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Abstract. We develop a numerical method for the Keller-Segel chemotaxis sys-
tem that is designed to

(i) preserve the model’s fundamental structural properties (positivity/bound
preservation, mass conservation, and energy dissipation),

(ii) efficiently and accurately resolve the near-singular dynamics associated
with spike formation and finite-time blow-up.

Our approach combines a linear, positivity-preserving scalar auxiliary vari-
able (SAV) scheme (following the framework in [15]) with a Fourier spectral
spatial discretization and an moving-mesh PDE-based method. The SAV re-
formulation provides a convenient platform for stable, linear time stepping
while maintaining energy dissipation; the Fourier spectral discretization de-
livers high accuracy in smooth regions; and the moving-mesh PDE mesh redis-
tribution concentrates collocation points in regions of large gradients so that
sharp, localized structures can be resolved without prohibitive cost. We show
that the proposed moving mesh SAV scheme inherits positivity preservation,
mass conservation, and discrete energy dissipation provided the mesh motion
avoids element overlap. Two-dimensional tests demonstrate the method’s abil-
ity to capture fine spike profiles and estimate blow-up times with substantially
reduced computational effort; the formulation extends straightforwardly to
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three spatial dimensions. Numerical results show that the proposed method
is a practical and effective method for accurate simulation of chemotactic ag-
gregation.

AMS subject classifications: 35K57, 65M50, 65M70, 92C17

Key words: Keller-Segel chemotaxis model, moving mesh PDE, scalar auxiliary variable,
positivity preserving, finite-time blowup.

1 Introduction

Chemotaxis describes the directed movement and aggregation of organisms (such
as microorganisms or cells) in response to chemical signals (commonly called
chemoattractants). The classical Keller-Segel model (see Eqs. (2.1) and (2.2) in
Section 2), proposed by Keller and Segel [19–21], uses the cell density u(x,t) and
the chemical concentration φ(x,t) as primary variables and models the competi-
tion between diffusion (Brownian motion) and aggregation driven by chemical
gradients via advection-diffusion equations. As a result, the Keller-Segel system
has become a fundamental mathematical model for studying biological aggrega-
tion, pattern formation, and processes such as tumor growth. The most common
Keller-Segel system is written as a parabolic-parabolic system, i.e., for each or-
ganism and the chemical concentration, the evolution is described by a parabolic
equation. In many cases, the chemical signals respond to the concentration of the
organism much faster than the organism responds to the chemical signal. There-
fore, it is common to simplify the parabolic equation for the chemical signal as an
elliptic equation, which leads to a parabolic-elliptic system.

From a theoretical viewpoint, the Keller-Segel system has been intensively
studied and has generated a rich body of results. In two spatial dimensions, it
is well known that, for sufficiently large initial total mass, the parabolic-elliptic
case [28] and certain fully parabolic cases [14] can develop finite-time aggregation
(blow-up), where the solution concentrates toward Dirac-delta–type measures.
Besides the classical δ-type singularity, self-similar profiles of the form C(T−t+
|x|2)−1 have been identified and provide alternative descriptions of blow-up be-
havior in the 3D parabolic-elliptic case [13, 30]. In three dimensions, global well-
posedness results for the fully parabolic Keller-Segel system have been estab-
lished under smallness assumptions on the initial data [3, 22, 27, 32]. At the same
time, a complete characterization (criteria and profile) of finite-time singularity
formation in 3D for the fully parabolic case remains largely open.

Numerical simulations of the Keller-Segel model confront two distinct chal-
lenges. The first is to design discretizations that respect the model’s fundamental
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structural properties, i.e., positivity, mass conservation, and energy dissipation.
The second is to reliably resolve the strong local gradients and potential finite-
time concentration (blow-up) behaviors that the solutions may develop. A large
body of work focuses on building discretizations that enforce one or more of
the Keller-Segel model’s structural properties. Some numerical schemes have
been developed with positivity preserving conditions [1, 4, 6, 9, 12, 25, 34]. These
schemes depend on particular spatial discretization, and some of them impose
strict CFL restrictions on the time step. Recently, some unconditionally energy
stable and positivity/bound preserving schemes have been proposed based on
both nonlinear [5,29] and linear schemes [15]. However, these schemes encounter
difficulties when simulating blow-up behaviors due to the lack of high resolution.

As mentioned above, solutions of the Keller-Segel model may develop large
local variations or nearly singular spike profiles within small regions of the com-
putational domain; using a uniform mesh to resolve such features is often pro-
hibitively expensive. For this reason, moving mesh methods [17, 18, 23] that con-
centrate grid points in regions of steep gradients have become a standard prac-
tical strategy and have already been applied successfully to solve this kind of
problem [7, 8, 24, 26, 33]. Moving-mesh PDE (MMPDE) approaches, and mesh re-
distribution techniques have also been successfully applied to chemotaxis prob-
lems: Budd et al. [2] employed an MMPDE-based moving mesh finite difference
method to solve chemotactic systems in 1D; Sulman et al. [31] developed a pos-
itivity preserving moving mesh finite element method for 2D chemotactic sys-
tems based on the parabolic Monge-Ampère (PMA) method. Both works demon-
strated that moving mesh methods provide good estimates of blow-up times and
capture spike profiles efficiently.

Based on those existing algorithms, we aim to design an algorithm that is both
accurate and computationally efficient for resolving the near-singular dynamics
exhibited by Keller-Segel solutions while preserving the structural properties of
the model. Spatial spectral discretization is a natural route to high accuracy at
relatively low cost, while the adaptive mesh method is useful for computing sin-
gular behavior. To achieve our goals, we combine spectral spatial discretization
with moving mesh strategies. A Fourier spectral implementation of MMPDE-
based moving mesh methods has been developed by Feng et al. [10,11] and shown
to work well for phase-field related equations. However, a direct implementa-
tion of a semi-implicit Fourier spectral method for the Keller-Segel system can
easily break down the positivity. Fortunately, the unconditionally energy stable
and bound-preserving linear schemes [15], based on the combination of function
transform and the scalar auxiliary variable method, provide an ideal platform
for the implementation of the Fourier spectral method. Building on the bound-
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preserving SAV schemes, we develop an efficient and accurate numerical method
by combining the MMPDE-based moving mesh method in two dimensions. The
approach is straightforward to extend to three spatial dimensions. The bound-
preserving, mass conservation, and energy dissipation properties are inherited if
the mesh does not overlap during the moving process. Numerical results show
that our algorithm can resolve the fine structures and capture near blow-up pat-
terns efficiently.

The paper is organized as follows. In Section 2, we briefly introduce the clas-
sic Keller-Segel system and its blow-up behavior, and then we construct a first-
order positivity preserving SAV scheme based on the work in [15]. Section 3
introduces the MMPDE-based Fourier spectral moving mesh method and out-
lines our proposed moving mesh positivity preserving SAV scheme for solving
the fully parabolic Keller-Segel system. In Section 4, we present numerical re-
sults to demonstrate the performance of our method. Concluding remarks are
given in Section 5.

2 Preliminaries

In this section, we provide some basic background on Keller-Segel models and
introduce the positivity-preserving and energy stable scheme based on the SAV
approach and the function transform approach.

2.1 Keller-Segel system and blow up behaviors

We consider the following Keller-Segel system with a single organism and a sin-
gle chemoattractant in a bounded domain Ω:

∂u

∂t
=D

(
γ∆u−χ∇·(η(u)∇φ)

)
, (2.1)

τ
∂φ

∂t
=µ∆φ−αφ+χu (2.2)

with periodic boundary conditions.
Here, the unknowns are u, the concentration of the organism, and φ, the con-

centration of the chemoattractant. The Eq. (2.1) of u models the evolution of the
density of the organism. The organism diffuses with mobility γ and drifts in the
direction of ∇φ with velocity χ∇φ. The function η(u) describes the concentration-
dependent mobility, and different choices of η(u) correspond to different models.
Note that in this work, we mainly focus on the classic case (η(u)=u). The Eq. (2.2)
of φ models the evolution of the concentration of chemoattractant, whose produc-
tion rate is proportional to u.
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The parameters D,γ,χ,τ,µ and α are all positive. Among them, χ and τ play
particularly important roles: χ represents the chemotactic sensitivity, and τ char-
acterizes how fast the chemoattractant concentration φ responds to the organism
concentration u. When τ>0, the system is referred to as the parabolic-parabolic
Keller-Segel system, while for τ=0 it reduces to the parabolic-elliptic case, which
assumes that the chemoattractant released by the organisms reaches equilibrium
instantaneously.

The Eqs. (2.1) and (2.2), together with periodic boundary conditions, can be
interpreted as a gradient flow with respect to (u,φ). For this case, we set f (u)=
ulnu−u such that

f ′′(u)=
1

η(u)
=

1

u
,

and define the following free energy:

E[u,φ]=
∫

Ω

(
γ f (u)−χuφ+

µ

2
|∇φ|2+ α

2
φ2

)
dx. (2.3)

By noting that

∆u=∇·
(

1

f ′′(u)
∇ f ′(u)

)
=∇·(u∇lnu),

we can rewrite Eqs. (2.1) and (2.2) as

∂u

∂t
=D∇·

(
1

f ′′(u)
∇(γlnu−χφ)

)
=D∇·

(
u∇δE

δu

)
, (2.4)

τ
∂φ

∂t
=µ∆φ−αφ+χu=−δE

δφ
. (2.5)

Taking the inner products of (2.4) with δE/δu, and of (2.5) with ∂φ/∂t, and sum-
ming up the results, we obtain the energy dissipation law

dE[u(t),φ(t)]

dt
=−

∫

Ω

[
Du

(
∇δE

δu

)2

+τ

(
∂φ

∂t

)2
]

dx, (2.6)

where δE/δu=γlnu−χφ. In the classical case, the concentration-dependent mo-
bility η(u) = u. Therefore, we must ensure u≥ 0 for the energy dissipation law
to hold, which requires numerical algorithms to preserve positivity. In addition,
the Keller-Segel system with periodic boundary conditions also satisfies the mass
conservation property

d

dt

∫

Ω
udx=0. (2.7)
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For this classical system (η(u)=u), extensive mathematical analyses of blow-
up behavior have been conducted. In particular, in the two-dimensional case,
whether blow up occurs depends on the total mass of u, i.e., m =

∫
Ω

udx. The
well-known Keller-Segel dichotomy (critical collapse) states that 8π is the critical
mass for the simplest two-dimensional parabolic-elliptic Keller-Segel system in
Ω=R

2, namely Eqs. (2.1) and (2.2) with D=χ=γ=µ=1 and τ=α=0, i.e.

ut=∇·(∇u−u∇φ),

∆φ=−u. (2.8)

The above system exhibits a critical behavior: the solution either remains global
and bounded or blows up in finite time, depending on the initial total mass of the
density u. Specifically, we have

1. If m0<8π, the system has a global smooth solution.

2. If m0>8π, the system blows up in finite time in the sense of the |·|∞ norm.

It can be seen from the classical variance identity for system (2.8) [28], that,

d

dt

∫

x∈R2
|x|2u(x)dx=

m0

2π
(8π−m0). (2.9)

Then, the solution of (2.8) exhibits a quantized concentration of mass at the ori-
gin, which is a type of blow up known as δ-blow up. In higher dimensions, the
evolution of the Keller-Segel system becomes more complicated. Nevertheless,
the coexistence of blow-up and global smooth solutions still depends on the size
of the initial data, though we do not summarize those results here.

2.2 Positivity preserving SAV scheme

Now we introduce a numerical scheme that is linear, positivity preserving, and
unconditionally energy stable for any consistent spatial discretization. The core
idea in this approach is to combine the SAV approach with the function transform
approach:

(1) the positivity preserving property is enforced by making a suitable function
transform,

(2) the linearity and unconditionally energy stability are achieved through the
SAV formulation.
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Due to the form of f (u), the range of numerical solution must remain in
(0,+∞). A common strategy to enforce solutions to preserve bounds or positivity
is to apply a suitable function transform. Here, we consider the transform

u=exp(v). (2.10)

The above transform guarantees that the numerical solution of u stays in (0,+∞).
Since φ does not need to be bound preserving, we do not transform φ.

Substituting the term (2.10) into Eq. (2.1), we obtain the equation for v

∂v

∂t
=D

[
γ(∆v+|∇v|2)−χ(∆φ+∇v·∇φ)

]
. (2.11)

To obtain a linear and energy dissipative scheme for the transformed system, the
SAV approach is considered. We first split the free energy E[u,φ] into two parts
as follows:

E[u,φ]=
∫

Ω

(
γ f (u)−χuφ+

α

4
φ2

)
dx+

∫

Ω

(µ

2
|∇φ|2+ α

4
φ2

)
dx

=E1[u,φ]+E0[φ]. (2.12)

In the case that the system has a global smooth solution, it is easy to see that there
exists C0>0 such that

E1[u,φ]≥−C0+1, (2.13)

because u is bounded in this case and f is strictly convex when u>0. While in the
blow-up case, u is not bounded, and thus we cannot theoretically prove (2.13).
However, in the numerical simulation, we can assume u is bounded and choose
a large enough C0. Therefore, we can assume that there exists C0 > 0 satisfying
condition (2.13) in the numerical implementation.

As in the SAV approach, we introduce a SAV to enforce energy dissipation (2.6).
More precisely, we introduce r(t)=E1(u,φ)+C0≥1. Then, we have

E[u,φ]=
µ

2
(φ,−∆φ)Ω+

α

4
(φ,φ)Ω+r=E0(φ)+r, (2.14)

d

dt
E[u,φ]=µ(φt,−∆φ)Ω+

α

2
(φt,φ)Ω+rt=

dE0(φ)

dt
+rt. (2.15)

By combining the positivity preserving transform and the energy dissipation SAV
scheme, we can reformulate (2.1), (2.2), and (2.6) to

∂v

∂t
=D

[
γ(∆v+|∇v|2)−χ(∆φ+∇v·∇φ)

]
, (2.16)
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u=exp(v), (2.17)

τ
∂φ

∂t
=µ∆φ−αφ+χu, (2.18)

dE0(φ)

dt
+rt=−E0(φ)+r(t)

E(u,φ)+C0

∫

Ω

[
Du

(
∇δE

δu

)2

+τ

(
∂φ

∂t

)2
]

dx. (2.19)

Using the semi-implicit time discretization, we now construct a first-order scheme
for the above system in a uniform setting, and higher order (k ≤ 6) schemes
can also be constructed similarly based on the BDF-Adams-Bashforth SAV tech-
niques [15]. Given (vn,un,φn,rn), we compute (vn+1,un+1,φn+1,rn+1) as follows:

vn+1−vn

δt
=Dγ∆vn+1+Dγ|∇vn|2−Dχ(∆φn+∇vn ·∇φn), (2.20)

ūn+1=exp(vn+1), (2.21)

λn+1
∫

Ω
ūn+1dx−

∫

Ω
undx=0, (2.22)

un+1=λn+1ūn+1, (2.23)

τ
φ̄n+1−φ̄n

δt
=µ∆φ̄n+1−αφ̄n+1+χun+1, (2.24)

1

δt

(
E0(φ̄

n+1)−E0(φ̄
n)+rn+1−rn

)

=− E0(φ̄
n+1)+rn+1

E[ūn+1,φ̄n+1]+C0

∫

Ω

[
Dūn+1

(
∇δE

δu
(ūn+1)

)2

+τ

(
φ̄n+1−φ̄n

δt

)2
]

dx, (2.25)

ηn+1=
E0(φ̄

n+1)+rn+1

E[ūn+1,φ̄n+1]+C0
, (2.26)

φn+1=ηn+1
k φ̄n+1. (2.27)

Note that in the above numerical scheme, (2.20) and (2.24) are first-order semi-
implicit schemes for (2.16) and (2.18), while (2.22) is first-order approximation to
the mass conservation condition (2.7). We summarize that vn+1, λn+1, un+1, φ̄n+1

are first-order approximations of v(tn+1), 1, u(tn+1), φ(tn+1). Eq. (2.25) is also
a first-order approximation to (2.19), which implies that rn+1 is a first-order ap-
proximation to r(tn+1). Then, with the fact that (2.26) implies ηn+1 = 1+O(δt),
we deduce that φn+1 is a first-order approximation to φ(tn+1).

The above scheme has the following unconditional properties (see Shen et
al. [15]):
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Theorem 2.1. Given un, φn, vn and rn such that

∫

Ω
undx=

∫

Ω
u0dx. (2.28)

Then, the scheme (2.20)-(2.27) admits a unique solution satisfying the following proper-

ties unconditionally:

1. Positivity preserving: un+1
>0.

2. Mass conservation:
∫

Ω
un+1dx=

∫

Ω
u0dx.

3. Energy dissipation with a modified energy defined by Ēn = E0(φ̄
n)+rn. More

precisely, if Ēn ≥0, we have Ēn+1≥0, ηn+1≥0 and

Ēn+1− Ēn

=−ηn+1
∫

Ω

[
Dūn+1

(
∇δE

δu
(ūn+1)

)2

+τ

(
φ̄n+1−φ̄n

δt

)2
]

dx≤0. (2.29)

4. There exists constant M such that

√
E0(φn)=

√∫

Ω

(µ

2
|∇φn|2+ α

4
(φn)2

)
dx≤M, ∀n. (2.30)

3 A Fourier spectral moving mesh method for Keller-

Segel equations

In this section, we will present our scheme that combines the Fourier spectral
moving mesh method and the positivity preserving SAV scheme for efficiently
and accurately solving the Keller-Segel models, especially for the blow-up cases.
We first introduce the MMPDEs and their Fourier spectral implementation, and
then we present our numerical scheme.

3.1 Formulation and Fourier spectral implementation of moving

mesh PDEs

To efficiently capture blow-up behaviors, it is essential to use an adaptive pro-
cedure in which mesh points cluster close to the regions where singularities de-
velop. There are various approaches to achieve this goal, including h-refinement,
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where mesh points are successively added in the singular region, and r-refine-
ment, where a fixed number of mesh points move according to the singularity
or large gradients. For successful integration with the spectral method, we con-
sider an r-refinement method in which the mesh points evolve according to an
MMPDE. MMPDEs can be formulated either on the physical domain or on the
computational domain. In this paper, as in [10, 11], we consider the former one,
which is derived more rigorously though slightly more complicated. In this ap-
proach, the criteria for redistributing the mesh are expressed through certain vari-
ational principles. There are also other adaptive strategies, such as the parabolic
Monge-Ampère method [31].

To be more specific, the moving mesh method redistributed a fixed number
of grid nodes continuously in time to obtain higher grid density in regions of
large solution variation in the physical domain Ωp (parameterized by x). This is
achieved by smoothing the gradient in the computational domain Ωc (parame-
terized by ξ) with uniformly distributed grids. Therefore, a mapping x= x(ξ,t) :
Ωc →Ωp is constructed from the computational domain to the physical domain
such that the transformed solution v(ξ)=u(x(ξ)) behaves more regularly in the
computational domain [10].

For the physical domain-based variational formulation (PDVF) [16] consid-
ered here, we consider finding the inverse map ξ(x,t) of x(ξ,t). Given an approx-
imate monitor function ω that links the mesh with the physical solution u, the
mapping is obtained by solving the following variational problem in one dimen-
sion:

min
ξ(x,t)

I[ξ]=
∫

Ωp

ω−1

(
∂ξ

∂x

)2

dx, (3.1)

so that the mesh concentrates where ω is large. A particular form of ω, which is
adopted in this paper, is given by

ω=
(
1+α|∇ξu|2

) 1
γ , (3.2)

where α,γ > 0 are problem dependent parameters. In higher dimensions, the
objective function in (3.1) becomes

I[ξ]=
∫

Ωp
∑

i

(
∇xξi

)T
G−1∇xξi dx, (3.3)

where G is the matrix monitor function. In this paper, we adopt the Winslow
type of monitor function G = ωI. Other forms of G allow the introduction of
anisotropically distributed mesh points.
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The variational problem (3.3) can be solved numerically via its gradient flow,
in other words, the moving mesh PDE

∂

∂t
ξi(x,t)= p∇x ·

(
G−1∇xξi

)
, i=1,2,3, (3.4)

where the mobility p is a positive function that may vary in space. By introducing
the covariant and contravariant basis vectors as in [16]

ai =
∂x

∂ξi
, ai =∇xξi , i=1,2,3, (3.5)

and the Jacobian J = a1 ·(a2×a3), the Eq. (3.4) can be transformed into a more
convenient form in the computational domain

∂x

∂t
= p

[

∑
i,j

(
ai ·G−1aj

) ∂2x

∂ξi∂ξ j
−∑

i,j

(
ai · ∂G−1

∂ξ j
aj

)
∂x

∂ξi

]
. (3.6)

For the Winslow type of monitor function G=ωI used here, the above equation
can be further simplified to

∂x

∂t
=

p

ω2 ∑
i,j

(
ai ·aj

) ∂

∂ξi

(
ω

∂x

∂ξ j

)
. (3.7)

Here we adopt the variable mobility p=µω2/λ in practical computations, where
λ is the largest eigenvalue of the positive-definite matrix A=(Ai,j)= (ai ·aj) and
the generic constant µ controls the artificial time scale of the MMPDE as com-
pared with the physical time t. More discussions on the choice of mobility func-
tion p can be found in [16].

Next, we describe the Fourier spectral implementation of the above MMPDE.
In [10], periodic boundary conditions are imposed on the MMPDE, thus allowing
the implementation of the Fourier spectral method. This method has already been
successfully applied to phase-field simulations such as the Allen-Cahn [10] and
Cahn-Hilliard [11] equations.

To introduce this method, let the computational domain be the unit square
[0,1]×[0,1]. It is the displacement of the adaptive grid point from its inverse
image on the regular grid, i.e., x(ξ,t)−ξ, that satisfies the periodic boundary con-
ditions on the unit square, that is,

x
(
ξ+(k,l),t

)
= x(ξ,t)+(k,l), ∀(k,l)∈Z

2 . (3.8)
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Note that this condition does not require that x(ξ,t) maps the unit square onto
itself, i.e., the physical domain may not turn out to be a square even though the
computational domain is. Illustrations are shown in [10]. Although the physi-
cal domain boundaries are curved, the condition (3.8) implies that the periodic
copies of Ωp (non-square) cover the whole two-dimensional space as effectively
as periodic copies of the unit square, which is harmonious with the periodic con-
dition in the Keller-Segel equations.

For the MMPDE (3.7) here, with periodic conditions on X = x−ξ, its form
becomes

∂X

∂t
=µ∑

i,j

ai ·aj

λ

∂

∂ξi

[
ω

(
∂X

∂ξ j
+ej

)]
, (3.9)

where ei denotes the canonical unit vector. Then the semi-implicit Fourier spec-
tral method can be applied to solve this nonlinear equation numerically [10]. In
the Fourier space, the discretized equation reads

(
1+µW∆tk2

)
( ̂̄X−X̂)=µ∆t

{

∑
i,j

ai ·aj

λ

∂

∂ξi

[
ω

(
∂X

∂ξ j
+ej

)]}∧

, (3.10)

where X̄ demotes the value of X at the next time step, k is the wave vector, W is
the maximum of ω over Ωc introduced by semi-implicit scheme, and ∧ represents
the Fourier transform.

3.2 A Fourier spectral moving mesh positivity preserving SAV

scheme

We now consider the moving mesh transformation: x=x(ξ,t) :Ωc→Ωp, mapping
the computational domain Ωc (parameterized by ξ) to the physical domain Ωp

(parameterized by x). By applying this variable transformation x= x(ξ,t) to the
Keller-Segel equations and treating u and φ as functions of ξ and t, Eqs. (2.1) and
(2.2) become the following system:

∂

∂t
u(ξ,t)= ẋ ·∇xu+D

(
γ∆xu−χ∇x ·(u∇xφ)

)
, (3.11)

τ
∂

∂t
φ(ξ,t)=τẋ ·∇xφ+µ∆xφ−αφ+χu, (3.12)

where the dot denotes the time derivative of the physical mesh position, ẋ =
∂tx(ξ,t). Under the transformation, the free energy (2.3) becomes

E[u,φ]=
∫

Ωc

(
γ f (u)−χuφ+

µ

2
|∇xφ|2+ α

2
φ2

)
J(ξ,t)dξ, (3.13)
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where J(ξ,t)=∂x/∂ξ is the Jacobian. Similarly, the energy dissipation law on the
computational domain reads

dE[u(t),φ(t)]

dt
=−

∫

Ωc

[
Du

(
∇x

δE

δu

)2

+τ

(
∂φ

∂t
− ẋ ·∇xφ

)2
]

J(ξ,t)dξ, (3.14)

and mass conservation becomes

d

dt

∫

Ω
u(ξ,t)J(ξ,t)dξ=0. (3.15)

We note from Eq. (3.11) that the moving mesh method brings a mesh velocity term
ẋ·∇xu to the original equation. And the large gradient in the blow-up behavior is
mainly caused by the advective term ∇xu·∇xφ in the nonlinear aggregative term
∇x ·(u∇xφ). Therefore, the mesh velocity term can be seen as an advective cor-
rection term and reduces the relative aggregative transport seen on the compu-
tational mesh. This provides an intuitive explanation for why the moving mesh
method improves the resolution of steep gradients in Keller-Segel simulations.

Because we focus on the two-dimensional case, we now give the 2D com-
putational representation of ∇xu and ∆xu in the computational domain Ωc for
convenience. The contravariant basis vectors are

a1=∇ξ1=
1

J

(
∂x2

∂ξ2
,−∂x1

∂ξ2

)
, a2=∇ξ2 =

1

J

(
−∂x2

∂ξ1
,
∂x1

∂ξ1

)
, (3.16)

and the Jacobian is

J=
∂x1

∂ξ1

∂x2

∂ξ2
− ∂x1

∂ξ2

∂x2

∂ξ1
. (3.17)

Then the physical gradient can be written as

∇xu=∑
i

ai ∂u

∂ξi
=

1

J

(
∂x2

∂ξ2

∂u

∂ξ1
− ∂x2

∂ξ1

∂u

∂ξ2
,−∂x1

∂ξ2

∂u

∂ξ1
+

∂x1

∂ξ1

∂u

∂ξ2

)
, (3.18)

and the Laplacian becomes

∆xu=
1

J
∇ξ ·(JA∇ξu),

(
A=(Ai,j)=(ai ·aj), i, j=1,2

)
, (3.19)

where

A∇ξu=




a11
∂u

∂ξ1
+a12

∂u

∂ξ2

a21
∂u

∂ξ1
+a22

∂u

∂ξ2


 . (3.20)
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Although we do not present higher-dimensional simulations here, the method
extends naturally to higher dimensions [10].

To obtain an efficient and energy stable time discretization on the compu-
tational domain to solve the Eqs. (3.11) and (3.12), we combine the positivity
preserving SAV scheme mentioned in Section 2.2. Using the function transform
u= exp(v) and the scalar auxiliary variable r(t), the transformed system on Ωc

can be reformulated as

∂

∂t
v(ξ,t)= ẋ ·∇xv+D

[
γ(∆xv+|∇xv|2)−χ(∆xφ+∇xv·∇xφ)

]
, (3.21)

u=exp(v), (3.22)

τ
∂

∂t
φ(ξ,t)=τẋ ·∇xφ+µ∆xφ−αφ+χu, (3.23)

dE0(φ)

dt
+rt

=−E0(φ)+r(t)

E(u,φ)+C0

∫

Ω

[
Du

(
∇x

δE

δu

)2

+τ

(
∂φ

∂t
− ẋ·∇xφ

)2
]

J(ξ,t)dξ, (3.24)

where E0(φ) and r(t)≥1 are defined by

E0(φ)=
∫

Ωc

(µ

2
|∇xφ|2+ α

4
φ2

)
J(ξ,t)dξ, (3.25)

r(t)=E1(u,φ)+C0=
∫

Ωc

[
γ(ulnu−u)−χuφ+

α

4
φ2

]
J(ξ,t)dξ+C0 . (3.26)

We now deduce the first-order scheme for the above system on the computa-
tional domain Ωc. To apply the semi-implicit Fourier spectral scheme, we denote
by λ∗ the maximum among the eigenvalues of A over Ωc. Define the following
term:

Ediss=
∫

Ωc

[
Dūn+1

(
∇x

δE

δu
(ūn+1)

)2

+τ

(
φ̄n+1−φ̄n

δt
− ẋ ·∇xφ̄n+1

)2
]

J(ξ,t)dξ. (3.27)

Then, given (vn,un,φn,rn), we find (vn+1,un+1,φn+1,rn+1) as follows:

vn+1−vn

δt
−λ∗Dγ∆ξvn+1

= ẋ ·∇xvn+Dγ∆xvn+Dγ|∇xvn|2
−Dχ(∆xφn+∇xvn ·∇xφn)−λ∗Dγ∆ξvn, (3.28)
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ūn+1=exp(vn+1), (3.29)

λn+1
∫

Ωc

ūn+1 J(ξ,tn+1)dξ−
∫

Ωc

un J(ξ,tn)dξ=0, (3.30)

un+1=λn+1ūn+1, (3.31)

τ
φ̄n+1−φ̄n

δt
−µλ∗∆ξ φ̄n+1

=τẋ ·∇xφ̄n+µ∆xφ̄n−αφ̄n+1+χun+1−µλ∗∆ξ φ̄n, (3.32)

1

δt

(
E0(φ̄

n+1)−E0(φ̄
n)+rn+1−rn

)

=− E0(φ̄
n+1)+rn+1

E[ūn+1,φ̄n+1]+C0
Ediss

(
ūn+1,φ̄n+1,φ̄n, ẋ

)
, (3.33)

ηn+1=
E0(φ̄

n+1)+rn+1

E[ūn+1,φ̄n+1]+C0
, (3.34)

φn+1=ηn+1φ̄n+1. (3.35)

Here, the term τ((φ̄n+1−φ̄n)/δt− ẋ·∇xφ̄n+1)2 that appears in (3.27) may be com-
puted as

(µ∆x φ̄n+1−αφ̄n+1+χun+1)2

τ
(3.36)

in practical computation using the Eq. (3.12), since in this way we can avoid eval-
uating the Jacobian in two separate time levels. The counterpart of (3.28) and
(3.32) in the Fourier space conjugate to Ωc reads

(
1+λ∗δtDγk2

)(
v̂n+1− v̂n

)

=δt
{

ẋ·∇xvn+Dγ∆xvn+Dγ|∇xvn|2−Dχ(∆xφn+∇xvn ·∇xφn)
}∧

, (3.37)

[
τ+δt(α+µλ∗k2)

]̂̄φn+1

=δt
(
µ∆xφ̄n+τẋ·∇xφ̄n

)∧
+δtχûn+1+

(
τ+δtµλ∗k2

)̂̄φn
. (3.38)

Note that in the monitor function ω = (1+α|∇ξv|2)1/γ we need to compute
∇ξv. However, the blow-up point where we want mesh points to concentrate is
a maximum of the solution. If we compute ∇ξv using FFT-based differentiation,
the gradient at that maximum will be zero. Indeed, not only the blow-up point,
but all the directional derivatives of those maximal points in this direction will
be zero. Therefore, when simulating blow-up solutions, we need to implement
a first-order finite difference approximation to compute the directional deriva-
tives on those maximal points. This treatment differs from the phase-field simu-
lations in [10, 11].
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Then the efficient implementation of the above scheme with moving mesh
PDE can be summarized as Algorithm 1.

Algorithm 1: Moving-mesh SAV Scheme Implementation

Input: un, φn, rn,xn, timestep δt.

Output: un+1, φn+1, rn+1, xn+1.

for n=0,1,2,.. . do

1. Determine physical mesh xn+1 from MMPDE (3.9) and compute

mesh velocity ẋ.

2. Solve vn+1 from (3.28).

3. Compute ūn+1 from (3.29) and compute λn+1 explicitly from (3.30).

4. Update un+1 from (3.31).

5. With un+1 known, solve φ̄n+1 from (3.32).

6. With ūn+1, φ̄n+1 known, determine rn+1 explicitly from (3.33).

7. Compute ηn+1 from (3.34) and update φn+1 from (3.35).

The above scheme is based on a first-order positivity preserving SAV scheme,
and it successfully inherits the energy stable quality from the original scheme as
long as the moving mesh method is good enough. We have the following results:

Theorem 3.1. Assume the Jacobian J(ξ,t)>0 and E1(u,φ)+C0≥1. Given un
>0,φn,vn

and rn such that ∫

Ωc

un J(ξ,tn)dξ=
∫

Ωc

u0 J(ξ,t0)dξ. (3.39)

Then, the scheme (3.28)-(3.35) admits a unique solution satisfying the following proper-

ties:

1. Positivity preserving: un+1
>0.

2. Mass conservation:
∫

Ωc

un+1 J(ξ,tn+1)dξ=
∫

Ωc

u0 J(ξ,t0)dξ.

3. Energy dissipation with a modified energy defined by Ēn = E0(φ̄
n)+rn. More

precisely, if Ēn ≥0, we have Ēn+1≥0,ηn+1≥0 and

Ēn+1− Ēn=−ηn+1δtEdiss

(
ūn+1,φ̄n+1,φ̄n, ẋ

)
≤0. (3.40)
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4. There exists constant M such that
√

E0(φn)=

√∫

Ωc

(µ

2
|∇φn|2+ α

4
(φn)2

)
J(ξ,tn)dξ≤M, ∀n. (3.41)

Proof. We can derive from (3.29) that ūn+1≥0. Then, from (3.30), we deduce that

λn+1
∫

Ωc

ūn+1 J(ξ,tn+1)dξ=
∫

Ωc

u0 J(ξ,t0)dξ,

which implies λn+1
>0, and consequently we get un+1

>0 along with (3.31). Fur-

thermore, it also implies
∫

Ωc

un+1 J(ξ,tn+1)dξ=
∫

Ωc

u0 J(ξ,t0)dξ.

It follows from (3.33) that

E0(φ̄
n+1)+rn+1=

(
E0(φ̄

n)+rn
)(

1+
δtEdiss(ū

n+1,φ̄n+1,φ̄n, ẋ)

E[ūn+1,φ̄n+1]+C0

)−1

≥0. (3.42)

Therefore, we derive from (3.34) and E[ūn+1,φ̄n+1]+C0 > 0 that ηn+1 ≥ 0, which,

together with (3.33), implies the energy dissipation (3.40).

Now we denote M := Ē0, then energy dissipation implies Ēn≤M, ∀n. Then, it

follows from (3.34) and E1(u,φ)+C0≥1 that

∣∣ηn+1
∣∣= Ēn+1

E[ūn+1,φ̄n+1]+C0
≤ M

E0(φ̄n+1)+1
. (3.43)

Therefore, by the fact that
√

A≤A+1 for all A≥0, we obtain
√

E0(φn+1)= |ηn+1|
√

E0(φ̄n+1)≤M. (3.44)

The proof is complete.

4 Numerical experiments

In this section, we present numerical examples to validate our numerical schemes.
We analyze the performance of our Fourier spectral moving mesh positivity pre-
serving SAV (MMPPSAV) method for solving the Keller-Segel chemotaxis model
with periodic boundary conditions in two spatial dimensions. For all examples,
the spatial domain (x,y) is chosen as [0,2π)×[0,2π). The spatial domain is dis-
cretized by the Fourier spectral method, and the time step is chosen as δt=10−4

unless stated otherwise. If not specified, we fix the diffusion constant D=γ=µ=1,
the chemotactic sensitivity χ=1, and α=0.1.
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4.1 Numerical results for a parabolic-elliptic Keller-Segel model

In this subsection, we conduct numerical experiments for the parabolic-elliptic
case (τ = 0) using our MMPPSAV method. Here, we show two numerical ex-
amples with different initial masses and carry out two different mesh moving
strategies.

In the first example, the initial condition is

u(x,y,0)=4exp

(
− (x−L/2)2+(y−L/2)2

4

)
. (4.1)

Note that in this classical Keller-Segel equations with initial condition (4.1), the
solution blows up in finite time. We compute this system up to the point where
the computation breaks down and take that time as the estimated blow-up time.
In addition, we also wish to see that our algorithm preserves the energy dissipa-
tion properties during evolution. To ensure r(t)>1 throughout the computation,
we set C0=104. Here, we choose the monitor function as

ω=
(
1+5|∇ξu|2

) 1
2 , (4.2)

and the generic constant µ= 1. Since in this situation, the initial solution is not
strongly peaked, we do not implement the MMPDEs to get an initial mesh before
starting the numerical simulation. Instead, we implement one step of MMPDE
to update the mesh at every time step and set the MMPDE time step equal to the
physical time step, ∆t=δt=10−4.

Fig. 1 shows the solutions at t = 1.2, t = 1.3 (before blow up), t = 1.4 (near
blow up), and t = 1.445 (the estimated blow up time), while Fig. 2 shows the
corresponding mesh-point distributions. The estimated blow-up time t≈1.445 is
close to the blow-up time t≈1.491 computed by the original positivity preserving
SAV algorithm on a uniform 256×256 mesh. We can observe that before blow
up (t= 1.2,1.3), the solution is not yet strongly peaked, so although mesh points
concentrate where gradients are large, they do not yet focus at the exact point
of maximum density. When the solution is near blow-up time (t = 1.4) and the
estimated blow-up time (t=1.445), the mesh points increasingly concentrate near
the blow-up point, illustrating the advantage of the moving mesh method for
resolving blow-up behavior. Fig. 3 plots the evolution of umax and the modified
energy Ēn, demonstrating that the algorithm preserves the energy dissipation
property well (mass conservation and positivity preserving can be seen easily
in the procedure of this algorithm).
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(a) t=1.2 (b) t=1.3

(c) t=1.4 (d) t=1.445

Figure 1: Solution evolution at different times.

In the second example, since the blow-up time could weigh heavily on the
initial conditions, we consider a spiky initial condition

u(x,y,0)=500exp(−30((x−L/2)2+(y−L/2)2)). (4.3)

In this example, we choose δt = 10−5 and implement a different mesh moving
strategy: first implement the MMPDE 100 times with a large artificial time step
∆t= 10−2 to obtain an initial mesh-point distribution and then carry out the nu-
merical simulation with ∆t = δt = 10−5 and the same other settings in the first
example. Fig. 4 shows the initial condition and the solution at the estimated blow
up time t≈4.7×10−3, which is very close to the time t≈4.6×10−3 obtained by the
original algorithm with 256×256 mesh. Fig. 5 shows the initial and final mesh-
point distributions, while Fig. 6 shows the evolution of umax and the modified
energy.



76 Y. Kuang and Z. Zhang / Commun. Math. Res., 42 (2026), pp. 57-81

(a) t=1.2 (b) t=1.3

(c) t=1.4 (d) t=1.445

Figure 2: Mesh-point distributions at different time corresponding to Fig. 1.

(a) umax (b) Modified energy

Figure 3: The evolution of umax and modified energy.
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(a) t=0 (b) t=4.7e−3

Figure 4: Initial solution and solution at the estimated blow-up time.

(a) t=0 (b) t=4.7e−3

Figure 5: Mesh-point distribution at initial and final time corresponding to Fig. 4.

(a) umax (b) Modified energy

Figure 6: The evolution of umax and modified energy.
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4.2 Numerical results for a parabolic-parabolic Keller-Segel

model

Next, we test the parabolic-parabolic (τ > 0) system. We set τ = 1 and take the
initial condition

u(x,y,0)=φ(x,y,0)=4exp

(
− (x−L/2)2+(y−L/2)2

4

)
. (4.4)

The time step is δt = 10−4 and we implement one step MMPDE to update the
mesh per time step with ∆t=δt. The monitor function is the same as in (4.2), and
we choose the generic constant µ=0.1 for the MMPDE. Fig. 7 shows the solution

(a) Solution (b) Mesh

Figure 7: Solution and mesh distribution at the estimated blow up time t=2.034.

(a) umax (b) Modified energy

Figure 8: The evolution of umax and modified energy.
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and mesh-point distribution at the estimated blow-up time t≈2.034. We observe
that under the smaller generic constant µ, the mesh concentrates less densely than
in the first example (see Fig. 2(d)). Fig. 8 displays the evolution of umax and the
modified energy.

5 Conclusion

We have proposed and tested a numerical framework that couples a linear pos-
itivity preserving SAV scheme with Fourier spectral spatial discretization and
a MMPDE-based moving mesh method to address the two principal numerical
challenges posed by the Keller-Segel system: preserving the model’s structural
invariants and resolving highly localized, near-singular solution features. The
Fourier implementation of MMPDE should change a little in computing the gra-
dient in the monitor function for this blow-up case. We demonstrate that the
moving mesh positivity preserving SAV scheme preserves mass and inherits the
positivity preserving and energy dissipation features of the original scheme, pro-
vided the moving mesh remains non-overlapping. These properties are impor-
tant for physical fidelity and numerical stability when simulating chemotactic
aggregation. Numerical experiments verify that the proposed method captures
sharp spike profiles and provides more reliable estimates of blow-up behavior
than comparable fixed-mesh approaches. Additional work can be done by ex-
tending it to higher-order schemes and higher dimensions.
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