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Abstract. The purpose of this paper is to solve equation for a class of quasi-
linear elliptic operators containing the p(-)-Laplacian and the mean curvature
operator with mixed boundary conditions. More precisely, we are concerned
with the problem that has the Dirichlet condition in one part of the boundary
and the Steklov condition in another. Using a symmetric mountain pass lemma
and its corollary, we show the existence of infinitely many weak solutions of the
equation and the boundedness of the sequence of solutions, or convergence to
zero of the sequence of solutions according to the hypotheses about the data

functions.
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1 Introduction

In this paper, we consider the following problem under the mixed boundary

value condition:
—div[a(x, Vu(x))] =f(x,u(x)) in Q,
u(x)=0 on I'y, (1.1)
n(x)-a(x,Vu(x)) =g(x,u(x))  on Iy.
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Here Q) is a bounded domain of RN (N >2) with a Lipschitz-continuous (C%! for
short) boundary I satisfying that I'; and I'; are disjoint open subsets of I' such
that

U, =I, T1#0, (1.2)

and the vector field n denotes the unit, outer, normal vector to I'. The function
a(x,&) is a Carathéodory function on Q x R¥ satisfying some structure conditions
associated with an anisotropic exponent function p(x). Here we say that a(x,{)
is a Carathéodory function on () x RN if for a.e. x€Q), the map RN>¢&— a(x,g)
is continuous and for every & € RN, the map Q> x+ a(x,&) is measurable on Q.
The operator u— div[a(x, Vu(x))] is more general than the p(-)-Laplacian

Ayt (x) =div [| Vu(x) [P 2V (x)]

and the mean curvature operator div[(1+|Vu(x)[?)P(¥)=2)/2¥y(x)]. This gen-
erality brings about difficulties and requires some conditions.

We impose the mixed boundary conditions, that is, the Dirichlet condition on
I'1 and the Steklov condition on I';. The given data f:(QxR—R and g:I', x R—R
are Carathéodory functions satisfying some structure conditions.

The study of differential equations with p(-)-growth conditions has recently
become a very interesting topic. Studying such problem stimulated its applica-
tion in mathematical physics, in particular, in elastic mechanics [33], in electrorhe-
ological fluids [13,23,27,29]. However, since we find a few papers associated with
the problem with the mixed boundary condition in variable exponent Sobolev
space as in (1.1) (for example, [2—4,8,10]), we believe this paper has merit.

As Fan [17] takes the variable exponent Sobolev space W'?()(Q) as the base
space, it is necessary to add the term |u(x)|?*)=2u(x) to the left-hand side of the
tirst equation of (1.1). However, since we consider the Dirichlet boundary condi-
tion on I'; # @ in this paper, we can delete such a term according to a Poincaré-
type inequality due to Ciarlet and Dinca [11]. In this paper, we extend these
results to a class of quasilinear elliptic operators containing the p(-)-Laplacian
and the mean curvature operator. In the previous paper [6], we treated the case
p(x) >2 on O, however, in the present paper, we consider the case with not only
the case p(x) >2 on (), but also the case p(x) >1 on Q. The case p(x) >1 on
Q) is more difficult. To overcome this, we apply the Glowinski and Marroco tech-
nique [22] which is used in the case p(x)=p=const. >1. As a result, we can derive
the uniform monotonicity of a(x, Vu(x)) in the case where p(x)>1 on Q. This is
a new result. By this, we can show that the corresponding functional satisfies the
Paley-Smale condition ((PS)-condition for short).
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The paper is organized as follows. In Section 2, we recall some results on
variable exponent Lebesgue-Sobolev spaces. In Section 3, we give a mountain
pass lemma and its corollary in which we show the existence of infinitely many
critical points. In Section 4, we present some assumptions and preparations to the
main theorems. Finally, in Section 5, we give the main theorems (Theorems 5.1,
5.2) and their proofs.

2 Preliminaries

Throughout this paper, let Q be a bounded domain in RN (N >2) with a C%!-
boundary I' and () is locally on the same side of I'. Moreover, we assume that I
satisfies (1.2).

In the present paper, we only consider real vector spaces. For any space B,
we denote BN by the boldface character B. Hereafter, we use this character to
denote vectors and vector-valued functions, and we denote the standard inner
product of vectors a= (ay,...,ay) and b= (by,...,bxy) in RN by a-b=YN ,a;b; and
|a| = (a-a)'/?. Furthermore, we denote the dual space of B by B* and the duality
bracket by (-,-)p+ p.

We recall some well-known results on variable exponent Lebesgue and So-
bolev spaces. See Fan and Zhang [19], Kovacik and Récosnik [25], Diening et
al. [14] and references therein for more detail. Furthermore, we consider some
new properties on variable exponent Lebesgue space. Define

C(Q)={p;p is a continuous function on Q},

and for any p € C(Q2), put
p’=p"(Q)=supp(x)=maxp(x),
xeQ xeQ)
p-=p (Q)= inf p(x) =minp(x).
xeQ) xeQ)

For any p € C(Q)) with p~ >1 and for any measurable function # on (), a modular
Pp(-) =Pp(-),0 is defined by

ooy ()= [ u(x) " dx.
The variable exponent Lebesgue space is defined by

LPO(Q)={u;u:Q—R is a measurable function satisfying p,.)(u) <oo}
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equipped with the (Luxemburg) norm

el ro ) Zinf{/\>0; Op() (%) < 1}.

Then LP()(Q)) is a Banach space. We also define the Sobolev space
WO (Q)={ue LV (Q); |[VuleL!)(Q)}
endowed with the norm
||”Hw1,p(-)(g) = ||uHLP(')(Q) +Vu| HLP(')(Q)
The following three propositions are well known (see [20,21, 32]).

Proposition 2.1. Let p€ C(QY) with p~ >1, and let u,u, €LP)(Q) (n=1,2,...). Then
we have the following properties:

@) NJullpprq) <U=1>1) = ppy(u) <L(=1,>1).
.. - +
(ii) HuHLP(')(Q)>1 = Hqup(-)(Q)gPp(-)(”)g||”H;Zp()(ﬂ

+ _
i) Jullpor oy <1 = [l 0y <op0) ) <M1l o)
(v) ||”n||Lp(-)(Q)—>°°as n—00 < pp(,)(un)—mo as n — oo,

The following proposition is a generalized Holder inequality.

Proposition 2.2. Letp€C+( ), where C(Q):={peC(Q);p~ >1}. Forany ue
LPO(Q) and ve LP' ()(Q)), we have

1 1
o)l < (= ) s ol

SZH“HM(-)(Q) ||v||Lp’(->(Q)-

Here and from now on, for any p € C+(Q), p'(+) denotes the conjugate exponent of p(-),
that is, p () = p(x) / (p(x) ~1).
For pe C1(Q), define for x€ Q,
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Proposition 2.3. Let Q) be a bounded domain of RN with CY-boundary and let p €
C+(Q). Then we have the following properties:

(i) The spaces LP()(Q)) and WPC) (Q)) are separable, reflexive and uniformly convex
Banach spaces.

(ii) If q(-) € C(Q) with g~ >1 satisfies q(x) < p(x) for all x € Q), then WLP() (Q) —
WL0)(Q)), where the symbol — means that the embedding is continuous.

(iii) If q(x) € C(QY) with g~ > 1 satisfies that g(x) < p*(x) for all x € Q), then the
embedding WP()(Q) — L1C) (Q)) is compact.
The following proposition is due to [15, Lemma 2.1].

Proposition 2.4. Let g € L*(Q)) and p be a measurable function on Q) such that 1 <
p(x) <ooand 1<q(x)p(x) <co. Assume that f € LPU)(Q) with f #0. Then we have
the following:

@ fll g <1 = ||f|| 0@ )§|||f|"(')||m->(g)§||f||Z;<>p<>Q
N
@) [|f ooy =1 = IfI1, 0@ )§|||f|"(')||m->(g)§||f||zq<>p<>Q
In particular, if g(x) =q=const., then |||f]”f||U, HfHLqP

Next we consider the trace (cf. [18]). Let Q be a bounded domain of RN with
a C%-boundary T and p € C(Q) with p~ >1. Since W'*()(Q) c W' (Q) from
Proposition 2.3(ii), the trace v(u) =u|r to T of any function u in WP()(Q)) is well
defined as a function in L' (T'). We define

(TeW PO (T) = {f; f is the trace to T of a function Fe& whrt) (Q)}

equipped with the norm
HfH(Trwl,p(-))(r) =inf{ ||F||w1,p(->(g); Fe Wl'p(‘)(ﬂ) satisfying F|r=f}

for f € (TrW'P())(T'), where the infimum can be achieved. Then we can see that

(TrWwlP())(T) is a Banach space. In the later, we also write F|r =g by F=g on T.
Moreover, for i =1,2, we denote

(W) () = {flr; f € (W) (T)}
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equipped with the norm
I (TeWLP())(T;) =inf{| f| (TrWLp() fE (Trw »( ))(F) satisfying f|r, =g},

where the infimum can also be ach1eved, so for any g€ (TrW'P())(T;), there exists
FeW?()(Q) such that F|r, =g and IEllwero ) = 181 mewrronry)-

LetgeC4(T):={qeC(T);q~ >1} and denote the surface measure on I' induced
from the Lebesgue measure dx on () by doy. We define

L)1) = {u ; u:I' =R is a measurable function with respect to doy

satisfying/]u(x)|q(x)d(7x<oo}
r

and the norm

u(x)
A

||u||m(-)( )—mf{

We also define a modular on L€ )(F) by

/yu )19 dg.

Similar to Proposition 2.1, we have the following proposition.

Proposition 2.5. Let g € C(T') with g~ >1, and let u,u, € L1)(T) (n=1,2,...). Then
we have the following properties:

@) |ull g0y <U=1,>1) <= pge)r(u) <1(=1,>1).
.. - +
(11) ||u||Lq()(r)>1 = ||u||6£q()(r)§p[](),F(M)SHMHZq()(r
e + B
(iii) Hu||m(->(r)<1 = HuHZq(.)(r)Spq(-),l"(u)gHu”Zq()(r
(1) [[unlpgtrry =0 <= Pg)r(ttn) =0.

(v) HunHLq(.)(r)—mo <~ pq(,),r(un)—mo.

For pe C1(Q), define for x€ Q,

N-Dp(x)
pa<x>={ Nop(x) ¢ PN
o, if p(x)>N

The following proposition follows from [30, Proposition 2.6].
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Proposition 2.6. Let pc C, (Q). Then if g€ C (T) satisfies g(x) < p?(x) forall x€T,
then the trace mapping W/P() (Q)) < LIC)(T) is well-defined and compact.

Now we consider a weighted variable exponent Lebesgue space. Let pe C(Q))
with p~ >1 and let a(x) be a measurable function on () with a(x) >0 a.e. x€Q.
We define a modular

Plp(a() ()= /Qa(x)|u(x)|P(X>dx

for any measurable function u in (). Then the weighted Lebesgue space is defined

by

Lp((')) Q)= {u; u is a measurable function on Q) satisfying 0. a(.)) (#) < oo}

al-

equipped with the norm

u(x)

x
A

p(x)
||u||LZ((..>)(Q)=1nf{)\>0;/ﬂa(x) dxgl},

Then Lf: (()) (Q)) is a Banach space.
We have the following proposition (cf. [16, Proposition 2.5]).

(:) (Q) (n=1,2,...), we have

Proposition 2.7. Let p€ C(Q) with p~ >1. For u,u, € Li( )

the following:

(i) For u#0, ||uHLp((,))(Q _

(ii) ||u||Lp((..))(Q) <U=1>1) = 0(p()a()) (W) <L(=1,>1).

eoe - +
(iii) ||M||LZ(<_-)>(Q)>1 = ||M||zp(<.))(mSp(p(-),ac))(u)é||u||zp((.))(m-
. + -
(iv) ||M||LZ(<_-)>(Q)<1 = ||M||ip((.))(mSp(p(.),a(-))(u)ﬁ||M||zp(.)(m-

(7)) hmn—>oo Hun —u H LP(‘)

100y =0 Moo (p(.) () (0 =14 =0,

(o) [luall

P TS = O(p(ya(y) (tn) — 00 as 11— .
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Fan [16] also derived the following proposition (cf. [16, Theorem 2.1]).

Proposition 2.8. Let Q) be a bounded domain of RN with a C%'-boundary and p €
C1(Q)). Moreover, let a € L*)(Q)) satisfy a(x) >0 ae. x€Q and x € C4(Q). If
q € C(Q) satisfies

1<q(x)< (X(X)—l *

< 2 (%) p*(x) forall xe€Q,

then the embedding WP()(Q)) — LZE; (Q)) is compact.

Similarly, let g € C(T') with g~ >1 and let b(x) be a measurable function with
respect to o on I with b(x) >0 o-a.e. x €I'. We define a modular

P ()= /rb(x)!u(xw(x)dax.

Then the weighted Lebesgue space on I' is defined by

LZE% (T)= {u; u is a c-measurable function on I satisfying p(q(,),b(,)),r(u) < oo}
equipped with the norm
: u(x) |10
“”“Lzs:;m=mf{A>0f/rb<x> | desip

Note that LZE% (T') is a Banach space.
We have the following proposition.

Proposition 2.9. Let g€ C(T') with g~ >1. For u,u, € LZ
the following:

E; (T) (n=1,2,...), we have

.. q_ q+
(i) ”””ngjg(r)>1 = “uHLﬁﬁi(F)Sp(q(’)’b(’))’r(u)éHuHLZEﬁ;(Q)'

) ]
<1 = lulljye 1 <Paeenr () <l

(iii) ||u|| 4 . -

(iv) Timy,_eo |ty —u||Lq(-)

0= = 1My 0004 (), b)), r (ttn —14) = 0.
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©) Juull gty ) 00 as n=re0 <= () p()r{n) = 00 a5 11— co.

The following proposition plays an important role in the present paper.

Proposition 2.10. Let Q) be a bounded domain of RN with a C%'-boundary T and let
peC.(Q). Assume that 0<be LPO)(T), e Co(T). If r€ C(T) satisfies

1§r(x)<ﬁ‘(8x()x;1pa(x) forall x€T,

then the embedding WP()(Q)) — LZ((..)) (T') is compact.

For the proof, see [6, Proposition 2.11].
Now we consider the Nemytskii operator.

Proposition 2.11. Let g€ C(Q)) with g~ >1 and a be a measurable function with a(x)>0
fora.e. x € Q). Assume that

(F1) A function F(x,t) is a Carathéodory function on Q x R.

(F2) The growth condition holds: there exist c € L) (Q)) with c(x) >0 for a.e. x €Q),
g1 € C(Q) with q; >1, and a constant ¢q >0 such that

[F(x,t)| <c(x)+cra(x) VD@10 forae. xeQ andall teR.

Then the Nemytskii operator Ng: LZE; (Q)3urF(-,u(-)) e L1 ) (Q) is continuous and
there exists a constant C > 0 such that

Pas() (NF()) < Clog, () () +0(g()a) (W) forall uwe L),
In particular, if g1(x) =1, then Ng: LZE; (Q) — LY(Q)) is continuous.

For the proof, see [6, Proposition 2.12].
Similarly we have the following proposition.

Proposition 2.12. Let r € C(T) with r~ > 1 and b be a o-measurable function with
b(x) >0 for o-a.e. x €T'p. Assume that

(G.1) A function G(x,t) is a Carathéodory function on T'p x R.
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(G.2) The growth condition holds: there exist de L"\()(T';) with d(x)>0 for oc-a.e. x€Ty,
r1 € C(T,) with r1 >1, and a constant dy >0 such that

G (x,1)| <d(x)+dyb(x) /1@ |7 )/ME) - for  oge. xeT, andall teR.

Then the Nemytskii operator Ng : LZ(()) (T2) 30— G(-,0(-)) € L' C)(Ty) is continuous
and there exists a constant C > 0 such that

Or (.02 (NG (©)) SC(0r, (.0, (@) 00 b)), (0)  forall ve LZ(()) (Tp).
In particular, if r1(x) =1, then Ng: L") (Ty) — L () is continuous.
Define a space by
X={oeW")(Q); v=00nT;}. (2.1)

Then it is clear to see that X is a closed subspace of W7()(Q)), so X is a reflexive
and separable Banach space. We introduce the following Poincaré-type inequality

(ct. [11]).
Proposition 2.13. Let Q) be a bounded domain of RN with a C%'-boundary and let

p € C(Q). Then there exists a constant C=C(Q,N,p) >0 such that
ltll ey ey < CNV 1l iy for all we X.

In particular, the norm || Vu||Lp(.)( is equivalent to the norm Hu||W1,p(.)(Q) forueX.

Q)

For the direct proof, see [2, Lemma 2.5].
Thus, we can define the norm on X so that

HUHX:HVUHLP(‘)(Q) for veX, (2.2)

which is equivalent to ||| ,y1,() () from Proposition 2.13.

3 A symmetric mountain pass lemma and its
corollary

In this section, we introduce a symmetric mountain pass lemma and its corollary.
For this purpose, first we recall the notion of “genus” which is introduced in [28,
Chapter 7]. This notion is particularly needed in the Section 5.
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Let E be a real Banach space and let £ denote the family of subsets ACE\{0}
such that A is closed in E and symmetric with respect to 0, that is, u € A implies
—u € A. For Ae&, define the genus of A to be n (denoted by y(A) =n) if there
is a map ¢ € C(A,R"\{0}) with ¢ odd and # is the smallest integer with this
property. When there does not exist a finite such 7, set y(A) =oo. Finally set

7(©)=0.
The main properties of genus will be listed in the next proposition.

Proposition 3.1. Let A,B € £. Then the following properties hold:

(i) If there exists an odd continuous map from A to B, then v(A)<<(B). In particular,
if AC B, then y(A) <+(B).

(ii) If there exists an odd homeomorphism from A onto B, then «y(A)=1y(B).
(iii) y(AUB) <vy(A)+y(B).
(i0) If y(B) <co, then y(A\B) > 7(A) —(B).

(v) If A is compact, then «y(A) < oo and there exists 6 >0 such that if we put Ns(A) =
{u€kE;||lu—A||:=inf{||u—v|;0€ A} <5}, then Ns(A)€€ and y(Ns(A))=7(A).

(vi) If Q) is a bounded neighborhood of 0 in R", and there exists a map h € C(A,90))
with h an odd homeomorphism, then y(A) =n.

For the proof, see [28, Lemma 7.5 and Proposition 7.7]. We note that it can be
easily seen that when A€ &, A#Q@ if and only if y(A) > 1.

Definition 3.1. When a functional I on a real Banach space E belongs to C*(E,R), we
say that I satisfies the Palais-Smale condition ((PS)-condition), if a sequence {u, }3>_;CE
satisfies that

lim I(u,)=d existsin R and lim ||I'(u,)||p- =0,
n—o0 n—oo

then the sequence {u, }:°_; has a convergent subsequence.

Define

[ ={Ac& y(A) >k} for k=1.2,.., (3.1)

dr= inf supI(u) for k=1,2,... (3.2)
AeTrueA
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and ford e R,
Ky={u€E; I(u)=d, I'(u)=0}. (3.3)

If Ky # @, we call d a critical value of I and u € K a critical point of I.

The following theorem is a slight improvement of a symmetric mountain pass
lemma (cf. [1,12,24]).

Theorem 3.1 (A Symmetric Mountain Pass Lemma). Let (E,||-||g) be an infinite-
dimensional real Banach space and 1€ C'(E,R) satisfying (PS)-condition. Furthermore,
assume that the following two conditions hold:

(1.1) 1(0)=0, I is an even functional, that is I(—u)=1(u) for all u € E, and bounded
from below.

(1.2) Foreachk=1,2,..., there exists Ay €Ty such that sup,e 4, 1(1) <0.

Then dy defined by (3.2) is a critical value of I, d, <d;1 <0 for k=1,2,... and the
sequence {dy } -, converges to zero as k — co. Moreover, if dy =djy1=---= dyyp=:d,
then v(Ky) > p+1.

For the proof, see [1,12,24].

Corollary 3.1 (A Variant of the Symmetric Mountain Pass Lemma). Addition to the
hypotheses of Theorem 3.1, we assume that

(1.3) If I(u)=0and I'(u) =0, then u=0.
Then the sequence {uy }7> , where ui € Ky_for k=1,2,... converges to zero as k— co.

Proof. Let uy € Ky, for k=1,2,.... Then I(uy) =dy and I'(ux) =0 for k=1,2,....
Since dy—0 as k— co and I satisfies the (PS)-condition, there exists a subsequence
{up }o_, of {uy}2; and u€E such that uy —u as k' —c0. Hence, since IeC' (E,R),
I(up)=dp —1(u)=0and I'(u) =0. From (I.3), we have u =0, that is, upy — 0 as
k" — co. By the convergent principle [31, Theorem 10.13(1)], for full sequence
{ux}2,, we have uy — 0 as k— co. O

Remark 3.1. If (1.3) does not hold, the sequence {uy}>, of the critical points
does not necessarily converge to zero. Kajikiya [24] constructed an example to
demonstrate this.



J. Aramaki / Commun. Math. Res., x (2026), pp. 1-29 13

4 Assumptions on the problem (1.1) and some
properties

In this section, we state some assumptions on the problem (1.1) and some prop-
erties.
Let peC4(Q) be fixed. Assume that the following (A.1)-(A.4) hold.

(A1) Let A:Q xRN — R be a function satisfying that for a.e. x € Q) the function
A(x,"):RN>&— A(x,§) is of Cl-class, and for all ZERN the function A(-,¢):
O>x— A(x,{) is measurable. Moreover, suppose that A(x,0)=0, A(x,—¢)=
A(x,g) fora.e. xeQandall ¢eRY, and put a(x,§) =V zA(x,&). Then a(x,{)

is a Carathéodory function on Q x RY.

Moreover, we assume the following structure conditions. There exist
constants Cy,ko > 0, nonnegative functions hy € LP'()(Q) and Iy € L}(Q)
with 111 (x) >1 for a.e. x € Q) such that the following conditions hold.

(A.2) |a(x,&)| <Co(hg(x)+hy(x)|&[PX)=1) for all FE RN and a.e. x €.

(A.3) a(x,0)=0 for a.e. x€ () and

— (F— kohy ()& =[P, if p(x)>2,
(alxg)=alxm)-@ ”)z{koh1(x)(1+!é’!ﬂﬂ!)”(")‘zlé’—ﬂlzf i p(x)<2
for a.e. x€ Q) and all &,y RN.

(A4) A(x,¢) and a(x,¢) satisfy that

e [pA), i p(x)>2,
8) “{p(x)A(x,mhl(x), it p(x) <2

for all F€eRY and a.e. x€Q.

Remark 4.1. The condition (A.1) is more general than that of Mashiyev et al. [26]
who considered the case h1(x) =1. In our case, to overcome this we have to

consider the space Y defined by (4.1) later as a basic space rather than the space
X defined by (2.1).
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Lemma 4.1. Under (A.1) and (A.3), there exists a constant ¢ >0 such that

1 1 ¢+

EA(x,g)—FEA(x,q)—A(x,T)
>{chl<x>rc—w<x>, i p(x)22
~ e () AP 2 g, i p(x) <2

fora.e. x€Q and all &y €RN. In particular, A(x,&) is convex with respect to ¢.
For the proof, see [7, Lemma 3.2].
Example 4.1. (i) A(x,&) = (h(x)/p(x))|&|P™) with pe C, (Q), h€ L1(Q) satis-
fying h(x)>1 for a.e. x€ Q.

(i) A(x,8) = (1(x)/p(x)) (1+[EP)P02 1) with peC. (@), he 170)(Q) sat-
isfying h(x)>1 for a.e. x€ Q.
Then A(x,¢) and a(x,{) = V¢A(x,¢) of (i) and (ii) satisfy (A.1)-(A.4).

Remark 4.2. In Example 4.1, when h(x) =1, the operator u+— div[a(-, Vu(-))] of
(i) corresponds to the p(-)-Laplacian and that of (ii) corresponds to the prescribed
mean curvature operator for nonparametric surface.

Lemma 4.2. Under (A.1)-(A.3), we have the following:
(i) |A(x,&)| < Colhg(x)|&|+h1(x)|E|PX) for a.e. x € and all RN,
(i) There exist constants ¢ >0 and C > 0 such that

a(x,&)-&>chy(x)|E|PY) —Chy(x) forae. xeQ andall FeRV.

In particular, if p~ > 2, then we can take C =0.

For the proof, see [7, Lemma 3.2].
For the function h; € L1(Q) with 1 (x) > 1 for a.e. x €Q), we define a modular
on X by

Pp() () (@) =Pp()m(0,0(0) = /th(x)le(x) PWdx for veX,
where the space X is defined by (2.1). Define our basic space

YI{ZJGX; pp(.),hl(.)(v)<00} (4.1)
equipped with the norm

lolly=inf{T>0; o, () (5 ) <1}-

T
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Proposition 4.1. The space (Y,||-||y) is a separable and reflexive real Banach space.

For the proof, see [5, Proposition 3.4].
We note that C°(Q)) CY. Since h1(x) >1 a.e. x €Y, it follows that

0o () () =pp0 (P19 0]) 20,0, (1V0]) for veY

and
1/p(:
lolly =[P 0| oy = V0l ooy = lollx for vey.  @2)
From (4.2) and Proposition 2.1, we have the following proposition.

Proposition 4.2. Let p € C.(Q) and let u,u, €Y (n=1,2,...). Then the following
properties hold:

(i) Y= Xand ||u||x <||ully.

(i1) Hu||y>1(:1,<1) <— pp(,),hl(,)(u)>1(:1,<1).
e - +
i) Jlully>1 = |ully <ppepn @) <llulf .

. + -
(@) Nuly <1 = [[ully <ppe)me @) <lully .

(i) ||unlly —oc0asn—oo <= Pp(~),h1(-)(”n)—>°° as n— oo.

Define a functional on Y by
D(u) :/ A(x,Vu(x))dx for uey. (4.3)
(@)

Then we have the following proposition which fulfills an important role in this
paper. In particular, (v) in the following proposition is first derived by Aramaki
[9, Proposition 3.5].

Proposition 4.3. Under the hypotheses (A.1)-(A.4), the functional ® has the following
properties:

(i) ®€CH(Y,R), ® is an even functional and its Fréchet derivative ®' satisfies
(@' (u),v) :/ a(x,Vu(x)) -Vo(x)dx for uveY,
O

and we have
O(u)—P(v) > (D' (v),u—v) for uvey. (4.4)
Here and hereafter, we denote (-,-)y~ y by (-,-) for brevity of notation.
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(i) ® is coercive, that is, ®(u) — oo as ||u||y — oo.
(iii) @ is sequentially weakly lower-semicontinuous in'Y.
(iv) @ is bounded on every bounded subset of Y.

(v) Let Oy ={x € Q;p(x) >2} and Qp ={x € Yp(x) <2}. Then ¥ is uniformly
monotone in the sense of

(@ (1)~ @' (0),1—0)
2 COp() ()0 (H—0)

(O e 2/p* ()
+{c(Cllully+[[olly) P~ OO 2 o (u—0) }

P 2/p” ()
AMe(Co+llully+lolly) ¥ @22 @20, )0, (u—0) }

for all u,v €Y with some positive constants c and C. Here and from now on, we
denote a\b=max{a,b} and aAb=min{a,b} for real numbers a and b.

(vi) @' is bounded on every bounded subset of Y.

(vii) ®' is coercive, that is, /
RGO
luly—eo  flully

(viii) @' is of (S+)-type, that is, if uy,—u in'Y as n— oo and

limsup (P’ (uy,),un, —u) <0,

n—oo

then u, —u in Y. Here and from now on, the symbol — means weak convergence,
in contrast to this, the symbol — means strong convergence.

(ix) The mapping ®':Y — Y* is a homeomorphism.
For the proof, see [7, Proposition 3.3] and [4, Proposition 4.4].

Proposition 4.4. Assume that (A.1)-(A.4) hold. Then there exist positive constants c;
and Cq such that

%@@0+%¢@0—¢(”;v)

2 C10p() iy (),0, (U= 0)

rer{ (ot lully+ [oll) 7@ @2 L))

2/p* (D)
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2/p~ (M)
Aer{ (Co+[lully+[olly) P O =20 @20 o, (u—0) |

foru,vey.
Proof. Let u,v € X. We have

3000+ 300 - (3

“H(oo-o(15)) o0 -o()
4/ ; <q’/ (qurU“’T) —@ (ugv+9%),9(u—v)>de.

Therefore, we can prove this proposition by using Proposition 4.3(v). O

Corollary 4.1. In uy,—u in'Y as n— oo and limy o ® (1, ) =P (1), then u, —uinY
as 1 — oo.

Proof. Letu,—uinY as n— o0 and limy, oo ®(11,) =P(u). Since @ is sequentially
weakly lower semi-continuous from Proposition 4.3(iii) and (u,+u)/2—u as
n— o0, we have

@ (1) <liminf® <””;r”).

n—00

Hence, we see that

ogliminfe (un)+;<1>(u)—q><un2+u))

n—00

<limsup (%@(un)+%cl>(u) —P <un;‘u>>

n—o00

— ®(u) —liminf® (””;r”) <®(u)—d(u) =0,

n—00

so we have

n—00

lim (%@(un)+%¢(u)—q>(””;”)) —0.

Since u,—u in Y as n — oo, the sequence {||u,||y};>; is bounded. Therefore, it
follows from Proposition 4.4 that o}, , (.),a(#n —1) =0 as n—00, 80 uy > uinyY
as n — oo from Proposition 4.2(v). O

We consider the hypotheses on the data f and g in (1.1).
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(£.1) Let f: (xR — R be a Carathéodory function satisfying
1f (x| <ep (1+a(x)[t1971) forall t€R and ae. x€Q,

where ¢; is a positive constant, 1<a€ L*()(Q), a€C (Q) and g€ C(Q) such
that

(x) forall xe€Q.

(g.1) Let g:I'» xIR— R be a Carathéodory function satisfying
90, 8)| <o (14b(x)[¢'¥)71) forall t€R and oc-ae. x€ly,

where ¢; is a positive constant, 1 <b € LF()(T;), p€ C.(T;) and r € C(T7)
such that B(x)-1

x)—1 4 _
1<r(x)<—————7p°x) forall xel,.

Define functions by
F(x,t) :/Otf(x,s)ds for a.e x€Q) and te€R, (4.5)
G(x,t):/otg(x,s)ds for c-ae. xe€l; and teR. (4.6)
Moreover, define functionals on Y by
J(u) :/QF(x,u(x))dx, K(u) :/FZG(x,u(x))dax, uey. (4.7)

Then we have the following proposition.

Proposition 4.5. Assume that (f.1) and (g.1) hold. Then the following properties are
derived:

(i) J,KeCY(Y,R) and their Fréchet derivatives | and K’ satisfy

/fxu

(K (1),0 >—/rg(x,u( )o(x)do forall uveY.

(ii) | and K are sequentially weakly continuous on Y.
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For the proof, see [4, Propositions 4.2 and 4.4].
Define a functional on Y by

Hu)=®(u)—J(u)—K(u) foruey. (4.8)
Furthermore, we assume the following conditions:
(f.2) Fora.e. x€Q), f(x,t) is an odd function with respect to .
(g.2) For o-a.e. x€T, g(x,t) is an odd function with respect to ¢.

We note that under (A.1), (f2) and (g.2), I is an even functional. We also
assume that the following Ambrosetti-Rabinowitz conditions hold: there exist
6>p™ and tp>1 such that

(£.3) 0<OF(x,t) < f(x,t)t for a.e. x€Q and all t€R\(—fy,ty), where the
function F(x,t) is defined by (4.5),

(g.3) 0<0G(x,t) <g(xt)t for o-ae. xel, and all t€R\(—ty,ty), where the
function G(x,t) is defined by (4.6).

Proposition 4.6. Assume that (A.1)-(A.4), (f.1), (f.3), (g.1) and (3.3) hold. Then the
functional I defined by (4.8) satisfies (PS)-condition.

Proof. Assume that a sequence {u,} ; CY satisfies that lim, . I(1,) = c exists
in R and limy, e || I’ (uy) |

v+ =0.

Step 1. The sequence {u,}?’ ; is bounded in Y. Indeed, for large 1, we have
I(uy) <|c|+1and [{I'(un),un)| /0 <||un|y. Hence, using (A.3),

1
|C|+1+Hun||y2I(un)—5<1’(un),un>

D(uy,)— /Ql-“(x,un(x))dx—/rzG(x,un(x))dcfx

—%(CID’(un) Uy ) 9/ f (2,10 (x) )1 (x)dx

+§/r2g x,un(x) U (x)doy

=hL+L+13,

where

11:/ A(x, Vi (x) dx——/ (x, Vi (x)) - Vi (x)dx,
(@)



20 J. Aramaki / Commun. Math. Res., x (2026), pp. 1-29

L= /Q <%f(x,un(x))un(x) —F(x,un(x))) dx,

1
I3=/rz <§g(x,un(x))un(x)—G(x,un(x))) doy.
It follows from (f.1) and (£.3) that

1
2/{xen;un< >|<to}( flx u”(x))u”(x)_F(x’u”(x)))dx
2—/0<%c1(1—i—a(x)tg+_1)to—|—c1(to—i—a(x))t?)dx:—Cl,

where
1 gt
G={gzt1)a (tolQU+tg llall11(q))
is a constant independent of n. Similarly, from (g.1) and (g.3), we have I3 > —(C,,
where C; is a constant independent of n.
On the other hand, it follows from (A.4) and Lemma 4.2(ii) that
1 1

1 1
b2 (5= 5) [ e V() V-l gl

1 1
><p+ 9)c||un||y —C,

for large n and ||uy ||y >1, where ¢ and C; are positive constants independent of n.
Therefore, if n is large and ||u, ||y >1, then we have
1 1
|1+l > (p— ~g ) lually ~C,

where Cy4 is a constant independent of n. Since 1/p*—1/6 >0 and p~ > 1, the
above inequality implies that {u,}_; is bounded.

Step 2. Since {1}, is bounded on the reflexive Banach space Y, there exist
a subsequence {u,}%_, of {u,}; 1 and u € Y such that u,,—u as n’ — co. Since
im0 || I (10 ) ||y= =0 and {u,, }57_; is bounded in Y, we see that

(r (un/),u—un/>—>0 as n — oo, 4.9)
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Moreover, since the embeddings Y — LZE; (Q),LZ((:)) (I'y) are compact by Proposi-

tions 2.8 and 2.10, we see that 1,y — u in LZE; (Q) and LZ((:)) (T2). From the Holder

inequality (Proposition 2.2), we have
(un )ty —1)|
’/ F (21 (%)) (s (x) —u(x) ) dx
/Qa(x)_l/Q(x)f(x,un/(x)) (a(x)Y 1)y (x) —a(x) V1) u(x)) dx

<2010 £ (e () 190 1, () — a1

(')“Ui(-)(g)'

|| Lq’(-)(Q)

Here, since a(x) >1 a.e. x € (), we have

Ao (@ >f< ()
- / )t ()19

gcl/g (T+a(x))|uy (x)]"@dx <C,

where ¢} and C are constants independent of #, because u,, — u in LZE;(Q)
Hence, we have

lim (J' (), tty —u) =0. (4.10)
n'—o0
Similarly, we have
lim (K’ (uyr), 1, —u) =0. (4.11)
n'—o0

Thus, it follows from (4.9)-(4.11) that
lim (D' (w1, 1 —u)
n'—o0

= lim (<I/(un’)run’_u>+<]/(un’ Uy — 1)

n'—oo

),
+ (K" (1), 1ty —u) ) =0. (4.12)
By (4.4) and (4.12), we have

@ (u) <Hminfd®(u,/) <limsupP(u,)

n'—oo n'—o0

<limsup (D(u) — (D (), u—1,1)) =D (u).

n’—oo
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Thereby we have
lim ®(u, ) =D(u). (4.13)
n’—oo
Thus, it follows from Corollary 4.1 that 1,y —u in Y as n' — oo. OJ

Lemma 4.3. Under the hypotheses (f.1)-(f.3) and (g.1)-(3.3), we have the following:

(i) There exists v € L'(Q) such that y(x) >0 a.e. x€Q and F(x,t) >y (x)t® for all
t e [tg,00) and a.e. x € Q).

(ii) There exists 6 € L'(T) such that §(x) >0 c-a.e. x €T, and G(x,t) >6(x)t for all
te [tg,00) and o-a.e. x €T,

Proof. (i) From (£.3), for t > t(, we have
0<OF(x,t)<f(x,t)t for ae. xeQ. (4.14)
Put 7(x) =F(x,t9)t, . Then y(x) >0 a.e. x €Q and it follows that
+
Y(x) Ser (to+a() ) tg? e (to+alx)t] )i
So v e L*0)(Q)) C L}(Q). From (4.14),

0 f(x,7) Q—F(x,r)
—< =2 f > to.
T~ F(x,T) F(x,7) or =t

Integrating this inequality over (to,t), we have

F(x,t)
F(X,to)

This implies F(x,t) >y (x)t? for all t > t,.

9logti <log forall t>t.
0

(ii) follows from the same argument as (i). O

5 Main theorems and their proofs

First we introduce the notion of weak solutions for problem (1.1).

Definition 5.1. We say u €Y is a weak solution of (1.1), if u satisfies that

/Qa(x,Vu(x)).Vv(x)dxz/Qf(x,u(x))v(x)dx-i—/rzg(x,u(x))v(x)dffx (5.1)

forallvey.



J. Aramaki / Commun. Math. Res., x (2026), pp. 1-29 23

It is easy to see that if u €Y is a weak solution of the problem (1.1), then u
satisfies (1.1) in the distribution sense, and u € Y being a weak solution of the
problem (1.1) is equivalent to u being critical point of the functional I defined by
(4.6), thatis, I'(1)=0.

Now that we are ready, we can state the main theorem.

Theorem 5.1. Let Q) be a bounded domain of RN (N >2) with a C%'-boundary T
satisfying (1.2). Assume that (A.1)-(A.4), (f.1)-(f.3) and (3.1)-(3.3) hold. Furthermore,
suppose that

(f4) p~ <q and f(x,t)
(¢.4) p~ <r~ and g(x,t)=0(t\ ~1) uniformly as t — co.

We define fk,dk and Ky by (3.1)-(3.3) with (E,||-||g) = (Y,||-|ly). Let ux € Kz (k=
1,2,...).

Then {uy } 32, is the set of infinitely many weak solutions of the problem (1.1). More-
over, {uy 3> ; is bounded in'Y.

Proof. We apply Theorem 3.1 with (E,||-||g) = (Y,||-||y). By Propositions 4.3(i),
4.5(i) and the definition of the functional I defined by (4.8), we can see that I €
Cl(Y,R). It follows from Proposition 4.6 that I satisfies (PS)-condition. From
(A.1), (£.2) and (g.2), we see that the functional I is even.

We show that I is bounded from below. From (f.4), for any & >0, there exists
t1 >1 such that |f(x,t)| <et? ~! for t >t; and a.e. x €Q). Hence, for t > t1,

F(x0)] < /Otrﬂx,s)rds: [ 1fGs) s+ /tfrﬂx,s)rdsgcl (hra(a)f] )+ =i

o(tP" =1 uniformly as t — o,

t
0
+
For 0<t<ty, |[F(x,t)|<c1(t1+a(x)t] ). Since F(x,t) is even with respect to ¢ from
(f.2), we see that

|F(x,t)|gcl(t1+a(x)t2+)+pi_|t|f for ae. x€Q and teR.
Hence, we see that

Il <er [ (nta()] Jaxt— [ luG) desCot = ull,-

where C; =c¢1(t1|Q] +t§’+ lallz1 (). Since
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for all x € ), we have Y < LV (Q), so ||u||Lpf(Q) < Cy|lully for u €Y with some
constant C,. Hence, we have

|](u)]§C1—|—pi_C§||tu for uey.
Similarly, we have
yK(u)ygc3+pi_c§\|u||§ for uey

for some constants C3 and Cy.
On the other hand, it follows from (A.4) and Lemma 4.2(ii) that

D(u) :/ (x, Vu(x))dx

1 h(x)
2/ x,Vu(x)) -Vu dx
Sy (o V) - Fulo)dx— [ S
>_/h1 x)| V() |P®) dx — C+1)/ (;3
>l Aully —(C+1) /Pl
for any u €Y. If we choose £ >0 so that
c & _p € _p
i =———C) ——Cl >0,
Yot op 2 ot
then
[(u) > ®(u) =[] (u)] - [K(u)]
>crflullf Allully ~Cr=Cs—(C+ 1)k /pll s
>—=C1—=G—(C+1)[|m/pll1(a (5.2)

for all u €Y. Thus, the functional I is bounded from below. Therefore, I satisfies
Theorem 3.1(1.1).

We show that the functional I satisfies Theorem 3.1(1.2). By Lemma 4.2(i), we
have

1) < /Q yA(x,Vu(x))ydxgco/Q (o (x)| W 1t(x)| -+ 111 (x) [V () [P ) dx
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Here since it follows from the Holder inequality (Proposition 2.2) that

+
[ 10Ge) ) e <20 )y | V0l 0y 2l 1l

for u €Y with [Jul|y >1, so there exists a constant C > 0 such that we have ®(u) <

Cllull? for ue with [|ully > 1.
Choose 0#e1 €Y, and inductively choose e, 1 € span{ey,...,ex} =: Y. For any
k=1,2,..., define

k k
Aiz{inei; x;€R for i=1,...,k and inzzpz}
i=1 i=1

for p>0. Then Ag € &. If we define a map

k
h: AiBinei — (x1,...,.x¢) ERF
i=1

and let
k

O= {(xl,...,xk) cRK; in2<p2},

i=1
then h C(AQ,B(A)) and / is an odd homeomorphism from A'Z onto 9Q). Thus, it

follows from Proposition 3.1(vi) that ’y(Ag )=k, so Ai €T LetueY with ||ul|y>1.
Then

1(1) = (1) — ] (1) — K (1) < Cllul|& —/QF(x,u(x))dx—/ G (x,u(x))dos.

I
By Lemma 4.3(i), we have
F(x,t)>7(x)|t|’ forae. x€Q and |[t|>t.
If we define Oy, = {x € Q;|u(x)| >ty }, we have

/QF(x,u(x))dx:/Qt F(x,u(x))dx+ F(x,u(x))dx

0 Q\Qfo

z/ﬂt 'y(x)|u(x)’9dx—/0\0t cl(to—i—a(x)t?)dx

0

> [yl fdx— [ )lu(x)|?dx—Cs

O\,
> [ y(@lux) ' dx—Cq

for some constant Cs and Cg.
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Similarly, we have

/FZG(X’M(X))de 2/1" (5(x)|u(x)|9dgx_c7

2

for some constant Cy. Here

(/ ) |u(x |dx+/ |dax)1/9

isanormin Y. Since Yj is of finite-dimensional, all the norms in Y} are equivalent,
so there exist positive constants c1,c1 and c3 such that for u = Zile xie; €Yy,

erlfulfy < [ v(lu() Pt | o) u(x)|'don
k ) 1/2 k , 1/2
| Y ox; <lully <es| Y_x; :
i=1 i=1

Since 6> p™, if we choose p >1 large enough so that Cpp+ —c10?+C2+C3<0, then
we have

and

sup I(u) <0.
ueAi

Thus, Theorem 3.1(L.2) holds. According to Theorem 3.1, the functional I has
critical points uy with critical value dy and djy — 0 as k — co. Thus, the problem
(1.1) has infinitely many weak solutions uy (k=1,2,...).

By (5.2), we have

+ —
di=1(w) > cr ||l Al —Cs
for some constant Cg. Since di <0, we can see that {||uy|y};-; isbounded. O

Finally, we derive the following theorem.

Theorem 5.2. Let Q be a bounded domain of RN (N >2) with a C%'-boundary T
satisfying (1.2). Assume that (A.1)-(A.4) with p~ >2, (f.1), (f.2), (f4), (g.1), (3.2) and
(g.4) hold. Furthermore, suppose the following (£.3"') and (.3 '): there exists a constant
0> p™ such that

(f.3") 0<OF(x,t)<f(x,t)t for ae. xeQ) and t#0,
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(g.3) 0<0G(x,t)<g(x,t)t for o-a.e. x€Tp and t#0.

Then if ux € Ky, for k=1,2,..., then the sequence {uy } >, converges to zero.

Proof. 1t follows from (f.3") and (g.3") that

1)~ {1 (), 1) =) ~ H@<>>

+/( (x)—F(x,u(x))dx
+/Q (ég(x’”(x))”(x)—G(x,u(x)) Ao,
ZCID(u)—%@’(u),u) for ueY.

Here, since p~ > 2, using (A.4) and Lemma 4.2(ii), we have
1

CID(u)—§<CI>’(u),u> Z/Qﬁa(x,Vu(x))-Vu(x)dx

Thus, we have

1 1 1 + -
10— (/) > (= ) elull Al

27

(5.3)

Since 0 > p, this inequality (5.3) implies that if I(#)=0 and I'(x) =0, then u=0.
Hence, Corollary 3.1(1.3) holds. Therefore, for the sequence {u}¢ ,, where u; €

Ky, (k=1,2,...), we have uy —0in Y as k— co.
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