin(y), x1tanϑ0≤y≤ f (x1)

with

Ψin(y)=
∫ y

x1 tanϑ0

Qin(s)ρ(Q
2
in(s))

(

cosΘin(s)−sinΘin(s)g
′(s)
)

ds,

x1tanϑ0≤y≤ f (x1). (2.4)

Based on the above assumptions, the potential at (x1, f (x1)) is zero, the potential
at the inlet is given by

ϕ(g(y),y)=Φin(y), x1tanϑ0≤y≤ f (x1)

with

Φin(y)=
∫ y

f (x1)
Qin(s)

(

sinΘin(s)+cosΘin(s)g
′(s)
)

ds, x1tanϑ0≤y≤ f (x1). (2.5)
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It follows from (1.12) and (1.10) that

Φ
′
in(x1tanϑ0)=0, Φ

′
in

(

f (x1)
)

=0. (2.6)

The potential at the sonic curve is given by

ϕ1=
∫ x0

x1

Qup(x)

cosΘup(x)
dx>0. (2.7)

At the upper wall, the potential function expressed as

ϕ
(

x, f (x)
)

=Φup(x)=
∫ x

x1

Qup(s)

cosΘup(s)
ds, x1≤ x≤ x0. (2.8)

The inverse functions of Ψin and Φup are denoted by

Yin(ψ)=Ψ
−1
in (ψ), 0≤ψ≤min, (2.9)

Xup(ϕ)=Φ
−1
up (ϕ), 0=Gin(min)≤ ϕ≤ ϕ1, (2.10)

respectively. Set

Gin(ψ)=Φin

(

Yin(ψ)
)

, 0≤ψ≤min. (2.11)

Owing to (2.6),

Gin(min)=0, G
′
in(0)=G

′
in(min)=0. (2.12)

Then, similar to [13, 16–18, 20, 23, 28], the subsonic-sonic flow problem in the po-
tential plane can be formulated as follows:

∂2A(q)

∂ϕ2
+

∂2B(q)

∂ψ2
=0, (ϕ,ψ)∈D, (2.13)

∂q

∂ψ
(ϕ,0)=0, ϕ∈

(

Gin(0),ϕ1

)

, (2.14)

∂B(q)

∂ψ
(ϕ,min)=

Θ′
up(x)cosΘup(x)

Qup(x)

∣

∣

∣

∣

x=Xup(ϕ)

, ϕ∈
(

Gin(min),ϕ1

)

, (2.15)

∂A(q)

∂ϕ

(

Gin(ψ),ψ
)

−G
′
in(ψ)

∂B(q)

∂ψ

(

Gin(ψ),ψ
)

=− Θ
′
in(y)

Qin(y)ρ(Q2
in(y))(cosΘin(y)−sinΘin(y)g′(y))

∣

∣

∣

∣

y=Yin(ψ)

, 0≤ψ≤min, (2.16)
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q(ϕ1,ψ)= c∗, ψ∈ (0,min), (2.17)

Qin(y)=q
(

Gin(ψ),ψ
)∣

∣

ψ=Ψin(y)
, y∈ [x1 tanϑ0, f (x1)], (2.18)

Qup(x)=q(ϕ,min)
∣

∣

ϕ=Φup(x)
, x∈ [x1,x0], (2.19)

where (q,ϕ1,min) is unknown,

D={(ϕ,ψ)|0<ψ<min, Gin(ψ)< ϕ< ϕ1}. (2.20)

Remark 2.1. For the domain D, the right boundary is free although its form is

known (a segment parallel to ψ-axis), while the left boundary is also free. Fur-

thermore, the left boundary depends on the solution and both its form and its

location are unknown.

Remark 2.2. For the special case that Θin is the angle of the inner normal of the

inlet inclination to the x-axis, i.e. Θin=−arctang′, then

Gin(ψ)=0, ψ∈ [0,min],

and the left boundary of D is fixed, which is just {0}×[0,min].

Remark 2.3. A natural boundary condition at the inlet seems to be

∂A(q)

∂ϕ

(

Gin(ψ),ψ
)

−G
′
in(ψ)

∂B(q)

∂ψ

(

Gin(ψ),ψ
)

=− Θ′(y)
q(Gin(ψ),ψ)ρ(q2(Gin(ψ),ψ))(cosΘ(y)−sinΘ(y)g′(y))

∣

∣

∣

∣

y=Yin(ψ)

(2.21)

instead of (2.16), where 0≤ψ≤min. However, since

d

dq

(

1

qρ(q2)

)

<0 in q∈ (0,c∗)

and g′′(y)/((1+(g′(y))2)3/2)|y=Yin(ψ) is a small perturbation of −x1/cosϑ, it

seems difficult to obtain the uniqueness of the solution to the problem (2.13)-

(2.15), (2.21), (2.17). So, similar to [13, 16–18, 20, 23, 28], we use (2.16) instead of

(2.21).

Remark 2.4. In this paper, the flow is expected to be a small perturbation of the

symmetric continuous subsonic-sonic flow. As discussed in [23], in the potential

plane, the symmetric continuous subsonic-sonic flow is

q(ϕ,ψ)= q̂(ϕ)=A−1

(

2ϑ0(ϕ− ϕ̂1)

m0

)

, 0≤ ϕ≤ ϕ̂1, 0≤ψ≤m0,
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where

ϕ̂1=−m0A(q0)

2ϑ0
(2.22)

with q0∈ (0,c∗) satisfying

q0ρ
(

q2
0

)

=−m0cosϑ0

2x1ϑ0
. (2.23)

Here we need to extend the function q̂ to (−∞, ϕ̂1], i.e.

q̂(ϕ)=A−1
(

A(q0)+
2ϑ0 ϕ

m0

)

, ϕ≤ ϕ̂1. (2.24)

Remark 2.5. As discussed in [17], the problem (2.13)-(2.19) admits a unique solu-

tion if the perturbation is sufficiently small and x1 satisfies some conditions. For

the existence,
c∗ρ(c2

∗)
q∗ρ(q2∗)

x0< x1< x0, L(x1)≤κ0, (2.25)

where q∗∈ (0,c∗) satisfying ρ(q2
∗)|A(q∗)|=1,

L(x1)=
∫ ϕ̂1

0

A′(q0)

A′(q̂(ϕ))q̂(ϕ)

(

1− (1+ρ(q2
0)|A(q0)|)ϕ

2ϕ̂1

)

dϕ, x1< x0,

κ0=
−x1(1−ρ(q2

0)|A(q0)|)(ρ(q2
0)+2q2

0ρ′(q2
0))

2ρ(q2
0)cosϑ0

. (2.26)

For the uniqueness, these exists a constant x̂1< x0 such that when

x̂1< x1< x0, (2.27)

there exist ν1>0 and ν2>0 such that

q0ρ(q2
0)cosϑ0−

ρ(q2
0)ϕ̂1cos2ϑ0

−x1

>ν1+
(x0−x1)ϑ0 cos2ϑ0

4ν1x2
1ς2

1q0tanϑ0
+

2(x0−x1)
1/2ϑ2

0 cos2ϑ0

ν1ν2ς4
1q4

0

, (2.28)

ς2

q0ρ(q2
0)cosϑ0

>
ν2cos2ϑ0

4ν1x2
1

, (2.29)
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where

ς1=

√

4ρ(c2∗)+c2∗ρ2(c2∗)|A(q0)|−c∗ρ(c2
∗)|A(q0)|1/2

(1−(γ−1)q2
0/2)γ/(γ−1)

√

cosϑ0

q0ρ(q2
0)(−x1)

, (2.30)

ς2=
ρ2(c2

∗)c
2
∗

2

√

q0ρ(q2
0)(−x1)

c∗
. (2.31)

Remark 2.6. The case that only the inlet is perturbed was studied in [23], where

the incoming mass flux is given instead of the sonic curve intersecting the upper

nozzle wall at P0. In [23], the restrict on x1 is the first formula of (2.25). Other-

wise, the linearized problem of the symmetric continuous subsonic-sonic flow is

unstable ([23, Proposition 2.1]).

2.2 Main results

One of the main results in this paper is the following existence theorem.

Theorem 2.1. For given ϑ0∈ (0,π/2), α∈ (0,1), x0<0, and x1 satisfying (2.25), there

exists δ1 > 0 depending only on γ, ϑ0, x0 and x1, such that for f ∈ C2,α([x1,x0]) sat-

isfying (1.8) and (1.9), g ∈ C2,α([x1 tanϑ0, f (x1)]) satisfying (1.10) and (1.11), Θin ∈
C1,α([x1 tanϑ0, f (x1)]) satisfying (1.12) and (1.13), if 0<δ≤δ1, then the problem (2.13)-

(2.19) admits at least one weak solution q∈C∞(D)∩C(D) with ϕ1>max[0,min]Gin(ψ),
and (q,ϕ1,min) possesses the following properties:

(i)

|q(Gin(ψ),ψ)−q0|≤
√

δ, ψ∈ [0,min],
∣

∣

∣

∣

∣

∫ x0

x1

q(Φup(x),min)
√

1+( f ′(x))2dx−
∫ x0

x1

Q̂up(x)

cosϑ0
dx

∣

∣

∣

∣

∣

≤κ0

√
δ,

|ϕ1− ϕ̂1|≤κ0

√
δ, |min−m0|≤

−2x1ϑ0q0ρ2(q2
0)A′(q0)

cosϑ0

√
δ+κ1δ,

where q0, Φup, Q̂up, κ0, ϕ̂1 and m0 are given by (2.23), (2.8), (2.1), (2.26), (2.22)

and (2.2), respectively, and κ1>0 depends only on γ, ϑ0, x0 and x1.

(ii)

|q(ϕ,ψ)− q̄(ϕ)|≤M2

√
δ(ϕ1−ϕ)1/2, (ϕ,ψ)∈D,

∣

∣

∣

∣

q(ϕ,ψ)− q̂

(

ϕ̂1

ϕ1
ϕ

)
∣

∣

∣

∣

≤M2

√
δ(ϕ1−ϕ)1/2, (ϕ,ψ)∈D,
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M1(ϕ1−ϕ)1/2≤ c∗−q(ϕ,ψ)≤M2(ϕ1−ϕ)1/2, (ϕ,ψ)∈D,

where

q̄(ϕ)=A−1

(

(ϕ1−ϕ)cosϑ0

x1q0ρ(q2
0)

)

, ϕ≤ ϕ1,

where q̂ and ϕ̂1 are given by (2.24) and (2.22), and 0< M1 ≤ M2 depending only

on γ, ϑ0, x0 and x1.

(iii) q∈Cβ(D)∩ C(1/2,1)(ω), ∂A(q)/∂ϕ,∂q/∂ψ∈L∞(ω) and

[q]β;D≤M,
∥

∥

∥

∥

∂A(q)

∂ϕ

∥

∥

∥

∥

L∞(ω)

≤M,

∣

∣

∣

∣

∂q

∂ψ
(ϕ,ψ)

∣

∣

∣

∣

≤M sup
(0,min)

∣

∣

∣

∣

∂q

∂ψ
(ϕ̃,·)

∣

∣

∣

∣

(ϕ1−ϕ)1/2, (ϕ,ψ)∈ω,

∣

∣q(ϕ′,ψ′)−q(ϕ′′,ψ′′)
∣

∣≤M
(

|ϕ′−ϕ′′|1/2+|ψ′−ψ′′|
)

, (ϕ′,ψ′),(ϕ′′,ψ′′)∈ω,

where 0<β≤1/2 and M>0 both depending only on γ, ϑ, x0, x1, α, ‖ f‖2,α;(x1 ,x0),

‖g‖2,α;(x1 tanϑ, f (x1))
and ‖Θin‖1,α;(x1 tanϑ, f (x1))

,

ω=
{

(ϕ,ψ) |0<ψ<min, ϕ̃< ϕ< ϕ1

}

, ϕ̃=
(

max
[0,min]

Gin+ϕ1

)

/2.

(iv) q ∈ C1,α({(ϕ,ψ)|0 ≤ ψ ≤ min, Gin(ψ) ≤ ϕ < ϕ1}), and for each 0 < ε < 1−
(max[0,min]Gin)/ϕ1,

∥

∥

∥

∥

q(ϕ,ψ)− q̂

(

ϕ̂1

ϕ1
ϕ

)
∥

∥

∥

∥

1,α;Dε

≤M(ε)
(√

δ+‖g−g0‖2,α;(x1 tanϑ0, f (x1))
+‖ f (x)+xtanϑ0‖2,α;(x1,x0)

+‖Θin+arctang′‖1,α;(x1 tanϑ0, f (x1))

)

,

where

Dε=
{

(ϕ,ψ) |0<ψ<min, Gin(ψ)< ϕ< (1−ε)ϕ1

}

,

M(ε)>0 depends only on γ, α, x0, x1, ϑ0 and ε.
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Remark 2.7. The subsonic-sonic flow to the problem (2.13)-(2.19) is singular in the

sense that the speed is only C1/2 Hölder continuous and the acceleration blows

up at the sonic state.

To establish the uniqueness theorem, we need restrict a suitable space of so-
lutions for the boundary value problem of (2.13). Due to Theorem 2.1, for each
f ∈C2,α([x1,x0]) satisfying (1.8) and (1.9), each g∈C2,α([x1 tanϑ0, f (x1)]) satisfying
(1.10) and (1.11), and each Θin∈C1,α([x1 tanϑ0, f (x1)]) satisfying (1.12) and (1.13),
if x1 satisfies (2.27), and δ1 is sufficiently small, then the problem (2.13)-(2.19) ad-
mits a solution (q,ϕ1,min) with q∈C , where

C =
{

q∈C2(D)∩C1(D\{ϕ1}×[0,min])∩C(D)(ϕ1> max
[0,min]

Gin) :

‖q(Φup(x),min)−Q0(x)‖L∞((x1,x0))+‖q(Gin(ψ),ψ)−q0‖L∞((0,min))≤τ(δ),
∥

∥

∥

∥

q(ϕ,ψ)− q̂

(

ϕ̂1

ϕ1
ϕ

)
∥

∥

∥

∥

0,1;Dε

≤τε(δ) for any 0< ε<1− 1

ϕ1
max
[0,min]

Gin,

∥

∥

∥

∥

∂A(q)

∂ϕ

∥

∥

∥

∥

L∞(D)

≤M,−M(ϕ1−ϕ)≤A(q)(ϕ,ψ)≤−M(ϕ1−ϕ),

and

∣

∣

∣

∣

∂B(q)

∂ψ
(ϕ,ψ)

∣

∣

∣

∣

≤τ(δ)(ϕ1−ϕ)1/2 for any (ϕ,ψ)∈D,

where 0<M≤M and lim
δ→0+

τ(δ)= lim
δ→0+

τε(δ)=0
}

.

In fact, such a solution is also unique.

Theorem 2.2. Assume that ϑ0 ∈ (0,π/2), α ∈ (0,1), x0 < 0, and x1 satisfies (2.27).

There exists δ2 > 0 such that for any f ∈ C2,α([x1,x0]) satisfying (1.8) and (1.9), g ∈
C2,α([x1 tanϑ0, f (x1)]) satisfying (1.10) and (1.11), and Θin ∈ C1,α([x1 tanϑ0, f (x1)])
satisfying (1.12) and (1.13), if 0< δ≤ δ2, then the problem (2.13)-(2.19) admits at most

one solution (q,ϕ1,min) with q∈C , where δ2 depends only on γ, ϑ0, x0, x1 and M, M,

τ(·), τε(·) in the definition of C .

In terms of the physical variables, the above two theorems can be transformed
as

Theorem 2.3. Assume that ϑ0∈(0,π/2), α∈(0,1), x0<0, and x1 satisfies (2.25). There

exists δ1>0 depending only on γ, ϑ0, x0 and x1, such that for any f ∈C2,α([x1,x0]) sat-

isfying (1.8) and (1.9), g∈C2,α([x1 tanϑ0, f (x1)]) satisfying (1.10) and (1.11), and Θin∈
C1,α([x1 tanϑ0, f (x1)]) satisfying (1.12) and (1.13), if 0<δ≤δ1, then the problem (1.14)-

(1.19) admits at least one solution (ϕ,S,Cout) with ϕ∈C∞(Ω)∩C2,α(Ω\S)∩C1,1/2(Ω).
Moreover, as a function of (ϕ,ψ), q= |∇ϕ| possesses the estimates in Theorem 2.1.
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Theorem 2.4. Assume that ϑ0 ∈ (0,π/2), α ∈ (0,1), x0 < 0, and x1 satisfies (2.27).

There exists δ2 > 0 such that for any f ∈ C2,α([x1,x0]) satisfying (1.8) and (1.9), g ∈
C2,α([x1 tanϑ0, f (x1)]) satisfying (1.10) and (1.11), and Θin ∈ C1,α([x1 tanϑ0, f (x1)])
satisfying (1.12) and (1.13), if 0< δ≤ δ2, then the problem (1.14)-(1.19) admits at most

one solution (ϕ,S,Cout) with ϕ∈C3(Ω)∩C2(Ω\S)∩C1(Ω) and q=|∇ϕ|∈C as a func-

tion of (ϕ,ψ), where δ2 depends only on γ, ϑ0, x0, x1 and M, M, τ(·), τε(·) in the

definition of C .

3 Proof of the existence theorem

In this section, we prove Theorem 2.1 by the Schauder fixed point theorem.

3.1 A fixed boundary problem

We study the following fixed boundary value problem:

∂2A(q)

∂ϕ2
+

∂2B(q)

∂ψ2
=0, (ϕ,ψ)∈D, (3.1)

∂B(q)

∂ψ
(ϕ,0)=0, ϕ∈

(

Gin(0),ϕ1

)

, (3.2)

∂B(q)

∂ψ
(ϕ,min)=hup(ϕ), ϕ∈

(

Gin(min),ϕ1

)

, (3.3)

∂A(q)

∂ϕ

(

Gin(ψ),ψ
)

−G
′
in(ψ)

∂B(q)

∂ψ

(

Gin(ψ),ψ
)

=hin(ψ), ψ∈ (0,min), (3.4)

q(ϕ1,ψ)= c∗, ψ∈ (0,min), (3.5)

where min>0, Gin∈C1([0,min]), ϕ1>max[0,min]Gin, 0<hin ∈C([0,min]), and hup ∈
C([0,ϕ1]). More generally, (3.5) is replaced by

q(ϕ1,ψ)=V(ψ), ψ∈ (0,min), (3.6)

where V∈C1([0,min]) satisfies

0<V(ψ)≤ c∗, 0≤ψ≤min.

Solutions to the problem (3.1)-(3.4), (3.6) are defined as follows.
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Definition 3.1. A function q∈C(D) (ϕ1>max[0,min]Gin) is said to be a weak superso-

lution (subsolution, solution) the problem (3.1)-(3.4), (3.6), if

0< infD q≤supD q≤ c∗, (3.7)

and
∫ min

0

∫ ϕ1

Gin(ψ)

(

A
(

q(ϕ,ψ)
) ∂2ζ

∂ϕ2
(ϕ,ψ)+B

(

q(ϕ,ψ)
) ∂2ζ

∂ψ2
(ϕ,ψ)

)

dϕdψ

+
∫ min

0

Θ′
in(y)

Qin(y)ρ(Q
2
in(y))(cosΘin(y)−sinΘin(y)g′(y))

∣

∣

∣

∣

∣

y=Yin(ψ)

ζ
(

Gin(ψ),ψ
)

dψ

−
∫ min

0
A
(

V(ψ)
) ∂ζ

∂ϕ
(ϕ1,ψ)dψ+

∫ ϕ1

0

1

Qup(x)

d

dx

(

sinΘup(x)
)

∣

∣

∣

∣

∣

x=Xup(ϕ)

ζ(ϕ,min)dϕ

+
∫ min

0
A
(

q(Gin(ψ),ψ)
) ∂ζ

∂ϕ

(

Gin(ψ),ψ
)

dψ

−
∫ min

0
B
(

q(Gin(ψ),ψ)
)

G
′
in(ψ)

∂ζ

∂ψ

(

Gin(ψ),ψ
)

dψ≤ (≥,=)0 (3.8)

for each nonnegative ζ∈C2(D) with

∂ζ

∂ψ
(·,0)

∣

∣

∣

∣

(Gin(0),ϕ1)

=
∂ζ

∂ψ
(·,min)

∣

∣

∣

∣

(Gin(min),ϕ1)

=0, ζ(ϕ1,·)
∣

∣

∣

∣

(0,min)

=0.

The following comparison principle follows from [23, Proposition 3.2].

Lemma 3.1. Assume that q+ and q− are a weak supersolution and a weak subsolution

to the problem (3.1)-(3.4), (3.6), respectively. Then

q+(ϕ,ψ)≥q−(ϕ,ψ), (ϕ,ψ)∈D.

Below, we establish the well-posedness of the problem (3.1)-(3.5).

Proposition 3.1. Assume that

l1≤hin(ψ)≤ l2, |Gin(ψ)|≤ l3δ, |G ′
in(ψ)|≤ l3δ, 0<ψ<min,

|hup|≤ l3δ2(ϕ1−ϕ)1/2, 0< ϕ< ϕ1, l4≤ ϕ1≤ l5, l6≤min≤ l7,

where 0<δ<min{1,l1/2,l4/(2l3)}, li>0 (1≤i≤7) satisfy l1≤ l2, l4≤ l5, l6≤ l7. There

exists δ̃0>0 depending only on γ and li >0 (1≤ i≤7), such that if 0< δ< δ̃0, then the

problem (3.1)-(3.5) admits uniquely a weak solution. Furthermore, the solution satisfies
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(i) q∈C∞(D)∩C(D) satisfies

q−(ϕ,ψ)≤q(ϕ,ψ)≤q+(ϕ,ψ), (ϕ,ψ)∈D, (3.9)

M1(ϕ1−ϕ)1/2≤ c∗−q(ϕ,ψ)≤M2(ϕ1−ϕ)1/2, (ϕ,ψ)∈D, (3.10)

where 0<M1≤M2 depend only on γ and li >0 (1≤ i≤7),

q+(ϕ,ψ)=A−1

(

(ϕ−ϕ1)( inf
(0,min)

hin−δ)− δ

2
(ϕ2−ϕ2

1)+
δ3/2l3ψ2

2min
(ϕ1−ϕ)

)

,

q−(ϕ,ψ)=A−1

(

(ϕ−ϕ1)( sup
(0,min)

hin+δ)+
δ

2
(ϕ2−ϕ2

1)−
δ3/2l3ψ2

2min
(ϕ1−ϕ)

)

,

here (ϕ,ψ)∈D.

(ii) There exist β∈(0,1/2] and M>0 depending only on γ and li>0 (1≤ i≤7), such

that q∈Cβ(D)∩C(1/2,1)(ω), and ∂A(q)/∂ϕ,∂q/∂ψ∈L∞(ω),

[q]β;D≤M, (3.11)
∥

∥

∥

∥

∂A(q)

∂ϕ

∥

∥

∥

∥

L∞(ω)

≤M, (3.12)

∣

∣

∣

∣

∂q

∂ψ
(ϕ,ψ)

∣

∣

∣

∣

≤M sup
(0,min)

∣

∣

∣

∣

∂q

∂ψ
(ϕ̃,·)

∣

∣

∣

∣

(ϕ1−ϕ)1/2, (ϕ,ψ)∈ω, (3.13)

∣

∣q(ϕ′,ψ′)−q(ϕ′′,ψ′′)
∣

∣

≤M
(

|ϕ′−ϕ′′|1/2+|ψ′−ψ′′|
)

, (ϕ′,ψ′),(ϕ′′,ψ′′)∈ω, (3.14)

where

ω=
{

(ϕ,ψ) |0<ψ<min, ϕ̃< ϕ< ϕ1

}

, ϕ̃=
(

max
[0,min]

Gin+ϕ1

)

/2.

Proof. The uniqueness follows directly from the comparison principle. We estab-

lish the existence result by using a method of elliptic regularization. For each

positive integer n, consider the following regularized problem:

∂2A(qn)

∂ϕ2
+

∂2B(qn)

∂ψ2
=0, (ϕ,ψ)∈D, (3.15)

∂qn

∂ψ
(ϕ,0)=0, ϕ∈

(

Gin(0),ϕ1

)

, (3.16)

∂B(qn)

∂ψ
(ϕ,min)=hup(ϕ), ϕ∈

(

Gin(min),ϕ1

)

, (3.17)
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∂A(qn)

∂ϕ
(Gin(ψ),ψ)−G

′
in(ψ)

∂B(qn)

∂ψ
(Gin(ψ),ψ)

=hin(ψ), ψ∈ (0,min), (3.18)

qn(ϕ1,ψ)=
nc∗

n+1
, ψ∈ (0,min). (3.19)

Note that (3.15) is a uniformly elliptic equation provided that 0<c1≤qn≤c2<c∗ for

some c1 and c2. Therefore, to get the existence of the weak solution to the problem

(3.15)-(3.19), it suffices to construct suitable supersolutions and subsolutions. For

(ϕ,ψ)∈D, define

qn,+(ϕ,ψ)=A−1

(

A

(

nc∗
n+1

)

+

(

inf
(0,min)

hin−
δ3/2l3ψ2

2min

)

(ϕ−ϕ1)−
δ

2

(

ϕ2−ϕ2
1

)

)

,

qn,−(ϕ,ψ)=A−1

(

A

(

nc∗
n+1

)

+

(

sup
(0,min)

hin+
δ3/2l3ψ2

2min

)

(ϕ−ϕ1)+
δ

2

(

ϕ2−ϕ2
1

)

)

.

Similar to the discussion in [16, 17], there exists δ̃0 > 0 depending only on γ and

li >0 (1≤ i≤7), such that if 0< δ< δ̃0, qn,+ and qn,− are super and sub solutions

to the problem (3.15)-(3.19). Due to Lemma 3.1 and the classical theory [14], the

problem (3.15)-(3.19) admits a unique solution qn∈C∞(D)∩C(D) satisfying

0<qn,−(ϕ,ψ)≤qn(ϕ,ψ)≤qn,+(ϕ,ψ)≤qn,+(ϕ1,ψ)=
nc∗

n+1
, (ϕ,ψ)∈D. (3.20)

Lemma 3.1 yields that

qn1,±(ϕ,ψ)≤qn2,±(ϕ,ψ), qn1
(ϕ,ψ)≤qn2(ϕ,ψ), (ϕ,ψ)∈D, n1≤n2.

Set

q±(ϕ,ψ)= lim
n→+∞

qn,±(ϕ,ψ), q(ϕ,ψ)= lim
n→+∞

qn(ϕ,ψ), (ϕ,ψ)∈D.

Thanks to the classical theory on elliptic equations and (3.20), one can get that

q ∈ C∞(D)∩C(D) satisfying (3.9) and (3.10) is a weak solution to the problem

(3.1)-(3.5). Due to (3.9), (3.1) is uniformly elliptic away from the right boundary

{ϕ1}×[0,min]. Then, the Harnack inequality established in [15] shows that q ∈
Cβ(ω) satisfying (3.11). Finally, ∂A(q)/∂ϕ,∂q/∂ψ ∈ L∞(ω), q ∈ C(1/2,1)(ω) with

(3.12)-(3.14) can be proved by the same argument in [23].
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3.2 Proof of Theorem 2.1

In order to prove the existence theorem (Theorem 2.1) by a similar fixed point
argument as in [23], one chooses Qin∈C([x1 tanϑ0, f (x1)]) satisfying

‖Qin−q0‖L∞(x1 tanϑ0, f (x1))
≤σ, (3.21)

and Qup∈C([x1,x0]) satisfying

∣

∣

∣

∣

∣

∫ x0

x1

Qup(x)
√

1+( f ′(x))2dx−
∫ x0

x1

Q̂up(x)

cosϑ0
dx

∣

∣

∣

∣

∣

≤κ0σ, (3.22)

where 0<σ<min{1,q0/(2κ0),q0/2}, while q0, Q̂up and κ0 are given by (2.23), (2.1)
and (2.26). Define

Sσ =
{

(Qin,Qup)∈C([x1 tanϑ0, f (x1)])×C([x1,x0]) :

Qin satisfies (3.21) and Qup satisfies (3.22)
}

with the norm

‖(Qin,Qup)‖Sσ =max
{

‖Qin‖L∞(x1 tanϑ0, f (x1))
,‖Qup‖L∞(x1,x0)

}

, (Qin,Qup)∈Sσ .

For 0<δ<1 and 0<α<1, define

Hδ=
{

( f ,g,Θin)∈C2,α([x1,x0])×C2,α([x1 tanϑ0, f (x1)])×C1,α([x1 tanϑ0, f (x1)]) :

f satisfies (1.8) and (1.9), g satisfies (1.10) and (1.11),

Θin satisfies (1.12) and (1.13)
}

.

Proposition 3.2. Assume that ϑ0 ∈ (0,π/2), 0< α< 1, x0 < 0, and x1 satisfies (2.25).

There exists δ̂0∈(0,1) depending only on γ, ϑ0, x0 and x1, such that for each ( f ,g,Θin)∈
Hδ with 0< δ ≤ δ̂0 and each (Qin,Qup)∈Sσ with σ =

√
δ, the problem (2.13)-(2.17)

admits a unique weak solution q∈C∞(D)∩Cβ(D)∩C(1/2,1)(ω) with ϕ1>max[0,min]Gin,

ϕ1 and min given by (2.7) and (2.3), and

|ϕ1− ϕ̂1|≤κ0

√
δ, |min−m0|≤

−2x1ϑ0q0ρ2(q2
0)A′(q0)

cosϑ0

√
δ+κ1δ,

|q(Gin(ψ),ψ)−q0|≤
√

δ, ψ∈ [0,min],
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∣

∣

∣

∣

∫ x0

x1

q(Φup(x),min)
√

1+( f ′(x))2dx−
∫ x0

x1

Q̂up(x)

cosϑ0
dx

∣

∣

∣

∣

≤κ0

√
δ,

∣

∣

∣

∣

q(ϕ,ψ)− q̂

(

ϕ̂1

ϕ1
ϕ

)∣

∣

∣

∣

≤M2

√
δ(ϕ1−ϕ)1/2, (ϕ,ψ)∈D,

M1(ϕ1−ϕ)1/2≤ c∗−q(ϕ,ψ)≤M2(ϕ1−ϕ)1/2, (ϕ,ψ)∈D,

[q]β;D≤M2,

∥

∥

∥

∥

∂A(q)

∂ϕ

∥

∥

∥

∥

L∞(ω)

≤M2,

∣

∣

∣

∣

∂q

∂ψ
(ϕ,ψ)

∣

∣

∣

∣

≤M2 sup
(0,min)

∣

∣

∣

∣

∂q

∂ψ
(ϕ̃,·)

∣

∣

∣

∣

(ϕ1−ϕ)1/2, (ϕ,ψ)∈ω,

∣

∣q(ϕ′,ψ′)−q(ϕ′′,ψ′′)
∣

∣≤M2

(

|ϕ′−ϕ′′|1/2+|ψ′−ψ′′|
)

, (ϕ′,ψ′),(ϕ′′,ψ′′)∈ω,

where ϕ̂1, m0, q0, Φup, Q̂up, κ0 and q̂ are given by (2.22), (2.2), (2.23), (2.8), (2.1), (2.26)

and (2.24), respectively, and 0<β≤1/2, κ1>0 and 0<M1≤M2 depend only on γ, ϑ0,

x0 and x1,

ω=
{

(ϕ,ψ) |0<ψ<min, ϕ̃< ϕ< ϕ1

}

, ϕ̃=
(

max
[0,min]

Gin+ϕ1

)

/2.

Proof. For ( f ,g,Θin)∈Hδ and (Qin,Qup)∈Sσ, it is clear that
∥

∥

∥

∥

Θ′
in(y)

cosΘin(y)−sinΘin(y)g′(y)
+

cosϑ0

x1

∥

∥

∥

∥

L∞(x1 tanϑ0, f (x1))

≤N0δ,

∣

∣

∣

∣

∣

f ′′(x)
(1+( f ′(x))2)3/2Qup(x)

∣

∣

∣

∣

∣

≤N0δ2

(

∫ x0

x
Qup(s)

√

1+( f ′(s))2ds

)1/2

, x1≤ x≤ x0,

‖Gin(·)‖0,1;(0,min)≤N0δ,
∣

∣arctan f ′(x)+ϑ0

∣

∣≤N0δ2, x1≤ x≤ x0,

where N0>0 depends only on γ, ϑ0, x0 and x1. From (3.21) and (3.22), there exists

δ̂1>0 depending only on γ, ϑ0, x0 and x1, such that for 0<δ≤ δ̂1 with δ=σ2,

|ϕ1− ϕ̂1|≤κ0σ, |min−m0|≤
−2x1ϑ0q0ρ2(q2

0)A′(q0)

cosϑ0
σ+κ1σ2,

δ<min
{

1,−cosϑ0/(2x1N0)
}

,

σ<min
{

q0/2, ϕ̂1/(2κ0),m0/(4κ1),(m0/(4κ1))
1/2
}

,

where κ1>0 depends only on γ, ϑ0, x0 and x1. Set

q1,+(ϕ,ψ)=A−1

(

1

(q0+σ)ρ((q0+σ)2)

(

cosϑ0

x1
+N0δ

)

(ϕ1−ϕ),
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− δ

2

(

ϕ2−ϕ2
1

)

+
N0δ3/2ψ2

2min
(ϕ1−ϕ)

)

, (ϕ,ψ)∈D,

q2,−(ϕ,ψ)=A−1

(

1

(q0−σ)ρ((q0−σ)2)

(

cosϑ0

x1
−N0δ

)

(ϕ1−ϕ)

+
δ

2

(

ϕ2−ϕ2
1

)

− N0δ3/2ψ2

2min
(ϕ1−ϕ)

)

, (ϕ,ψ)∈D.

It follows from Proposition 3.1 that there exists δ̂2∈(0, δ̂1] depending only on γ, ϑ0,

x0 and x1, such that for each 0<δ≤δ̂2 and σ=
√

δ, q1,+ and q2,− are a supersolution

and a subsolution to the problem (2.13)-(2.17), respectively. Note that (2.22) and

(2.23) yield

A(q0)=
cosϑ0

x1q0ρ(q2
0)

ϕ̂1.

Therefore,

q1,+

(

Gin(ψ),ψ
)

≤q0+
1+ρ(q2

0)|A(q0)|
2

σ+O(σ2)+O(δ)+O(δ2),

q2,−
(

Gin(ψ),ψ
)

≥q0−
1+ρ(q2

0)|A(q0)|
2

σ+O(σ2)+O(δ)+O(δ2),

uniformly on [0,min] as σ→0+ and δ→0+. In the proof of this proposition, O(·)
always depends only on γ, ϑ0, x0 and x1. Owing to 0 < ρ(q2

0)|A(q0)|< 1 from

(2.25), there exists δ̂3 ∈ (0, δ̂2] depending only on γ, ϑ0, x0 and x1, such that for

each 0<δ≤ δ̂3 and σ=
√

δ,

q0−
√

δ<q2,−
(

Gin(ψ),ψ
)

≤q1,+

(

Gin(ψ),ψ
)

<q0+
√

δ, ψ∈ [0,min]. (3.23)

For x∈ [x1,x0], one gets from (2.8) that

A
(

q1,+(Φup(x),min)
)

=
∫ x0

x
Qup(s)

√

1+( f ′(s))2ds

×
[

1

(q0+σ)ρ((q0+σ)2)

(

cosϑ0

x1
+N0δ

)

+
δ

2

(

∫ x

x1

Qup(s)
√

1+( f ′(s))2ds+
∫ x0

x1

Qup(s)
√

1+( f ′(s))2ds

)

+
N0δ3/2min

2

]

,
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A
(

q2,−(Φup(x),min)
)

=
∫ x0

x
Qup(s)

√

1+( f ′(s))2ds

×
[

1

(q0−σ)ρ((q0−σ)2)

(

cosϑ0

x1
−N0δ

)

− δ

2

(

∫ x

x1

Qup(s)
√

1+( f ′(s))2ds+
∫ x0

x1

Qup(s)
√

1+( f ′(s))2ds

)

− N0δ3/2min

2

]

.

It is noted that

A
(

Q̂up(x)
)

=
cosϑ0

x1q0ρ(q2
0)

∫ x0

x

Q̂up(s)

cosϑ0
ds, x∈ [x1,x0].

Therefore,

∫ x0

x1

q1,+(Φup(x),min)
√

1+( f ′(x))2dx−
∫ x0

x1

Q̂up(x)

cosϑ0
dx

≤σ
∫ x0

x1

1

A′(Q̂(x))cosϑ0

(

(1+ρ(q2
0)|A(q0)|)A′(q0)

2ϕ̂1

∫ x0

x

Q̂up(x)

cosϑ0
dx− A(q0)κ0

ϕ̂1

)

dx

+O(σ2)+O(δ)

≤σ
∫ ϕ̂1

0

A′(q0)

A′(q̂(ϕ))q̂(ϕ)

(

(1+ρ(q2
0)|A(q0)|)(ϕ̂1−ϕ)

2ϕ̂1
+

1−ρ(q2
0)|A(q0)|
2

)

dϕ

+O(σ2)+O(δ), (3.24)

∫ x0

x1

q2,−
(

Φup(x),min

)

√

1+( f ′(x))2dx−
∫ x0

x1

Q̂up(x)

cosϑ0
dx

≥σ
∫ x0

x1

−1

A′(Q̂(x))cosϑ0

(

(1+ρ(q2
0)|A(q0)|)A′(q0)

2ϕ̂1

∫ x0

x

Q̂up(x)

cosϑ0
dx− A(q0)κ0

ϕ̂1

)

dx

+O(σ2)+O(δ)

≥σ
∫ ϕ̂1

0

−A′(q0)

A′(q̂(ϕ))q̂(ϕ)

(

(1+ρ(q2
0)|A(q0)|)(ϕ̂1−ϕ)

2ϕ̂1
+

1−ρ(q2
0)|A(q0)|
2

)

dϕ

+O(σ2)+O(δ) (3.25)
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uniformly on [x1,x0] as σ → 0+ and δ → 0+. Similarly, one can get from (2.25)

that there exists δ̂0∈ (0, δ̂3] depending only on γ, ϑ0, x0 and x1, such that for each

0<δ≤ δ̂0 and σ=
√

δ,

∫ x0

x1

Q̂up(x)

cosϑ0
dx−κ0

√
δ

≤
∫ x0

x1

q2,−
(

Φup(x),m
)

√

1+( f ′(x))2dx

≤
∫ x0

x1

q1,+

(

Φup(x),m
)

√

1+( f ′(x))2dx

≤
∫ x0

x1

Q̂up(x)

cosϑ0
dx+κ0

√
δ. (3.26)

Then, the result of the proposition follows from (3.23)-(3.26) and some similar

arguments in [13, 16–18, 20, 23, 28].

Below, we prove Theorem 2.1 by using the Schauder fixed point theorem.

Proof of Theorem 2.1. Choose

δ1=min
{

δ̂0,q2
0,(c∗−q0)

2
}

,

where δ̂0 is determined in Proposition 3.2. Let

0<δ≤δ1, σ=
√

δ.

Give ( f ,g,Θin)∈Hδ. From Proposition 3.2, for each (Qin,Qup)∈Sσ , the problem

(2.13)-(2.17) admits a unique weak solution (q,ϕ1,min) with q∈C∞(D)∩Cβ(D)∩
C(D). Set

Q̂in(y)=q
(

Φin(y),Ψin(y)
)

, x1tanϑ0≤y≤ f (x1),

Q̂up(x)=q
(

Φup(x),min

)

, x1≤ x≤ x0.

Then, it can be verified from the estimates in Proposition 3.2 that

Q̂in∈C
(

[x1 tanϑ0, f (x1)]
)

satisfies (3.21) and Q̂up∈C([x1,x0]) satisfies (3.22).

Therefore, one can define a mapping J from Sσ to itself as follows:

J
(

(Qin,Qup)
)

=(Q̂in,Q̂up), (Qin,Qup)∈Sσ.
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Similar to the proof of [23, Theorem 4.1], one can show from Proposition 3.2 and

Lemma 3.1 that J is compact and continuous. The Schauder fixed point theo-

rem yields that J admits a fixed point (Q∗
in,Q∗

up)∈Sσ . Hence, the weak solution

(q,ϕ1,min) to the problem (2.13)-(2.17) with (Qin,Qup)= (Q∗
in,Q∗

up) is just a weak

solution to the problem (2.13)-(2.19). The properties of (q,ϕ1,min) follow from

Proposition 3.2 and a similar discussion as [23, Theorem 2.1].

4 Proof of the uniqueness

As mentioned in [23], not only the degeneracy and the free boundaries but also
the nonlocal terms in (2.15) and (2.16) bring essential difficulties for the unique-
ness theorem. Although these nonlocal terms arise from the coordinates trans-
formation from the Cartesian coordinates to the potential-stream coordinates, it
is not convenient to prove the uniqueness theorem in the Cartesian coordinates
since the inlet, the upper wall and the outlet of the problem (1.14)-(1.19) are free
whose form and location are unknown.

In order to prove Theorem 2.2, we first introduce a suitable coordinates as
in [17, 20] transformation to transform (2.15) and (2.16) into usual boundary con-
ditions and to fix free boundaries into fixed ones. Let (q,ϕ1,min), which is a small
perturbation of the symmetric continuous subsonic-sonic flow (q̂, ϕ̂1,m0), be a so-
lution to the problem (2.13)-(2.19). Introduce the coordinates transformation







x=Xup

(

ϕ1(ϕ−Gin(ψ))

ϕ1−Gin(ψ)

)

,

y=Yin(ψ),
(ϕ,ψ)∈D

and










ϕ=Φup(x)+

(

1− Φup(x)

Φup(x0)

)

Φin(y),

ψ=Ψin(y),

(x,y)∈ [x1,x0]×[x1tanϑ0, f (x1)],

where Ψin, Φin, Φup, Yin, Xup, Gin and D are given by (2.4), (2.5), (2.8)-(2.11) and
(2.20), respectively. Define

w(x,y)=A

(

q

(

Φup(x)+

(

1− Φup(x)

Φup(x0)

)

Φin(y),Ψin(y)

))

,

(x,y)∈ [x1,x0]×[x1tanϑ0, f (x1)].
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Then, w solves the problem
(

Φup(x0)l(x)

(Φup(x0)−Φin(y))h(y)

∂w

∂x

)

+
∂

∂y

(

(Φup(x0)−Φin(y))h(y)

Φup(x0)l(x)

∂K(w)

∂y

)

+
∂

∂x

(

((Φup(x0)−Φup(x))Φ′
in(y))

2h(y)l(x)

Φup(x0)(Φup(x0)−Φin(y))

∂K(w)

∂x

)

− ∂

∂y

(

(Φup(x0)−Φup(x))Φ
′
in(y)h(y)

Φup(x0)

∂K(w)

∂x

)

− ∂

∂x

(

(Φup(x0)−Φup(x))Φ′
in(y)h(y)

Φup(x0)

∂K(w)

∂y

)

=0,

(x,y)∈ (x1 ,x0)×(x1tanϑ0, f (x1)), (4.1)

∂w

∂y
(x,x1 tanϑ0)=0, x∈ (x1,x0), (4.2)

∂K(w)

∂y

(

x, f (x1)
)

=
Θ′

up(x)l(x)

h( f (x1))
,x∈ (x1,x0), (4.3)

Φup(x0)l(x1)(1+(Φ′
in(y)h(y))

2K′(w)(x1,y))

(Φup(x0)−Φin(y))h(y)

∂w

∂x
(x1,y)

−Φ
′
in(y)h(y)

∂(w)

∂y
(x1,y)

=−Θ
′
in(y), y∈ (x1 tanϑ0, f (x1)), (4.4)

w(x0,y)=0, y∈ (x1 tanϑ0, f (x1)), (4.5)

where

K(s)=B
(

A−1(s)
)

, s<0,

h(y)=
1

A−1(w(x1,y))ρ
(

(A−1(w(x1,y)))2
)(

cosΘin(y)−sinΘin(y)g′(y)
) ,

y∈ [x1 tanϑ0, f (x1)],

l(x)=
cosΘup(x)

A−1((w(x, f (x1)))
=

1

A−1((w(x, f (x1)))
√

1+( f ′(x))2
, x∈ [x1,x0].

The problem (4.1)-(4.5) has common boundary conditions in a fixed domain.
Next following from the method of energy estimate and a series of compli-

cated calculations, we prove Theorem 2.2.

Proof of Theorem 2.2. In the proof, we always assume that O(·) depend only on γ,

ϑ0, x0, x1, M and M, where M and M are given in the definition of C . Moreover,
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it is assumed that τ(δ)≥δ without loss of generality. Let (qk,ϕ1,k,min,k) (k=1,2) be

two solutions to the problem (2.13)-(2.19). For k= 1,2, denote Ψin,k, Φin,k, Φup,k,

Yin,k, Xup,k and Gin,k to be the associated functions by (2.4), (2.5), (2.8), (2.9), (2.10)

and (2.11) and set

wk(x,y)=A

(

q

(

Φup,k(x)+

(

1−
Φup,k(x)

Φup,k(x0)

)

Φin,k(y),Ψin,k(y)

))

,

hk(y)=
1

A−1(wk(x1,y))ρ((A−1(wk(x1,y)))2)(cosΘin(y)−sinΘin(y)g′(y))
,

lk(x)=
cosΘup(x))

A−1((wk(x, f (x1)))
,

where x∈ [x1,x0], y∈ [x1 tanϑ0, f (x1)]. Let

w(x,y)=w1(x,y)−w2(x,y), (x,y)∈ [x1,x0]×[x1tanϑ0, f (x1)].

Owing to (4.1)-(4.5) for w1 and w2, w satisfies

(

Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

∂w

∂x

)

+
∂

∂y

(

(Φup,1(x0)−Φin,1(y))h1(y)

Φup,1(x0)l1(x)
K′(w1)

∂w

∂y

)

+
∂

∂x

(

((Φup,1(x0)−Φup,1(x))Φ
′
in,1(y))

2h1(y)l1(x)

Φup,1(x0)(Φup,1(x0)−Φin,1(y))
K′(w1)

∂w

∂x

)

− ∂

∂x

(

Φup,2(x0)l2(x)

(Φup,2(x0)−Φin,2(y))h2(y)
−

Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

)

∂2w2

∂x2

+
∂E1

∂x
(x,y)+

∂E2

∂y
(x,y)=0, (x,y)∈ (x1 ,x0)×(x1tanϑ0, f (x1)), (4.6)

and

∂w

∂y
(x,x1tanϑ0)=0, x∈ (x1,x0), (4.7)

h1( f (x1))

l1(x)

∂K(w1)

∂y

(

x, f (x1)
)

=
h2( f (x1))

l2(x)

∂K(w2)

∂y

(

x, f (x1)
)

=Θ
′
up(x), x∈ (x1,x0), (4.8)

Φup,1(x0)l1(x1)(1+(Φ′
in,1(y)h1(y))

2K′(w1)(x1,y))

(Φup,1(x0)−Φin,1(y))h1(y)

∂w1

∂x
(x1,y)
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−Φ
′
in,1(y)h1(y)

∂K(w1)

∂y
(x1,y)

=
Φup,2(x0)l2(x1)(1+(Φ′

in,2(y)h2(y))
2K′(w2)(x1,y))

(Φup,2(x0)−Φin,2(y))h2(y)

∂w2

∂x
(x1,y)

−Φ
′
in,2(y)h2(y)

∂K(w2)

∂y
(x1,y)

=−Θ
′
in(y), y∈ (x1 tanϑ0, f (x1)), (4.9)

w(x0,y)=0, y∈ (x1 tanϑ0, f (x1)), (4.10)

where

E1(x,y)=
((Φup,1(x0)−Φup,1(x))Φ

′
in,1(y))

2h1(y)l1(x)

Φup,1(x0)(Φup,1(x0)−Φin,1(y))
p1(x,y)w(x,y)

+

(

((Φup,1(x0)−Φup,1(x))Φ
′
in,1(y))

2

Φup,1(x0)(Φup,1(x0)−Φin,1(y))

−
((Φup,2(x0)−Φup,2(x))Φ

′
in,2(y))

2

Φup,2(x0)(Φup,2(x0)−Φin,2(y))

)

×h1(y)l1(x)
∂K(w2)

∂x
(x,y)

+
((Φup,2(x0)−Φup,2(x))Φ

′
in,2(y))

2

Φup,2(x0)(Φup,2(x0)−Φin,2(y))

×
(

h1(y)l1(x)−h2(y)l2(x)
)∂K(w2)

∂x
(x,y)

−
(Φup,1(x0)−Φup,1(x))Φ

′
in,1(y)h1(y)

Φup,1(x0)
K′(w1)(x,y)

∂w

∂y
(x,y)

−
(Φup,1(x0)−Φup,1(x))Φ

′
in,1(y)h1(y)

Φup,1(x0)
p2(x,y)w(x,y)

−
Φup,1(x0)Φup,2(x)−Φup,2(x0)Φup,1(x)

Φup,1(x0)Φup,2(x0)
Φ

′
in,1(y)h1(y)

∂K(w2)

∂y
(x,y)

−
(

Φup,2(x0)−Φup,2(x)
)

Φup,2(x0)

(

Φ
′
in,1(y)h1(y)−Φ

′
in,2(y)h2(y)

)∂K(w2)

∂y
(x,y),

E2(x,y)=
(Φup,1(x0)−Φin,1(y))h1(y)

Φup,1(x0)l1(x)
p2(x,y)w(x,y)
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+

(

Φup,1(x0)−Φin,1(y)

Φup,1(x0)
−Φup,2(x0)−Φin,2(y)

Φup,2(x0)

)

h1(y)

l1(x)

∂K(w2)

∂y
(x,y)

+
Φup,2(x0)−Φin,2(y)

Φup,2(x0)

(

h1(y)

l1(x)
− h2(y)

l2(x)

)

∂K(w2)

∂x
(x,y)

−
(Φup,1(x0)−Φup,1(x))Φ

′
in,1(y)h1(y)

Φup,1(x0)
K′(w1)(x,y)

∂w

∂x
(x,y)

−
(Φup,1(x0)−Φup,1(x))Φ

′
in,1(y)h1(y)

Φup,1(x0)
p1(x,y)w(x,y)

−
Φup,1(x0)Φup,2(x)−Φup,2(x0)Φup,1(x)

Φup,1(x0)Φup,2(x0)
Φ

′
in,1(y)h1(y)

∂K(w2)

∂x
(x,y)

− (Φup,2(x0)−Φup,2(x))

Φup,2(x0)

(

Φ
′
in,1(y)h1(y)−Φ

′
in,2(y)h2(y)

) ∂K(w2)

∂x
(x,y),

p1(x,y)=
∂w2

∂x
(x,y)

∫ 1

0
K′′(λw1(x,y)+(1−λ)w2(x,y)

)

dλ,

p2(x,y)=
∂w2

∂y
(x,y)

∫ 1

0
K′′(λw1(x,y)+(1−λ)w2(x,y)

)

dλ

with (x,y)∈[x1,x0]×[x1 tanϑ0, f (x1)]. From the definition of C , direct calculations

show that for x∈ [x1,x0], y∈ [x1 tanϑ0, f (x1)],

A−1(wk(x1,y))=q0+O
(

τ(δ)
)

, k=1,2, (4.11)

A−1
(

wk(x, f (x1))
)

= Q̂up(x)+O
(

τ(δ)
)

, k=1,2, (4.12)

cosΘin(y)−sinΘin(y)g
′(y)=

−x1
√

x2
1−y2cos2ϑ0

+O
(

τ(δ)
)

, (4.13)

|Θup(x)+ϑ0|≤O
(

τ(δ)
)

, |Θ′
up(x)|≤O

(

τ(δ)
)

(x0−x)1/2, (4.14)

hk(y)=
1

q0ρ(q2
0)(cosΘin(y)−sinΘin(y)g′(y))

+O
(

τ(δ)
)

, k=1,2, (4.15)

h2(y)−h1(y)=

(

1

q0(cosΘin(y)−sinΘin(y)g′(y))
+O

(

τ(δ)
)

)

w(x1,y), (4.16)

lk(x)=
cosΘup

Q̂up(x)
+O

(

τ(δ)
)

, k=1,2, (4.17)

l2(x)− l1(x)=

(

cosΘup

Q̂2
up(x)A′(Q̂up(x))

+O
(

τ(δ)
)

)

w
(

x, f (x1)
)

, (4.18)
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A′(Q̂up(x)
)

≥ς1

(

∫ x0

x

Q̂up(s)

cosϑ0
ds

)1/2

, (4.19)

Φin,k(y)=O
(

τ(δ)
)

, Φ
′
in,k(y)=O

(

τ(δ)
)

, k=1,2, (4.20)

|Φin,1(y)−Φin,2(y)|≤O
(

τ(δ)
)

∫ f (x1)

x1 tanϑ0

|w(x1,y)|dy, (4.21)

|Φ′
in,1(y)−Φ

′
in,2(y)|≤O

(

τ(δ)
)

|w(x1,y)|, (4.22)

|Φup,1(x)−Φup,2(x)|

≤
∫ x0

x

(

1

cosϑ0A′(Q̂up(x))
+O

(

τ(δ)
)

)

|w(s, f (x1))|ds, (4.23)

K′(w1(x,y)
)

≥ς2(x0−x)−1/2+O
(

τ(δ)
)

, (4.24)
∣

∣

∣

∣

∂w2

∂x
(x,y)

∣

∣

∣

∣

≤ O(1)Q̂up(x)

cosϑ0
,

∣

∣

∣

∣

∂K(w2)

∂y
(x,y)

∣

∣

∣

∣

≤O
(

τ(δ)
)

, (4.25)

|p1(x,y)|≤O(1)(x0−x)−3/2, |p2(x,y)|≤O
(

τ(δ)
)

(x0−x)−1/2, (4.26)

and for (x,y)∈ [x1,x0−ε]×[x1tanϑ0, f (x1)],

∂w2

∂x
(x,y)=− Q̂up(x)

x1q0ρ(q2
0)
+O

(

τε(δ)
)

, (4.27)

where 0<ε<min{1,x0−x1}, ς1 and ς2 are given by (2.30) and (2.31), respectively,

while τ(·) and τε(·) are given in the definition of C . Owing to (4.10), one gets

from the Hölder inequality that

w2(x,y)=

(

∫ x0

x

∂w

∂x̃
(x̃,y)dx̃

)2

≤
∫ x0

x

Q̂up(x̃)

cosϑ0
dx̃
∫ x0

x

cosϑ0

Q̂up(x̃)

(

∂w

∂x̃
(x̃,y)

)2

dx̃

≤ ϕ̂1

∫ x0

x1

cosϑ0

Q̂up(x̃)

(

∂w

∂x̃
(x̃,y)

)2

dx̃, (x,y)∈ [x1,x0]×[x1tanϑ0, f (x1)], (4.28)

w2
(

x, f (x1)
)

≤ 1

f (x1)−x1tanϑ0

∫ f (x1)

x1 tanϑ0

w2(x,y)dy

+2
∫ f (x1)

x1 tanϑ0

∣

∣

∣

∣

w(x,y)
∂w

∂y
(x,y)

∣

∣

∣

∣

dy, x∈ [x1,x0]. (4.29)
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Multiplying (4.6) by −w and then integrating over (x1,x0)×(x1 tanϑ0, f (x1)) by

parts and using (4.7)-(4.10), one gets that

∫ x0

x1

∫ f (x1)

x1 tanϑ0

Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

(

∂w

∂x
(x,y)

)2

dxdy

+
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(Φup,1(x0)−Φin,1(y))h1(y)

Φup,1(x0)l1(x)
K′(w1(x,y))

(

∂w

∂y
(x,y)

)2

dxdy

+
∫ x0

x1

∫ f (x1)

x1 tanϑ0

((Φup,1(x0)−Φup,1(x))Φ
′
in,1(y))

2h1(y)l1(x)

Φup,1(x0)(Φup,1(x0)−Φin,1(y))

×K′(w1(x,y)
)

(

∂w

∂x
(x,y)

)2

dxdy

=
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(

Φup,2(x0)l2(x)

(Φup,2(x0)−Φin,2(y))h2(y)
− Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

)

× ∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

−
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(

E1(x,y)
∂w

∂x
(x,y)+E2(x,y)

∂w

∂y
(x,y)

)

dxdy. (4.30)

Each term in (4.30) will be estimated by using (4.11)-(4.29). First, it follows from

(4.15), (4.17), (4.20) and (4.25) that

∫ x0

x1

∫ f (x1)

x1 tanϑ0

Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

(

∂w

∂x
(x,y)

)2

dxdy

+
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(Φup,1(x0)−Φin,1(y))h1(y)

Φup,1(x0)l1(x)
K′(w1(x,y)

)

(

∂w

∂y
(x,y)

)2

dxdy

+
∫ x0

x1

∫ f (x1)

x1 tanϑ0

((Φup,1(x0)−Φup,1(x))Φ
′
in,1(y))

2h1(y)l1(x)

Φup,1(x0)(Φup,1(x0)−Φin,1(y))

×K′(w1(x,y)
)

(

∂w

∂x
(x,y)

)2

dxdy

≥
(

q0ρ
(

q2
0

)

cosϑ0+O
(

τ(δ)
)

)

L1+

(

ς2

q0ρ(q2
0)cosϑ0

+O
(

τ(δ)
)

)

L2, (4.31)

where

L1=
∫ x0

x1

∫ f (x1)

x1 tanϑ0

cosΘin(y)−sinΘin(y)g
′(y)

Q̂up(x)

(

∂w

∂x
(x,y)

)2

dxdy, (4.32)
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L2=
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(x0−x)−1/2Q̂up(x)

cosΘin(y)−sinΘin(y)g′(y)

(

∂w

∂y
(x,y)

)2

dxdy. (4.33)

Second, consider the first term on the right side of (4.30). Owing to (4.11)-(4.29)

and the Hölder inequality, through a series of precise estimations similar to those

in [16, 20, 23], it is obtained that

∣

∣

∣

∣

∫ x0

x1

∫ f (x1)

x1 tanϑ0

(

Φup,2(x0)l2(x)

(Φup,2(x0)−Φin,2(y))h2(y)
−

Φup,1(x0)l1(x)

(Φup,1(x0)−Φin,1(y))h1(y)

)

×∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x0−ε

x1

∫ f (x1)

x1 tanϑ0

(Φup,1(x0)Φin,2(y))−Φup,2(x0)Φin,1(y))

(Φup,1(x0)−Φin,1(y))(Φup,2(x0)−Φin,2(y))

× l2(x)

h2(y)

∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

+
∫ x0

x0−ε

∫ f (x1)

x1 tanϑ0

(Φup,1(x0)Φin,2(y))−Φup,2(x0)Φin,1(y))

(Φup,1(x0)−Φin,1(y))(Φup,2(x0)−Φin,2(y))

× l2(x)

h2(y)

∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

+
∫ x0−ε

x1

∫ f (x1)

x1 tanϑ0

Φup,1(x0)

Φup,1(x0)−Φin,1(y)

(

l2(x)

h2(y)
− l1(x)

h1(y)

)

× ∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

+
∫ x0

x0−ε

∫ f (x1)

x1 tanϑ0

Φup,1(x0)

Φup,1(x0)−Φin,1(y)

(

l2(x)

h2(y)
− l1(x)

h1(y)

)

×∂w2

∂x
(x,y)

∂w

∂x
(x,y)dxdy

∣

∣

∣

∣

≤
(

ρ(q2
0)ϕ̂1cos2ϑ0

−x1
+ν1+

(x0−x1)ϑ0cos2ϑ0

4ν1x2
1ς2

1q0 tanϑ0
+

2(x0−x1)
1/2ϑ2

0 cos2ϑ0

ν1ν2ς4
1q4

0

)

L1

+
(

O(ε)+O
(

τ(δ)
))

L1+

(

ν2cosϑ0

4ν1x2
1

+O
(

τ(δ)
)

)

L2, (4.34)

where ε∈ (0,min{1,x0−x1}), ν1, ν2 >0 will be determined. Then, for the second
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term on the right-hand side of (4.30), one can get that

∣

∣

∣

∣

∫ x0

x1

∫ f (x1)

x1 tanϑ0

(

E1(x,y)
∂w

∂x
(x,y)+E2(x,y)

∂w

∂y
(x,y)

)

dxdy

∣

∣

∣

∣

≤O
(

τ(δ)
)

(L1+L2). (4.35)

Substitute (4.31), (4.34), (4.35) into (4.30) to get

(

q0ρ(q2
0)cosϑ0+O

(

τ(δ)
)

)

L1+

(

ς2

q0ρ(q2
0)cosϑ0

+O
(

τ(δ)
)

)

L2

≤
(

ρ(q2
0)ϕ̂1cos2ϑ0

−x1
+ν1+

(x0−x1)ϑ0cos2ϑ0

4ν1x2
1ς2

1q0 tanϑ0
+

2(x0−x1)
1/2ϑ2

0 cos2ϑ0

ν1ν2ς4
1q4

0

)

L1

+
(

O
(

ε
)

+O
(

τ(δ)
))

L1+

(

ν2cosϑ0

4ν1x2
1

+O
(

τ(δ)
)

)

L2.

Choose ν1 and ν2 to satisfy (2.28) and (2.29). Thus, there exist ε∈ (0,min{1,x0−
x1}) and δ2>0 depending only on γ, ϑ0, x0, x1, M, M, τ(·) and τε(·) such that for

any 0<δ≤δ2,

∫ x0

x1

∫ f (x1)

x1 tanϑ0

cosΘin(y)−sinΘin(y)g
′(y)

Q̂up(x)

(

∂w

∂x
(x,y)

)2

dxdy

+
∫ x0

x1

∫ f (x1)

x1 tanϑ0

(x0−x)−1/2Q̂up(x)

cosΘin(y)−sinΘin(y)g′(y)

(

∂w

∂y
(x,y)

)2

dxdy≤0.

This, together with (4.10), shows that

w(x,y)=0, (x,y)∈ [x1,x0]×[x1tanϑ0, f (x1)].

Therefore, (q1, ϕ1,1,min,1)=(q2, ϕ1,2,min,2).
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