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Abstract. In this survey, we provide an in-depth investigation of exponential
Runge-Kutta methods for the numerical integration of initial-value problems.
These methods offer a valuable synthesis between classical Runge-Kutta meth-
ods, introduced more than a century ago, and exponential integrators, which
date back to the 1960s. This manuscript presents both a historical analysis of
the development of these methods up to the present day and several examples

aimed at making the topic accessible to a broad audience.
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1 Introduction

Numerical integration of systems of ordinary differential equations (ODEs) is one
of the fundamental pillars of numerical analysis. In particular, many models
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stemming from real-world scenarios, with applications ranging from quantum
mechanics to fluid dynamics, naturally lead to systems of the form

u'(t)=Au(t)+g(tu(t)), u(0)=uo, (1.1)

where u(t) €R?, t >0, A is a linear operator (typically a matrix) describing the
(typically stiff) part of the problem, while g represents the (typically non-stiff)
nonlinear component. Remarkably, despite its fundamental importance, there is
no univocal and universally accepted definition of stiffness. Some mathemati-
cians characterize it through the presence of components of the solution that
evolve on very different time scales, others define it in terms of the ratio between
the eigenvalues of the Jacobian matrix of the system, while still others relate it to
the practical difficulties that arise when using explicit numerical methods. This
multiplicity of definitions reflects the intrinsic complexity of the phenomenon
and the different perspectives from which it can be analyzed. We shall provide
a more exhaustive discussion about the topic in Section 2.1.

Runge-Kutta (RK) methods represent a milestone in the development of nu-
merical methods for ODEs. Initially introduced by Carl Runge in 1895 [88] and
later refined by Martin Wilhelm Kutta in 1901 [60], these methods revolution-
ized the approach to the numerical solution of ODEs. Their classical formulation,
based on a linear combination of function evaluations at appropriately chosen
intermediate points, offers a remarkable balance between accuracy and simplic-
ity of implementation. However, despite their historical success, classical explicit
RK methods have shown significant limitations when applied to more complex
or stiff problems.! The need to use extremely small time steps to ensure stability
in the already mentioned stiff problems, with the consequent increase in compu-
tational cost, has pushed the scientific community towards the development of
more sophisticated variants. Furthermore, the inability of classical RK methods
to naturally preserve some important physical properties of the systems (such as
invariants and energies) has motivated the search for more advanced geometric
and structural methods.?

!t is important here to make a necessary distinction between explicit and implicit RK meth-
ods. Explicit methods compute each stage using only previously computed ones, but suffer
from strong stability limitations, especially in the presence of stiff problems. On the contrary,
implicit methods guarantee better stability and are particularly suitable for tackling stiff prob-
lems. The systematic introduction of implicit methods dates back to the pioneering works of
John Butcher [12], who provided a solid theoretical basis for their development and application.
The main drawback of implicit methods is their high computational cost, since they require the
knowledge of the solution for nonlinear systems of equations at each stage.
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Thus, the presence of stiff terms represents a fascinating challenge for tradi-
tional numerical methods. Among the various approaches developed to address
this class of problems, exponential RK (ExpRK) methods have assumed a partic-
ularly important role. As pointed out by Hochbruck et al. [47]:

ExpRK methods represent a breakthrough in handling stiff semilinear
problems by combining the exact integration of the linear part with
carefully constructed stages for the nonlinear terms, leading to excep-
tional stability properties without severe step size restrictions.

We emphasize that the capability of ExpRK methods to deal with stiffness
makes them particularly suitable for various classes of partial differential equa-
tions (PDEs) and delay differential equations (DDEs), as will be investigated in
the following sections. The fundamental idea of these methods is based on the
variation-of-constant formula (VCF), which allows the solution to be rewritten
using the matrix exponential e”. Thus, the solution to the problem (1.1) can be
expressed as follows:

h
u(to—i—h):ehAu(to)—i—/O e g (ty+1,u(ty+71))d. (1.2)

The efficient implementation of these methods requires two fundamental ingre-
dients: the computation of e and the approximation of the integral containing
the nonlinear term. The matrix exponential can be characterized and computed
in different ways: through the classical power series, through spectral decompo-
sition when possible, or through integral representations in the complex plane
(see, for instance, [43]). The numerical evaluation of the matrix exponential is an
active area of research itself, with techniques ranging from scaling and squaring
methods to approaches based on Krylov subspaces, pioneered by Saad [89]. As
for the integral term, its approximation requires a suitable quadrature, i.e., a suit-
able combination of evaluations of the function §g. The general ExpRK method
can thus be expressed in the form

2We remark that in the mid-1990s, two important reviews regarding RK methods were published.
The first one, dated 1994, is due to Enright et al. [32] and it focuses on algorithms related to
explicit methods, while the second one was written by Butcher in 1996 [13] and with a more
historical approach. Butcher concentrates on the evolution of the methods from their origins, with
particular attention to implicit methods. Another interesting survey about Pseudo-RK methods
is due to Costabile [19] and it was published in 2003. We remark that in none of these works is
there any reference to exponential methods.
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v

Upy1= eh”Aun +I’ln Zbl (hnA)g(tn,i,U;),

| s | (1.3)
Ui =e‘ihay, +h, Zaij(hnA)g(tn,j,Ull), i=1,..,v,
j=1
where v is the number of stages, the abscissae c; are non-negative, t,,,1 ;=t,+c;hy
and the weights b;(h,A) and the coefficients a;;(h,A) are (d x d)-matrices. In the
following, the expression ExpRK method/scheme will refer to methods of the
form (1.3) such that the coefficients 4;; and b; only depend on A but not on g
(although, when tracing their historical path from Section 3 on, we also refer to
different, but related methods).?> Two main classes fit into this definition: the inte-
grating factor (IF) methods and the exponential time differencing (ETD) methods.
The former are characterized by coefficients of the form

bi(hnA):Eie(l_ci)h"A, ai]'(hnA):ﬁije(ci_cj)h”A, i,jZl,...,V,

where b;,7; jare constants. In the latter, instead, the coefficients are defined through
the so-called ¢-functions. These functions, which naturally generalize the matrix

exponential, emerge from the analysis of the integral term and play a central role

in the construction and analysis of these methods. We highlight that ¢-functions

can be defined in several equivalent ways. A particularly useful definition is

through the following integral:

1 ! z(1—-71) k—
or(z):= (k_1>!/0 e e

This definition shows that @-functions are essentially weighted averages of the
exponential over an interval, with polynomial weights. In the context of ExpRK
methods, these functions emerge when we try to solve semilinear systems of the
form (1.1), where the linear part is treated exactly (via the matrix exponential),
while handling the nonlinear part with a RK-type approach. When building an
ETD scheme, one derives formulas involving combinations of these ¢-functions
applied to the operator A multiplied by the time step h. For instance, in a one-
stage scheme with constant step size, we might have

1 =e" 1, +hoy (hA)g (1), (1.4)

31t is worth noting that if one allows the coefficients a;; and b; to depend on the nonlinear term
g, its Jacobian, or an approximation thereof, additional families can be cast into the same general
stage structure. The most notable examples are exponential Rosenbrock methods [52], exponen-
tial W-methods [47] and exponential propagation iterative methods of RK type [92].



A. Ando, N. Cangiotti and M. Sensi / Commun. Math. Res., x (2026), pp. 1-50 5

where u,~u(t,) for a given mesh of time points {t, },. Here, ¢1(hA) acts as a sort
of modified propagator for the nonlinear term. Note that using this approach
when A =0 we recover the standard RK methods exactly, while when ¢ =0 we
get the exact solution for the linear part. In multi-stage schemes, higher-order
p-functions also come into play. These handle the correction terms needed to
achieve a higher order of convergence, as we are going to explain in the following
sections.

This article pursues a dual objective. Firstly, it provides a comprehensive
overview of ExpRK methods, tracing their development from the earliest for-
mulations to some of the most recent theoretical advances. The goal is to offer
a clear and coherent account of how these methods have evolved, why they re-
main of current interest, and what their key characteristics are, while keeping
the presentation concise and focused on the essential points. Secondly, the arti-
cle is intended as a resource for readers encountering these methods for the first
time. Starting from the fundamental theoretical principles, the exposition grad-
ually progresses to more advanced topics, accompanied by illustrative examples
that clarify the main features and practical significance of the methods. By com-
bining these two perspectives, the survey aims to be both a thorough reference
for specialists and an accessible introduction for newcomers, providing a presen-
tation that is at once comprehensive, structured, and approachable.

The manuscript is organized as follows. Section 2 focuses on the key theoreti-
cal aspects of ExpRK methods. Section 3 presents a historical overview of the fun-
damental theoretical results, starting from the early works up to the most recent
review of exponential methods by Hochbruck and Ostermann [50]. In Section 4,
we recapitulate the most recent developments of ExpRK methods, from their ap-
plications to high stiff order and delay differential equations up to their usage
in several modeling frameworks. Finally, Section 5 is devoted to the numerical
simulations of three test cases, two of which of low dimension, that illustrate the
discussed theoretical properties.

2 Basic definitions and construction of ExpRK
methods

2.1 Stiffness in a nutshell

Despite the word stiff having been used for several decades, defining stiffness
in precise mathematical terms seems to be an impossible task. To the best of
the authors” knowledge, the term first appeared in [21], where the phenomenon
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of stiffness was shown by means of a scalar example. One could try to define
stiffness in terms of the inherent characteristics of the problem at hand, without
explicitly referring to its numerical approximation. From this perspective, two
large (not mutually exclusive) groups of problems may be classified as stiff:

* Problems whose Jacobian matrices have eigenvalues A with very large neg-
ative real part.

¢ Problems which involve quantities evolving at very different time scales.

Naturally, the above are not rigorous definitions, nor are they truly independent
of the numerical methods considered. In particular, the word large in the first
group is somehow related to the step size h: it would be more accurate to say that
a problem is stiff if |Ah| is large, or, in other words, if it requires “unreasonable
restrictions on h” [81]. As for the second group, observe that the fast and slow
components are usually associated to the large and small (in modulus) eigenval-
ues of the Jacobian, respectively [23] and, indeed, the ratio between the largest
and the smallest real parts - the stiffness ratio - was once considered a possible
measure of stiffness [61].

While both characterizations above concern properties which are typical of
stiff problems, it has become clear over time that neither represents an exhaustive
explanation of the complex phenomenon. More pragmatically, it is now deemed
more appropriate to define stiffness in terms of the numerical issues arising from
the phenomenon. In other words [40]:

Stiff equations are problems for which explicit methods do not work.

Or, at the very least, problems for which explicit methods perform worse than
implicit ones. For an insightful discussion on the topic of stiffness, we refer the
interested readers to [62]. It is shown therein, by means of numerical experiments,
that the stiffness ratio cannot be interpreted as a measure of stiffness and the clas-
sic pseudodefinitions are neither sufficient nor necessary conditions for stiffness.
Moreover, the pragmatic definition is also rephrased so as to emphasize that stiff-
ness varies with the specific interval over which the problem is integrated:

If a numerical method with a finite region of absolute stability, applied
to a system with any initial conditions, is forced to use in a certain in-
terval of integration a step-length which is excessively small in rela-
tion to the smoothness of the exact solution in that interval, then the
system is said to be stiff in that interval.
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2.2 Constructing ExpRK methods

The approximation of the exponential of a matrix represents a crucial aspect in
the implementation of exponential methods, due to its high computational costs.

At the end of the 1980s, Gallopoulos and Saad [35,36] were among the first to
emphasize that in the context of numerical integration one does not need to actu-
ally compute exponentials of matrices, but rather only products of the form e ~“v,
where v is a vector. This led them to explore the possibility to apply Krylov meth-
ods in this context. The approach consists in approximating e ~“v with a member

of the Krylov subspace
Ky :=span{v,Av,..., A" 1o},

The dimension m of the space is typically much smaller than the dimension of the
matrix. Given the matrix V,, = [v10;--vy,| with v; = v, whose columns form an
orthogonal basis for K;;, and the orthogonal projection Hy, (i.e. the Hessenberg
matrix) of A on Kj;;, the resulting approximation reads

e Yox vl Ve 1, 1,=[1,1,---,1]T eR™. 2.1)

Thus, the problem reduces to computing the exponential of a much smaller ma-
trix than the original one. A different approach proposed in [35] consists in ap-
proximating the exponential with a rational function. As highlighted in [36], the
two approaches can be combined, applying the rational approximation to e~
while making use of (2.1). Eventually, Saad [89] further improved the accuracy
obtained with the Krylov approach by rewriting e~ 4v=v— Ag;(—A)v and com-
puting a Krylov approximation for ¢;(—A) instead of one for e 4.

Later, a series of works focused on improving existing methods to approxi-
mate the full exponential (or related functions) of a matrix, rather than its action
on specific vectors. The first is attributed to Beylkin et al. [10], who observed
that the problem with Taylor truncation methods (so, also with Padé rational ap-
proximations, whose numerators and denominators are truncated Taylor series)
arise when the matrix A possesses large singular values. Thus, they proposed the
scaling and squaring algorithm to evaluate the exponentials, which consists in
exploiting the equality e = (e4/%")%, where s is chosen such that the largest sin-
gular value of /% is less than one. The authors also made use of this approach
to compute all ¢ functions by means of their recursive formula

zZ

—1/k! 1
00(2) =, g ()= TEE /R

. 2750, qu—H(O):(k-l-l)!’

k>0. (2.2)
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The scaling and squaring method is probably the most popular for computing
matrix exponentials and it is used in MATLAB’s command expm in combination
with a Padé approximation using the same degree for the numerator and denom-
inator [42].

In 2003, Davies and Higham [26] proposed a different approach, based on
decomposing the matrix A as A=S ~1BS such that e (or ¢x(B)) is much easier
to compute than e, and S has a reasonably low condition number. In particular,
their idea was to use a Schur decomposition (such that S is unitary and B is upper
triangular) combined with a recurrence algorithm of Parlett [85] which exploits
the fact that functions of block upper triangular matrices inherit their block struc-
ture. If A is symmetric, the approach introduced by Lu [65] for computing ¢1(A)
turns out to be more efficient. The method is again based on a matrix decomposi-
tion, obtained with an orthogonal S and a tridiagonal B. The idea in this case is to
approximate e® using a Chebyshev rational approximation for e?~*!, where A is
the largest eigenvalue of B. The algorithm has then been generalized to compute
all p-functions [79].

Another class of methods that can be employed to approximate the ¢-functi-
ons is that of polynomial interpolation, such as interpolation on Leja points [16].

A straightforward application of (2.2) to compute the ¢-functions suffers from
cancellation errors for small z. The idea implemented by Cox and Matthews [20]
was to use a piecewise strategy, namely to compute the ¢-functions directly with
(2.2) for large z, and with truncated Taylor series for small z. There is a certain
region, however, where neither approach is accurate enough. Kassam and Tre-
fethen [57] propose a method with the idea of bridging the gap between small
and large z, based on the computation of the contour integral

L[ oe(t)
Pi(z) = 27 Jr t—z di,

where the contour I encloses z and is separated from 0. They suggest using the

trapezoidal rule to efficiently compute the contour integral. The computational

cost is particularly cheap if the coefficient matrix has a sparse block structure.

In 2009, Al-Mohy and Higham [1] proposed a heuristic improvement on the
standard scaling and squaring algorithm combined with Padé approximation.
The goal was to solve the problem of overscaling, namely the fact that for large
||A|l a value of s is chosen which is too large, causing loss of accuracy in floating-
point arithmetic. The modification involves exploiting the values || A¥|'/k and
the improvements are more evident for upper triangular matrices.

The (currently) most popular method to compute the action of matrix expo-
nentials and ¢-functions on vectors was proposed by the same authors in 2011 [2].
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In fact, the purpose of that paper is twofold. The authors observe first that the
problem of computing sums of the form erc}:o ¢x(A)uy functions defining an ex-

ponential method can be recasted as a single matrix exponential e where A is ob-
tained by suitably augmenting A with p rows and columns. Next, they propose
their algorithm for computing products of matrix exponential times matrices e B
for BER™ ™ with m<n, as well as e/ B where t is an array of equally-spaced time
points. It is based on the scaling part of the scaling and squaring, plus a truncated
Taylor series

3 m —1Aj
eAB:(eS 1A)SB%B51 Bi+1: (Z (S ]-, ) )Bi/ Bo=B.
=

Optimal values for s and m are obtained through a backward error analysis. The
algorithm incorporates the ideas previously proposed in [1] in order to minimize
overscaling and turns out to be generally superior to existing ones in terms of
accuracy, stability and predictability of cost, since the only convergence test in-
volved is a test for early termination built into the evaluation of the truncated
Taylor series.*

Toy model

Having established the theoretical framework, we now introduce a toy model
aimed at reinforcing the pedagogical purpose of this manuscript. This example
serves to illustrate the key aspects of the previously described numerical method,
offering a clearer understanding of its implementation and highlighting its most
relevant features. So, let us consider a classic one-dimensional stiff toy-model

u' () =Au(t)+N(u(t)), u(0)=u, (2.3)

where A is a negative real number such that |A| is very large (causing the stiffness
of the problem) and N(u) is a milder nonlinearity. Specifically, for this example
we choose A =—1000 and N(u)=2u/(1+u?). This problem combines a strongly
dissipative term (Au(t)) with a bounded nonlinearity.

We apply the exponential time-differencing Euler method (ETD Euler) (1.4),
defined by a single internal stage

ul = u?l/
Upyt1= ehAun —|—I’lg01 (h/\)N(Ul )

If we choose, for instance h =0.01, then:

“We remark that the algorithm is implemented in the MATLAB function expmv.
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1. We compute " =e~10~4.54x 107>,

2. We compute ¢1(hA)=(e" —1)/hA~—-1/A=1/10.
For up =1, the first step is given by
u, =1,
N(U;)=2x1/(1+1%)=1,
Uy = (4.54x107°) x 1+0.01¢1(—10) x 1~1073.

Now, we can compare the performance of ETD Euler and the classical order 4
RK method (RK4), whose application to (2.3) gives

up=up=1,

K1 =h(/\u1 -|—N(1/l1)) Zh(/\-l—l) =-9.99,

uy=U7+K;/2=-3.995,

Ko=h(AUx+N(Uy)) =39.9411,

Uz =U;+K>/2=20.9705,

K3 =h(AU3+N(Uj3)) =—209.7046,

Uy =U; +K3 = —208.7046,

Ky=h(AUy+N(Uy))~2.09 x 10,

u1=ug+K;/64+K>/34+K3/3+K4/6~~290.59.
This extremely large value provides further evidence that the equation exhibits
stiff behavior and is highly sensitive on initial conditions, meaning that a smaller
step size might be necessary for numerical stability. Indeed, repeating the com-
putation with #=0.001, we obtain u; ~0.3755.

We can highlight the following differences between the two methods: ETD Eu-
ler requires computation of e* and ¢ (hA), while RK4 uses only basic arithmetic
operations. Moreover, as for the total function evaluations, ETD Euler requires
approximately 20 evaluations of N and RK4 requires approximately 400 evalua-
tions of N (see Table 1 for a full comparison). The advantages of ETD Euler are

now clear: it remains stable with larger time steps, maintaining precision compa-
rable to RK4. Moreover, it requires significantly fewer function evaluations.

Table 1: Computational performance comparison.

Method hmax | Steps | Evaluations/Step | Total Evaluations | Max Error
ETD Euler | 0.01 | 10 2 20 32x10°8
RK4 0.001 | 100 4 400 2.8x10°8
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Let us analyze the stability of the methods ETD Euler and RK4 more rigor-
ously. For the linear problem u/(t) = Au(t), both schemes considered yield a re-
currence of the form u,, 1 =R(Ah)u,, and the region

S={zeC:|R(z)| <1}

is the stability domain. For example, for ETD Euler,

while for RK4 it can be verified that

2 3
R(z)=1—|—z+22—!+%+%.

Observe that the origin is a stable steady state of a numerical method for the
linear equation whenever hA lies in the corresponding stability region. Thus, in
general, stability of the origin depends on the choice of /. A desirable property of
a numerical method is A-stability: a scheme is A-stable [22] if the entire negative
complex half plane is contained in its stability domain, such that the stability of
the origin is independent of the chosen step size.

We immediately observe that |e*| <1 for every z with #(z) <0. This implies
that ETD Euler is always stable, the numerical solution decreases exponentially
(just like the exact one) with no restriction on i. On the other hand, the stability
condition for RK4 leads to imaxA~—2.78529 and, for our problem with A=—-1000,
h must be lower than (approximately) 2.78529 x 1073,

2.3 Stability

At this juncture, we shall further explore the concept of stability, as it plays a cru-
cial role in numerical methods. In order to remain focused on the main goals of
this survey, we shall mainly focus on the types of stability relevant to exponential
methods.

A good starting point is provided by the paper published in 2009 by Maset and
Zennaro [76], in which the authors defined the concepts of unconditional stability
for ExpRK methods. Their definition is based on the concepts of contractivity and
asymptotic stability for semilinear systems of the form (1.1) where g is non-stiff.
Specifically, given solutions u, v of (1.1) with initial values uy, vg and 6 :=u—0,
(1.1) is called contractive if

[6(E) I <l[doll, =0,
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where §o=4(0) and || -|| is any norm in R?, and it is called asymptotically stable if
|6(t)||—0, t—oco0.

In a sense, unconditionally contractive (resp., asymptotically stable) methods are
those preserving the corresponding property. A sufficient condition for contrac-
tivity of (1.1) is
n(A)+v <0, (2.4)
where the logarithmic norm of A is defined as
I;—eAl -1 log||e**
Ayt MameAL=1_ loglle]

e—0t £ e—07t e

H

and v is a (moderate) Lipschitz constant for ¢ with respect to its second argu-
ment. Similarly, (2.4) with < replaced by < is a sufficient condition for uncondi-
tional asymptotic stability. In the following, for a given ExpRK method, u, and
v, represent the approximations of # and v at time t,, and 6, =u, —vy,.

Definition 2.1. An ExpRK method is called unconditionally contractive with respect to
the norm ||-|| if ||01]| <||0o|| holds for all ug, v and for all step sizes h when applied to any
system of the form (1.1) satisfying (2.4). It is also called unconditionally asymptotically
stable if |0, || — 0 as n — oo whenever (2.4) is satisfied with < replaced by <.

Maset and Zennaro [76] obtained sufficient conditions for unconditional con-
tractivity and asymptotic stability in terms of a suitable stability function. This
allows them to conclude that the ETD Euler method (1.4) and the two main classes
of ExpRK methods for certain values of the parameters are unconditionally con-
tractive and asymptotically stable. In 2013, the same authors [77] sharpened the
aforementioned results and determined necessary and sufficient conditions for
unconditional contractivity and asymptotic stability. This implies that no other
ExpRK method with 2 stages, other than those already detected in [76], is uncon-
ditionally stable. They also analyzed the main methods with 3 to 5 stages, and
observed that none of them is unconditionally stable either. However, since 7 is
assumed to be relatively small, conditional contractivity and stability properties
are also desirable.

Definition 2.2. An ExpRK method is called conditionally contractive (resp., asymptot-
ically stable) with respect to the norm ||-|| if ||61]] < |0 (resp., ||0n]| — 0 as n— o0)
holds for all ug, vy and for all step sizes h < C /vy where C is a constant dependent on the
method when applied to any system of the form (1.1) satisfying (2.4) (resp. (2.4) with <
replaced by <).
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Sufficient conditions for conditional properties are provided in [77]. Without
any restriction on the norm, these conditions only guarantee conditional con-
tractivity [asymptotic stability] for those methods which are already known to be
unconditionally contractive [asymptotically stable]. However, more can be said if
the Euclidean norm is considered. In particular, weaker restrictions on the param-
eters of two-stages methods are needed in order to obtain conditional properties.
The higher-order methods considered do not satisfy the sufficient conditions for
general problems of the form (1.1), even when considering the Euclidean norm,
but many satisfy conditional stability properties when restricted to certain classes
of problems, such as those where A is symmetric.

3 The historical path of ExpRK methods

In this section, we present a brief historical overview of the development and
dissemination of ExpRK methods, tracing their evolution from their inception
to the 2000s. We identified two major periods in which to structure our analy-
sis. The first period begins in the late 1950s and lays the theoretical foundations
that would gain traction in the following decades, up until the second half of
the 1970s. The second period marks a resurgence of interest in these methods,
starting in the late 1980s. Several works have already synthesized the progress
made up to the early 2000s (see e.g. [80]). Therefore, we will not dwell on the
details and instead refer the reader to the relevant literature. Although the 2005
works by Hochbruck and Ostermann [48,49] represent a significant milestone in
the evolution of ExpRK methods — marking the first application of these meth-
ods to semilinear parabolic problems — we have chosen to end this phase of our
analysis with their most recent comprehensive review on the topic, published in
2010 [50]. This choice allows us to provide a more rigorous and detailed exami-
nation of the last 15 years of developments, which constitutes a fundamental part
of this work, and to which we dedicated Section 4.

3.1 The first approaches

We devote these paragraphs to the first decades of theory and implementation on
ExpRK method. In particular, the first chronological reference dates back to 1958:
in [41], Hersch introduces the term distribution to indicate a numerical method
which uses matrix exponentiation according to the variation of constants formula,
and applies it to a semilinear ODE. Shortly thereafter, in 1960, Certaine [17] has
started the analysis around the concept of stiffness, without explicitly using this
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term. The class of problems analyzed is semilinear, with a diagonal linear term,
and a non-stiff nonlinear part. In the same years, Pope [86] proposed a manip-
ulation technique to write a generic ODE in a semilinear form, thus introducing
the easiest exponential Rosenbrock method (without using this name), and ob-
serving unconditional stability®. Rosenbrock’s seminal manuscript [87] appeared
in the same year, introducing the main ideas that led to a new class of RK type
methods with coefficients that are not constant but rather depend on the Jacobian
matrix of the right-hand side.

The years spanning the late 1960s and early 1970s were particularly fruitful
for the development of ExpRK theory. Indeed, in 1967, Lawson [63] extended
Pope’s results with a generalized RK method. This is achieved by transforming
an ODE of the form u/(t) = f(t,u(t)) into one for the variable z(t) =e~*4u(t) such
that df /ou— A is non-stiff (i.e. the Jacobian matrix of f —A has small eigenval-
ues), and finally applying a classical RK scheme to the transformed system. This
is the basis of the integrating factor methods (IF), as opposed to exponential time
differencing methods (ETD) used by Certaine and Pope [17,86], which are based
on the variation of constants formula (VCF). Here, A-stability is observed, differ-
ently from classical explicit RK methods.

In 1969, Norsett [84] built a nonlinear A-stable method modifying Adams-
Bashforth’s method using VCE. The method integrates exactly u'(t) = —Pu(t)+
T(t), and the author observes A-stability. This method is of order g+1, where g is
number of past steps, and g =0 gives the Euler method (1.4), sometimes referred
to as Norsett-Euler. Concerning the analysis of stability, Guderley and Hsu [39]
provided in 1972 accuracy and stability analysis of the methods proposed by Cer-
taine in 1960, considering ODEs of the form u/'(t) = —Au(t)+ f(t,u), with A di-
agonal, and defining a predictor-corrector method starting from an exponential
formula. They remarked that, if A is not diagonal, then one needs an approxi-
mation for e~ . Four years later, Snider [90] would correct a point overlooked
by Guderley and Hsu in the truncation error analysis, although the order of ac-
curacy does not change. In these years, Chu and Berman [18] also remarked that
classic implicit RK methods are sufficient for “not too large” ODE systems.

3.2 The rebirth

Interest in these topics seemed to fade during the 1980s, only to resurface at the
end of the decade. Indeed, to the best of the authors” knowledge, the next con-
tribution to the theory were provided by Gallopoulos and Saad in 1989 [35]. The

5To the best of the authors’ knowledge, this is the first use of the expression “exponential method”.



A. Ando, N. Cangiotti and M. Sensi / Commun. Math. Res., x (2026), pp. 1-50 15

authors considered systems of the form u'(t) = —Au(t)+r, that arise from dis-
cretization of linear parabolic PDEs. This translates into A being typically large
and sparse, and possibly stiff, and they observed that the explicit solution can
be easily expressed in terms of e 4 but that the latter is hard to compute for
the typical A and little changes if the solution is obtained with a time-stepping
procedure. Thus, they proposed to solve the system via approximations of the ex-
ponential, either with a polynomial (Krylov method, later said to be not always
good for stiff systems) or with suitable rational functions (Padé or Chebyshev ap-
proximations).® We refer back to Section 2.2 for a brief recap of Krylov method.

In 1996, Hochbruck et al. [47] claimed that exponential integrators were not
a novel discovery, but were considered impractical. They observed that, when A
is large, it can be harder to solve a linear system (I—TA)x =v than to compute
e™v (which is in turn as hard as computing ¢1(tA)v). This fact was proved the
following by Hochbruck and Lubich [46].7 In [46], the authors also improved
Gallopoulos and Saad’s bounds on the error arising from the Krylov approxima-
tions. Here, the general class of exponential integrators was also considered with
general parameters, and it was introduced as a class of methods for large systems
of ODEs. The authors claimed that their result “justifies renewed interest in ODE
methods that use the exponential or related functions of the Jacobian” (which in
hindsight was a correct claim).

In 1998, Beylkin et al. [10] observed that the exponential of a dense matrix can
be onerous unless it is a convolution (or circular) matrix, in which case one can
exploit the fast Fourier transform (FFT). In 2002, Cox and Matthews [20] proposed
a more straightforward derivation of the ETD methods, compared to Beylkin’s,
and provided explicit formulas for the coefficients. They derived new ETD meth-
ods of order 2, 3 and 4, and were the first to extend the methods to PDEs with
(after discretization) nondiagonal linear part. In 2004, Koikari [58] derived order
conditions for ETD methods using the classical rooted tree analysis. To the best
of the authors’” knowledge, this is the first mention of strong and weak order con-
ditions.® In the same year, Berland et al. [6] derived order conditions for several
exponential methods (ETD, IF, CF Lie groups) for autonomous semilinear ODEs
and proposed a general algorithm to build exponential integrators satisfying any
given order. In 2005, Kassam and Trefethen [57] introduced a new method based

The work was mostly motivated by the fact that the methods are amenable of parallelization
procedures. The authors concluded by conjecturing that their methods and the possibility of
parallelizing would make explicit methods popular again.

"These works mark the beginning of Hochbruck’s long list of contributions on the topic.

8The role of weak order conditions will be clarified (at the latest) by Hochbruck and Ostermann
in the 2005 papers as we are going to explain below.
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on contour integrals to compute the ¢-functions in order to solve instability is-
sues of ETDRK4 pointed out by Cox and Matthews [20]. They found that ETD
methods with this modification outperform other classes of methods for PDEs,
testing on a variety of models.

2005 is also the year in which two fundamental contributions by Hochbruck
and Ostermann were published. Firstly, in [49] the authors developed implicit
(ETD) ExpRK of collocation type, which are based on the approximation of the
nonlinear term in the right-hand side with a collocation polynomial, and ana-
lyzed their order theoretically for linear and semilinear parabolic problems. They
assumed that the linear operator is sectorial, requirement that holds for many
typical linear operators in parabolic problems. The assumption on the nonlinear
term is local Lipschitz continuity. Then, in a second paper, Hochbruck and Oster-
mann [48] focused on explicit (ETD) ExpRK methods in the context of semilinear
parabolic problems, dedicating additional efforts to the corresponding conver-
gence analysis. The authors derived stiff order conditions tailored to this frame-
work up to order p=4. Lastly, they proved that, in the case of constant step size,
the conditions of stiff order p only have to be satisfied in a weaker form (in the
sense of Koikari [58]).” The idea underlying the concept of stiff order, which we
will refer to again in the rest of the survey, is that classical convergence theory of
time-integration methods assumes that the time step is small relative to the Lips-
chitz constant of the right-hand side; in the case of semilinear problems (1.1) with
non-stiff g, this can be translated to |1 A|| being small. However, the assumption
is often violated if the linear term is stiff. For a method to have stiff order p, the
global error must be uniformly bounded by Ch”, for a constant C which is also
independent on the stiffness of A, and not only on the step size h.

Still in 2005, Minchev and Wright [80] produced a review on exponential inte-
grators for problems for which an approximation of the Jacobian is known. Quali-
tatively, these are semilinear problems with non-stiff nonlinear part. The authors
addressed implementation issues, that are difficulties concerning the computa-
tion of exponential and related functions, referring in particular to Moler [82]. In
2006, Berland et al. [7] compared the performance of an IF and an ETD method
of non-stiff order 4 on the Schrédinger equation. In particular, they concluded
that the IF method has a generally worse performance and is more sensitive to

9We remark that Dujardin [30] in 2009 extended the results in Hochbruck [48] to the Schrodinger
equation, which is not parabolic. More recently, the same author, in collaboration with Besse and
Lacroix-Violet, further developed this line of research [9] by introducing and analysing high-order
exponential integrators for nonlinear Schrédinger equations, including nonautonomous prob-
lems arising from rotating Bose-Einstein condensates, with rigorous convergence and structure-
preservation results.
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the regularity of the potential function V, while the ETD method is more sensi-
tive on the regularity of the initial condition. More importantly, they commented
on the fact that the equation is not really amenable of the stiff order analysis by
Hochbruck and Ostermann [48, 49], since it is not a parabolic problem. Indeed,
the tested methods have stiff orders 1 and 2 respectively, but this is not evident
from the experiments.

In 2008, Caliari and Ostermann [15] tested interpolation on Leja points on ex-
ponential methods of Rosenbrock type (expRosenbrock) for parabolic problems.
This approach seemed particularly useful since the exact Jacobian does not have
a specific structure and changes at each step, and performed particularly well on
problems with large advection and moderate diffusion. The authors provide or-
der conditions for expRosenbrock methods up to order 4, remarking that they are
much simpler to formulate than those for ExpRK methods. In 2009, Hochbruck
et al. [52] reformulated the expRosenbrock methods in terms of the perturbations
D :=¢(U!)—g(uy), where g is the remainder right-hand side minus the Jaco-
bian. Since the perturbations are small vectors, applications of matrix functions
to them using Krylov subspace methods require low-dimensional subspaces and
therefore it would not be as computationally expensive as it was without the re-
formulation, where those same matrix functions would be applied to g(u,) or
¢(Ul) instead. The authors provided rigorous convergence analysis up to or-
der 4, as well as numerical tests on an advection-diffusion-reaction problem and
a Schrodinger equation with time dependent potential.

In 2010, Al-Mohy and Higham [1] provided heuristic improvements to the
original scaling and squaring algorithm behind MATLAB’s expm, motivated by
the propensity for overscaling of the latter. This means that in various cases too
large of a value of s (number of times that one scales and squares) is needed
and causes loss in floating-point arithmetic. The improvements mainly aim at
addressing overscaling for upper triangular matrices, for which the problem is
somehow more visible on average. The same authors, in [44], provided a com-
prehensive presentation of the state of the art regarding the computation f(A)
where f belongs to a class of functions which include the exponential. The cat-
egory of methods based on similarity is represented by the Schurr-Parlett algo-
rithm proposed in [26]. The rational approximation category is represented by
Padé approximations with the improved scaling and squaring from Al-Mohy and
Higham [1]. The algorithms which compute f(A)b without needing f(A) are rep-
resented by those based on Krylov subspaces, where f is only needed explicitly
on a smaller Hessenberg matrix. The year 2010 represents a watershed moment
also for this survey, as it was in that year that Hochbruck and Ostermann [50]
published the last fundamental review on exponential integrators for two types
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of stiff equations. The first type of equations are those with eigenvalues of the
Jacobian having very large negative real part (the usual definition of stiffness)
while the second is highly oscillatory problems (purely imaginary eigenvalues
with large modulus).

4 Recent advances

The year 2011 marks a decisive milestone in the study of exponential methods,
thanks to the publication of the already mentioned paper by Al-Mohy and Hi-
gham [2]. As explained in Section 2.2, this work provided a fundamental im-
provement in the field by introducing innovative algorithms for computing the
action of the matrix exponential on a vector without explicitly calculating the en-
tire matrix exponential, improving both computational efficiency and numerical
stability.

Since 2011, numerous researchers have contributed to the study of ExpRK
methods, resulting in a wealth of published works in this field. For conceptual
clarity, we shall abandon chronological ordering in this section and instead we
divide the material into three paragraphs, providing readers with a more acces-
sible understanding of recent developments. We emphasize that such a division
is arbitrary with no claim of being definitive — it simply represents a reasonable
approach to addressing this complex subject matter.

4.1 Exponential methods of high stiff order

The first part of this section is mostly devoted to summarize a series of papers
published by Vu Thai Luan and various co-authors. They provide specific order
conditions, fundamental to construct the numerical methods. We recall here their
most important contributions, and refer back to each paper for detailed deriva-
tions and calculations.

In 2014, Luan and Ostermann coauthored three papers. In [72], they consid-
ered expRosenbrock methods under the reformulation in Hochbruck et al. [52].
The authors addressed the convergence analysis in a different way: namely, in-
stead of placing the exact solution into the numerical scheme and working with
defects, they analyzed the local error first. This new approach provided a more
systematic procedure to derive expRosenbrock methods of higher stiff order,
which the authors used to construct families of methods of orders 3, 4 and 5
(see [72, Table 1]). In [73], the authors applied the approach developed for ex-
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pRosenbrock methods in [72] to build order conditions up to 5 (whereas the liter-
ature at the time provided them only up to order 4) for ExpRK methods (see [73,
Table 1]). In [71], the authors proved that, in the case of constant step size, one can
reach stiff order 5 by only satisfying the order 5 condition in the weak form, as it
was proved in [48] for orders up to 4. They concluded by building a method with
stiff order 5, which needs 8 stages. We refer to the recapitulatory table [71, Ta-
ble 1]. In 2016, the same authors [74] built more accurate and efficient expRos-
enbrock of (stiff) order 4 and 5 (compared to their collaboration in 2014), and of
order 6 (see [74, Table 1]). The method exploits parallelism by minimizing the
number of sequential stages, meaning that if two of the stages can be computed
independently, then they count as one, greatly improving the corresponding com-
putational time.

The following year, Luan [66] independently built a 2-stage order 4 expRosen-
brock for time-dependent PDEs. It is the second superconvergent (here, meaning
p =2v, where p is the global convergence order and v is the number of internal
stages) exponential method ever built, after expRosenbrock-Euler. The perfor-
mance was tested against other expRosenbrock methods and MATLAB’s ode15s
on systems which are either non-stiff or semilinear with non-stiff nonlinear part.

In 2020, Luan [67] proposed a construction for more accurate and efficient
ExpRK methods of (stiff) order 4 and 5, compared to the existing ones obtained
in [48,71]. This was achieved by minimizing the number of sequential stages,
similarly to what was done in [74] for expRosenbrock. Moreover, he exploited
both results from [2]: efficient algorithm for computing e/b and augmented ma-

trix A such that e is equivalent to computing linear combinations of ¢-functions.
To do so, the new methods are built such that the i-th stage is defined by a single
linear combination of terms ¢ (c;hA), where {c;}; are the abscissas of the method.
The resulting ExpRK of order 4 has 6 stages instead of 5, but 4 sequential stages.
The 5th order one has now 10 stages instead of 8, but 5 sequential stages. Refer
to [67, Table 1 & Section 6] for a detailed explanation. The implementation of the
methods makes use of their own code phipm_simul_iom, publicly available. In
the same year, Luan et al. [69] introduced multirate ExpRK, using different time
scales for the linear term (fast) and the nonlinear term (slow) of a semilinear (pos-
sibly abstract) ODE. The methods need to be such that the i-th stage is defined by
a single linear combination of terms of the form ¢y (c;hA) (as in [67]) which is
a nontrivial requirement. The idea is to approximate the nonlinear term in both
internal and final stages with a polynomial built assuming a small time step &
and then solve the ODE with the polynomials replacing the nonlinear terms, us-
ing a large time step H. The idea builds on [51], where this approach was applied
to exponential multistep methods (of Adams type).
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Shifting our focus to the most recent advances, in 2024, Luan et al. [75] ex-
plored applications to gene regulatory networks, which are defined by a certain
number of semilinear ODEs where the linear part is diagonal and the nonlinear
part can be more or less stiff. In the examples considered in the paper, the ODEs
are low dimensional, the linear part may be stiff in the sense of highly oscillatory
and the nonlinear one is only moderately stiff (in these models, the nonlinear
term can become very stiff when many gene products are involved). The authors
build an order 2 exponential method which is Rosenbrock-like, in the sense that
derivatives of the right-hand side appear in the coefficients. They compare ac-
curacy (error vs. h) and efficiency (error vs. CPU time) with other exponential
methods and classical RK. The proposed method is the most efficient and second
most accurate after expRosenbrock-Euler. The better performance than classi-
cal RK may be partly due to the matrix being diagonal (thus, exponential being
even easier to compute). This latter study thus aligns with the literature on the
application of ExpRK methods to mathematical models in biology and physics.
A detailed analysis of the relevant contributions will be provided in the final part
of this section. In the same year, Luan and Alhsmy [68] developed the first or-
der 6 ExpRK methods for the time integration of stiff parabolic PDEs, leveraging
the exponential B-series theory extended by Luan and Ostermann for stiff prob-
lems [70]. They derived 36 stiff order conditions, see [68, Table 1], and remarked
that despite these methods requiring a large number of stages, their computa-
tional cost is similar to that of a 6 stages method.

We conclude this section with a very recent development concerning (high-
order) Lawson schemes. In these schemes, internal stages typically require mat-
rix-vector multiplications with matrices of the form e(% %" where the {c;}; are
again the abscissas of the method. For this reason, having equispaced abscis-
sas is a desirable property, since it requires the computation of only one matrix
exponential. Lawson observed this in his seminal paper [63] with a focus on
RK4, while Golden [37] recently explored the idea in detail. Using the Newton-
Raphson method to establish the coefficients, he arrived at developing a sixth
order method with eight stages. Finally, he provided evidence of its efficiency by
testing it on the 2D incompressible Navier-Stokes equation.

4.2 Exponential methods for DDEs

The second part is dedicated to the analysis of recent advances in applications of
ExpRK methods to delay differential equations (DDEs). Indeed, a series of papers
published in the past 15 years demonstrate the recent interest in applying ExpRK
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methods to DDEs, namely, equations of the form
u'(t)=G(t,ur), 4.1)
where 1; is a function defined on an interval [—7,0] for a finite delay 7 >0 as
ur(0)=u(t+0), 0¢€[—71,0]

and represents the history of u at time t. The simplest examples of DDEs that
are found in applications are defined by a single discrete delay, i.e., they can be
written as

u'(t)=g(tu(t)u(t—1)). 4.2)

Observe that, in terms of implementation of time-integration methods, the de-
layed term (4.2) does not, in principle, entail any issue provided that the step size
h used is less than 7. In this case, indeed, the past value of the function at a cer-
tain time step can be retrieved from the approximation obtained at previous time
steps. While choosing T=mh for some integer m can be especially convenient in
the case of a single discrete delay, in general we can write 7= (m—4)h for some
integer m and some 5 €[0,1).

However, the presence of the delay term may affect stability of the underlying
numerical methods [5], which has motivated researchers to investigate the stabil-
ity of ExpRK methods for DDEs of the form (4.2). Xu et al. [96] study the case of
a scalar, linear equation of the form

u'(t)=Au(t)+uu(t—71), u,=9, (4.3)

and analyze stability properties of ExpRK methods when applied to DDEs with
a discrete delay, for which (4.3) plays the role of a test function, and its delayed
term is treated as nonlinear. Whenever |A|+Re(p) <0, the solution of (4.3) is
asymptotically stable [54] and P-stable methods for DDEs are those which pre-
serve this property when & is such that T =mh for an integer m > 0. Note that
the assumption T=mh >h implies that the delayed argument lies entirely outside
the current step interval, which means that explicit schemes retain their explicit
computational structure. A numerical method for DDEs is GP-stable if it pre-
serves asymptotic stability regardless of the value of h>0. As shown in [96], the
concepts of P- and GP-stability coincide in the case of ExpRK methods for DDEs.
Some years later, Zhao et al. [99] studied various contractivity and stability con-
cepts for explicit ExpRK methods in the context of semilinear DDEs of the form

u'(t)=Lu(t)+g(tu(t),u(t—1)). (4.4)
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Whenever |A|+Re(u) <0, the solution of (4.3) is contractive, that is, it satisfies
\u(t)| <||¢||le for all t >ty. P-contractive methods for DDEs are those which pre-
serve this property when / is such that T=mh [93] and GP-contractive methods
for DDEs are those which preserve this property for any choice of h. Zhao et al.
provide sufficient conditions for GP-contractivity of explicit ExpRK methods and
prove GP-contractivity for various methods of order 1 and 2. They also extend
the concept of GP-stability to nonautonomous equations, which is satisfied by the
Magnus method described in [38]. Finally, they analyze RN- and GRN-stability,
introduced again in [93], and derived sufficient conditions on L, g in (4.4) such
that, for all u, v solutions of (4.4) with initial conditions u;, = ¢, v;, =1, the follow-
ing holds:
[u=vllo < max |¢(t)=p()]-
te[to—1,ko)]

RN-stable methods for DDEs are those preserving this property for T=mh, while
GRN-stable ones do not need the restriction on h. Zhao et al. provide sufficient
conditions on the coefficients for GRN-stability of explicit ExpRK methods.

Zhao et al. [100] analyzed D-convergence. An ExpRK method for DDEs is D-
convergent of order p if, when applied to (4.4) with initial condition yo = ¢, it
satisfies

luy—u(ty)|<Ch’, n>0, h<h,

where h depends only on the regularity properties of ¢ and the coefficients of the
method, and the constant C depends on nt, the regularity properties of g, the
bounds on the first p derivatives of the exact solution and the coefficients of the
method. The authors extend the concepts of diagonal and algebraic stability to
ExpRK methods and prove that the combination of both, together with having
stage order p, implies D-convergence of order p, provided that the interpolation
used to reconstruct the continuous solution is accurate enough. They also prove
that an ExpRK method for DDEs which is exponentially algebraically stable and
diagonally stable is also GDN-stable, namely, if u,v are solutions of (4.4) with
initial conditions ¢, 1, they satisfy

|n—0n| <C _max |¢p(t) —9(t)]
teto—T1,t0)]

for all step sizes h < I, where the constant C depends on 7, the time-integration
interval length, the regularity properties of g, the bounds on the first p derivatives
of the exact solution and the coefficients of the method. They observe that the
ETD Euler method, as well as a certain family of methods of stiff order 2, are
D-convergent (of orders 1 and 2, respectively) and GDN-stable.
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Besides stability, some research has been devoted to the accuracy of ExpRK
methods for DDEs. In particular, Fang and Zhan [34] follow the abstract approach
in [48] to derive stiff order conditions up to order 5 for semilinear DDEs of the
form (4.4), and prove the analogous convergence theorem and support the results
with numerical tests on PDEs whose semi-discretization in space gives DDEs of
the target form.

More recently, Ando and Vermiglio [3, 4] investigated the application of Ex-
pRK methods for the time-integration of general DDEs of the form (4.1), as well
as renewal equations (REs), namely, equations of the form

u(t)="F(tuy),

where F is Lipschitz continuous from R x L'([—7,0];RN) to RN for a suitable
N >0, which in practice means that F acts on the history through integration
against a kernel (possibly composed with a smooth nonlinearity) rather than
through pointwise evaluation. Ando and Vermiglio consider, in particular, the re-
formulation of DDEs and REs as abstract (ordinary) differential equations (ADEs),
which comes from the sun-star theory [27,28]. The ADEs obtained are semilinear
regardless of the right-hand sides of the original delay equations, which makes
them amenable of time-integration via ExpRK methods. Since the abstract setting
provided by the sun-star calculus includes both DDEs and REs, the goal in [4] is
to define a unifying framework to study the derivation of ExpRK methods for
delay equations, as well as their convergence properties. Another approach to
solve problems defined by DDEs is to discretize the resulting ADEs into a finite-
dimensional system of ODEs and apply ExpRK methods to the latter, as done
in [3]. Therein, the ODEs are obtained via pseudospectral discretization [11],
which gives rise to a stiff linear term, with eigenvalues having large negative real
parts. Several numerical tests with EXPINT, a MATLAB package for exponential
integrators [8] provide experimental validation of the theoretical convergence or-
der for some selected ExpRK methods and show that, when the linear part of
the DDE right-hand side is stiff, it must be explicitly extracted and treated via
the exponential integrator together with the term obtained by the pseudospectral
discretization, rather than lumped into the nonlinear part.

The most recent contribution on the applications of ExpRK methods to DDEs
is represented by the extension of the ExpRK methods of collocation type intro-
duced in [49] to semilinear (abstract) parabolic problems such that the nonlinear
term is defined by a discrete delay [53]. The delay can be time-dependent, as
long as it is non-vanishing and that the map f > T(t) is strictly increasing. This
produces a mesh of non-equispaced breaking points, i.e., points of discontinuity
of some derivative of the solution. The authors propose two ways to extend the
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methods in [49] to the new classes of equations, both taking the breaking points
into account to define a continuous approximation of the solution in a piecewise
fashion. They prove that the methods are convergent with order s, the number
of stages, and obtain superconvergence results provided some additional restric-
tions on the parameters are satisfied.

4.3 Exponential methods for mathematical modeling

In this third and final part, we present an analysis of the literature employing
ExpRK methods in modeling contexts, which has garnered significant interest in
recent years.!" The first contribution we examine is from 2011 and is authored by
Dimarco and Pareschi [29]. In this work, the authors, motivated by the computa-
tional challenges arising from rarefied gas dynamics, introduce a class of ExpRK
methods for stiff kinetic equations, with particular emphasis on the space homo-
geneous Boltzmann equation

af=QUf.f),

where Q(f,f) is the Boltzmann collision operator, which describes the evolution
of particle distribution functions in a gas by incorporating the effects of collisions.
In the fluid regime, the stiffness of the problem makes standard explicit methods
inefficient, as the equation takes the form

Y’=F(Y)+%R(Y), 45)

where 0 <e <1 is a small parameter (enough to define two different time scales)
and R(Y) is a dissipative relaxation operator. To avoid solving nonlinear systems,
the authors propose the following decomposition of the collision operator:

R(Y)=N(Y)+A(E(y)-Y), (4.6)

where E(y) represents the local equilibrium and A is a parameter chosen to lin-
earize the problem on asymptotically large time scales. ExpRK methods treat the
linear part exactly using exponential functions and the nonlinear part explicitly,
yielding schemes of the form

Yt =e‘AYn+AiW1(A) (W—M) +(1-eM)M. (4.7)
i=1

19For the reader’s convenience, given that the equations pertain to physical models, we have
opted to retain the original notation used in each cited paper throughout this section.
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Here, M represents the local Maxwellian equilibrium, P(f, ) =Q(f,f)+uf is the
non-negative gain part of the collision operator obtained by adding a linear term
to enable the exponential splitting, A=uAt /e, and W;(A) are suitable coefficients.
This approach ensures unconditional stability, correct asymptotic preservation,
and key properties such as positivity and entropy conservation, making these
methods suitable for both deterministic schemes and Monte Carlo simulations.
Finally, the authors highlight how their approach is closely related to the IF meth-
ods, sharing the same mathematical structure but offering greater flexibility in de-
signing high-order schemes. In 2014, Michels et al. [78] applied ExpRK methods
to the modeling framework of Newton’s equations of motion for elastodynamic
systems. These systems are described by second-order differential equations of
the form

M-x"(t)+D-x"(t)+ K- (x(t) —x0) + Fu (x(t)) =0, (4.8)

where M is the mass matrix, D the damping term, K the stiffness matrix and
F, represents the nonlinear forces. The presence of very high frequencies in the
solution spectrum makes standard explicit methods ineffective due to time step
restrictions, while implicit schemes suffer from uncontrollable numerical viscos-
ity. To overcome these difficulties, the authors propose the use of exponential
integrators that solve the linear part exactly using the exponential function of the
matrix associated with the system

At
x(t+AL) =e Mx (1) + / e~ (AIAE ) (x(t+s))ds, (4.9)
0

where A= M~!K represents the linear dynamics of the system. This scheme al-
lows to treat much larger time steps than classical implicit methods, ensuring rig-
orous energy conservation and long-term stability. Application to complex mod-
els such as fabrics, lattice structures and materials with friction demonstrates the
effectiveness of this methodology in the simulation of rigid elastodynamic sys-
tems.

It is in the last years, however, that we have witnessed a significant increase
in the number of studies on the application of ExpRK methods across various
domains. This growing body of research reflects the increasing interest in these
numerical techniques and their potential advantages.

Recently, renewed attention has been devoted to the numerical integration of
the nonlinear Schrodinger equation, particularly in connection with high-order
exponential integrators and structure-preserving techniques. For instance, in
2022, the Schrodinger equation was revisited through a scalar auxiliary variable
(SAV) formulation combined with IF methods, allowing the construction of lin-
early implicit schemes of order up to four that exactly preserve a discrete modi-



26 A. Ando, N. Cangiotti and M. Sensi / Commun. Math. Res., x (2026), pp. 1-50

tied energy functional [56]. The SAV approach is based on the introduction of an
additional scalar variable associated with the nonlinear part of the Hamiltonian,
which enables efficient time integration while avoiding the solution of nonlin-
ear systems. The proposed methods were shown to be competitive in terms of
accuracy versus computational cost when compared with other SAV-based and
energy-oriented schemes.!! More recently, Li and Li [64] proposed multiple re-
laxation ExpRK methods for the nonlinear Schrodinger equation, extending the
relaxation framework to exponential integrators. Their approach introduces sev-
eral relaxation parameters that are determined at each time step so as to enforce
the exact preservation of multiple invariants of the continuous problem, includ-
ing mass and energy, while maintaining arbitrary high-order accuracy. The re-
sulting schemes remain explicit in the linear part and avoid nonlinear solvers,
while achieving simultaneous invariant preservation at the fully discrete level. In
a different but related direction, Ji et al. [55] developed low regularity exponential-
type integrators for the derivative nonlinear Schrédinger equation. Their analysis
is based on a careful reformulation of the equation that isolates resonant interac-
tions and allows for sharp error bounds under minimal regularity assumptions
on the solution. The proposed methods are shown to converge without requiring
classical Sobolev smoothness, thereby addressing a major limitation of standard
exponential integrators when applied to derivative nonlinearities.

Various authors have focused on the development of high-order time integra-
tion schemes for gradient flows and semilinear parabolic equations that can si-
multaneously achieve high accuracy and preserve intrinsic structural properties,
such as energy dissipation, equilibria, and inequality constraints. ExpRK meth-
ods are particularly attractive due to their stability properties, but their practical
implementation often faces challenges related to the use of exponential operators,
including excessive damping of high-frequency modes and difficulties in main-
taining structure-preserving features at higher order. Within this context, Teng
and Zhang [91] proposed structure-preserving reconstructions of IF schemes and
developed an exponential-free framework achieving up to third-order accuracy.
Wang et al. [94] further extended this line of research by constructing an up-to-
tourth-order ExpRK framework for a large class of phase-field models, and by es-
tablishing unconditional energy dissipation for the resulting schemes. Their ap-
proach replaces the exponential functions in the IF framework with recursive ap-

e note that the SAV-based schemes preserve a modified energy rather than the original Hamil-
tonian of the Schrédinger equation. While this modification does not affect the continuous prob-
lem and is shown numerically to keep the true energy well controlled over moderate time inter-
vals, it may lead to qualitative differences in long-time simulations. The authors justify this choice
by the resulting linear implicitness, high-order accuracy, and favorable efficiency-error balance.
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proximations, or with a combination of exponential and linear functions, thereby
avoiding the excessive damping of high-frequency modes while preserving equi-
libria. These works complement earlier studies [97, 98], in which fourth-order
reconstructions of IF schemes were developed to preserve maximum principles
or more general inequality constraints.

Starting from 2024, the literature has seen several contributions aimed at im-
proving the efficiency of exponential integrators for specific yet widespread clas-
ses of problems, as well as at investigating and mitigating order reduction effects.
Within this line of research, Caliari ef al. [14] proposed a fundamental acceleration
technique for ExpRK integrators and Lawson schemes to efficiently solve semi-
linear advection-diffusion-reaction equations. The model under consideration is
of the form

ou(t,x) =V - (a(x)Vu(t,x)) + V- (b(x)u(t,x)) +r(tx,u(tx)), (4.10)

where a(x) is the diffusion tensor, b(x) is the velocity field, and r(¢,x,u) represents
the reaction term. The main computational challenge of exponential integrators
lies in efficiently evaluating matrix functions such as e™ and ¢;(TA), whose def-
inition can be obtained from (2.2). To improve efficiency, the authors propose
choosing a linear operator A with constant coefficients so that the computation
of these functions can be performed more efficiently, for example, using FFT in
cases with constant diffusion. The operator A is defined as

d
_ 2
Au—/\Em?xaw(x)axyu—i—ﬁ.Vu, (4.11)

where the parameter A is determined to ensure stability based on a spectral analy-
sis of the Laplace operator. For instance, when solving pure diffusion equations,
the authors demonstrate that the ETD Euler (1.4) is unconditionally stable for
A>1/2. Meanwhile, the Lawson-Euler scheme:

Ul =™ (" (1 1) Au™), (4.12)

where A denotes the Laplacian operator, is stable for A > 0.218, offering greater
flexibility in the choice of the operator. This approach is validated numerically
on advection-diffusion-reaction equations in 1D, 2D, and 3D, demonstrating sig-
nificant computational efficiency improvements over IMplicit-EXplicit (IMEX)
schemes, which treat implicitly only the linear part of the system, and traditional
exponential methods.

Again in 2024, multiple works were published on the subject of order reduc-
tion of ExpRK methods, focusing specifically on problems with non-commutative
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operators. In a first work, Hoang [45] studied the application of ExpRK methods
to nonlinear parabolic equations with non-commutative operators. The model
under consideration is an equation of the form

diu—Au=f(Vu,u), u(0)=uy, (4.13)

where f is a nonlinear function. To understand the numerical behavior of such
methods, the analysis focuses on the simplified problem

u'(t)+Au(t)=Bu(t), u(0)=uo, (4.14)

where A is an operator generating an analytic semigroup, while B is relatively
bounded!? with respect to A. The method follows an approach where A is treated
exactly and B is integrated explicitly. The work focuses on the phenomenon of
order reduction, which occurs when the method’s convergence is lower than the-
oretically expected. The analysis shows that, in the presence of non-commutative
operators, higher-order methods suffer from accuracy degradation unless suit-
able regularity conditions on the initial data are met. Through theoretical results
and numerical simulations, the study highlights the limitations and possible im-
provements of exponential methods in handling such equations.

In a second work authored by Dang and Hoang [24], the authors investigated
the issue of order reduction in third-order ExpRK methods applied to problems
with non-commutative operators. In particular, they proved that if specific order
conditions are not satisfied, the method’s accuracy may drop to approximately
2.5 instead of 3. To overcome this problem, the authors propose a 4 stages ExpRK
method that meets all the necessary conditions to preserve the expected order.
The studied method takes the form

, i-1 ‘
u;, =e_chAun+T2ai]-(—TA)BUf1,
J :Sl (4.15)
Upp1=e Au, —i—’L’Z:bi(—TA)BUf1
i=1

12In general, an operator B is said to be relatively bounded with respect to another operator A if
there exist constants C >0 and « >0 such that

|Bull <C<||Aull +allul, VueD(A).

This, in practice, means that B is not necessarily bounded, but its growth is controlled by A.
This property is crucial in spectral analysis and numerical methods, ensuring stability and well-
behaved approximations in the presence of unbounded operators.
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with the coefficients a;;(—TA) and b;(—7A) defined through linear combinations
of the functions ¢x(—TA). A detailed convergence analysis is conducted, based
on a semigroup formulation in a Banach space, showing that adopting higher reg-
ularity on the initial data helps to avoid order reduction. Numerical tests confirm
the validity of the approach, demonstrating significant improvements in accuracy
and stability compared to standard three-stage methods.

In an additional work, Einkemmer et al. [31] studied the efficiency of ex-
ponential integrators for advection-dominated problems. They compared Leja
and Krylov-based methods for computing matrix exponential actions, evaluat-
ing their performance against explicit RK schemes. Their results show that while
exponential integrators perform similarly to explicit methods in fully advection-
dominated regimes, they offer advantages when parts of the domain exhibit dif-
tusion. Among the tested approaches, Leja-based methods proved more effi-
cient than Krylov iterations, particularly on modern supercomputers where in-
ner product computations are costly. The paper focused on performance model-
ing: counting core operations to understand theoretical cost ratios between expo-
nential integrators and explicit schemes. The recent complementary work [25],
instead, measured real CPU time in numerical experiments. It showed Krylov-
based methods can work better for small steps in real CPU usage — a nuanced
result not apparent from the theoretical model.

In 2024, Wang et al. [95] presented a unified theoretical framework for analyz-
ing the energy dissipation properties of three classes of RK methods applied to
phase-field Crystal (PFC) models, which describe crystalline dynamics at atomic
scales. The fundamental model is given by the gradient flow

6
UP=M5r, (4.16)

where the Swift-Hohenberg free energy functional is

E[@]::/{)B@(HA)Z@JJ(@) dx (4.17)
with
F(@)zi@‘*—%@z, F(®)=—F (®).

Two common choices of M lead to different evolution equations: the L? gradient
flow (M = —I) results in the Swift-Hohenberg equation, while the H~! gradient
flow (M = A) leads to the conservative volume PFC equation. A key challenge
is ensuring maximum norm boundedness of solutions without assuming global
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Lipschitz continuity of f(®). To address this, a linear stabilization technique is
introduced
Li®:=(I+A)?®+k®D, fi(P):=xD+ f(D), (4.18)

where k¥ >0 is a stabilization parameter. The study provides a unified frame-
work for analyzing energy dissipation across different RK methods. The main
result states that numerical solutions maintain maximum norm boundedness at
all stages, provided that the differentiation matrix associated with the RK method
satisfies a positivity condition. Among the three classes analyzed, ExpRK meth-
ods, including explicit and ETD RK methods, are particularly effective, as they
treat stiff linear terms exactly while handling nonlinear terms explicitly, improv-
ing stability and computational efficiency. The other two classes examined are
implicit-explicit RK and corrected integrating factor RK methods. The novelty of
the work lies in proving that these methods preserve the original energy dissipa-
tion laws if their differentiation matrices are positive definite. This is achieved
using a differential form approach, discrete orthogonal convolution kernels, and
mathematical induction, paving the way for rigorous energy stability in dissipa-
tive semilinear parabolic problems.

5 Examples

To conclude our manuscript, we present three examples that illustrate the general
functionality of ExpRK methods. To this end, we consider standard methods of
two different orders (2 and 4) and compare an ExpRK method with a Rosenbrock
method and a classical explicit RK method of the same order. The purpose of
these examples is not to draw general conclusions in favor of exponential meth-
ods, nor to test specific features or provide an exhaustive assessment of their
performance. Rather, our goal is to gain insight into which classes of equations
could benefit from the use of ExpRK methods, by means of comparison with well-
established classical schemes. In this perspective, the examples are meant to have
a primarily illustrative and didactic value, offering a practical introduction to the
behavior of ExpRK methods in representative settings.

We remark that, in 2020, Montanelli and Bootland [83] published a compre-
hensive review of exponential methods, comparing various formulas for solving
stiff PDEs in multiple dimensions. Their analysis, focused on periodic boundary
conditions and semilinear stiff PDEs, concluded that the ETDRK4 scheme by Cox
and Matthews [20] (denoted as ExpRK4 in the following, for ease and uniformity
of notation) remains one of the most effective approaches despite the proliferation
of more complex alternatives. Their work is particularly notable for its examina-
tion of both diffusive problems (characterized by large negative eigenvalues) and
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dispersive problems (distinguished by their highly oscillatory nature), as well as
its discussion of computational techniques for the ¢-functions based on contour
integrals. In line with Montanelli and Bootland’s review [83], we restrict our at-
tention to explicit ExpRK methods. These methods are by far the most widely
employed in practice: they often yield superior performance when stiffness is
predominantly carried by the linear dynamics while the nonlinear contribution
remains comparatively mild. Moreover, they avoid the extra complications asso-
ciated with Newton-type iterations, such as the need to solve nonlinear systems
at every step and to tune iterative solver tolerances; these steps bring additional
computational cost and potential convergence issues. For these reasons, explicit
exponential formulations are a natural and pragmatic choice in many applica-
tions. Nevertheless, in this work we also deliberately test them on less typical,
small-scale examples to probe their behavior in unconventional settings. We re-
mark that, due to the small size, the treatment of our test cases is not expected
to particularly benefit from any of the advanced techniques to approximate ma-
trix exponentials described in this survey (and in particular in Section 2.2), which
is why we choose to compute all relevant matrix exponential using MATLAB’s
expm.

The three didactic examples we propose have dimension 1, 2 and 100 (where
here the word dimension refers to the size of the system of ODEs), respectively.
Specifically, for the 1D case, we revisit the introductory example presented by
Cox and Matthews in 2002 [20, Section 4.1]; for the 2D case, we examine a clas-
sical model from nonlinear mechanics and dynamical systems, namely the Duff-
ing oscillator!?; the last example is the result of applying the pseudospectral dis-
cretization method [11] to an Ikeda DDE [33]. In what follows, we briefly intro-
duce three order 2 methods and three order 4 methods for solving stiff systems of
ODEs. As already noticed, stiff ODEs require specialized numerical techniques
due to their rapidly changing components existing alongside slowly evolving
ones. The six methods under consideration represent different approaches to han-
dling stiffness, while all maintaining second-order [resp. fourth-order] accuracy.
Their properties suggest different performance characteristics when applied to
stiff problems.

For each test case examined, we conduct a convergence analysis by evaluating
the relative error against the analytical solution at the final time for various time
steps. We recall that the relative error is calculated as

Error = | (unumerical - u) /u | . (6.1)

13For a comprehensive analysis of the nonlinear Duffing oscillator and its applications, we rec-
ommend the volume [59] to the interested reader.
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In the first example we present, there exists an analytical expression for the so-
lution u of the one-dimensional ODE, and we use this exact expression in the
formula above. In the remaining examples, such an explicit, exact expression
does not exist, and we compare the methods against a reference expression for
the solution u. Additionally, we measure the computational time required by
each method, enabling a comprehensive comparison of both accuracy and effi-
ciency. To estimate the elapsed time, we perform each simulation several times
(1000 in the first test, 10 in the second and 100 in the third) and reported the aver-
age. This dual assessment, as emphasized earlier, is particularly important when
dealing with stiff systems, where the choice of numerical method significantly
impacts the simulation’s precision and performance. Through this analysis, we
aim to further illustrate the practical considerations discussed in previous sec-
tions and provide additional insights into the behavior of these methods across
different problem types and stiffness regimes. All simulations were performed in
MATLAB, version R2024a, on a 64-bit Microsoft Windows system.

5.1 The six methods

Here, we describe the six numerical methods which we have used for our simu-
lations, namely for solving (in one case non-autonomous, in the other cases au-
tonomous) systems of ODEs of the form

du
= =F(tu). (5.2)

In particular, we consider three methods of order 2 and three methods of order 4.

5.1.1 Explicit Runge-Kutta 2 method (RK2)
RK2 updates the solution as follows:

kl :F(tn/un)/

h h
k2:F<tn+§/un+§k1)/

u, 1 =u,+hko.
5.1.2 Exponential Runge-Kutta 2 method (ExpRK2)

We can rewrite the equation as follows:

Z—?:Au-l-g(t,u), (5.3)
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where Au is the linear term. The ExpRK2 method updates the solution as follows:

a:ehAun +h§01 (hA)g(tn/un)/
Uy41= a‘|‘h(P2 (hA) (g(tn +h/a) —g(tn/un))/

where @1 and ¢, are defined from (2.2).

5.1.3 Rosenbrock 2 method (Rb2)

The Rosenbrock method is an implicit method designed for stiff ODEs, incorpo-
rating a Jacobian-based correction. The update rule is given by

k= (I—9h),) "F(ts,u,),
Uy41=Uy +hk/
where
oF

Jn===
au(

tn/un)
is the Jacobian matrix, and <y is a stabilization parameter; in particular, v = 0.5
provides a method of order 2.

5.1.4 Explicit Runge-Kutta 4 method (RK4)

The classical order 4 method that we consider is RK4, which we already applied
to our toy model in Section 2.2. For the general equation, RK4 updates the solu-
tion as follows:

kl :F(tn/un)/

h h
k2 =F <tn+§/un+§k1) s

h h
k3 =F (tn+§/un+§k2) s

k4:F(tn +h,un +k3),
h
|} P :un—i—g(kl —|—2k2—|—2k3—|—k4).

5.1.5 Exponential Runge-Kutta 4 method (ExpRK4)

Among the order 4 exponential methods, we consider ExpRK4 [20, Egs. (26)-(29)].
Considering again the equation,
du

ﬁ:Au-l—g(t,u), (54)
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ExpRK4 updates the solution as follows:
gl :g(tn/un)/
h
a:ehA/zun—i—Egol(hA/Z)gl,
gzzg(tn +h/2/a)/
b :ehA/zun—i—ggol(hA/Z)gz,
g3=g(ta+h/2,b),
h
c:ehA/za—i—Egol (hA/2)(2g3—g1),
g4 =8(tn+h,c),
bi(hA) = g1 (hA) =392 (hA)+43(hA),
ba(hA)=2¢;(hA) —4¢3(hA),
b3(hA)=—@2(hA)+4¢3(hA),
w1 =" uy + (b1 (hA)g1 +ba(hA) (82 +83) +b3(hA)ga),
where ¢1, @2 and @3 are defined from (2.2).

5.1.6 Rosenbrock 4 method (Rb4)

The order 4 Rosenbrock-Wanner method we consider is defined by four stages.
Without loss of generality, for ease of notation we assume the problem is au-
tonomous and let J,, =0F /du|y,. The update rule is given by
i—1 i—1
(I+yihJn)ki=hf | w4+ ) wik; | +0 Y ik, i=1,...4,
j=1 j=1

4
Uy =up+ Z,Biki/
i=1

for constant a;;, B;,7y;j which are chosen in order to satisfy the order 4 conditions
(see, e.g., [40, Section IV.7]).

5.2 1D. C&M starting example

Following the same approach presented by Cox and Matthews [20] in their anal-
ysis of ETD methods, we consider a non-autonomous ODE model with rapid
decay, characteristic of stiff systems

u'(t)=ku(t)+sin(t), u(0)=uy=1, (5.5)
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where we have chosen k= —100 to generate the rapid linear decay typical of stiff
problems, in contrast with the O(1) time scale of the forcing term. This equation,
while simple in form, captures the essential features of stiff systems: a fast de-
caying homogeneous solution combined with a (relatively) slow varying forcing
term. For subsequent evaluation of the different numerical schemes, we utilize
the exact analytical solution given by

u(t):_—ekt (2+k2)i|_j(;;(t)+ksin(t)‘ (5.6)

The behavior of this differential equation can be divided into two distinct phases:
an initial fast transient phase, during which the solution rapidly approaches the
slow manifold, followed by a phase in which the solution evolves along this slow
manifold. As noticed in [20], when k <0 and |k| > 1, the solution quickly ap-
proaches a slow manifold on which

_sin(t) cos(t)
k k2

Uunrv

A robust numerical method must accurately capture both of these phases and
work effectively when the time step £ is of the order of 1/|k|. This test case allows
us to evaluate how well our three order 2 and three order 4 methods handle the
challenges posed by stiffness, particularly the balance between stability and ac-
curacy when using relatively large time steps compared to the fastest time scale
in the system. We examined the performance of the methods over the interval
[0,7t/2] using various time steps ranging from /& = 0.0001 to 7 =0.1, comparing
both the accuracy of the numerical solutions against the analytical solution and
the computational efficiency of each method.

The results presented in Fig. 1 and Tables 2-3 highlight the distinct behaviors
of the three order 2 and the three order 4 (respectively) numerical methods under
analysis.

RK2 and RK4 demonstrate stability only for small step sizes, specifically for
values of h <0.01. However, for h > 0.05, the relative error grows uncontrollably.
This behavior confirms a strict stability limit around # =0.01, beyond which the
method fails to provide reliable results. On the other hand, both exponential and
Rosenbrock methods exhibit excellent stability across all tested step sizes. Even
for larger ones, the methods maintain a reasonably small relative error. However,
both exponential methods demonstrate higher accuracy than their Rosenbrock
counterparts, and the difference becomes significant in the case of methods of
order 4.
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Figure 1: Relative error as a function of step size, showing how accuracy of each method of order
2 (a) and order 4 (c) evolves with different step choices and relative error as a function of computational
time, highlighting the efficiency of methods of order 2 (b) and order 4 (d).

Regarding computational efficiency, differences in computation times among
the methods of order 2 are negligible, making observations about performance
insignificant. Concerning instead the methods of order 4, we remark that, while
RK4 has the lowest computational cost per step, ExpRK4 requires the least com-
putational time to reach a target error. It is worth noting that a relative error close
to machine precision is already reached using 1 =0.005, which makes the use of
smaller step sizes not sensible for this example.

Final considerations. Considering both accuracy and efficiency, ExpRK2 emer-
ges as the best-balanced method among those of order 2. It sustains high accuracy
even with large step sizes, allowing for significantly larger steps compared to the
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Table 2: Numerical methods performance for various step sizes (order 2 methods).

h RK2 Error |ExpRK2 Error| Rb2 Error |RK2 Time(s)|ExpRK2 Time(s)|Rb2 Time(s)
1x1074|1.2551 x1079|8.3276 x 10710(2.3212x10~°|  0.05355 0.05829 0.05625
5x1074(3.1432 x1078| 2.0438 x 1078 |3.1446 x 1078|  0.01183 0.01188 0.01070
1x1072(1.2779x10~7| 8.0986 x 1078 |1.6274 x10~7|  0.00556 0.00584 0.00585
5x1073|3.8530 x 1070| 1.9199 x 107° |4.4691 x 10~¢|  0.00118 0.00131 0.00118
1x1072(2.3082x107°| 7.5741 x 1070 |2.1139x 10~°| ~ 0.00059 0.00065 0.00061
5x1072|7.0246 x10%0 | 4.8629 x 10° |1.4075x10~*|  0.00010 0.00013 0.00011
1x10712.9523 % 10%7 | 2.5459 x 10~*|4.1347 x 1072|  0.00005 0.00006 0.00005

Table 3: Numerical methods performance for various step sizes (order 4 methods).

h RK4 Error |ExpRK4 Error| Rb4 Error |RK4 Time(s)|ExpRK4 Time(s)|Rb4 Time(s)
1x1074/1.0583 x 107 14/4.4262 x 10719/7.3560 x 10~ 14|  0.05772 0.07283 0.17238
5x10746.5026 x 10712|1.9799 x 10~12|14.2579 x 10~!1|  0.01216 0.01484 0.03288
1x1073]1.0440 x 10~10/8.0308 x 10~13|6.2264 x 10~1°|  0.00576 0.00692 0.01561
5x 1073 7.6433 x 1078 [6.7939 x 10713/ 8.0284 x 10~®|  0.00130 0.00150 0.00327
1x1072|1.5387 x 1070 |1.1421 x 10711 5.7421 x 10~®|  0.00061 0.00073 0.00161
5x1072| 6.4073 x 103 | 3.0104 x 1077 | 1.7416 x 10~*|  0.00011 0.00013 0.00029
1x1071| 5.8631 x 10%0 | 4.7821 x1078|5.2099 x 10~#|  0.00006 0.00007 0.00016

other methods. Although it has a slight computational overhead per step, the
reduced number of required steps makes it more efficient overall.

RK?2, in contrast, proves to be the least suitable method for this stiff problem,

as it requires extremely small time steps to maintain stability and lacks competi-
tiveness in both accuracy and computational efficiency.

These findings align with the conclusions drawn by Cox and Matthews in [20],
confirming the superiority of exponential methods for solving stiff problems. In
particular, ExpRK2 offers a significant advantage in terms of stability and accu-
racy, permitting the use of much larger step sizes than conventional methods.
The superiority of ExpRK4 with respect to the tested methods of the same order
is even more evident. For stiff problems such as the one studied here, character-
ized by a parameter k= —100, exponential methods represent the optimal choice
among the three methods of the corresponding order, striking an ideal balance
between accuracy, stability, and computational efficiency.
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5.3 2D. Duffing oscillator

The system under consideration in this second example is the Duffing oscillator,
a fundamental model in nonlinear dynamics describing a forced harmonic oscil-
lator with a cubic nonlinearity in the restoring force. The governing differential
equation is given by

u"+wu+ku’ =0, (5.7)
where u represents the position, w is the natural frequency, and k is the nonlinear
coefficient. To analyze its temporal evolution, we rewrite the system as a first-
order autonomous system by introducing the state variable v=1u’, leading to the
phase-space formulation

[
{ = (5.8)

v = —wu—kud.

This formulation allows us to study the system as a two-dimensional dynamical
problem. For numerical integration, it is convenient to express this system in

a matrix-vector form
u’ 0 1] [u 0
o= o] o)+ i) )

This matrix formulation highlights the linear and nonlinear contributions to the
system’s dynamics. The stiffness of the system becomes significant for large val-
ues of k, where the nonlinear term induces rapid variations in the solutions. This
necessitates the use of numerical schemes capable of handling both slow dynam-
ics and the sharp transitions associated with high-curvature regions in the phase
space trajectories.

The results presented in Fig. 2 and Tables 4-5 provide a comprehensive anal-
ysis of six numerical methods of order 2 and 4 applied to the Duffing oscillator
system!* integrated over the time interval [0,20] with w=1 and k= 100.

RK2 demonstrates severe stability limitations when applied to this problem.
For step sizes 1 <0.001, the method produces reasonable errors, but as / increases
to 0.01, the relative error grows to approximately 2.97 and, most importantly, for
larger step sizes (h > 0.05), the method fails entirely, producing NaN values. On
the other hand, stability constraints on RK4 are not as evident. This suggests that
the problem, with these parameters, can be considered only mildly stiff.

Rb2 exhibits significantly better stability characteristics than RK2: it maintains
reasonable accuracy for step sizes up to h = 0.01, with errors remaining on the
order of 10°.

14 All relative errors are computed with respect to a high-precision numerical solution obtained
using MATLAB's ode15s solver, as no analytical solution is available for this nonlinear system.
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Figure 2: Relative error as a function of step size, showing how accuracy of each method of order
2 (a) and order 4 (c) evolves with different step choices and relative error as a function of computational
time, highlighting the efficiency of methods of order 2 (b) and order 4 (d).

ExpRK2 demonstrates superior accuracy for most step sizes up to h#=0.01, par-
ticularly excelling at moderate step sizes where it maintains errors significantly
lower than the other methods. For h=5x10"%and h=1x10"3, ExpRK2 shows
errors approximately an order of magnitude smaller than both RK2 and Rb2,
despite not being designed so as to capture stiffness phenomena caused by the
nonlinear terms. However, for larger step sizes (h >0.05), the errors increase sub-
stantially, exceeding the error of Rb2 at these larger step sizes. ExpRK4 exhibits
similar behavior, in that it provides more accurate results for the intermediate
step sizes. However, the difference in this case is not as significant.

Regarding computational efficiency, across all step sizes small enough for RK2
to obtain a solution, RK2 is the fastest method. ExpRK2 occupies an intermediate
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Table 4: Numerical methods performance for various step sizes (order 2 methods).

h RK2 Error |ExpRK2 Error| Rb2 Error |RK2 Time(s)|ExpRK2 Time(s)|Rb2 Time(s)
1x1074]6.2072x1072| 6.0105 x 107° [8.7547 x10~5|  0.09026 0.54986 1.13880
5x1074[1.9363 x 1073| 2.5767 x 10~4|2.2968 x 10~3|  0.01701 0.09588 0.20080
1x1073]9.6628 x1073| 1.5697 x 1072 [9.7327 x10~3|  0.00866 0.04709 0.10134
5x10736.3873x 107 1| 1.4548 x 10! |3.4409 x 10~!|  0.00176 0.00874 0.01715
1x1072| 2.9671x10° | 9.5176 x 10~ | 1.1835x10° |  0.00092 0.00674 0.01204
5x1072 NaN 1.3049 x10° |1.2752x 10~ 0.00008 0.00224 0.00277
1x107! NaN 1.6391 x10° |8.3403 x10~1| 0.00002 0.00059 0.00113

Table 5: Numerical methods performance for various step sizes (order 4 methods).

h RK4 Error |ExpRK4 Error| Rb4 Error |RK4 Time(s)|ExpRK4 Time(s)|Rb4 Time(s)
1x1074/4.7521 x 10712/ 1.0584 x 1077 [6.0232 x 10~ 11|  0.83861 15.54832 2.15542
5x 1074 6.7006 x 10~ | 2.3246 x 1077 | 2.2207 x 10~8|  0.16769 0.80160 0.50081
1x1073/1.3075x 1077 | 3.8983 x 108 [2.0253 x 107 |  0.06966 0.20216 0.20446
5x10731.9809 x1074{ 4.9790 x107° | 6.3571 x 10~4|  0.01447 0.02514 0.04033
1x10725.4686 x 1073 | 1.3051 x 1073 [ 2.5171 x10~2| 0.00977 0.01663 0.02508
5x10724.1232x1071| 3.2182x10° | 4.6251x10~'| 0.00217 0.00512 0.00734
1x1071| 1.9771 x10° NaN 3.2802x1072| 0.00105 0.00300 0.00378

position, with computation times around 3 times higher than RK2 for a given (rel-
ative) error. Rb2 emerges as the most computationally intensive method, requir-
ing instead around 10 times the time required by RK2 for a given error. Among
the methods of order 4, the classical RK is the fastest again, but the exponential
method ExpRK4 is faster than the Rosenbrock method of the same order for inter-
mediate step sizes. In any case, the difference among the three methods in terms
of performance is not as significant as within the methods of order 2.

Final considerations. The analysis of these numerical methods for the Duffing
oscillator reveals important trade-offs between accuracy, stability, and computa-
tional efficiency. RK2, while computationally inexpensive, suffers from severe
stability limitations that render it unsuitable for step sizes larger than 0.01. Rb2
is the most accurate for step sizes larger than 0.01, while it becomes less accurate
than ExpRK2 for smaller step sizes. Its non-monotonic error behavior at larger
step sizes warrants further investigation but could potentially be exploited in
specific applications. As for the methods of order 4, the Rosenbrock one appears
again to be the most accurate for larger step sizes, while ExpRK4 may be a better
choice for applications with higher accuracy constraints.
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For the Duffing oscillator with the given parameters, the exponential methods
appear to offer the most favorable combination of stability, accuracy, and compu-
tational efficiency among the methods of the same order. They maintain accept-
able accuracy even at large step sizes and does so with reasonable computational
cost. This makes them particularly suitable for applications where a balance be-
tween accuracy and efficiency is required. However, in applications where low
latency is of outmost importance, the Rosenbrock methods may be preferred for
moderate step sizes where its superior accuracy is most evident.

These findings highlight the importance of considering the specific character-
istics of the differential system when selecting a numerical method, as the relative
performance of different methods can vary significantly depending on the nature
and parameters of the problem being solved.

5.4 Ikeda DDE

Lastly, we consider the Ikeda DDE, which models a variety of passive optical
systems subject to a delayed feedback [33]. The general form of the DDE reads

X' (t)=—=Ax(t)+f(p,x(t—1))

with A and u positive parameters, and f a continuous function. We analyze the
following Cauchy problem, obtained by choosing f(1,y) =p(1—sin(y)) and 7=

w/2:
V() =-Mx(t)+p (1-sin (x (- 3))).

x(t)=cos(t), te [—g,O] .

In order to make (5.10) amenable to our analysis, we need to first discretize the
DDE into a finite number M of ODEs. We opt in particular for the pseudospectral
discretization technique [11]. In fact, the ODEs obtained using this approach are
defined by a semilinear right-hand side with stiff linear part, regardless of the
right-hand side of the DDE. The resulting non-linear term is defined by only one
nonzero component, which corresponds to the non-linear term in the original
right-hand side (see [3] for details on this approach).

For our experiments, we chose M =50, A =40 and y =2, and integrated the
equation over the time interval [0,4]. The dimension of the resulting ODE is
thus much larger than the previous examples, yet smaller than many applica-
tions which involve the discretization of a PDE. The linear part is dominant but,
again contrary to the majority of examples analyzed in the literature of exponen-
tial methods, it is not sparse.

(5.10)
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Figure 3: Relative error as a function of step size, showing how accuracy of each method of order
2 (a) and order 4 (b) evolves with different step choices and relative error as a function of computational

time, highlighting the efficiency of methods of order 2 (c) and order 4 (d).

We remark that we analyze this test case as an example of a large stiff ODE,
and that the investigation of the convergence of the solutions of the approximat-
ing ODE to the solutions of the original DDE is beyond the scopes of the survey.
Therefore, we compute the error with respect to a reference solution of the ap-
proximating ODE obtained with ode15s.

Consistently with our previous test cases, we present our results in Fig. 3 and
Tables 6-7.

The behavior of the classical RK methods is a clear confirmation of the over-
all stiffness of the problem. Indeed, not only are they affected by stability issues
when used with larger step sizes, but their accuracy is consistently lower than the
ExpRK methods of the same order by several order of magnitudes. The accuracy
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Table 6: Numerical methods performance for various step sizes (order 2 methods).

h RK2 Error |ExpRK2 Error| Rb2 Error |RK2 Time(s)|ExpRK2 Time(s)|Rb2 Time(s)
5x104|1.6338 x107°| 1.4835%x 107 |7.0250 x 10~7|  0.52600 0.59553 1.3176
1%x1073|7.5799 x 10~°| 5.9468 x 107 |2.0798 x 10~ °|  0.15484 0.18780 0.58667
5% 1073 NaN 1.5167 x10~° [3.0350 x 10~¢|  0.01216 0.02473 0.09058
1x102 NaN 6.2445x107°|7.1566 x 10~%|  0.00534 0.01325 0.05029
5x 102 NaN 1.2584 x 1073 |2.6518 x 10~2|  0.00207 0.01035 0.01137
1x1071 NaN 8.9412x1073(2.8803x1072| 0.00050 0.00658 0.00517

Table 7: Numerical methods performance for various step sizes (order 4 methods).

h RK4 Error |ExpRK4 Error| Rb4 Error |RK4 Time(s)|ExpRK4 Time(s)|Rb4 Time(s)
5x10742.7586 x 10719/ 1.4164 x 10~12|1.0040 x 10~°|  0.61501 1.0845 14.597
1x1073[4.1724x 1072 [1.8776 x 10~12|1.6948 x 10~8|  0.18597 0.35891 4.3405
5x103 NaN 2.9999 x 10~1014.7226 x 10~°|  0.01883 0.06698 0.36765
1x10~2 NaN 4.9315%x 1077 |4.7182x10~°  0.00839 0.03890 0.18527
5x 102 NaN 1.7857 x107°|2.1931x10~¢|  0.00261 0.02591 0.04295
1x10~1 NaN 6.4117 x107°(8.5589 x 10~°|  0.00090 0.01906 0.02124

of the ExpRK methods is also, in both cases, much higher than the correspond-
ing Rosenbrock methods, although the discrepancy is more evident among the
methods of order 4, than of order 2.

The exponential methods are also the most advantageous in terms of effi-
ciency, regardless of the order.

Final considerations.

The effectiveness of ExpRK2 and ExpRK4 in this exam-

ple should not come as a surprise, since the chosen value of u results in a mildly
stiff nonlinear part, whereas the linear term is the main responsible of the overall
stiffness. In other words, the problem formulation makes the choice of exponen-
tial methods particularly well-suited despite the density of the matrix defining
the linear term, which makes the computation of exponential somewhat more
onerous.

6 Conclusions

In this review, we provided a comprehensive historical and theoretical account
of the development of ExpRK methods over more than sixty years of research.
We highlighted how the methods have evolved from their early formulations in
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the 1960s to the state-of-the-art developments in stiff order conditions, efficient
implementations, and novel applications to partial and delay differential equa-
tions. This dual historical and conceptual reconstruction not only situates ExpRK
methods within the broader landscape of numerical integration techniques but
also clarifies the reasons why they continue to attract substantial attention in both
theory and practice.

At the same time, this survey was conceived with a pedagogical aim: to serve
as an accessible entry point for readers encountering exponential integrators for
the first time. To this end, we have complemented the historical and technical
overview with a gradual introduction to the core concepts, supported by care-
fully selected didactic examples. Our numerical experiments were not intended
to showcase the most advanced algorithms or optimized implementations, but
rather to illustrate in a transparent and approachable way how ExpRK methods
work in practice, and to provide newcomers with concrete tools to grasp their
strengths and limitations. In this sense, the manuscript is both a review for spe-
cialists and a tutorial for learners. While we focused uniquely on explicit methods
for our numerical section, to maintain a coherent presentation, a systematic in-
vestigation of their implicit exponential counterparts, together with the study of
their robustness properties, remains promising direction for, potentially, a future
work.

The dual nature of this contribution, at once a scholarly survey and a didactic
introduction, represents, we believe, its distinctive value. On the one hand, spe-
cialists may find here a structured synthesis of the major milestones, including
recent advances such as high stiff order methods, parallelization strategies, and
applications in modeling contexts. On the other hand, students and non-experts
may use the text as a stepping stone, moving from the basic principles to more
sophisticated topics without losing sight of the underlying intuition. The coexis-
tence of these two layers reflects the current state of the field itself, which remains
both historically rich and dynamically evolving.

Looking ahead, it is clear that ExpRK methods will continue to play a cen-
tral role in computational mathematics. Their capacity to treat stiff linear terms
exactly, while retaining the flexibility and structure of RK schemes, ensures their
relevance in a wide range of applications, from fundamental scientific modeling
to large-scale simulations. Current research trends on stiff order conditions, en-
ergy preservation, and efficient implementations for large systems suggest that
the methods are still far from reaching a definitive form. On the contrary, they
remain a fertile ground for both theoretical inquiry and practical innovation. For
these reasons, we expect ExpRK methods to maintain, and even strengthen, their
role as a powerful paradigm for the numerical exploration of stiff problems.
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