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Abstract. The scalar auxiliary variable (SAV)-type methods are very popular tech-
niques for solving various nonlinear dissipative systems. Compared to the semi-impli-
cit method, the baseline SAV method can keep a modified energy dissipation law but
doubles the computational cost. The general SAV approach does not add additional
computation but needs to solve a semi-implicit solution in advance, which may po-
tentially compromise the accuracy and stability. In this paper, we construct a novel
first- and second-order unconditional energy stable and positivity-preserving stabi-
lized SAV (PS-SAV) schemes for L> and H~! gradient flows. The constructed schemes
can reduce nearly half computational cost of the baseline SAV method and preserve its
accuracy and stability simultaneously. Meanwhile, the introduced auxiliary variable
is always positive while the baseline SAV cannot guarantee this positivity-preserving
property. Unconditionally energy dissipation laws are derived for the proposed nu-
merical schemes. In addition we propose an energy optimization technique to opti-
mize the modified energy close to the original energy. Several interesting numerical
examples are presented to demonstrate the accuracy and effectiveness of the proposed
methods. Finally, we establish a rigorous error analysis of the fully discrete PS-SAV
scheme.

AMS subject classifications: 65M12, 35K20, 35K35, 35K55, 65205
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1 Introduction

The gradient flows are very important models in physics, engineering, materials science
and mathematics that can accurately and effectively describe the complex interfacial be-
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havior of multi-phase materials. Many modern scientific problems, such as multi-phase
industrial alloy casting, metal additive manufacturing, shale oil and gas development,
image processing, biomedicine, chip packaging, and many other practical applications
can be described by corresponding gradient flow models [4, 22,31, 32]. In recent years,
they have also gained rapid development in many high-precision fields, such as inte-
grated circuits, lithium-ion batteries, 3D printing, etc. [18,38,44].

In this paper, we consider the following gradient flow with respect to the following
free energy E(¢):

2 .
E(9) =5 (Ap.4)+ [ F(g(xt))dx

where € > 0 denotes the interfacial width, A is a linear self-adjoint elliptic operator and
F(¢) is a nonlinear potential functional. By introducing a chemical potential yt=J6E /¢,
we can write the gradient flow as follows:

9 _
g - _ngl

H=e"Ap+F'(9)
with periodic or homogeneous Neumann boundary condition, M >0 is a mobility con-

stantand § is a positive definite operator. For instance, if we let the operator G=I, A=—A
and F(¢)=(¢>—1)?/4, the above gradient flow (1.1) will be the known Allen-Cahn model

(1.1)

%—‘f =Me*Ap— MF'(¢). (1.2)

The gradient flow is generally a high-order nonlinear partial differential equation,
which is a complex system with energy dissipation law. However, it is very difficult to
design efficient and energy stable numerical algorithms. In general, the fully explicit dis-
crete scheme for the nonlinear term of the gradient flow (1.1) cannot preserve its physical
constraints of the original system. Fully implicit schemes can guarantee the structure of
the model, but such methods may require strict time-step restrictions to guarantee the
unique solvability and need to solve nonlinear equations at each step, so they are not
efficient in practice. The more widely used and effective methods mainly include convex
splitting methods [3, 17], stabilization methods [5, 35, 39], exponential time-differencing
(ETD) methods [15, 16, 21], invariant energy quadratization (IEQ) methods [40, 41, 43],
scalar auxiliary variable methods [1,19,33,34,36], Lagrange multiplier methods [8,10], etc.

In recent years, the SAV-type methods have attracted much attention in numerical so-
lutions for various nonlinear dissipative systems due to their inherent advantage of pre-
serving energy dissipation law. In these SAV-type methods, the baseline SAV method [33]
can keep a modified energy dissipation law but doubles the computational cost com-
pared with a semi-implicit approach. It has attracted a lot of attention and has been
successfully applied to solve various kinds of complex nonlinear problems, such as var-
ious phase field models [9, 11, 20, 25, 26, 29, 30], the Navier-Stokes equation [24, 28], the
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Schrodinger equation [2], the magnetohydrodynamic (MHD) equation [27], etc. The re-
cently general SAV (GSAV) approach [19] does not add additional computation but needs
to solve a semi-implicit solution in advance which may weaken the accuracy and stabil-
ity. The main purpose of this paper is to construct a positivity-preserving stabilized SAV
approach which enjoys the following advantages:

¢ The introduced scalar auxiliary variable always keeps a positive property, whereas
most SAV-type schemes such as the baseline SAV [33,34] and the extrapolated RK-
SAV [1,36] fail to do so.

e It only requires solving one linear system with constant coefficients as opposed to
the two linear systems by the baseline SAV approach, thus the computational cost
of the proposed approach is essentially half that of the SAV approach.

¢ It provides an enhanced stability and accuracy compared to the GSAV approach,
while maintaining nearly identical computational costs.

More specifically, for the E-SAV method [29], the bound of the discrete energy can not
be guaranteed due to the uncertainty of the lower bound of InR"*! which leads to a lot
of difficulties in convergence analysis, whereas our PS-SAV schemes can guarantee the
boundedness of R"*1. Besides, compared with the generalised SAV method [19] and its
relaxation version [42], the convergence order of the discrete energy is only first-order
which will affect the dynamic evolution of energy. However, our second-order PS-SAV
scheme can obtain second-order accuracy for the discrete energy.

We prove the unconditional energy dissipation law for the proposed numerical sche-
mes. Furthermore, a rigorous error analysis is derived for the fully-discrete finite dif-
ference method with first-order accuracy in time. In particular, it is important to note
that the major difficulty in the error estimate is caused by the implicit treatment for R,
and explicit discretization for A,¢j, in time. The essential tools used in the proof are un-
conditional energy dissipation law, the induction process to give a first estimates for the
phase function and show that the discrete [ norm of the numerical solution is uniformly
bounded. Thus, by establishing several auxiliary lemmas, we finally obtain the optimal
convergence rates for the phase function in [°(0,T;H!(Q))) norm. We believe that our
constructed schemes and optimal error estimate are the first linear, positivity-preserving
and unconditionally energy stable method with implicit treatment for the scalar auxiliary
variable.

The rest of this paper is organized as follows. In Section 2, we provide a brief re-
view of the SAV-type approaches such as the baseline SAV and GSAV methods for gra-
dient flows. In Section 3, we present the first and second-order semi-discrete positivity-
preserving stabilized SAV schemes for L? gradient flows together with the energy dis-
sipation law. A semi-discrete numerical scheme based on the PS-SAV approach for H!
gradient flow models is given in Section 4. In Section 5, an energy optimization technique
is proposed to optimize the modified energy close to the original energy. In Section 6, we
give some comparisons of the proposed PS-SAV approach with the baseline SAV and
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GSAV approaches to validate its high efficiency. In the last section, we give a rigorous
error analysis for the phase function in [*(0,T; H!(Q)) norm.

2 A brief review of the SAV-type approaches

In this section, we give a brief review of the SAV-type methods for the gradient flow (1.1)
to better introduce our newly proposed methods.

2.1 The baseline SAV approach

Assume the nonlinear free energy Ei(¢) = [,F(¢(x))dx is bound from below, that is
Ei(¢)+C >0 for some constant C > 0. Let us introduce an auxiliary variable g(t) =
E1(¢)+C and reformulate the gradient flow (1.1) to the following equivalent system:

d

2 — Mg, (2.1a)
_ 2 q(jﬂ /

p=Apr s F(9) (2.1b)
dq _ 1 g 9P

W OIS <F (9), at>‘ (2.1¢)

Before giving a semi-discrete formulation, we let N >0 be a positive integer and set

T
At:N, t"=nAt, 0<n<N.

Then we give the following first-order SAV scheme:

n+1__ sn
()b N ()b :_ngn—&-l,

‘un+1:€2A¢n+l+LFI(¢n) 29
Eg)rc 7 22)
qn+l_qn o 1 (F/( n) ¢n+l_¢n>
a2 E@yic\ A )

The scheme (2.2) is unconditionally energy stable in the sense that

2 2
<%<A¢n+l’¢n+l)+’qn+1’2> o (%(A(Pn’(l)n)_'_’qn‘Z) < _MAt(g‘unJrl,‘unJrl) <0.

The above first-order SAV scheme requires the solution of two linear systems with
constant coefficients at each time step. The unknown g"*! and ¢"*! can be calculated
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decoupled. By setting ¢" ! = ¢ +4"1ps T, we find that ¢/ ™! and ¢} ! are solutions
of the following two linear equations with constant coefficients:

MAt

2 n+l_ n 2 n+l____ er
<I+MAt€ QA)4’1 =¢°, <I+MAt€ gA)(PZ - E1(¢n)+c

GF'(¢").
Once ¢! and ¢} *! are known, we can determine ¢" ! explicitly by the following equa-
tion:

1 r n+1) qn—l—l ="+ n+l

1 ——==(F(¢"), ;(F'@”W ¢").
2/E1(¢")+C z 2\/E1(¢")+C !

Remark 2.1. The unknown variables g"*! and ¢"*! in the SAV scheme (2.2) can be cal-
culated decoupled. It requires solving two linear equations with constant coefficients
at each time step, so its computational cost is essentially double of the semi-implicit ap-
proach.

(2.3)

2.2 The general SAV approach

To reduce the computational cost, Huang et al. [19] considered a general SAV approach
that is based on a semi-implicit correction. Firstly, assume that the free energy E(¢) is
bounded from below which means E(¢)+C > 0 for a positive constant C. Introduce
ascalar variable R(t)=E(¢)+C and rewrite the gradient flow (1.1) as the following equiv-
alent system:

dp
i —MGy,
n=eAp+F(¢),
_R(t) (2.4)
C=Elg)+C’
dR
r =—MZ(Gu,u).

It is not difficult to obtain the following modified energy dissipation law for above equiv-
alent system
dR(t) d
Cdt o dt
We discretisize the state variable ¢ and the introducing variable R implicitly and dis-
cretize the energy density function F’(¢) explicitly to obtain the following k-th order
implicit-explicit (IMEX) schemes:

(E(¢)+C) =—MZ&(Gu,p) <0.

i ) _ —n+1
At =—-MGu"*, (2.5a)

= Ag" T+ F (9", (2.5b)
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_ R+l
g = W, (2.5¢)
Rn+1 —Rn
— = MET(GEt ), (2.5d)
(Pn+l: [1_(1_CH+1>k+l]$n+1‘ (259)

Here ay, B and ¢"*! are different for k-th order schemes. For example, they can be de-
fined as follows.
First-order:

le:L ‘Bk((,bn):(,bn, $n+l:¢n,

Second-order:

3 1 ~
a = E’ ‘Bk((,bn) :2¢n_ E(Pn—l, (Pn—H :2¢n_(‘bn—1'
For more details, please see [42].
The above numerical schemes (2.5) is unconditional energy stable with a modified
energy £ =R"t1 —C to keep R""! <R".

Remark 2.2. The k-th order GSAV scheme (2.5) requires solving only one linear equation
with constant coefficients at each time step. However, it requires a semi-implicit solution
in advance at each time step, which may weaken its stability and accuracy. In practical
calculations, it may be necessary to use smaller time steps to achieve long time simula-
tions.

3 A positivity-preserving stabilized SAV method

In this section, we consider a positivity-preserving stabilized SAV method for solving the
gradient flow (1.1) effectively. This new proposed method holds the positivity-preserving
property of the introduced auxiliary variable. Meanwhile, it reduces the computational
cost of the baseline SAV method and preserve its accuracy and stability. We first consider
the semi-discrete and fully discrete schemes based on PS-SAV method for the L? gradient
flow.

3.1 The L? gradient flow

Firstly, we set G = I to transform the gradient flow (1.1) into the following L? gradient
flow:

o9 _
o= M

n=eAp+F'(¢).

(3.1)
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Similar as the general SAV approach, we also assume E(¢)+C > 0 for a positive
constant C and introduce a same scalar variable R(t) = E(¢)+C. Then, we change the
Eq. (2.1c) in the equivalent system (2.1) by the following formulation:

AR _dE_(5E 3\ _( 9\ __1 (3 3 .
at dr \osp ar ) ot M ot ot '
Combining above equation (3.2) with the L? gradient flow (3.1), we can reformulate
it to the following equivalent system:

d

a—‘f:—My, (3.3a)
__RM) . /

H=Eg)C € APTE (@), (3.3b)
R _ 1 (99 9¢

dat M(E)t’at>' (339

Obviously, the Eq. (3.3c) can keep the energy dissipation law.
Based on such an equivalent form (3.3), we next give the first-order semi-discrete PS-
SAV scheme.

3.2 First-order semi-discrete PS-SAV scheme

A first-order positivity-preserving stabilized SAV scheme based on backward Euler for-
mulation is given by

(Pn+l _(Pn _ n+1
A — _MV , (3.4&1)
n+1
P =S (AP - AP gAY (0, (34b)
Rn—i—l —R" B 1 (])”+1 _¢n ¢n+1 _(Pn
T__M< At At ) (3.40)

where s >0 is a stabilizing constant. If we choose s =1, the above scheme is equivalent to
the following formulation:

g w1
—-M
Al K

n+1 _€2A 7’l+1+ R Ri’l+1 €2A n
wrmeae ((,b” et E@)+C P
Rn+l _R" B _i <¢n+l (rb (PnJrl (nb >

At M At
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From the Egs. (3.4a) and (3.4b), we can rewrite (3.4) equivalently as the following
formulation:

(E(¢")+C) (I+Mse*AtA) W = —MR" " [e2Ap" +F'(¢")], (3.5a)
M i o 4)1’1-1-1_4)1’1 ¢ﬂ+1_¢1’l
arR TR >__< At At ) (3.5b)

Setting ¢ 1 = ¢" —|—AtR”+1<p”+1 we find that (])”+1 is the solution of the following linear
equation with constant coefficients:

(I+Mse*AtA)p ! = —ﬁ [ A" +F'(¢")]. (3.6)
Once 4)”“ is known, noting that
P — g = AtR" (3.7)
and combining it with the Eq. (3.5b), we obtain
(@t grth) (Rn+1)2+%Rn+1 _ %Rn —0. (3.8)

If 4)”“ 0, we obtain ( ’f“, ;’H) =0. Then we directly get (])”” =¢" and Rl =R",
If ¢ 1 £0, we obtain (¢ ™,¢" ) #£0. The above equation (3.8) is a quadratic equation
with one variable for R”+1

Theorem 3.1. The quadratic equation with one variable for R"*! (3.8) exists and has only one
positive solution

—M/At+/ M2/ A2+4(M/ AR (94,9

((Pn+l n+1)

Proof. Noting that R®=E(¢°)+C >0, then we assume that R" > 0. The quadratic equa-
tion (3.8) is determined to have a solution because of

M M n n+1 n+l M
A= At?_HﬁAtR (¢} )>At2>0

One can obviously see that (3.8) has the following two solutions:

Ri’l+1

>0. (3.9)

— M/ At/ M2/ A2+4(M/ AR (94,91
((Pn+l n+1)

M/ A+ \/MZ/At2+4(M/At)R”( L)

2( ?*H’ T+l)

Rt = <0,

>0.

n+l__
RZ

By the positive property of R, we have that R"*1 =R}, O
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Then we can obtain ¢"*! directly by the following equation:
To summarize, the first-order PS-SAV scheme (3.4) can be implemented as follows:

* solve 4)17“ from (3.6),
e compute R"*! from (3.9),
e update ¢" 1 =¢"+AtR" 1" and goto next time step.

We observe that the above procedure only requires solving one linear equation with
constant coefficients as in a semi-implicit scheme with stabilization. As for the energy
stability, we have the following result.

Theorem 3.2. Given R® >0, we have R" >0, and the first-order PS-SAV scheme (3.4) is uncon-
ditionally energy stable in the sense that

At (Pn+l_(‘bn (Pn+l_('b1’l
Rn-l—l_Rn:__ <0.
M ( A A S

3.3 Second-order PS-SAV scheme

A similar PS-SAV approach can also be extended to construct a second-order Crank-
Nicloson formulation for the L? gradient flow. We find that a straightforward extension
of the first-order PS-SAV scheme to the second-order scheme can not preserve the pos-
itive property of R"*1. we add a stabilization term s"*!At(R"*!1 —R") to overcome this
problem.

The second-order PS-SAV scheme based on the Crank-Nicolson formulation is given
by

n+l_ gn
‘PTt P M, (3.11a)
n—+1 n
yn+%:1€2A<(])”+1—|—(])”)—|— R,\ _|1'R 1 €2A(])”
2 2(E(¢"*2)+C)
n+1 n
REZART  prgrth), (3.11b)
2(E(¢"+7)+C)
n+1_ pn n+1_ gn psn+1__ psn
R - R +s”+1At<Rn+l—Rn):—%<4) w ¢ ,(P o ¢ > (3.11¢)

The Eq. (3.11b) can be rewritten as the following equivalent system:

Rn+1+Rn
2(E ((],\n+1/2) —i—C)

Vn+% :1€2A<¢n+1_¢n)+ [eZAgl)”—i—F’((]A)”*%)], (3.12)

2
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where ¢"1/2 is any explicit O((At)?) approximation for ¢(¢"+1/2). For example, we can
choose ¢"1/2=3¢" /2—¢"~1/2 for n > 1 or we can use a simple first-order scheme to
obtain it, such as the semi-implicit scheme

(Pi’l+l/2_('b1’l B MGZA’\rH—% MP/( n)
At/2 ? P
which has a local truncation error of O((At)?).
Combining the Eq. (3.11a) with the equivalent equation (3.12) of the second one, we
can rewrite (3.11) equivalently as the following formulation:

2(E($n+%)+c) <I+%M€2AtA> W:_M(Rn+l+1{n) [€2A¢n+Pl((:5n+%)], (3.13a)

1 1 n+l__ an sn+1_ a0
B(RnJrl_Rn)+sn+lAt(Rn+l_Rn):_M(‘P N ¢ ,4) N ¢ > (313b)

Setting ¢" 1 =¢" + At(R" 1+ R") ¢!, we also find that ¢ ™! is the solution of the follow-
ing linear equation with constant coefficients:

M

[+MEAtA) P =—— AP +F (¢"F2)]. 3.14
Once 4)”“ is known, noting that
(Pn+1—(,bn:At(Rn+l—|—Rn)(PT+1, (3.15)

and combining it with the Eq. (3.13b), we get
a(R™1)2 4+ bR 4-c=0, (3.16)

where the coefficients a,b and c of the above quadratic equation satisfy

M 1 1 1
At+Ms”+ At+2R" (9], p1 ),

( )(4)11—&-1, n—l—l) i/iRn—MSn+lAtRn.

(¢n+l, 1’l+1), b=

If g1 =0, we set s"*1 =0. Then we have =0, b= M/At and c = —(M/At)R", then we
immediately obtain ¢"+!=¢" and R"*1=R". If ¢! £0, we obtain (¢! ™,¢7 ') >0. Then
the above equation (3.16) is a quadratic equation with one variable for R

Theorem 3.3. If we choose the stabilized variable s"** to satisfy

0, Rn( n+l ¥+l) < M

sl = A’ (3.17)
n( n+1 n—l—l) - n( n+1 n+1) > M
MAt LS A2’ 1 At
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then the quadratic equation with one variable for R"*1 (3.16) exists and has only one positive

solution
R —b++/b*>—4ac S0,

5 (3.18)

Proof. Noting that R®=E(¢°)+C >0, we then assume that R >0. Noting that a >0, if the
stabilized variable s"t! is chosen as in (3.17), then we are easy to obtain ¢ <0. Then the
quadratic equation (3.16) is determined to have a solution because of

A=b*—4ac>0.
Similarly, one can see that (3.16) has the following two solutions:

—b—+/b%2—4ac

Ri’l+1 — 0,
! 2a <
— 2_
RI+I— b++/b>—4ac >0,
2a
By the positive property of R, we have that R"+1 =R} *1. O

Then we can compute ¢" ! by the following equation:
¢n+1 — (Pn —i—At(R”‘H +Rn)¢111+1‘

To summarize, the second-order PS-SAV scheme (3.13) can be implemented as fol-
lows:

* solve ¢/ from (3.14),
e compute R"*! from (3.18),
e update ¢" 1 =¢" +At(R"*1+R")¢p! ™ and goto next time step.

We observe that the above procedure only requires solving one linear equation with
constant coefficients as in a semi-implicit scheme with stabilization. As for the energy
stability, we have the following result easily.

Theorem 3.4. Given R®>0, we have R" >0 for all n>0, and the second-order PS-SAV scheme
(3.13) is unconditionally energy stable in the sense that

At (Pn+l_(‘bn (Pn+l_('b1’l
R?’H’l _R?’l < _ = <0.
STM ( A A )Y

Remark 3.1. The stabilized terms are different between the first-order (3.4) and second-
order schemes (3.11). The first-order scheme (3.4) employs stabilized term se?( A¢" ! —
A¢™) to compute (]);’H, while the second-order scheme (3.11) utilizes stabilized term
s"TIAH(R™1 —R™) to ensure the existence and uniqueness of solutions for R"*1.
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4 The PS-SAV approach for H™! gradient flow

The proposed positivity-preserving technique can also be used to solve H~! gradient
flow. By setting G = —A to transform the gradient flow (1.1) into the following H~! gra-
dient flow:

9 _
g —MA"l/l,

pu=e*Ap+F'(¢).

The H~! gradient flow model (4.1) is mass preserving since

d op
> — e —_— =0.
Vt>0, dt/Q(de /Qat dx=0

To construct PS-SAV scheme for the H~! gradient flow (4.1), we need to define the
Hpj,} inner product firstly. Suppose f€L3(Q)={veL?*(Q)|(v,1)=0}, define yfengr(Q) N
L%(Q2) to be the unique solution to the following problem with periodic boundary condi-

tion:

(4.1)

—App=f in Q. (4.2)

We then define jif:=(—A) "' f, and for any f,g € L§(Q)), the Hp_elr inner product and norm
can be defined as follows:

(f:8) 1=V, Vig), fll-a=+/(f.f)- (4.3)
It is easy to obtain the following identity:
(£.8)1=((=8)"f.8) = (f.(=8)"'g) = (8.f) - (4.4)

Given a same SAV R(t) with (3.3), the corresponding derivative equation for R will
take the following formulation:

dR dE (JE d¢\ Jp\ 1 109 9p\ 1 [(0¢p ¢

dt — dt _<5<p’at>_<“’at>_M< (=4) ot’aot)  M\ot'ot) (45)

Combining above equation (4.5) with (4.1), we can reformulate the H ! gradient flow
to the following equivalent system:

0

a—('f:MAy, (4.6a)
_ﬂ 2 l

V_E(gb)—f—C(e Ap+F(¢)), (4.6b)

dR 1 (3¢ 9

E——M (g,g) 71. (46C)

One can see the Eq. (4.6¢) can keep the energy dissipation law.
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Similar as the PS-SAV schemes for the L2 gradient flow, the first-order PS-SAV scheme
based on the backward Euler formulation for the H ! gradient flow (4.1) can be given by

n+1__ 4n
¢ N ¢ — MAu"™, (4.7a)
n+1
‘un—l—l:S€2(A(Pn+l_A¢n)+W[€2A¢n+F’(¢”)], (4.7b)
Rn—l—l —R" B 1 (])”+1 _¢n ¢n+1 _(Pn
— =M < A AL > R (4.7¢)

From the Egs. (4.7a) and (4.7b), we can rewrite (4.7) equivalently as the following:

(E(¢")+C) (I—Me*sAtAA) W =MR" 2 AAP" +AF (¢")],

M ol . 4)1’1-1-1_4)1’1 4)7’1-1-1_4)1’1
AR R )__< At At >_1‘

(4.8)

Setting ¢" 1 = ¢"+AtR" 19!, we also find that ¢/ is the solution of the following
linear equation with constant coefficients:

(I—Mse*AtAA) P+ = [2AAP" +AF (¢™)]. (4.9)

E(¢")+C
Once 4)?“ is known, to compute R"*1, we need to solve the following quadratic equation:
a(R™1)2 4 pR" 1 +C =0, (4.10)

where the coefficients 4, b and c satisfy

M M
a:( n+1 ?+1)_1, bzﬂ' C:_BR”, (4.11)

If 1! =0, we can immediately obtain ¢"*! =¢" and R"*!=R". If ¢! 0, we ob-
tain (¢ 1,97 "1) 1 >0. Then the above equation (4.10) is a quadratic equation with one

variable for R"*1.

Theorem 4.1. The quadratic equation with one variable for R"*1 (4.10) only has one positive
solution

—M/At+\/M2/At2+4(M/At)R”(<P?“I .
2(e i)

As for the energy stability, we have the following result easily.

R 1= > 0. (4.12)
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Theorem 4.2. Given R° >0, we have R" >0 for all n >0, and the first-order PS-SAV scheme
(4.7) is unconditionally energy stable in the sense that

Rn+1_Rn:_g<¢n+l_¢n,¢n+l_(‘bn> <0,
-1

M At At

Remark 4.1. The first-order PS-SAV scheme (4.7) also only requires solving one linear
equation with constant coefficients as in a semi-implicit scheme with stabilization. In

addition, it may add some additional small computation cost to obtain ( ?“, ?“),1.

Remark 4.2. Similar to the framework for second-order PS-SAV schemes for the L? gradi-
ent flow, the second-order Crank-Nicolson scheme for the H ! gradient flow is given by

(Pn+l —¢" n+3
PP _ pmapr,
At peoe

1 Rn+1 R"
‘ui’l+;:§€2A(¢n+l+¢i’l)+< + )_1>€2A¢1’l

2(E(¢"2)+C
(E(¢"*2) @13)
R R? 1
- F/((Pn—i—i)
2(E(¢"+2)+C) '
R _Rn —|—Sn+1At<Rn+1—Rn)_—i (Pn+l_(lbn ¢n+l_¢n
At M At At o

For brevity, we omit the proofs of existence and convergence for the solutions of the
above scheme.

Remark 4.3. The positivity-preserving property of the auxiliary variable in our proposed
PS-SAV schemes is independent of the type of nonlinear functional F. This approach
remains effective and positivity-preserving for both L? gradient flows and H ! gradient
flows with double-well potentials or Flory-Huggins energy potentials, though additional
techniques (e.g. cut-off approach [23], implicit treatment [6, 7, 13, 14]) are required to
ensure the positivity for the logarithmic arguments.

5 An energy optimization technique

Noting that the proposed PS-SAV schemes are unconditionally energy stable with a mod-
ified energy, we give an energy optimization technique to make the modified energy to
be close to the original energy.
At each time step, after obtaining R"*1, we calibrate it by using the following equa-
tion:
R =min{R",E(¢" 1) +C}. (5.1)

The above correction technique will not affect the energy dissipation law and the conver-
gence rates.
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We take the first-order PS-SAV scheme (3.4) for the L? gradient flow as an example.

Theorem 5.1. The first-order PS-SAV scheme (3.4) with a relaxed correction technique (5.1)
(R-PS-SAV) is unconditionally energy stable in the sense that

gntl—gn<o, (5.2)
where " = R" — C is the modified energy.
We further have the following original energy dissipation law:
E(¢""1) <E(¢")
under the condition of E(¢"*1)+C <R". Here

2
E(9") =5 (A9",9")+ (F(¢"),1)
is the original energy.

Proof. From the correction equation (5.1), we get R""! < R", then one can immediately
obtain
5n+1 —_&n <.

We can also obtain R"*! < E(¢"*1)+C from (5.1), then the following inequality is
satisfied:
5n+1 :Rn-l-l —C< E(¢n+1)

which means

E(P")<E(¢"), ¥n=>0. (5.3)
If E(¢""1)+C < R", we get R""' =min{R",E(¢""!)+C} = E(¢"*1)+C, then the fol-
lowing equation will hold:
E(¢") =R —C=E(¢"). (5.4)
Combining the inequality (5.2) with (5.3) and (5.4), we obtain

E(¢p"Th)=E(¢") <E(¢") <E(9p"), (5.5)

which means the first-order PS-SAV scheme (3.4) with correction technique (5.1) is uncon-
ditionally energy stable with original energy under the condition of E(¢"*!)+C<R". O

Remark 5.1. The energy optimization technique step (5.1) for R"*! will force the mod-
ified energy R"*!—C be closer to the original free energy E(¢"*!). Meanwhile, the up-
dated R"*! will be used to calculate R"*2 by the following equation:

M M
n+2 (n+2 n+2,\2 n+2 _ n+l_
( 1 711 ) (R ) + At R At R O/
and then ¢" 2 will be computed by R"*2. It means the updated R"*! will affect the value

of (Pn+2'
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6 Examples and discussion

In this section, we consider some numerical examples to illustrate the simplicity and
efficiency of our proposed method. Unless otherwise specified, we consider the periodic
boundary conditions and use a Fourier spectral method in space. We use ||-||;2 is to
denote the norm in L2(Q)).

Example 6.1. The following Allen-Cahn equation is under our consideration:

aa—f = M(20Ap+(1-¢%)¢) (6.1)

subject to periodic boundary conditions.

Case A. We give the exact solution
¢(x,y,t) =exp (sin(7rx)sin(7ry)) sin(t), (6.2)

by introducing an external force f into (6.1) in the domain Q) =(0,2)2. We set the values of
the parameters M and ag to 1 and 0.012, respectively. To effectively and clearly compare
CPU times for different numerical schemes, we use the finite element method for spatial
discretization in this study. To ensure that the spatial discretization error is significantly
smaller than the time discretization error, we generate a mesh with a resolution of 1282
for the spatial discretization.

In Tables 1 and 2, we present the L2-norm error convergence rate for semi-implicit,
SAV, GSAV and PS-SAV approaches at T =1 obtained using first-order and Crank-Nicol-
son scheme, respectively. We have observed that the expected convergence rates are
achieved for all cases. Fig. 1 illustrates the comparison of CPU times for different ap-
proaches. The CPU times are ranked in the following order: semi-implicit < PS-SAV
< GSAV < SAV. Among these, the semi-implicit scheme requires the shortest computa-
tion time, while the PS-SAV scheme takes slightly longer but is still the fastest among
the other SAV-type schemes. In contrast, the SAV scheme demands the longest compu-
tation time. These results align with theoretical expectations. Theoretically, the semi-
implicit scheme only requires solving a single linear equation at each time step. The SAV

Table 1: Example 6.1 (Case A). Convergence test for Allen-Cahn equation using the first-order scheme by
different approaches.

At Semi-implicit SAV GSAV PS-SAV
lepll;2 | Rate | |legll;2 | Rate | |legll;> | Rate | [lepll;2 | Rate
1.00E-1 | 1.40E-01 - 1.32E-01 - 2.81E-01 - 1.39E-01 -

5.00E-2 | 6.91E-02 | 1.01 | 6.22E-02 | 1.08 | 1.07E-01 | 1.39 | 6.85E-02 | 1.02
2.50E-2 | 3.43E-02 | 1.01 | 3.02E-02 | 1.04 | 4.94E-02 | 1.12 | 3.40E-02 | 1.01
1.25E-2 | 1.71E-02 | 1.01 | 1.49E-02 | 1.02 | 2.38E-02 | 1.05 | 1.69E-02 | 1.01
6.25E-3 | 8.53E-03 | 1.00 | 7.42E-03 | 1.01 | 1.17E-02 | 1.02 | 8.43E-03 | 1.00
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Table 2: Example 6.1 (Case A). Convergence test for Allen-Cahn equation using the Crank-Nicolson scheme by
different approaches.

At Semi-implicit SAV GSAV PS-SAV
lepll;2 | Rate | |legll;2 | Rate | |legll;> | Rate | |lepl;2 | Rate
1.00E-1 | 5.00E-03 - 5.23E-03 - 4.96E-03 - 5.09E-03 -

5.00E-2 | 1.30E-03 | 1.95 | 1.34E-03 | 1.97 | 1.28E-03 | 1.95 | 1.30E-03 | 1.97
2.50E-2 | 3.33E-04 | 1.96 | 3.39E-04 | 1.98 | 3.26E-04 | 1.98 | 3.24E-04 | 2.01
1.25E-2 | 8.56E-05 | 1.96 | 8.55E-05 | 1.99 | 8.23E-05 | 1.99 | 7.89E-05 | 2.04
6.25E-3 | 2.27E-05 | 1.91 | 2.17E-05 | 1.98 | 2.09E-05 | 1.98 | 1.98E-05 | 1.99

—*—semi-implicit A —*—semi-implicit

—A-SAV —A-SAV
300. —=-GSAV 300y —=-GSAV
—=pPS-SAV

—=—PS-SAV

CPU time
N
o
<
CPU time
N
o
S
e

1072 101 1072 10t
At At

Figure 1: Example 6.1 (Case A). Comparison of CPU time for solving the Allen-Cahn equation using different
approaches. First: first-order scheme; Second: Crank-Nicolson scheme.

scheme, however, necessitates solving two linear equations as well as an algebraic equa-
tion (2.3) related to " ! at each time step. The GSAV scheme requires solving one linear
equation and an algebraic equation for R"*! (scheme (2.5), Eq. (2.5¢)) at each time step.
Similarly, the PS-SAV scheme only requires solving one linear equation and an algebraic
equation (3.8) for R"*!, whose root is given by Eq. (3.9). The reason the GSAV scheme
takes slightly longer than the PS-SAV scheme is that the GSAV scheme involves addi-
tional computations when solving the algebraic equation for R"*!. Specifically, it re-
quires the evaluation of 7"*! and E(¢"*!), which entails solving for A@"H, V¢, and
performing an integration.

Case B. We choose the initial condition as

1.5+1.2cos(60) —27tr

,y) =tanh ’

¢(xy)=ta e

o aretan Y00y L\, (L) (69
_arcanm, r= x—7 y—7 ,

where (6,r) are the polar coordinates of (x,y). We set Q= [0,L,] x [0,L,] with L, =L, =1
and the other parameters are xg = 0.012, M = 0.1 and 128% Fourier modes. We use the
results of the semi-implicit/first-order scheme with At =1E-5 as the reference solution.
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The L2-norm error of four schemes at T =200 with different time steps are shown in Ta-
ble 3. In this particular case, we observe that the errors of the semi-implicit, SAV, GSAYV,
and PS-SAV approaches follow the order: PS-SAV < SAV ~ semi-implicit < GSAV. How-
ever, upon applying the energy optimization technique, the error of R-PS-SAV approach
is slightly larger than that of PS-SAV approach, but still smaller than the errors of semi-
implicit, SAV and GSAV approaches. In Fig. 2, we present a comparative analysis of the
SAV, GSAV, PS-SAV, and R-PS-SAV approaches, focusing on three aspects: first, the com-
parison between modified and reference energies; second, the energy error between the
modified and reference energies; and third, the error in &1 What needs illustration is
that ¢ =¢(t)/+/E1(¢)+C in SAV scheme (2.1) and & = R(t)/(E(¢)+C) in PS-SAV and
R-PS-SAV schemes. These results are obtained using the first-order scheme with a time
step size of At=1E-3. We can observe that for the majority of the time, the error in modi-
fied energy and the error in ¢" ! follow the following order: R-PS-SAV <SAV <PS-SAV <
GSAV. Table 4 presents a comparison of the L2-errors obtained using different stabiliza-
tion parameters based on the first-order scheme at T =200 for various time steps. It can
be observed that the lowest error results can be achieved when s =0.6.

Table 3: Example 6.1 (Case B). A comparison of L2-error obtained by five approaches based on first-order
scheme for Allen-Cahn equation at T=200 with various time steps.

At Semi-implicit SAV GSAV PS-SAV R-PS-SAV
1.00E-1 1.75E-03 1.75E-03 3.31E-03 4.88E-04 9.31E-04
5.00E-2 8.79E-04 8.77E-04 1.83E-03 2.48E-04 4.66E-04
1.00E-2 1.76E-04 1.76E-04 4.07E-04 5.03E-05 9.32E-05
5.00E-3 8.79E-05 8.77E-05 2.07E-04 2.51E-05 4.65E-05
1.00E-3 1.74E-05 1.74E-05 4.18E-05 5.04E-06 9.16E-06

Table 4: Example 6.1 (Case B). A comparison of L2-error obtained by different stabilizations based on first-order
scheme for Allen-Cahn equation at T =200 with various time steps.

At s=0 5=0.2 s=0.5 s=0.6 s=0.7 s=1 s=2
1.00E-1 | 2.84E-03 | 1.84E-03 | 4.88E-04 | 7.92E-05 | 3.32E-04 | 1.44E-03 | 4.36E-03
1.00E-2 | 2.73E-04 | 1.83E-04 | 5.03E-05 | 7.19E-06 | 3.78E-05 | 1.68E-04 | 5.91E-04
1.00E-3 | 2.72E-05 | 1.83E-05 | 5.04E-06 | 7.17E-07 | 3.85E-06 | 1.71E-05 | 6.11E-05

Example 6.2. We consider Cahn-Hilliard equation

)
a—‘f:—MA <aoA¢+é(1—¢2)¢>. (6.4)

Case A. We give the exact solution

¢(x,y,t) =cos(7x)cos(rty)sin(t) (6.5)
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Figure 2: Example 6.1 (Case B). Allen-Cahn equation: comparison of modified and reference energies (first),

errors between modified and reference energies (second) and errors of &"*1 (third) obtained by four approaches
with At =1E-3 based on first-order scheme.

by introducing an external force f into (6.4) in the domain Q)= (0,2)%. We set the values
of the parameters xg =0.04, M =0.005, and € =1. To ensure that the spatial discretization
error is much smaller than the time discretization error, we adopt 1282 Fourier modes for
space discretization.

In Tables 5 and 6, we present the L%-norm error convergence rate for semi-implicit,
SAV, GSAV and PS-SAV approaches at T =1 obtained using first-order and Crank-Nicol-
son scheme, respectively. We can observe that the expected convergence rates are ob-
tained for all cases.

Table 5: Example 6.2 (Case A). Convergence test for Cahn-Hilliard equation using the first-order scheme by
different approaches.

At Semi-implicit SAV GSAV PS-SAV
lepll;2 | Rate | |legll;2 | Rate | |legll;> | Rate | [lepll;2 | Rate
1.00E-1 | 2.87E-02 - 2.89E-02 - 2.87E-02 - 2.30E-02 -

5.00E-2 | 1.42E-02 | 1.01 | 1.43E-02 | 1.01 | 1.42E-02 | 1.01 | 1.13E-02 | 1.02
2.50E-2 | 7.08E-03 | 1.01 | 7.14E-03 | 1.00 | 7.08E-03 | 1.01 | 5.62E-03 | 1.01
1.25E-2 | 3.53E-03 | 1.00 | 3.56E-03 | 1.00 | 3.53E-03 | 1.00 | 2.80E-03 | 1.01
6.25E-3 | 1.76E-03 | 1.00 | 1.78E-03 | 1.00 | 1.77E-03 | 1.00 | 1.40E-03 | 1.00

Table 6: Example 6.2 (Case A). Convergence test for Cahn-Hilliard equation using the Crank-Nicolson scheme
by different approaches.

At Semi-implicit SAV GSAV PS-SAV
lepll;2 | Rate | |legll;2 | Rate | |legll;> | Rate | [lepll;2 | Rate
1.00E-1 | 4.39E-04 - 4.47E-04 - 4.39E-04 - 3.58E-04 -

5.00E-2 | 1.17E-04 | 1.91 | 1.19E-04 | 1.92 | 1.17E-04 | 1.91 | 9.45E-05 | 1.92
2.50E-2 | 3.00E-05 | 1.96 | 3.05E-05 | 1.96 | 3.00E-05 | 1.96 | 2.43E-05 | 1.96
1.25E-2 | 7.61E-06 | 1.98 | 7.72E-06 | 1.98 | 7.61E-06 | 1.98 | 6.15E-06 | 1.98
6.25E-3 | 1.92E-06 | 1.99 | 1.94E-06 | 1.99 | 1.92E-06 | 1.99 | 1.55E-06 | 1.99
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Case B. As the initial condition, we consider a rectangular arrangement of 19x 19
circles

¢°(x) =360— 129; 1itaunh ( \/(x_x"”z}z(g_y”)z_ro> , (6.6)

where 79=0.085, x,,, =0.2 xm,y, =0.2xn for m,n=1,2,...,19. For our simulations, we use
a computational domain of [0,4]2. The parameters M, «p, and € are set to 1E-6,1.6032,
and 0.0079, respectively. We adopt a spatial discretization scheme using 5122 Fourier
modes. The first subfigure of Fig. 3 displays the energy history computed using the
semi-implicit/Crank-Nicolson scheme. It is evident that the energy increases rapidly,
leading to a blow-up. The PS-SAV approach proposed in this study guarantees the un-
conditional positivity of the computed R(f) values, regardless of the time step size. Sec-
ond and third subfigures in Fig. 3 illustrate the time history of the auxiliary variable r(f)
computed using the SAV and the auxiliary variable R(t) obtained by the PS-SAV ap-
proach, both with a time step size of At =0.5. In the PS-SAV approach, R(t) is com-
puted using a dynamic equation derived from the relation R(t) = E(¢)+C >0, ensur-
ing the positivity of R(t). On the other hand, in the SAV method, the auxiliary vari-
able r(t) is computed using a dynamic equation based on the relation r(t) = y/E; (¢) +C.
However, SAV lacks the property of guaranteeing the positivity of the auxiliary
variable, and as shown in second subfigure of Fig. 3, the computed r(t) values can
take negative values. The fourth subfigure in Fig. 3 gives the history of &"! for SAV,
PS-SAV and R-PS-SAV schemes with At=1E-3. In all schemes, ¢"*! is an approximation
of 1. Meanwhile, a relaxed correction technique (5.1) for the R-PS-SAV scheme forces ¢" !
closer to 1, which brings the modified energy closer to the original energy. The first
two subfigures of Fig. 4 show the snapshots of field function at T =100 using SAV and
PS-SAV approaches with Euler scheme and a time step size At =0.1. The discrepancy
between the two results suggests that the PS-SAV approach yields more accurate results
compared to the SAV approach. The last two subfigures of Fig. 4 show the snapshots of
field function at T=100 using SAV and PS-SAV approaches with Euler scheme and a time
step size At =1E-3. The results obtained from both figures are consistent with each other.

m=1n=1

171 4
155 10 150 3% 10

101

10 2
. 1006
& ~ 50 © £
Lood IKCV”
5 0 1 1002 —e-PS-SAV
—+R-PS-SAV
L e P
0 50 0

0 1 2 3 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
t t t t

Figure 3: Example 6.2 (Case B). The history of energy obtained by semi-implicit/Crank-Nicolson scheme
(first), the history of r obtained by SAV/Crank-Nicolson scheme (second) and the history of R obtained by
PS-SAV/Crank-Nicolson scheme (third) with At=0.5. Fourth subfigure is the history of ¢ for three schemes
with At=1E-3.



Z.Liu, Y. Zhang and X. Li / CSIAM Trans. Appl. Math., x (2025), pp. 1-39 21

Figure 4: Example 6.2 (Case B). The snapshots of the field function at T =100 computed using different
schemes and time step sizes: SAV/first-order scheme with Af=0.1 (first); PS-SAV /first-order scheme with
At=0.1 (second); SAV /first-order scheme with At=0.001 (third); PS-SAV /first-order scheme with At=0.001
(fourth).

Example 6.3. We consider the thin film epitaxy growth model. Let ¢(x):Q)— R represents
the height of the thin film. The total free energy can be expressed as

g)= [ (F(V)+5 (a9 ax ©7)

Here, F(y) is a smooth function, and e is the gradient energy coefficient. The first
term [ F(V¢)dx represents a continuum description of the Ehrlich-Schwoedel effect,
while the second term [, (€?/2)(A¢)?dx represents the surface diffusion effect.

Two common choices for the nonlinear potential F(V¢) are frequently employed:

(i) Double well potential for the model with slope selection

F(Vg)=(IVel*—1)%

g,

(ii) Logarithmic potential for the model without slope selection
1
F(Vg)=—5mn(1+ IVo|?).

The evolution equation for the height function ¢ is governed by the gradient flow,
given by
9r=—M(EX9+f(V9)), (6.8)

where M is the mobility constant, and

V-((1-]V¢|*)V¢), model with slope selection,
F(V9)=—V-F (V)= (%)

TF VP model without slope selection.

The energy dissipation property for the aforementioned two models can be obtained by
taking the L? inner product of (6.8) with ¢; and applying integration by parts
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d 1 5
EE@’)——MH%H <0.

To simulate the coarsening dynamics, we select a random initial condition ranging
from —0.001 to 0.001. The parameters are as follows:

€e=0.03, M=1.

The computational domain is Q= [0,12.8)2, and we utilize 5122 Fourier modes for spatial
discretization. In Figs. 5 and 6, snapshots of the numerical solutions for the height func-
tion ¢ and its Laplacian A¢ at different times are presented for both models, respectively.

In the left subplot of Fig. 7, the evolution of energy for the model with slope selection
is plotted. It can be observed that the energy decays following a t~1/3 trend. In the
right subplot of Fig. 7, the evolution of energy for the model without slope selection is
depicted. It is notable that the energy decays logarithmically with respect to —log,,(#).
These results are consistent with the findings reported in [11].

(d) t=50
(e) t=100 =500

Figure 5: Example 6.3. The isolines of the numerical solutions for the height function ¢ and its A¢ for the thin
film epitaxy growth model with slope selection, using a random initial condition. In each subfigure, the left side
represents ¢, while the right side represents A¢.
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(d) t=50

(e) t=100 =500

Figure 6: Example 6.3. The isolines of the numerical solutions for the height function ¢ and its A¢ for the thin
film epitaxy growth model without slope selection, using a random initial condition. In each subfigure, the left
side represents ¢, while the right side represents A¢.
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Figure 7: Example 6.3. First: the log-log plots of the free energy for the thin film epitaxy growth model with
slope selection. Second: the semi-log plots of the free energy for the thin film epitaxy growth model without
slope selection.

7 Error estimates

In this section, we will derive error estimates for the proposed PS-SAV schemes to show
the reliability of the constructed schemes. For simplicity, only the first-order PS-SAV
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scheme based the finite difference method for Allen-Cahn type equation is considered.
Note that other spatial discretization methods such as finite element, spectral, etc., can be
combined with the schemes constructed above.

We set h = L/ Ny, to be size of the uniform mesh where Ny, is a positive integer.
The grid points are denoted by (x;,y;) = (ih,jh) for 0 <i,j < N,,. The discrete Laplace
operator Ay, is defined by

1
Buthij =15 (iprj+uijotu g —4u;),

and the discrete gradient operator V), is defined by
_ (Bt Ui Mija1 T Ui
V= ( PR

. 1 2
=1 (Vitiv1/2, Villiji1/2)-

Define the discrete inner products and norms are

Nay
(1,0), =h? Z Ui jvi, ul|2, = (u,u)m,
i,j=0
Nay—1Ny
(M,U)xzhz Z Zui+1/2,jvi+l/2,j/
i=0 j=0
Ny Nyy—1
(”/U)yzhzz Z Ui j11/20ij41/2
i=0 j=0
HVWH%M:(V},u,V},u)x+(V%u,V%u)y.

The following discrete-integration-by-part formula plays an important role in the
analysis:

(10, A O) = — {(V,ﬁu,v,lp) T (V%u,V%v)y] = (Apu,0) . (7.1)
A first-order fully discrete PS-SAV scheme for the Allen-Cahn type model is given by

¢Z+1 _¢Z _ n+1

At - M]’lh 4

n+1 2 +1 n) Z+l [ 2 n /( n)]
= _se? (A — A, +—"——|—€ Ay, +F ,

A N O et A M U

At M At At ’

m

where s >0 is a stabilizing constant and the full discretization Ej,(¢}) of E(¢(x,t")) is

2
En(¢h) == (84797, + (F(9).1),,
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’ 1

= ((Vhot, Vhon)  + (Vioh V3oh) )+ (@)1 (01) -1)
§ 1

= S0t 51 (02 =111

Similar as semi-discrete scheme (3.4), we are easy to obtain the following energy dis-
sipation law.

Theorem 7.1. Given R = R° >0, we have R} >0, and the first-order fully discrete PS-SAV
scheme (7.2) is unconditionally energy stable in the sense that

1 1
R+l DO —0h o -9k
h h M At At -
m

For simplicity, we set

1 1 1 1
ep =g —g(t"), e =y —p(t,
n+1

e
dteg+l _¢ n+1_ RZ+1 _ R(thrl)'

n
S %
A ‘R

Theorem 7.2. Assume
€ W>*(0,T;L*(Q)) (YW (0, T;W>*(Q)) (L= (0, T, W (02)),
and F(¢) € C?(R), then for the fully discrete scheme (7.2) with stabilizing constant s > R° /K,
and At < Ch'*P with B> 0, there exists a positive constant C independent of h and At such that
kAtd n+1112 4 |1y, ok t1|2 k+112 k112 < C (KA L (AF)2
21 e 1+ [ Vaeg [ ant lleg™ 1+ e [ < C(h (A1),
n=
where the positive constant Ky is the lower bound of Ej,(¢}))+C.

We shall split the proof of the above results into three lemmas below.

Lemma 7.1. Under the conditions of Theorem 7.2, there exists positive constants C and Ky inde-
pendent of h and At such that

2 n+112
Kiyo a2 B Ry 2 |\Vh€74§+1—vhe$HTM n+1 .2 the(P HTM
3 Il Hm+<s Edgp)ic )M At R EMT R
2 2 2 thegHZTM
<Cleg™| +chhe;§HTM+cHe;§Hm+R;je-’~MT+c(h4+(At)2). (7.3)
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Proof. Subtracting equations in (3.3) from equations in (7.2) respectively, we obtain the
following three error equations:

en+l_en ) n+1y __ n
o "% a1, 99 (") —¢(t")
N =—Mej;* +§W— o , (7.4)
1 2 1 Z+1 2
ep ' =—se" (Dpeg” _Ahe$)+W[—€ Angiy+F' (¢3)]
_L-H) _ 2 n+1 / n+1
E(¢(t”+1))+C[ EAP(E" ) +F (p(H"1))]
—s€ (Mg (") = AP(£"H1)) +5€? (A (") — Ap (7)), (7.5)
ek ek L (o n ohT =gk 1 (3p(rth) ag(ttt)
At __M< At At m+M< ot ot > (7.6)
dR R(#"1)—R(t")
+Etn+l_ At ’
DO O e Gl N e R Gl
- M At ot At ot .
1 a(])(tn'H) a(l)(tn—H) a¢(tn+1> agb(t”"'l)
+M[< ot ' ot >_< ot ' ot >J+C‘R’WZ’”(O'7)N'

Next we shall first make the hypotheses that there exist two positive constant C*
and C, such that

i =C, (7.7a)
e+ 1V nepl gt [ek] < Cu(At+12)2. (7.7b)

These two hypotheses will be verified in Lemma 7.4.
Multiplying (7.4) by ((eg+1 —ey)/ At)h? making summation on i,j for 0 <i < Ny,
0<;< ny, we have

_(Ib(tn+1)_¢(tn)’dte$+l> ) (78)

op
Hdteg-i—lui (€Z+1’dte$+l)m (
pi1 At "

ot

Multiplying (7.5) by dtegﬂhz and making summation on i,j for 0<i < Ny, 0<j< Ny,
we have

(e”*l,dteg”)m = —se? (Ahe’(f)Jrl — Aheg,dtegﬂ) .

M
—€ Lﬂ n_ﬂ n+1 n+1
) <Eh(¢z)+CAh¢h E(¢(tn+1))+CA‘P(t ), dreg,

m
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RZ+1 ;o R(#"1) / nil nt
+<Eh(4’2)+CF E((p(tn+1))+cF (Pt )),dte¢

—se? (A (") —A¢(t”“),ulteg“)m

m

+s€? (Mpp(t") —Ap(t" ), dref ™) (7.9)
For the first term in the right-hand side of the Eq. (7.9), we have
v en+l —V,e" HZ
2 +1 +1 _2”’14) hCellTm
—se (Aheg —Aheg,dteg )m =se Y , (7.10)

where V), f=d. f+d,f.
For the second term in the right-hand side of the Eq. (7.9), we have

—e? Lﬂ n_ﬂ n+1 n+1
) (Eh(‘PZ)+CAh(Ph E(¢(tn+1))+cA‘P(t ),drey, )
g RZH 1 2 RZH 1 1
= B R gy M) A AT,
2 RZ+1 B R(tn+l) . -
) (Eh(4>ﬁ>+c ) e ) (Ao )dieg ™) e (7.11)

For the first term in the right-hand side of (7.11), we have
Rn-l—l
2 h n n+1
—e" | ——L——=Aye},dse
(Eh(ﬁbﬁ)JFC rety >

Rn—H
En(¢j)+C At

2 2 2
Ry &2 (VhegTM|vhe$+l|TM+ Vhegvhngrl‘TM)

m

~ Euep)+C 200 o

2 2 2
R (1 Vel e Ty 712
T En(g])+C 24t o | |

Noting that RZ” <R<Cy and Ej(¢)')+C > K; >0, then for the second term in the
right-hand side of (7.11), by using Cauchy-Schwartz inequality, we have

Rn-l—l

_2__"th ny_ n+1 n+1

2
m

1
< m”ﬂlteg‘*‘lﬂi‘f’CHAhgb(t”) _Aqb(tn—l—l)H
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— 10MHd en+1H +C||(PH2°° 0TW4°°( h4+C||(PHW1m OTWZDO( ))(At)z (713)

Using inequality (7.7a) and supposing F(¢) € C*(R), then we have the following in-
equality for the last term in the right-hand side of (7.11):

_e2 RZ+1 - R(#mH1) . .
(Eh(¢Z)+c Epe))=c ) (Aot )die ),
- ZL n+1 a1

= (g rc AT A )

> R (E(p() —En(ep))
[En(97) +C] [E(¢ (1)) +C+C]

Here, for E(¢(t"™1)) —E,(¢}'), we have
E(p(t"1)) —En(})
2 2
= IV D+ (F @ )),0) = S IVt Bt E00)D),. (715)

(A4>(t”+1),dteg+1)m. (7.14)

Using the approximation property of the quadrature formula, we obtain
€2 €2
SIVeE 2 =S990 7
€? €?
=—(rrw<t”+1>u-’~—uw ) g )+ (199 ) g =1V )
<Ch*+ (HV(]) (1) “TM+|‘vh¢hHTM> <HV4>(tn+l)”TM—HthbZHTM)
€
S3<HV¢<f"+1)HTM+HquZHTM)HV¢(t”+1)—Vh¢ZHTM+Ch2-

Taking advantage of the bounded property of ¢(#") and the inequality (7.7b), we have
| Vip|lTam < C. Then the above inequality will be transformed as

2 2
SIVeE ) 12— [ Vigh |7

<C||Vo(t") =V || 1+ CH

<C(IIV9E 1) =i (t") |y [ V(") = Vil 1) +C2
<C(IT@E) =P g+ 107 =T g+ [ Tl ) +CH

<C|Viey || pp+C(AL+R). (7.16)
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For the other two terms on the right side of Eq. (7.15), using the midpoint approxima-
tion property of the rectangle quadrature formula and inequality (7.7a), we have

(F(p(t")),1) = (F(95).1),,

1 1
=4 lle(h) 2—1112——11 (o)~ 11,
1 1 1
=2l )* =1~ H( ()" =1+ (o) =1, = 51l (0)* 1],
<+ (@) =1, + 100~ 11,.) (1) =1~ (@01l
<CI+C (¢t )= (#)°]l,,
<Cr?+Cllo(t" ) +aii|, o) — i,
<CI2+C([lepll,, + e =9 )
< Cllef|lm+C(At+h). (7.17)

Bringing the inequalities (7.16) and (7.17) into Eq. (7.14), we have

L R R o
) (Eh(CPZ)—i-C E(¢<t”+1))+c (A(rb(t ),dt€¢ )m

SﬁHdtﬂ’?)“Hfﬁc\eﬁ“12+CHW$H2TM+CHe$Hi+C(h4+(At)z)- (7.18)

Using similar technique and Cauchy-Schwartz inequality, we can obtain the following
inequality for the third term in the right-hand side of (7.9):

n+1 n
<LF’(¢Z) — R(t—ﬂ)p/ (¢(tn+1)),dte$+l>

En(¢l)+C E(p(+1)) +C )
:LH(F/((Pn)_FI(qb(tn-i—l))den_H)
RZH R(#+1) / " .
+<Eh(¢ﬁ)+c_fsh(¢<tn+1>)+c (F'(p(t" 1)), deelt1)
: W\\dte”“<!2 +Cllegl, +Clar?
1OMHd en+1H +C{en+1| +Cthe$HzTM"“CHegHi—FC(h‘l—l—(At)z)

2 2
S—MHdte;i“Hm+CH€$Hm+C\e}%“! +C[[Vaep | ppg+C O +(A8)%). (7.19)
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For the last two terms in the right-hand side of (7.9), using Cauchy-Schwartz inequal-
ity, we have

—se? (Apg(t"1) —A¢(t”+l),dte(’;+l)m+sez (Angp () —Agb(t”“),dtegﬂ)m
< ﬁ | drey 7 +C (it +(a02) <H¢”2°°(0,T;W4r°°(0))+ ’!4’\\%\/1,&(0,1-1/\122(0)))- (7.20)
Using (7.7a), we obtain that there exists a positive constant K; to satisfy
0<Ki<Ej(¢pp)+C<2(E(p(t"))+C).

We choose s >R"/Kj to satisfy that s— R}/ (Ej,(¢}') +C) >0. Combining (7.8) with (7.9)-
(7.20), we get

2 n411)2
Ky 112 RZH 2 thegﬂ_vheZHTM +1.2 theqa HTM
7”dt€$ Hm+ (S_W K1€ M At +RZ € MT

2
thet);HTM

AT +C (K +(At)?).

< Clek! [+l Ve g +Clieg [, +Rie*M
The proof is complete. O

Lemma 7.2. Under the conditions of Theorem 7.2, there exists a positive constant C independent
of h and At such that

2 2 2
e Ml lleg |, lleg™ ~51,

2At 2At

2 2 2
L e (uvhe;“umvhezTM+<|vhe;+lvhezTM)
2 2

<Clemtt|)2 +C|| Vel tY|2,, +Clen ™+ C ('t + (an)?2). (7.21)

Proof. Combining (7.8)-(7.9) with above inequalities (7.10)-(7.20), we can obtain that

2
1”dt€n+lH2+ . Ry 2 [Viey " = Viehllrm
275 llm En(¢y)+C At
2
R 19
En(¢};)+C 24t

RZ 2 thegHzTM

2 2 2
<Clett| +chhegHTM+CHe$Hm+Eh(g,,wce oAt

+C(K*+(AH)?). (7.22)
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Next we multiply (7.4) by e
and combine it with (7.5) to obtain

$+1h2, make summation on i,j for 1 <i < Ny, 1 <j< Ny,

en+1_en
<7¢ A (P,eg“) —Msez(Aheg“—Aheg,egH)m
— LZH _ 2 7 (0
MR(t"+! eIV
_Eh (¢(t7§+l)))‘i‘c [_€2A¢(tn+1)+1: ((Ib(t +1)):|’e¢+1>m
+seZM(Ah¢(t”“)—A<p(t”“),eg“)m—sezM(Ahqb(t”)—Aq;(t”“),eg“)m
+<aa—f —M,eﬁ“) =RHD. (7.23)
-+l m

For all terms on the left-hand side of (7.23), we have

en+1_en
(f/) ¢ n+1> —Msez(Ahegﬂ—Aheg,e;H)m
m

At 4
2 2 2
e el g™ el
B 2At 2At
2 2 2
© s (!vhez“!mz Vil , IV vhezm) oo

Using similar technique for the right-hand side of (7.9), we can obtain the following
inequality for the right-hand side of (7.23):

RHD <C|lef |2 +C|| Ve ™[5+ Clek™ [ +C(h* + (At)?). (7.25)

Combining (7.23) with above inequalities (7.24)-(7.25), we can obtain that

2 2 2
1 e
2At 2At
2 2 2
© s (!vhe;“!mvhezTM+|vhez+lvhegTM)
2 2

< Cleg - ClIVaes fray Cle ! [+ C (1 + (817).
The proof is complete. O

We next give the estimate analysis for |ef,"!|.
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Lemma 7.3. Under the conditions of Theorem 7.2, there exists a positive constant C independent
of h and At such that

L e 7 L 7 it 1
20t 2At
jIHde”“H +C el 2 Jeit P Clet P4+ C (4 (A1)2). (7.26)

Proof. Multiplying (7.6) with e results in

ek [*—lekl* lex™ —ek]”
2At 2At
n+1 n n n n n+l__ . n n n n
_ T () —(t) og(rh) T e p(t ) —g(t)  dp(t™)
M At At ot At At o ),
7’l+1 a¢<tﬂ+l) a¢<tﬂ+l) a¢<tﬂ+l) a¢<tﬂ+l)
€R _ n+1
+ M << at 7 at > < at 7 at >m>+C|R’W2,w(O,T)At€R
n—l—l
<R ldie
EH <P(f”“)—4>(f”)+3¢(t”“) den+1+¢(t”“)—¢(t”)_3<P(t”“)
M At or e At o ),
+1 n-+1 n—+1 n+1 n+1
w1y i) CR [ (9P 3<P(t )\ (9p(t"T) 9p(t"T)
+CAHldieg ™|,y ek 7 << ot ot af ot ),
+C|R | o )Atel (7.27)

For the first term in the right-hand side of above equation (7.27), by using Cauchy-
Schwartz inequality, we have

eR 1Hd n+1H deenHH +CHdt€n+1H |en+1 . (7.28)

For the second and third terms in the right-hand side of above equation (7.27), we
have

M At o ¢ At ot
+cmudteﬂ+lu e

n+l (P tn+l (P(tn) N a(P(ti’FH
At ot

g (B0 DT i $077)0() 36007

<

e CtlR |+t ek

%Hd e L7 +Cle |+ C(an?, (7.29)
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The last two terms in the right-hand side of Eq. (7.27) can be bounded by using the
midpoint approximation property of the rectangle quadrature formula

n+1 n+1 n+1 n+1 n+1

CR IP(t" ) oPp(t" 1)\ [9¢p(t"") (") 0t

M (( o ' ot at ' ot . +CIRwam (o 1)AteR
<Clet PC(Ar)?+Cht. (7.30)

Combining (7.27) with above inequalities (7.28)-(7.30), we can obtain that

et 1)~ [ep|” | et —eq)”
2At 2At
Sf;Hdteg“HiH?deeZ“Hi\e?a“f%!eﬁ“\"‘+C(h4+<At>2).

The proof is complete. O

Lemma 7.4. Under the conditions of Theorem 7.2, there exists two positive constants C* and C,
independent of h and At such that

loillo<c",
e+ Vel t ek < Culat+i) 2.

Proof. Using the scheme (7.2) for n=0 and applying the inverse assumption, we can get
the approximation ¢} with the following property:

9]l < ll 0k =@ () | o + 10 (#) oo
<\ pn =g (£ || o + T () = p(#))[| o+ P (") [0
SCh”(H¢;1—¢(t1>Hm+H4>(t1)—Hh4>(tl>Hm) F T () = p(#) || o+l (E) oo
SClh+han+gt) - <C.
Here IT}, is an bilinear interpolant operator with the following estimate:
|TThg" — 9|, < CH. (7.31)
Thus, we can choose the positive constant C* independent of  and At such that
2P}

By the definition of C¥, it is trivial that hypothesis (7.7a) holds true for n=1. Suppos-
ing that ||<,b£ |lo < C* holds true for an integer k=1,...,1n, with the aid of Lemmas 7.1-7.3,
we have that

C* >max{ H(plﬂ

¢k — ()], < C(At+1).



34 Z.Liu, Y. Zhang and X. Li / CSIAM Trans. Appl. Math., x (2025), pp. 1-39

Next, we prove that H‘PZH |lo < C* holds true. Since
o241 < o =g o+ ()
<[ gp T =TLp (") || o+ e (") —p (") || L+ (") oo
SCh_l<H4’Z+l_¢<tn+l)Hm+H4’<tn+l>_nh¢<tn+l)um)

Hp () = (") || o+ () [l
<Ci(h+h7 A+ (") | co- (7.32)

Let At <Cyh'*F with B>>0 and a positive constant /; be small enough to satisfy h; <1 and
G (1—|—C2)hf < %
Then for h € (0,h1], we derive from (7.32) that

97|, < Cr(h+h7 A + ]| [l

C
Scl(hl+czhl)+7§C*-

This completes the induction (7.7a).
We next give a proof of the second inequality (7.7b). It is obvious that

HegHm+ thegum/ﬁ' ‘e%‘ =0<C. (AH—hZ)%,
Assume that
e+ Vaeh |yt ek] < Cu(At+12)2, Yn=1,2,...k,
then for n=k+1, as we have stated later in (7.46), we have
leg™ 1, [ Vheg™ [ ppe+ lek™ | < C(AL+R?). (7.33)

We choose sufficiently small At and & such that C(At+h?)!/2<C,, then above equality
(7.33) can be transformed as

5 175 gy + ek < Colbt+12)3, (7.34)
which completes the proof. O

We are now in position to prove our main results of Theorem 7.2. Combining Lem-
mas 7.1-7.3, we have

2 2
N i
2At oAt

2 2
Ve ™ o, Ml I

2At

K 2
7 e L+ Ry M +Ky
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2 2 2
4 MsKy thegH HTM2_ thegHTM + Mse?K; thegﬂ ;WEHTM
ek |€%|2 |€"“—€R|
+K 2At 2At
R 2 Ve = Vel |7
+<S_—2(Eh(<p”)+C)>e MK; Af

<Clek™ [*+C||Vaeplzpy+Cllepll, +Clldiey 1 lek™
+R262M%+c(h4+<m) ). (7.35)

Multiplying both sides of above inequality (7.35) by At and making summation on n
from 0 to k yields

Ky & e2M &
leAf|!dt€$“Hi+—2 ZRZ“HWEZZ“HZTM e, +0 ZHE”“-%H
n—

Mse Ky &

Mse Kq
+

K
A Vg7 + LA Viueg™ = Viehll a5 1k

Z|€n+l—€%|2—|— S—L-i—1 GZMKleVh€n+l—Vh€nH2
2(Ey (¢”>+C> ! Pl

<C2Af\€"“| +CZAvaheszTM+CZAfH%H +CZAfHd€”“H e
+T Z RY|| Vel |5, +C (H 4 (A1)2). (7.36)
n=0

Noting that 0 < RZH < Rg, we have ]eﬁ“ 2 < C for a constant C. Then for the fourth
term in the right-hand side of above inequality (7.36), using Lemma 7.1, we have

C ZAtHdten—‘rl H {en—&-l
<cy atlaey
n=0

k k k
<CY A P+ C Y M| Vieh |50 +C Yo At|leh || +C (1t +(a1)?). (7.37)
n=0 n=0 n=0

Substituting above inequality (7.37) into (7.36), we have

k
Ky a1+ S RE Wb 2 S e 2+ S e P
n=0
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k k k
<CY At P+C Y M| Viel|[7,,+C Y At|les |2 +C(H*+(A2).  (7.38)
n=1 n=1 n=1
From energy dissipation law in Theorem 3.2, we know that
At At
R =Rj— 3 [ldig™ 5, = R =27 iy ™+ dip () [ (7.39)

Substituting above equation (7.39) into the second term of the left-hand side of (7.38),
we have

eeM
2 RkHHV kHHTM

:TRI’;HV?! k+1HTM_€—Atdeek+l+d p(HT) H HV ek+1HTM (7.40)

For the first term in the right-hand side of above equation (7.40), noting that R(tk) =
E(¢(t))+C > Ky, we have

e2M
2

€ MK1

eeM 2
5 RilIVaeg 7= 5 (k+R(E)) [ Vaek |7 > Vi 2, (74)

For the second term in the right-hand side of above equation (7.40), using Cauchy-
Schwartz inequality, we have

O e +dip( ) 295

<&t ([ldies |2+ |t 12 ) [ Vueht 7,

2 k+112 k+112 k+1 |2
<eAt||diey | Ve |70+ COH Ve (| 7 (7.42)
Multiplying both sides of above inequality (7.3) by 2€2At and using (7.7b) yield

e atdief |5, < e+ Car|| Vel 7, +Catlh [,
Ry M|V [y +C (1 + (A07)
< CAH [P+ C(ArHR). (7.43)

Noting that 0 < Rf™ < R) and K; < R(#*1) < K>, we have |ek™| < C. Combining
inequality (7.43) with (7 42) and supposing that At > Ch?, we obtain

G—Atudt B dyp (40 |12 || Vel Y, < CAL| Vaes |12, (7.44)
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Substituting (7.39)-(7.44) into (7.38) and supposing that At is sufficiently small, we
have

K & e2MK K K

7 e o e et 5 e+ 5
n=

<CY Ao P +C Y At Vieh 7y, +C XAt +C 1+ (A1) (749)
n=1 n=1 n=1

Using Gronwall inequality for above inequality, we obtain

Ky & 2  €’MK > K > K 2
fZlAtHdtez“Hﬁ 7 IV et 5 e I+ lek™

n=
<C(h*+(At)?). (7.46)

Remark 7.1. The convergence analysis of the second-order PS-SAV scheme will be de-
ferred to a subsequent study. For details on the proof of convergence of several ex-
isting second-order SAV-type schemes, we refer to [12, 34, 37]. Besides, the proposed
PS-SAV technique is also extensible to some other gradient flows like the phase field
crystal model, with this extension reserved for future research.
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