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Abstract. In this work, a homogeneous two-phase flow model in two-dimen-
sional space is proposed for systems without a sharp interface between phases.
The model allows the two phases to coexist within the same domain with
distinct pressures, while their local proportions are represented by volume
fractions. Within an arbitrary Lagrangian-Eulerian (ALE) framework, a two-
dimensional Riemann solver is developed to construct the numerical scheme
with novel formulations for numerical fluxes and nodal velocities, ensuring
consistency on moving control volumes. Furthermore, a new moving-mesh
strategy is designed, in which the evolution of the volume fraction is obtained
directly from the geometric motion of the mesh and mass conservation, thereby
avoiding solving the non-conservative convective equation with source terms.
This enables the incorporation of physical drag models and finite relaxation co-
efficients, allowing the gradual equilibration of velocity and pressure between
the two phases to be calculated. Based on the volume-fraction formulation,
a discrete representation of the pressure work term is derived. Finally, a series
of numerical experiments are presented to demonstrate the accuracy, stability,
and physical consistency of the proposed model and numerical scheme.
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1 Introduction

Two-phase flows involving solid particles dispersed in compressible gases arise
in a wide range of natural and industrial processes, including volcanic eruptions,
engine combustion, and high-speed ejecta transport. In such systems, the particle
phase and the fluid often coexist without a well-defined material interface, while
exhibiting distinct kinematic and thermodynamic behaviors. Accurately mod-
eling the momentum, energy, and possible mass exchanges between the phases
remains a challenging task, particularly in the presence of shock waves, strong
compressibility, and non-equilibrium effects.

Early studies on gas-particle flows primarily focused on particle-particle col-
lisions and granular dynamics. Pioneering works by Savage and Jenkins [10, 20]
investigated rapid granular flows by modeling particles as smooth elastic spheres
and deriving stress tensors based on kinetic theory. These approaches were later
extended to inelastic particles and shear-driven configurations, such as Couette
flows, by Lun [11], with further considerations of particle size effects and veloc-
ity distributions [6]. Ding et al. [5] formulated two-phase models based on the
Boltzmann equation, introducing granular temperature to characterize particle
collision dynamics.

Subsequent research gradually shifted attention toward the interaction mech-
anisms between the particle phase and the background fluid. Sinclair et al. [22]
analyzed gas-particle flows in vertical pipes and quantified the relationship be-
tween pressure gradients and phase flow rates. Charles [2] provided a system-
atic investigation of momentum exchange mechanisms, demonstrating that inter-
phase momentum transfer is governed by drag forces at low particle concentra-
tions and by collisions at higher concentrations. These findings highlighted the
necessity of employing different modeling strategies depending on the particle
concentration.

At dilute concentrations, particle trajectory methods, in which individual par-
ticles are tracked in a Lagrangian manner, have been widely adopted due to their
ability to resolve detailed particle dynamics. Representative examples include
ejecta modeling in hydrocodes [7] and the development of MP-PIC and CMP-PIC
methods [1,13,14,23], which extend applicability from dilute to moderately dense
concentration. However, as particle concentration increases, frequent collisions
and collective effects render particle-resolved approaches increasingly expensive
and less effective. In this condition, multiphase continuum models that treat both
phases as interpenetrating fluids become more appropriate, with collision effects
embedded into constitutive relations.
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Among continuum approaches, homogeneous multiphase flow models based
on volume fractions have attracted considerable attention. Saurel et al. [19] intro-
duced a unified framework in which all phases are described within a single set
of conservation laws augmented by volume fraction variables, enabling the sim-
ulation of mixtures without explicitly tracking material interfaces. Such models
are particularly suitable for dense gas-particle flows, where the absence of a sharp
interface is a defining feature.

In many practical applications, gas-particle flows are further complicated by
strong compressibility and the presence of shock waves. Dusty-gas shock tube
problems have therefore been extensively studied as benchmark configurations
[3, 8, 9, 15, 18]. Beyond idealized test cases, realistic engineering scenarios such
as solid rocket motors and combustion chambers involve shock-induced particle
ejection, rapid interphase momentum exchange, and complex flow geometries
[12, 16, 17]. These problems place stringent demands on numerical schemes in
terms of robustness, conservation, and resolution of discontinuities.

In addition to momentum and energy exchange, mass transfer between phases
may occur through chemical reactions when temperature and reactant availabil-
ity permit. Such reactions are often highly localized in space and time, occurring
only in a subset of computational cells. Previous studies have mainly addressed
single-particle reactions or trajectory-based models [21, 24], while the consistent
treatment of reactive processes in dense two-phase flows remains limited, espe-
cially within purely Eulerian frameworks where particle histories are difficult to
track.

Despite significant progress, several challenges persist in the numerical sim-
ulation of dense gas-particle flows. First, allowing non-equilibrium pressures
between phases is essential for capturing transient relaxation processes, yet it in-
troduces additional modeling and numerical difficulties. In particular, pressure
work terms involving gradients of volume fractions require careful discretization
to maintain consistency and stability. Second, conventional Eulerian schemes ne-
cessitate solving additional transport equations for volume fractions, which may
complicate the coupling with interphase relaxation models. Finally, the differing
velocities of the two phases make purely Lagrangian formulations impractical,
while standard Eulerian approaches offer limited flexibility in tracking phase-
specific dynamics.

To address these issues, we propose a homogeneous two-phase flow model
in two dimensions domain within an arbitrary Lagrangian-Eulerian framework.
The model allows the two phases to coexist without a sharp interface and to pos-
sess distinct pressures, with their relative presence described by volume fractions.
A two-dimensional approximate Riemann solver is constructed to define numer-
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ical fluxes, together with a novel formulation of nodal velocities that ensures lo-
cal conservation at mesh vertices. Based on a carefully designed moving-mesh
strategy, the evolution of volume fractions is obtained directly from geometric
considerations and mass conservation, eliminating the need for solving separate
convective equation. This feature enables the use of physically motivated drag
laws and finite pressure relaxation coefficient to model the gradual equilibration
of velocities and pressures between phases.

Furthermore, the proposed formulation provides a consistent discretization of
pressure work terms in the momentum and energy equations based on the vol-
ume fraction framework. Owing to the flexibility of the ALE approach, the par-
ticle phase can locally degenerate into a Lagrangian description, which greatly
facilitates the tracking of particle motion and the modeling of localized mass ex-
change processes such as chemical reactions. The accuracy and robustness of the
model and numerical scheme are demonstrated through a series of representative
numerical experiments.

The remainder of this paper is organized as follows. Section 2 presents the
governing equations of the homogeneous two-phase model, including the con-
vective equation of volume fraction and pressure relaxation terms. Section 3 de-
scribes the ALE-based numerical method, the two-dimensional Riemann solver,
computation of volume fraction under the given moving-mesh strategy, and dis-
cretization of pressure work terms. Numerical results are reported in Section 4 to
validate the proposed approach. Conclusions are drawn in Section 5.

2 Two-phase flow model

In this section, we introduce the two-phase flow model by regarding the high
concentration solid particle phase as a fluid.

2.1 Problem statement and assumptions

Consider a dynamical problem defined on a two-dimensional domain Ω com-
posed of a fluid phase and a high-concentration particle phase. The particles
are modeled as a continuum and governed by the compressible Euler equations.
There is no explicit and well-defined interface between the two phases; instead,
they are assumed to be uniformly mixed throughout the domain. Moreover, each
phase is allowed to possess its own pressure and velocity field. To characterize
the spatial distribution of the tw phases, an additional variable, th volume frac-
tion is defined. Give the assumption as follows:
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(1) Both phases are considered as compressible fluid with equation of state P=
P(e,ρ).

(2) Each phase is allowed to possess the own pressure field.

(3) The volume fraction of two phases satisfy the condition αg+αp=1.

2.2 Governing equations

The governing equations of the proposed two-phase model are first presented in
the following form. Subsequently, each equation and the associated variables are
explained in detail

∂αg

∂t
+Vi ·∇αg=µ(Pg−Pp),

∂αkUk

∂t
+

∂αkFk(Uk)

∂x
+

∂αkGk(Uk)

∂y
=Sk,

(2.1)

where k= g,p,

Uk=









ρk

ρkuk

ρkvk

ρkEk









, Fk(Uk)=









ρkuk

ρku2
k+Pk

ρkukvk

ρkEkuk+Pkuk









, Gk(Uk)=









ρkvk

ρkukvk

ρkv2
k+Pk

ρkEkvk+Pkvk









,

Sg=−Sp=



















0

Pi
∂αg

∂x
+Fdx

Pi
∂αg

∂y
+Fdy

PiVi ·∇αg+µPi(Pg−Pp)+Fd ·(Vg−Vp)



















,

with subscripts p and g refering to particle and carrier-fluid phases, respectively.
For each phase k= p,g, ρk, uk, Ek=(1/2)|uk |

2+ek, Pk, are density, velocity, energy
and pressure, where ek is the specific internal energy. Moreover, Pi and Vi de-
note the mixture pressure and velocity of two phases, respectively. The term Fd

represents the drag force induced by the relative motion between the two phases,
while µ denotes the pressure relaxation coefficient. The physical meaning of each
term in the governing equations is analyzed in detail below.
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2.2.1 Volume fraction and interface-free description

For flows involving high concentrations of particles, the particulate phase is em-
bedded within the fluid phase, and no distinct interface can be identified in the
computational domain. The proposed model is therefore designed for interface-
free two-phase flows, in which the volume fraction is introduced to describe the
spatial distribution of the phases.

For each phase, the dynamics are described by the compressible Euler equa-
tions, with each phase possessing its own pressure, velocity, and density. When
source terms and volume fraction effects are neglected, the governing equations
for both phases reduce to conservative hyperbolic systems, which can be solved
independently. In each computational cell, the mass, momentum, and energy of
both phases are computed according to their local volume fractions.

2.2.2 Pressure and velocity relaxation

In many practical flow conditions, the two phases may exhibit significantly dif-
ferent initial states and therefore possess distinct pressures. Under the action of
pressure differences, it is physically reasonable for the volume fractions of the
two phases to evolve in space and gradually approach an equilibrium state.

The first equation in system (2.1) describes one of the dominant mechanisms
driving volume equilibration between the phases. This equation is a convective,
non-conservative equation and thus requires special treatment in the numerical
solution of the coupled system. The corresponding numerical strategy is detailed
in subsequent sections.

Owing to the non-equilibrium of pressure, variations in the volume fraction
may occur even in the absence of interphase mass transfer. Consequently, ad-
ditional pressure work terms must be incorporated into the right sides of the
momentum and energy equations until pressure equilibrium between the two
phases is attained.

An extra term, denoted by µPi(Pg−Pp), appears in the energy equation only.
This term represents the contribution of pressure relaxation to the internal energy
and does not affect the momentum balance.

The relaxation of phase velocities toward equilibrium is primarily driven by
interphase drag, which facilitates momentum and energy exchange between the
two phases. While viscous effects are neglected in the intrinsic dynamics of the
fluid phase, they cannot be ignored when modeling interphase drag. The drag
force between the phases originates from both the intrinsic viscosity of the carrier
fluid and the relative velocity between the fluid and particulate phases. Com-
monly used drag models for dense partic flow include Wen and Yu model, Gi-
daspow model, and Syamlal O’Brien model. In this work, the interphase drag
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force is modeled by the widely used Gidaspow model, which provides a robust
structure over both dilute and dense particle flow by recovering the Wen-Yu drag
law at high gas volume fractions and the Ergun (packed-bed) limit at low frac-
tions. The drag force is written in the standard form

Fd =Kpg(ug−up),

where ug and up denote the velocities of the fluid and particle phases, respec-
tively, and Kpg is the interphase momentum-exchange coefficient. In the Gi-
daspow model, Kpg is defined piecewise as

Kpg=

{

KWY, αg>0.8,

KErgun, αg≤0.8

with

KWY =
3

4

ρg αg αp

dp
CD |ug−up|α

−2.65
g ,

CD =
24

αgRep

[

1+0.15(αgRep)
0.687

]

,

KErgun=150
µg(1−αg)2

αgd2
p

+1.75
ρg(1−αg)

dp
|ug−up|.

Here αg and αp are the volume fractions (αg+αp =1), dp is the particle diameter,
and ρg and µg are the density and dynamic viscosity of the fluid phase. The
particle Reynolds number is defined by

Rep=
ρg dp |ug−up|

µg
.

3 Numerical method

In this section, we propose a cell-centered arbitrary Lagrangian-Eulerian numeri-
cal scheme for the above equations. A two-dimensional Riemann solver, referred
to as HLLC-2D, is introduced as an extension of the classical HLLC approximate
solver for the evaluation of numerical fluxes across element interfaces.

Under the requirement of global conservation, a consistent formulation for
the nodal velocity is developed, based on which the wave speed of the contact
discontinuity is defined. The numerical fluxes on each side of a cell edge are
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computed independently from the initial states of the adjacent cells, allowing for
unequal fluxes across the same edge. As a consequence, the conservation of mass,
momentum, and energy is enforced at the nodal level rather than within individ-
ual cells.To solve the coupled system, the second equation in (2.1) are split into
two hyperbolic subsystems, which are treated separately within the proposed
framework.

For the first equation in system (2.1), governing the evolution of the volume
fraction, a specialized moving-mesh velocity is employed. Under this moving
mesh strategy, the non-conservative equation does not need to be solved explic-
itly; instead, the volume fraction at the next time level can be obtained directly.
In addition, a discrete formulation of the pressure work term is presented, and
the selection of the relaxation coefficient µ is analyzed.

3.1 ALE scheme

For convenience, rewrite the Eq. (2.1) into single hyperbolic equations system
for two phases. And each phase has the following two-dimensions and moving
control volume formulation:

∂αU

∂t
+

∂αF(U)

∂x
+

∂αG(U)

∂y
=S,

d

dt

∫

Ω
αUdxdy+

∫

∂Ω

[

(αF,αG)N−(w·N)αU
]

dl=
∫

Ω
Sdxdy, (3.1)

where w denotes the mesh moving velocity of the control volume Ω while N
denotes the unit outward normal direction along the boundary of Ω. When w=u,
the system simplifies into a Lagrangian formulation, and when w=0, it takes on
an Eulerian form. In the following part, the choice of w is discussed to track the
volume fraction of two phases in elements.

3.1.1 Notations on a generic polygonal grid

The index c is given as a subscript for any element Ωc. Then there is a index d
representing the adjacent cell Ωd sharing a common edge with Ωc and the com-
mon edge of two elements is defined k= c∩d, as shown in Fig. 1. F(c) denotes
the set of all adjacent cells and Q(c) is the set of all vertices of the cell Ωc. We use
index q to represent the vertex in the mesh while analyzing, and C(q) and K(q)
denote the sets of cells and edges respectively containing the vertex q, i.e.,

C(q)={Ωc : cells containing the vertex q},

K(q)={k : edges containing the vertex q}.
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Figure 1: Notations on a grid.

The physical quantities of two phases for example the density ρgc , pressure Pgc ,
velocity vgc , energy Egc ,egc are cell-centered, defined in the center of Ωc while the
moving velocity wq is defined at the node q. Let Nc

d=((nx)c
d,(ny)c

d) represent the

unit normal vector of cell Ωc along edge c∩d and Nc
d=−Nd

c .
On either side of any given edge, we utilize indices L and R to represent the

states on the left and right sides of an edge, respectively. For instance, UL and UR

are state vectors in the left and right cells of the edge c∩d. To compute integration
of the flux across edge [Ma,Ma+1], denote by Fa,a+1 the fluxes on the face, La,a+1

is the length of [Ma,Ma+1], we have

La,a+1Fa,a+1 ·Na,a+1=
∫ Ma+1

Ma

F·Ndl.

Using the above transformation, we discretize the Eqs. (3.1) by utilizing the Go-
dunov scheme on an unstructured mesh. On any give element Ωc, we could get
the following form:

∣

∣

∣
Ωn+1

c

∣

∣

∣
αcUn+1

c = |Ωn
c |αcUn

c +∆t|Ωn
c |S

n
c

−∆t∑
d

∫

d
(T c

d )
−1αc [F(T

c
d U)−(wc

d ·N
c
d)T

c
d U]dl

= |Ωn
c |αcUn

c +∆t|Ωn
c |S

n
c

−∆t∑
d

Lc
d(T

c
d )

−1αcFc
d(w

c
d ·N

c
d,T c

d Uc,T
c

d Ud), (3.2)
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where |Ωc| represent the volume of cell Ωc. wc
d is the moving velocity defined at

the center of cell edge c∩d. Lc
d is the length of the edge c∩d. T c

d and (T c
d )

−1 are
the rotation matrix and its inverse as follows:

T c
d =









1 0 0 0

0 (nx)
c
d

(

ny

)c

d
0

0 −
(

ny

)c

d
(nx)

c
d 0

0 0 0 1









, (T c
d )

−1=









1 0 0 0

0 (nx)
c
d −

(

ny

)c

d
0

0
(

ny

)c

d
(nx)

c
d 0

0 0 0 1









.

Calculate the approximate numerical flux Fc
d through solving a one-dimensional

Riemann problem along the normal direction of edge c∩d as follows:

Ut+Fx =Sp,

U(x,0)=

{

UL=T c
d Uc, x<0,

UR =T c
d Ud, x>0,

(3.3)

and the numerical flux can be represented as follows:

Fc
d (w,UL,UR)=Fw−wUw, (3.4)

where w = wc
d ·N

c
d is the normal projection of the moving velocity wc

d, Uw and
Fw are the projection of the state and flux functions onto the direction x/t = w
respectively.

3.1.2 Flux formula of HLLC-2D on moving mesh

In this section, a two-dimensional approximate Riemann solver, referred to as
HLLC-2D, is developed for the evaluation of numerical fluxes. The construction
of this solver relies on two key ingredients.

First, a flux formulation based on the nodal velocity u∗
q is introduced, in which

the numerical fluxes across edges belonging to K(q) are not required to be equal
when evaluated from the left and right states. Second, the nodal velocity is com-
puted by enforcing conservation around each vertex under the proposed flux for-
mulation. This procedure guarantees the consistency between the nodal velocity
and the numerical fluxes.

In the following evaluation, assume that the nodal contact velocity u∗
q has

already been calculated. From the Riemann problem (3.3), the initial values of
the equation are

UL=T c
d Uc, UR =T c

d Ud,

and the fluxes are FL=F(UL), FR =F(UR).
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Different from the classical one-dimensional Riemann solver, HLLC-2D me-
thod deviates by introducing an artificial contact discontinuity wave speed de-
noted as S∗=u∗

q ·N
c
d, which is consistent with the nodal velocity u∗

q . Then define
two velocities SL and SR and suppose SL 6 S∗ 6 SR. As a result, the HLLC-2D
solver comprises 4 constant state regions separated by SL, S∗ and SR. Within
these regions, the vector of conservation quantities is defined as follows:

Uw=



















UL, if w6SL,

U∗
L, if SL <w6S∗,

U∗
R, if S∗<w6SR,

UR, if w>SR,

where U∗
L, U∗

R are

U∗
K =ρK

SK−uK

SK−S∗













1
S∗

vK

EK+(S∗−uK)

(

S∗+
pK

ρK (SK−uK)

)













with K=L,R. And the new approximate fluxes given which are from the different
direction of the edge c∩d

Fw
H =



















FH,1, if w6SL,

FH,2, if SL <w6S∗,

FH,3, if S∗<w6SR,

FH,4, if w>SR,

(3.5)

where H=L,R, and the above flux scheme strictly satisfies the Rankine-Hugoniot
conditions. We have

FL,2−FL,1=SL (U
∗
L−UL)=FR,2−FR,1,

FL,3−FL,2=S∗ (U
∗
R−U∗

L)=FR,3−FR,2,

FL,4−FL,3=SR (UR−U∗
R)=FR,4−FR,3.

The wave velocity S∗ has been proposed above and only fluxes FL,1 and FR,4 need
to satisfy the boundary conditions FL,1 =FL, FR,4 =FR. Consequently numerical
fluxes across edges around the vertex q according to the Eqs. (3.4) and (3.5) are as
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follows:

Fc
d,q (w,UL,UR)=Fw

L −wUw

=



















UL (uL−w)+DL, if w6SL,

U∗
L (S∗−w)+D∗

L, if SL <w6S∗,

U∗
R (S∗−w)+D∗

L, if S∗<w6SR,

UR (uR−w)+DR−D∗
R+D∗

L, if w>SR,

(3.6)

Fd
c,q (w,UL,UR)=Fw

R−wUw

=



















UL(uL−w)+DL−D∗
L+D∗

R, if w<SL,

U∗
L(S∗−w)+D∗

R, if SL6w<S∗,

U∗
R(S∗−w)+D∗

R, if S∗6w<SR,

UR(uR−w)+DR, if w>SR,

where DH =(0,P,0,Pu)T, D∗
H =(0,P∗

H,0,P∗
HS∗)

T and pressures are

P∗
L = pL+ρL (SL−uL)(S∗−uL),

P∗
R = pR+ρR (SR−uR)(S∗−uR).

(3.7)

Thus, four fluxes can be obtained on each edge according to the scheme above,
with two fluxes on each side shown in Fig. 2. Finally the flux on each side is
averaged, resulting in

Fc
d (w,T c

d Uc,T c
d Ud)=

1

2

(

Fc
d,q

(

wq ·N
c
d,T c

d Uc,T c
d Ud

)

+Fc
d,q+

(

wq+ ·N
c
d,T c

d Uc,T
c

d Ud

)

)

.

Figure 2: Fluxes on edge q—q+.
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3.1.3 Nodal solver

Since Fc
d 6= Fd

c may happen because of the definition of (3.5), the conservation in
cells is not always true. Therefore, the computation of nodal velocity u∗

q should
ensure the scheme preserving the local conservation around vertex q and global
conservation in Ω. Specifically, the sum of fluxes at all half-edges controlled by
vertex q equals zero. Integrate the state function in Ω

d

dt

∫

Ω
Udxdy≈

1

∆t ∑
c

(

∣

∣Vn+1
c

∣

∣Un+1
c −|Vn

c |U
n
c

)

=−∑
c

∑
f∈F (c)

Lc
f

(

T c
f

)−1
Fc

f

(

w·Nc
f ,T c

f Uc,T c
f U f

)

=−
1

2 ∑
q

∑
c∈C(q)

[

Lc
c+
(

T c
c+
)−1

Fc
c+,q

(

wq ·N
c
c+ ,T c

c+Uc,T
c

c+Uc+
)

+Lc
c−
(

T c
c−
)−1

Fc
c− ,q

(

wq ·N
c
c− ,T c

c−Uc,T
c

c−Uc−
)

]

≡−
1

2

(

∑
q∈I(Ω)

∑
c∈C(q)

FFc,q+ ∑
q∈B(Ω)

∑
c∈C(q)

FFc,q

)

,

where B(Ω) is the set of boundary nodes while I(Ω) is of inner nodes. Indeed
a sufficient condition for conservation is

∑
c∈C(q)

FFc,q=0. (3.8)

Plug the flux definition into (3.8) and utilize the wave contact discontinuity ve-
locity S∗=u∗

q ·N
c
d and the pressure equation (3.7), we have

∑
k∈K(q)

Lk (αL,k+αR,k)
[

u∗
q ·Nk−v∗k

]

Nk =0, (3.9)

where

αL,k=−ρL,k(SL,k−uL,k), αR,k=ρR,k (SR,k−uR,k),

and v∗k represents the contact velocity in the classical one-dimensional HLLC Rie-
mann solver for edge k

v∗k =
PL,k−PR,k+αL,kuL,k+αR,kuR,k

αL,k+αR,k
.
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Solve the Eq. (3.9) to calculate the contact velocity u∗
q at each vertex and we have

u∗
q =M−1 ∑

k∈K(q)

Lk (αL,k+αR,k)v∗k Nk, (3.10)

where

M=

[

∑k∈K(q)Lk (αL,k+αR,k)n2
x,k ∑k∈K(q)Lk (αL,k+αR,k)nx,kny,k

∑k∈K(q)Lk (αL,k+αR,k)nx,kny,k ∑k∈K(q)Lk (αL,k+αR,k)n2
y,k

]

.

3.1.4 Time discretization

An explicit scheme is employed for the time discretization of system (3.2). Within
this framework, the overall accuracy of the method is primarily determined by
the spatial discretization. Consequently, only a first-order time integration is con-
sidered in the present work.

To ensure numerical stability and physical admissibility, several constraints
on the time step must be imposed. First, a CFL-type condition, denoted by ∆te,
is derived to guarantee positive entropy production within each computational
cell Ωi. At time tn, we denote by λn

i the inner circle radius of the cell Ωi. Then

∆te =Ce min
i=1,...,I

λn
i

√

(un
gi
)2+(vn

gi
)2+cn

i

,

where CE is a strictly positive coefficient and ci is the sound speed of the cell Ωi.
Numerically, the value of CE between 0.3 and 0.4 is usually taken.

Second, a criterion ∆tv is introduced to control the variation of the cell volume
during mesh motion. At time tn, we can get the contact velocity of vertex, we have

∆tv =CV min
i=1,...,I

{
∣

∣An
i

∣

∣

∣

∣A′
i

∣

∣

}

,

where Cv can be set 0.1 and

∣

∣A′
i

∣

∣=
1

2 ∑
f

Lc
f

(

u∗
q+u∗

q+
)

·Nc
f .

The time step at the next time level is then estimated as ∆tn = tn+1−tn, subject to
the above constraints. Since a two-phase system is considered, the CFL condition
is evaluated separately for each phase, and the minimum value is adopted as the
final time step

∆tn =min
(

∆te,∆tv,1.01∗∆tn−1
)

. (3.11)
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3.2 Moving velocity and volume fraction

In general, numerical simulations of two-phase flows are predominantly con-
ducted within an Eulerian framework, since the two phases typically possess
different velocities, as illustrated in Fig. 3. At time tn, the fluid phase and the
particle phase occupy different volume fractions within the same computational
cell Ωn

c . Over a time step ∆t, the two phases evolve independently and are trans-
ported to different regions, denoted by Ωn+1

c,g and Ωn+1
c,p , as a consequence of their

distinct nodal velocities ui,gn and ui,pn, i = 1,2,3,4. As a result, at time tn+1,
the cell composition is altered by the inflow of new gas and particles, and the
corresponding volume fractions must be re-evaluated through the first equation
in (2.1).

Owing to the velocity disparity between the two phases, a purely Lagrangian
formulation is generally not suitable for two-phase flow simulations. However,
Eulerian methods require the convective transport of each phase to be computed
separately and necessitate the reconstruction of volume fractions in every cell at
each time step, which can be cumbersome and computationally inefficient.

In contrast, the present method is formulated within an ALE framework,
which allows the grid velocity to be chosen flexibly. In the scheme, the mesh
velocity is set equal to the velocity of either phase. For simplicity and clarity, as-
sume that the computational cell Ωn

c moves with the velocity of the particulate
phase, as illustrated in Fig. 4, such that Ωn+1

c,p =Ωn+1
c . In this configuration, the

proposed scheme effectively reduces to a Lagrangian formulation for the particle
phase, which facilitates the tracking of particle motion, while retaining a standard
ALE formulation for the gas phase. For the gas phase, the convective terms are
evaluated directly using the discretization given in (3.2). This hybrid treatment
provides the flexibility needed to efficiently simulate a wide range of two-phase
flow problems.

Figure 3: Motion of two phases (black is particle, red is gas).
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Figure 4: w=un
i,p and Ωn+1

c,p =Ωn+1
c (blue is element c).

Under this choice, the updated volume fractions within the cell Ωn+1
c can be

obtained naturally without explicitly solving the non-conservative volume frac-
tion equation as follows:

αn+1
c,p =

αn
c,p |Ω

n
c |ρ

n
c,p

|Ωn+1
c |ρn+1

c,p

, (3.12)

αn+1
c,g =1−αn+1

c,p , (3.13)

where ρn+1
c,p and |Ωn+1

c | could be obtained by solving the hyperbolic equations.

An additional advantage of the proposed method arises in the modeling of
two-phase flows involving interphase mass transfer, such as chemical reactions,
which may occur in a highly non-uniform manner across the computational do-
main. In practice, such processes are often restricted to some limited cells where
specific reaction criteria are satisfied, rather than taking place uniformly in space
or time.

Within a purely Eulerian framework, the inability to explicitly track particle
trajectories makes it difficult to determine which particles have undergone mass
transfer, how long the reaction has persisted, and to what extent it has progressed.
In contrast, the present formulation allows the particle phase to be treated in a La-
grangian scheme by setting the grid velocity appropriately. This feature enables
accurate tracking of particle motion, facilitates the evaluation of reaction condi-
tions along particle trajectories, and provides a natural way to quantify the local
extent of mass transfer. As a result, the reaction state of the particulate phase
within each computational cell can be characterized more consistently than in
Eulerian framework.
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3.3 Discretization of pressure work term

The momentum and energy equations contain pressure work terms Pi∇αk and
PiVi ·∇αk on the right side, which involve gradients of the volume fraction. As
a result, the discretization of these terms requires special treatment. For the mo-
mentum equation, integrate Pi∇αk over the cell Ωc and use the divergence theo-
rem

∫

Ωc

Pi∇αk,cdΩc=Pi,c

∫

Ωc

∇αk,cdΩc=Pi,c

∫

∂Ωc

αk,cndS.

Actually since no well-defined interface exists between the two phases, and the
variation of volume fraction over a time step can be regarded as isotropic, no
unique normal direction nα can be identified. Consequently, the volume fraction
boundary integration can be approximated as zero

∫

∂Ωc

αk,cndS≈0.

For the energy equation term, substitute the first equation of system (2.1) into the
PiVi ·∇αk

PiVi ·∇αk=Pi

(

µ(Pg−Pp)−Pi
∂αg

∂t

)

=Pi

(

µ(Pg−Pp)−Pi

(

αn+1
g −αn

g

)

/∆tn

)

. (3.14)

A further issue that requires special attention is the choice of the pressure
relaxation coefficient µ. In many traditional two-phase models, µ is often taken
to be infinite in order to enforce instantaneous pressure equilibrium. Under this
assumption, pressure differences are eliminated solely through the redistribution
of volume fractions, and it is an instantaneous process rather than a continuous
process. This limitation stems from the fact that the volume fraction evolution is
governed by a non-conservative convective equation with source terms.

As shown in the previous section, the present scheme provides a new strat-
egy for computing the volume fraction, thereby removing the necessity of taking
µ→∞. When µ is finite, the pressure equilibration is no longer achieved exclu-
sively through volumetric rearrangement; instead, the fluid motion of each phase
also contributes to the relaxation process. In this case, the value of µ determines
the characteristic time scale of pressure equilibration, which should remain con-
sistent with the acoustic time scale of the system.

Two strategies for this time scale are considered: a physical scale and a nu-
merical scale. For the physical scheme, there is

µ=Cp
ci

Lp
,
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where ci is the mixture sound velocity. Lp is a physical scale such as the particle
diameter or other relevant physical measures. For the numerical scale

µ=Cp
ci

∆x
,

where ∆x represents the mesh scale. Under both scaling strategies, short-time
pressure non-equilibrium is permitted, while the pressure difference is required
to decay gradually within a finite time steps. The decay rate of the pressure dif-
ference can be further adjusted through a dimensionless coefficient Cp, which
controls the relaxation time.

3.4 Algorithm for full discretization system

Give the conclusion of the whole computation process:

Algorithm 1

1: At time step tn, initialize the physical variables and solve the equation

by (3.2).

2: Calculate the nodal velocities of two phases through (3.10) and cfl contion to

get the moving mesh strategy.

3: Solve the numerical fluxes of gas and particle phases at respectively by (3.6).

4: Update the density of two phases and get the volume fraction by (3.12)

and (3.13).

5: Calculate the pressure work term and update the velocity, energy and pres-

sure of two phases by (3.14).

6: Check if the final time step is reached; if not, return to the step 1.

4 Numerical tests and results

4.1 Shock-particle-cloud duct problem

To validate the proposed numerical scheme, we consider a classic shock-particle-
cloud configuration and analyze the corresponding numerical results. The com-
putational domain is [0,1]×[0,0.1]. An incident shock is introduced from the left
boundary, with its initial location set at x = 0.1. In this section, we adopt the
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numerical-scale definition of the pressure relaxation coefficient µ. The dimension-
less parameter Cp is chosen in the range 0.3-0.5, depending on the desired con-
vergence rate of the phase pressures toward equilibrium (larger Cp yields faster
convergence).

To mimic a realistic operating condition, a substantially elevated initial pres-
sure is prescribed on the right side of the domain. The post-shock state is deter-
mined from the Rankine-Hugoniot jump conditions, while the inflow conditions
at the left boundary are held fixed to continuously sustain the incident shock.
Suppose that the pre-shock state and post-shock are [ρ1,P1,u1] = [1.2,101325,0]
and [ρ2,P2,u2] respectively and the Mach number Ms of shock is given. The gas
is ideal and the initial post-shock state on the left side is computed as follows:

c1=
√

γgP1/ρg,1, Vs=Msc1

with the Rankine-Hugoniot jump conditions, we have

P2

P1
=1+

2γg

γg+1

(

M2
s −1

)

,

ρ2

ρ1
=

(

γg+1
)

M2
s

(

γg−1
)

M2
s +2

,

u2=Vs

(

1−
ρ1

ρ2

)

,

and energy is

e2=
P2

(

γg−1
)

ρ2
, E2= e2+

1

2
u2

2.

Three shock strengths are considered, corresponding to Mach numbers Ms= 1.2,
1.5, and 1.8. For each case, the pre-shock and post-shock states are determined
according to the Rankine-Hugoniot relations. The corresponding left and right
states are summarized in Table 1.

Table 1: Post-shock states.

Ms ρ2 P2 u2

1.2 1.609 153332 104.7

1.5 2.235 249100 238.7

1.8 2.8 366121 356.5
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Since the incident shock starts at x=0.1 and propagates to the right, a particle
cloud is initialized downstream of the shock to model shock-particle-cloud inter-
action. Specifically, in the region x∈ [0.1,0.2], particles are uniformly distributed
with initial volume fraction of 0%, 12%, and 50%, respectively.

As a baseline, we first present the fluid solution without particles ( αp=0 ) for

the three shock strengths at t=5.0×10−5 s in Fig. 5.
For the intermediate shock strength Ms = 1.2, we focus on the pressure and

velocity responses of the carrier fluid. At t= 5.0×10−5 s, the presence of parti-
cles leads to noticeable deviations from the particle-free baseline, and the impact
becomes more pronounced as the particle volume fraction increases.

As shown in Fig. 6, although the evolution time is relatively short, the velocity
and pressure distributions already exhibit clear deviations from the particle-free
case. The presence of particles increases the effective inertia and resistance of the
mixture, resulting in a delayed fluid motion and a higher post-shock pressure
level. In addition, both the fluid density and internal energy are observed to
increase, reflecting the enhanced compression and energy accumulation induced
by the particle–fluid interaction.
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Figure 5: 0% volume fraction with different Mach numbers.
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Figure 6: Different volume fractions under Ms =1.2 with t=5.0×10−5 s.

To investigate the cumulative impact of this interaction, the simulation time
is extended to t=1.0×10−4 s and focus on the pressure and velocity. The results
are displayed in Fig 7.
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Figure 7: Different volume fractions under Ms =1.2 with t=1.0×10−4 s.
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As the simulation time increases, the shock-induced discontinuities become
progressively smeared. This smoothing effect becomes more pronounced as the
particle volume fraction increases, indicating a stronger effective dissipative in-
fluence induced by the particulate phase. These observations are consistent with
the dense particle flow results reported in [4].

We examine the velocity and pressure distributions at t=0.5×10−4 s, t=1.0×
10−4 s, and t=2.0×10−4 s for the 50% particle volume fractions shown in Fig. 8.

For a fixed particle volume fraction, the flow discontinuities are progressively
attenuated as time advances, and the solution becomes increasingly smooth. In
particular, the pressure gradually increases in the region where the shock inter-
acts with the particle cloud. Overall, these results indicate that the presence of
particles mitigates the impact of the shock on the background fluid, leading to
a gradual damping of the shock-induced disturbances.

We next analyze the evolution of the particle volume fraction within each cell.
In the present test, the mesh velocity is chosen to coincide with the velocity of
fluid phase, and the particle volume fraction is subsequently recomputed based
on the resulting mesh motion. As a representative case, consider an initial particle
volume fraction of 50%. Fig. 9 illustrates the distribution of cell areas at t=2.0×
10−4 s, providing a schematic view of the mesh deformation under the adopted
moving-mesh strategy. The cell area is unitless in the sense that its numerical
value is determined by the length scale adopted in the mesh coordinates.

Then present the corresponding particle volume fraction distribution at this
time instant in Fig. 10.

Since the fluid velocity exceeds that of the particle phase, adopting the fluid
velocity as the mesh velocity inevitably leads to a redistribution of particles over
a larger number of computational cells. As a consequence, even cells that initially
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Figure 8: Different time under Ms=1.2 with 50% volume fraction.
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Figure 9: Mesh area.

Figure 10: Volume fraction.

contain zero particle volume fraction may exhibit a nonzero volume fraction pres-
ence after the evolution.

In regions where the shock intensity is strongest, the mesh cells undergo sig-
nificant compression due to the fluid motion, resulting in a substantial increase
in the local particle volume fraction. In contrast, as the flow propagates fur-
ther downstream and away from the shock front, the particle volume fraction
decreases in those cells and may even fall below the initial uniform value of 50%.

The above numerical example shows that the effects of the particle phase on
the global flow evolution are consistently reflected in both the conserved flow
quantities and the corresponding volume fraction distribution.

5 Conclusion

In this work, a homogeneous two-phase flow model and an associated numeri-
cal method have been developed for the simulation of dense gas-particle flows
in two dimensions domain. The proposed model allows the two phases to co-
exist without a sharp interface and to possess distinct pressures, with their rela-
tive presence described by volume fractions. Interphase momentum and energy
exchanges are modeled through physically motivated drag and pressure relax-
ation mechanisms, and the framework naturally accommodates mass transfer
processes such as chemical reactions.
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A key contribution of this study lies in the construction of an arbitrary Lagran-
gian-Eulerian numerical scheme for the proposed two-phase model. Within the
ALE framework, a two-dimensional approximate Riemann solver, referred to as
HLLC-2D, is introduced together with a novel definition of numerical fluxes and
nodal velocities. Local conservation of mass, momentum, and energy is enforced
around mesh vertices, ensuring consistency between the flux formulation and the
nodal motion.

Another important feature of the method is the treatment of volume fractions
and pressure work terms. By adopting a carefully designed moving-mesh strat-
egy, the evolution of volume fractions is obtained directly from geometric con-
siderations and mass conservation, avoiding the need to solve additional non-
conservative convective equations. This approach enables the use of finite pres-
sure relaxation coefficients, allowing transient pressure non-equilibrium to be re-
solved in a physically meaningful manner. Based on the volume fraction calcu-
lation, a consistent discretization of pressure work terms in the momentum and
energy equations is derived, which is essential for maintaining stability and ac-
curacy in non-equilibrium regimes.

The flexibility of the ALE formulation further allows the grid velocity to be
chosen to coincide with the velocity of a selected phase, such that the particle
phase may locally degenerate into a Lagrangian description while the fluid re-
mains in an standard ALE form. This property is particularly advantageous for
modeling localized mass exchange and chemical reactions, where tracking the
history and state of particles or fluid is crucial.

A series of numerical experiments has been carried out to demonstrate the
accuracy, robustness, and effectiveness of the proposed model and numerical
scheme. The results confirm that the method can accurately capture interphase
relaxation processes and resolve strong flow features such as shock waves.
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