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Abstract. In this paper, we propose a gradient-based method to optimize curvilin-
ear masks in optical lithography. The mask pattern is represented by periodic B-spline
curves. We apply constrained Delaunay triangulation to discretize the domains circled
by the spline curves. Subsequently, we establish an explicit relationship between the
integral points and the control points of the boundary spline curve. Based on the rela-
tionship, we derive explicit formulas of the gradient of the optimization objective func-
tion with respect to the coordinates of the control points. Then we propose an inverse
lithography algorithm to optimize the curvilinear mask pattern. Finally, the results of
the numerical experiments demonstrate the feasibility and extensive adaptability of
our method.
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1 Introduction

As a crucial part of semiconductor manufacturing, projection lithography technology is
tasked with transferring the patterns on the photomask onto the wafer coated with pho-
toresist. During this process, patterns with critical size several times the lithographic
wavelength generally do not require any correction. However, as the critical size de-
creases to be comparable or even smaller than the wavelength of the lithography light
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source, owing to the diffraction and interference effects of adjacent patterns, the patterns
on the wafer will experience varying degrees of distortion, namely the so-called optical
proximity effect (OPE).

In order to overcome the distortion from the perspective of the mask pattern, the
optical proximity correction (OPC) technology has been proposed. By making certain
corrections to the mask pattern, the pattern obtained on the wafer can be made to more
closely resemble the designed pattern. In the early days, most OPC technologies are rule-
based OPC. Methods of this kind set the pattern correction rules based on the operational
experience of lithography engineers to correct simple mask patterns. But as the size of
the mask pattern further decreases, the proximity effect becomes more severe and the
correction rules for the mask pattern increase exponentially, even becoming unfeasible.
To overcome this difficulty, Rieger and Stirniman [34], and Cobb [13] first proposed the
model-based OPC method. The earliest OPC method was based on the Manhattan mask,
which only makes fine-tuning of the segmented boundaries along specific angles, so the
flexibility of this approach is relatively limited.

To extend the flexibility of OPC and obtain a better mask pattern, pixel-based inverse
lithography technology (ILT) was proposed. This method is highly flexible and enables
more precise adjustments to the photomask, thus resulting in a superior mask quality.
Saleh and Sayegh [35] explored optimized photomasks by “pixel flipping” in 1981. Liu
and Zakhor [25] used branch and bound and the simplex method and the “bacteria” al-
gorithm [26] to solve the problem. Granik [18] considered an objective function with
linear, quadratic, and nonlinear formulations. Ma and his collaborators extended the
pixel-based optimization method from the scalar to the vector imaging model [29, 30]
and introduced the source and mask optimization (SMO) in [28]. However, this method
has some inherent drawbacks. For example, it introduces a large number of optimization
variables, and the optimized mask pattern is relatively fragmented and difficult to man-
ufacture in practice. Some regularization methods have been proposed to constrain the
mask pattern. Choy et al. [12] developed a robust computational algorithm for the loss
function with multiple regularization terms. Chen and Liu [8] applied the alternating
direction method of multipliers (ADMM) method to the inverse lithography and per-
formed convergence analysis. A fuller review of inverse lithography techniques could be
found in [7,31].

Variable shaped beam (VSB) mask writers are widely used in mask manufacturing.
Since they cannot handle complex mask patterns, the vast majority of mask designs have
to be simplified to the Manhattan pattern for production. This is also the reason why
curvilinear masks were not highly regarded in the early days. With the introduction of
multi-beam mask writers, it has become possible to produce curvilinear masks. Pang
and Fujimura [32] reviewed the trend and benefits of OPC methods based on curvilinear
mask. In recent years, many OPC methods based on curvilinear masks have emerged.
For example, Chen et al. [9] extended traditional edge-based OPC to vertices and pro-
duced curvilinear OPC results by following the conventional OPC workflow. Huang et al.
[21] proposed distance-versus-angle signature (DVAS), a one-dimensional function, to
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represent a two-dimensional boundary of the mask and optimized the shape. Yang et al.
[40,41] proposed a curvilinear OPC method adopting the quasi-uniform B-spline curve
and non-uniform B-spline curve to improve the optimization efficiency. Wei et al. [38]
established an optimization method based on an implicit function to reduce the num-
ber of variables. Other attempts on the optimization of curvilinear mask can be found
in [2-4,19,20]. Machine learning models are also applied for accurate curve correc-
tion [6,23,37]. For further information about the curvilinear mask, we recommend read-
ing [11,33].

In this paper, we propose an inverse lithography method based on periodic B-splines
to construct the mask boundary. Compared with traditional pixel-based inverse lithogra-
phy techniques, this approach can greatly reduce the number of optimization variables.
Moreover, the spline curve itself is one of the standard formats in computer-aided design
(CAD) [1], and the optimized mask shape has good continuity and high manufacturabil-
ity. We use the spline boundary to generate a triangular mesh by constrained Delaunay
triangulation (CDT) and establish an explicit relationship between the Gaussian integral
points and the control points. Based on the photoresist imaging model, we establish an
explicit gradient formula for optimization of control points, which can be generalized to
a variety of gradient-based optimization algorithms. We also provide some numerical
examples to verify the feasibility of our method.

The structure of this paper is as follows. In Section 2, the basic knowledge about
projection lithography and periodic B-splines required in this paper is introduced. In
Section 3, the numerical calculation formula for the forward lithography problem is pre-
sented, an explicit relationship between the integration points and the control points is
established, and some important error bounds are estimated. Subsequently, based on the
photoresist imaging model, an inverse lithography problem model is given and an ex-
plicit gradient formula is derived. In Section 4, a basic description of the optimization
algorithm is provided. In Section 5, some numerical examples are given to verify the
reliability of our method.

2 Preliminary

2.1 Basic theory of optical lithography

Projection microlithography is the key to the semiconductor production. Normally, the
imaging system implements Kohler’s illumination, details of which can be found in [5].
A basic representation of an optical lithography imaging system is shown in Fig. 1. When
light is emitted from the source, it is condensed by the condenser lens L. and becomes
parallel light. The parallel light illuminates the mask uniformly and carries the infor-
mation of mask pattern. Then the light is modulated by the projection lens, finally con-
verges on the image plane, and prints the mask pattern onto the wafer. In the procedure,
the light will be limited by the pupil size and lose some pattern information of high fre-
quency. The light will be scattered by the mask pattern as well, then the image on the
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Figure 1: Basic representation of an optical lithography imaging system.

wafer is generally different from that on the mask, so we need to take some measures to
correct the pattern on the mask.

According to the work of [39], the image intensity for an isoplanatic region under
Kohler illumination is

/// TCC / A/ // A//)é(f/,g/)é* (f//’g//)e—i27T[(f/ff//)ﬁﬁ(g/fgu)?i}df/dg/df//dg//,

where TCC(f',8';f",8") is the transmission cross-coefficient

A2, 0—1,) = // A(F+f g+8 e 2 PP E 20+ @+ G0 g2 g

The function with a ~ means that the variables in the function are normalized. The nor-
malized variables that appear above are listed below

s Mx, N Myo
T TN /NAT T TG /NA’ 212)



X.Yiand J. Chen / CSIAM Trans. Appl. Math., x (2025), pp. 1-30 5

s X A Yi
MT A /NAT VT A /NA’ (2.1b)
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F=Narny ST Na/A 2.1c)

The corresponding inverse normalization is

Yo — — )\0320 _ )\Oﬁo
*TTMNAT T T MNAY
_ AoX; _ Aodi
Xi=A " Yi=Na’ (2.2)
_ fNA _ $NA
f= Ao &= Ao

Here (x,,Y,) represent the original spatial coordinates on the object plane, (£,,7,) repre-
sent the normalized spatial coordinates on the object plane. (x;,y;) and (£;,7;) represent
the original spatial coordinates and its normalization on the image plane. f,g represent
spatial frequencies and f,¢ are normalized spatial frequencies. M is the lateral magnifi-
cation, Ag is the wave length and NA is the numerical aperture of the imaging system.
I(#;,9;) is the intensity at a point (£;,7;) on the image plane. [(&) —£/,§/ —¢") is the mu-
tual intensity between a pair of illuminated points (£,7,) and (£7,7/). O(%,7) is the
function used to describe the mask pattern. Under the assumption that the imaging re-
gion is so small that it forms an isoplanatic region, H(%; —%,,7; —1,) is the normalized
version of the optical system transfer function.

In this paper, we assume that the illumination is coherent and the effective source
is a point at ( fo,$0), namely J(f,8) =6(f — fo,¢§—$o0), so that we can derive the coherent
image intensity

[(%1,9:) = U (%:,9))? (2.3)
with
+oo _ . A ‘ A
(1(2,9) = [ AGF.Q)O(F ~ fog—goye > F+i0afag,

where U(%;,7;) represents the amplitude of a point on the image plane under a normal-
ized variable representation. The formula above implies

U(f,8)=0(f —fo.g—80)A(f.8).

According to the convolution theorem, if we assume that ( fo, $0)=1(0,0), we can get the
following formula:

—+o0
0 (2:,9:) = / / O, 90 ) (£ — 0,0 — 0 )dRod - (2.4)
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From [39, Eq. (4.10)], it is known that
A(%i— %0, 0i—00) = / / B(F,g)e 2 ti—2)+80.~0) g f g,

where ﬁ( £,$) is the pupil function under the normalized coordinates, which is

s A ; £ 42
B ,g>={1' oyrrest

0, otherwise.

Here we define circ function in the following way:

1, if /x24y?<1,
circ<\/x2—|—y2): 1/2, if /x*+y>=1,

0, otherwise.

Since the set in which the value of the circ function is 1/2 is a set of measure of zero,
we can replace B( £,6) with circ(4/ f2+$2) without making any difference to the value of
HA(&;—%,,9;—1,), 50 we can get

“+o00
H(%i—%0,0i—00) = / / Circ(\/ f2 +g2)e*l‘“(f(ff*fa”g(%%))d fdg.

This means that F (£;—%,,7;—17,) is in fact the standard Fourier transform of circ function.
Here we give the result of transformation directly

Ao 27 J1(27t\/ (2 —20)2+ (9 — 10 )?
A= 20,91 — ) = LET0) ( \A/( = 20) - (%A ZO) ), (2.5)
P V (2i—20)*+(9i—9)?)
where ] is a first-order Bessel function of the first kind. For detailed derivation process,
we recommend reading [17, Chapter 2.1].

2.2 Periodic B-spline curve boundary representation

In practical lithography for high-volume manufacturing, people always hope to find
a relatively regular pattern which is easy to produce. Benefiting from the renewal of
production equipment, it is possible to manufacture curvilinear masks whose pattern
boundary consists of flexible curve instead of only axis-parallel rectangles or 45-degree
triangles [11]. A natural assumption is that the boundary of the curvilinear mask pattern
is continuous. We use () to represent the transparent part of the mask and the bound-
ary of () is denoted by d(). Moreover, since the transparent part of the mask is closed,
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the boundary curve dQ) should be periodic. If we limit the parameter of the boundary
curve into interval [0,1], and consider that the transparent part of the mask is composed
of several closed domains disconnected from each other, the boundary of curvilinear
mask can be described as

00 ={g;(t),8,(t), -, 8,(t)},
gk<t):xk(t)i+yk<t)j' k:112/---/n/
x(1),ye(t) €C([0,1]),  x(0)=x(1), wi(0)=uyx(1).

Here i,j are the unit vectors in x and y directions respectively.

In the followings, we will use the B-spline function to represent the curve boundary
of () because of the powerful expressive ability of B-spline. Since the boundary is pe-
riodic, it is natural to use the periodic B-spline function. First, we will give some basic
notions about the B-spline curve. For a better understanding of the theory of the spline
function, we recommend reading [14, 15, 36].

B-spline curve is a kind of widely used polynomial spline curve, the basis of which is
defined recursively:

Definition 2.1. Given a knot vector on the interval [a,b] written E={1,82, - ,Cntp+1}, Where
61=a,8nypr1=0,8x <Ck11, and G ER is the k-th knot, k=1,2,...,n+p+1, p is the polynomial
degree, and n is the number of basis functions that comprise the B-spline. Then k-th B-spline
basis function of degree p Ny, can be defined recursively according to the following de Boor-Cox
formula for p=0,1,2,...:

Neo(E)= {1, $€ (2. Gsn),

0, otherwise,

_ =G Ck+p+1—GC
Nip(8) = I Nip-1(8)+ ey ot Niy1p-1(6), p21,
define —=0

With the definition of B-spline basis, we can further define the B-spline curves.

Definition 2.2. Given n space vectors {P;}!_ €RY, and assuming that N, (&) are the B-spline
basis functions of degree p defined on the knot vector E = {C1,G2,,Cnyp+1} (Ck < Crs1,
k=1,2,...,n+p), we can define

n

P(5)=) PNip(S), Z€[Cp.lnsl,
k=1

is the p-th order B-spline curve correspond to knot vector =.

To generate a periodic B-spline curve, we first introduce the extended partition.
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Definition 2.3. For a knot vector on the interval [a,b] written Z={1,82, - ,Cnyp+1}, We can
define its extended partition = as follows:

E={C1-p, 8180 Cniprr Cnropr1)-

Here we define

Ck: §k+n+p_L/ 1—P<k<11

where L=b—a.

Based on the extended partition in Definition 2.3, we can further define the periodic
B-spline basis function by the following definition.

Definition 2.4. For a given extended partition =={&1_,,--,81,82,* ,Cnsp+1,- - Cntops1} Of
the interval [a,b], we can define the k-th periodic B-spline basis function of degree p by

Nk,p(é)l k:1,2,...,1’l,

N =
k,p(g) {Nk,p<é)+Nk—n—p,p<C)' k:n+1,n+2,...,n+P,

Although the definition we used here is a little different from the definition in [36],
they are essentially the same. We can similarly define the periodic B-spline curve as
follows.

Definition 2.5. Given n+p space vectors {Pk}Z;rf € R, and assuming that Ny ,(&) are the

periodic B-spline basis functions of degree p defined on the extended partition

|- {C1_p,”‘151,52,”',CHPH””’C"“PH}'

Then the periodic B-spline curve of degree p correspond to knot vector in = is defined by

n+p .
P(3)=Y PN (), C€[C1,Cnspril-
k=1

And we call Py, k=1,2,...,n+p the control points of periodic B-spline curve.

With the definition of periodic B-spline curve, we can use it to describe the boundary
of mask pattern. [36, Theorem 8.12] guarantees that for any periodic continuous bound-
ary curve, it can be approximated well by periodic B-spline curves. With the increasing of
number of control points and the decreasing of A= max1<k<n+p{§k+1 — ¢k}, the distance
between a continuous periodic function and its periodic B-spline approximation can be
arbitrarily small, which means that it is reasonable to represent the boundary of mask
pattern by periodic B-spline curve.
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3 Forward and inverse lithography based on B-spline function

3.1 Region approximation and discretization

In this part, for the sake of simplicity, we omit the symbol * which represents the normal-
ization of function and variable, and rewrite the imaging formulas (2.3) and (2.4) as

+o00
u(xi/]/i)://O<xo/]/o)H(xi_x0/]/i_]/o)dxod]/o/ I(xi,y:) = U(x;, )|, (3.1)

where O(x,,1,) describes the pattern on the mask. In the following, we represent the
pattern by binary function

1, iflocation (x,,1,) on the mask is transparent,

O(x0,Y0) = {

0, if location (x,,,) on the mask is not transparent.

We denote the transparent part of the curvilinear mask by Sg, whose boundary is rep-
resented by B-spline functions introduced in Section 2.2. Under the binary assumption
about the mask pattern, the imaging formula (3.1) can be rewritten as

UGk = [ Hxi= o yi—yo)dadyo, - 1xi) = U i) 62
Sp

To calculate the integral in domain Sp, we have to approximate the domain by poly-
gons and discretize the polygons by triangulation. The procedure is shown in Fig. 2, so
that the formula (3.2) becomes

Nt
Ulxiw) = Y. [[ HGi=vopi—yo)dnadyo, ey =U(xy)P,  (33)
lesp

......
0
.

‘e
*
. 0
. B
......

(a) Original domain (b) Polygon approximation (c) Triangulation

Figure 2: Procedure of polygonal approximation and triangulation.
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where p is the index of small triangle, Nt is the total number of triangles, S, is the p-th tri-
angle whose measure is [S,|. Zgil |Sy|=1S|, which is the measure of the whole polygon.
In the procedure of polygonal approximation and triangulation to the domain S, the er-
ror is introduced by those triangles that have one edge adjacent to the curve boundary.
We mark those triangles with S1,S5,--- and the corresponding mismatching arch domain
with AS1,AS,, -+, as shown in Fig. 3.

To estimate the error of polygon approximation, we first introduce a lemma from [22].

Lemma 3.1. Let f(x) have an (n-+1)-th derivative, f"*V)(x), in an interval [a,b]. Let P,(x)
be the interpolation polynomial for f(x) with respect to n+1 distinct points xx, k=0,1,...,n in the
interval [a,b] (i.e. Py(xx) = f(xx) and xi € [a,b]). Then for each x € [a,b] there exists a point
¢=_(x) in the open interval

min(xg,x1,...,%,,X) <& <max(xg,X1,...,Xn,X)

such that

_ _ (x=xo)(x—x1) - (x—xn) (nt
f(x)=Py(x)=Ru(x) = (1! ().

As for the condition we need, we choose n=1,xp=a,x, =b, and immediately we can
get

min(a,b,x) <& <max(a,b,x),
x—a)(x—>b

Fx)—Pr(x) =Ry () = = g,
Based on the error estimate of piecewise linear interpolation, in each small triangle on
the boundary, we can express the curve boundary as fi(f) = xx(t)i+yk(t)j, where each
component function is (p—1)-th order continuous since the boundary is represented by
B-spline functions. The linear interpolation function Pf(t) = P{‘x(t)i—i—P{‘y(t) j is used to
describe the triangle edge adjacent to the curve boundary. Based on the Lemma 3.1, we
give a theorem to estimate the error of discretization.

Theorem 3.1. When we approximate the integral on the domain Sy

U(x;y:) = //H(xi—xo,yi—yndxodyo, (3.4)
So

Figure 3: Error of polygon approximation.
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by the sum of integral on each triangulation

U(x,yi) = // H(x;—%Xo,Yi—Yo)dx,dY,, (3.5)
p= 15p

we have error estimate as follows:
\U(x;,y;)—U(x;,y;)| <Cmaxh? — 0 as maxh? — 0,

where hy represents the length of triangle edge adjacent to the curve boundary and C is a constant
independent of hy.

Proof. According to Lemma 3.1, we can get
£ () = Pr () lloo = [[Ra (x) [l oo < co?,

where co=max{|f”(&)|}/2, h is the length of the interval for interpolation. For one arch
domain on the boundary, we can use f;(t) to describe the curve boundary and Pf(t) to
describe the corresponding linear approximation. So that we have estimation

|ASk| < hyd,

where ASy represents the k-th arch domain, |ASk| is the measure of ASy, i is the length
of the k-th linear interpolation edge on the boundary, and d is the height of the k-th arch.
dy can be bounded by the interpolation error estimate

dk<max{|xk Plx )|+|]/k(t)—P{(y(t)|}<C1h2,

where c; is some constant independent of /. It depends on the maximum of [x}/(t)| and
ly¢ (t)]. Anillustration of these variables and the estimation is shown in Fig. 4.

So for the whole curve boundary, the upper bound for error of integral area can be
written as

Y [ASK <Y eih. (3.6)
k k

Figure 4: Error estimation in one arch.
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Compare the two formulas (3.4)-(3.5), and consider that ) ; i, can be controlled by the
perimeter of the curve boundary C,.,;, we have the following estimation:

|AU (x,y3) | := U (xi,y3) — U(x,yi !<Z //H — Xo,Yi—Yo)dXodYo
ASy

<max |H(x;—Xo,¥i —Yo)| Zk:|ASk| < czzk;hi < czmﬁxhi;hk
<Cperimaxh:=Cmaxh; — 0 as maxh; — 0.
Here we use (3.6) in the second line of the above estimate and
co=cimax|H(x;—Xo,¥i—Yo)|, C=caCper.

From the proof we can see that the constant C depends on the perimeter of polygon,
maximum of the absolute value of function H and factor c;. O

With more vertices added to the boundary of the spline boundary and refinement of
triangulation, it is easy to ensure that maxh? — 0, which means that the integral error
caused by the polygonal approximation can be well controlled.

3.2 Numerical imaging formula

To numerically compute the integral on each triangle, we use the symmetric Gaussian
quadrature rules provided in [16]. Then with the help of the quadrature rules, Eq. (3.3)
can be further approximated by

Nr Ng

xl/yl Z ZWGq xzq/yi_ygq)’SpL I(Xi/yi):’u(xi,yi)’?", (37)
p=1g=1

where (x57,y57) is the coordinate of g-th Gaussian point in the p-th triangle in the trian-

gulation of polygon S, W, is the weight of g-th Gaussian point. S, represents the p-th
triangle, the measure of which is |S,|. And N is the total number of Gaussian points.

If the Ng-point Gaussian quadrature formula used in this article has precision of de-
gree n, which means the scheme can achieve exact result for all polynomials with degree
less than or equal to 1, the error estimation of the formula in one triangle can be repre-
sented as follows:

//H —Xo,Yi— ]/o)dxodyo Z We,H 4 xgq/]/i_]/gq) |Sp’ < ChZ—H, (3.8)

where 1, is the length of the longest edge in the p-th triangle and C is a constant that
depends on the (n+1)-th derivative of function H while independent of /1,. We should
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point out that for the polygon region S, if we assume that the family of triangulation
is shape-regular quasi-uniform as defined in [10, Definitions 3.2 and 3.3], we can easily
derive that the total number of triangles Nt generated by triangulation has a quadratic
relationship with the reciprocal of the maximum of edge length 11, i.e. Ny~O(1/ maxh% ).
Sum both sides of Eq. (3.8) over p and we can get

Nr .. Nt Ng
) //H(xi—xo,yi—yo)dxodyo -Y ZWG,qH(xi—xgq,yi—ygq) S|
p=1s p=14=1
Nt
< Z;Ch';Jrl gNTCmaxh';Jrl w(’)(maxhzfl). (3.9)

p=1

Remark 3.1. Theorem 3.1 implies that the accuracy of polygon approximation is of 2-nd
order, and Eq. (3.9) indicates that the numerical integration formula has an accuracy of
order n—1. To prevent the loss of accuracy, here the Gaussian quadrature formula we
apply should have at least a precision of order 3.

However, the coordinates of Gaussian points cannot exist independently. They are de-
termined by the coordinates of the vertex of the triangle in which they are located. With-
out loss of generality, we represent the three vertices in the p-th triangle by R4, Ry, 5, Rpc-
According to the areal coordinate representation of Gaussian points, for the p-th triangle,
we can obtain the relation between vertex coordinates and Gaussian point coordinates

x(r;l xgz cee xZ;NC Rp,ax Rp’bx RP,CX
Yo Yo - Yo pay - Epby ey

where G, € R**N¢ js the Gaussian point matrix in the p-th triangle. L € R3*N¢ js the
weight matrix of the integral points with respect to the vertices, each column of which
determined the location of a Gaussian point.

Then we consider how to build the relationship between the vertices of each triangle
and the control points for periodic B-spline curve, so that we can explicitly compute the
gradient later. For a given sequence of n control points P;,P,,---,P,, we can generate
a spline curve by these control points. Every point on the curve corresponds to a curve
parameter. To discretize the curve and further approximate the region by polygon, we
should arrange some points on the curve. Here we choose m curve parameters t1,t2,- -,
and obtain the discrete points Q1,Q>,---,Q;; on the curve boundary in the following way:

o o

Ql Nl,p<t1> N2,p(tl) Nn,p(tl) Pl

o o

92 _ Nllp'(tz) Nz,p‘(fz) Nn,p‘(tz) ITZ , (3.11)

o

Qm Nip(tw) Nop(tw) - Noup(tn) P,
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where t; € [0,1], k=1,2,...,m and t; < ty,1,k=1,2,...,m—1. So that the coordinates of
discrete points Q1,Q>,---,Q can be represented by the linear combination of coordinates
of control points. Now we can describe the process in matrix multiplication form

Q=NP, QecR"™?, NeR"™", PecR"™2 (3.12)

The initial triangulation of domain Sy is performed by CDT algorithm. To perform the
triangulation, we should choose m points Q1,Q>,--,Q. on the curve first to discretize
the boundary curve. Then we perform CDT based on these points to obtain a rough
triangular mesh, which does not have any inner vertices. After deleting triangles out of
the boundary, the further triangulation of Sy is performed by refinement of those initial
rough meshes.

In the following, we consider the process of determining an inner triangle by the
points Q1,Q>,---,Q on the spline curve. First, all the vertices of the triangles in the
initial mesh are just Q1,Q>,--,Q, we rename them by Ri,Ry,--+,R,,. In matrix form we

have .
R 1 Q1 Q1
R 1
= , Q1| (3.13)
Ry 1/ \Qm Qm

Then, to refine the mesh, we need to add new points. For a triangle larger than our
tolerance, whose three vertices are Rio, R]-O, Rko, we add its center of gravity as a new point.
If we call the new point R, 1, then we can modify the link matrix between {Rk}fjll and

{Qi}{L, in the following way:

Ry Ry R Q1
R, L Ry R Q2
. =1 ] ) . - wm+1,m . = wm+1,m1m . ’ (314)
i g(ezo +ej,+ex,) E E :
Rm+1 Rm Rm Qm

where e;, € R1*™ is a row vector in which only the ij-th element is 1 and the other ele-
ments are 0. After adding the new point, we can refine the triangulation. We repeat the
process until the longest edge of each triangle becomes shorter than 1.1 times of longest
edge of initial polygon, thereby avoiding constant refinement of triangles adjacent to the
boundary. In this process, every new point added can be represented by the average
of three vertices of the triangle located. Assuming that there are K points in the final
triangulation, we can get a series of link matrix Wy, 11 s+ (k=0,1,...,K—m—1), the

definition of which is
Im+k
Wintkttmie=| 1 , (3.15)

3 (eio +ej +ek0)

where iy, jo, ko are the indexes of the points forming the triangle which needs to be refined
in the k-th adding points.
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In this way, every vertex in the final triangulation can be represented by linear com-
binations of the points Q1,Q>,:--,Q by the following formula:

1:31 Q1 Q1
R; Q2 Q2
. [ =Wk Wik k2 Wi mln | | =W . (3.16)
with the definition
W=Wg x 1Wk_1,k-2""Wyp1,mIn. (3.17)

As a result, every vertex of each triangle can be represented in the form of matrix
multiplication

R=WQ, ReRf*?, weRK™ QeR"*?, (3.18)

where W is the coefficient of linear combination.

After refining the mesh, we will obtain all point coordinates R and connectivity list
C € RN™3, each row of C consists of indexes of the three vertexes of a single triangle.
Then we will reshape the matrix R into R according to the connectivity list. An intuitive
structure is

Rl,ux Rl,bx Rl,cx Rl,uy Rl,by Rl,cy
Ry, Ropy  Ro, Ry, Ropy Ry

RG:D)=| 7 70 U RGi2)=| YT (3.19)
RNT,ux RNT,bx RNT,cx RNT,uy RNT,by RNT,cy

R is a three-dimensional matrix, written R € RN1*3%2, R(:,:,1) stores the X-coordinate in-
formation for each point, and R(:,:,2) stores the Y-coordinate information for each point.
Each row includes the information of three vertices of a single triangle. An easy way to
carry out the reshaping process is to assign values in R by the indexes in C. We note the
procedure by

R=R(C), ReRN™32 ReRK*?, CeRN™3, (3.20)

As mentioned above, to obtain the coordinates of Gaussian points, we only need to
multiply a weight matrix connecting the vertices and the Gaussian points L to the right,
which makes our calculations a lot easier. And finally, we have successfully established
the process between Gaussian points and control points. An illustration of the process is
shown in Fig. 5.

For the sampling points on the image plane, we usually choose them equidistantly to
simplify the following data visualization. In this way, we finally finished the numerical
imaging formula derivation.
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Figure 5: Explicit relation building.

3.3 Inverse lithography problem

After finishing the derivation of imaging formula and obtaining the explicit relationship
between the control points and the Gaussian points, we are in a position to discuss the in-
verse lithography problem. We remark that normalization of coordinates has no essential
effect on the inverse problem. So in this part, we will still omit the " symbol.

When light passes through the mask, diffraction and interference effects will occur
among adjacent mask patterns. Patterns on the wafer will experience varying degrees
of distortion. The objective of the inverse lithography problem is to adjust the pattern
of the mask to make the pattern we get on the wafer closer to our target pattern. Here
we use coordinates of control points as the optimization variable and finally it becomes
an unconstrained optimization problem.

First, we will introduce the optimization model of the inverse lithography problem.
We note the intensity distribution function obtained by numerical computation as

I(x;,y:) = [U(x;,y0) | = U(x;,y:) « U (x1,y5),

where (x;,1;) represents the coordinate on the image plane. Taking into account the ef-
fects of photoresist on the wafer, in the optical lithography simulation, a widely used
model is to truncate the intensity by a threshold function

1/ >t/
T(x):{ x=>tr
0, x<tr,

where tr is the threshold. However, the hard truncation function is discontinuous, which
leads to the difficulty of calculating its gradient. So we will approximate it by sigmoid

function .

B 1+exp(—a(x—tr))’

sig(x)

where a controls the approximation accuracy. Given the target intensity distribution func-
tion Ijgrget (xi,y;) in a binary way, then the mask optimization problem can be reduced to
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an unconstrained optimization problem

2
Pmln J:= HSlg Iturget”z—// Slg Iturget) dxdy,
1

where domain () is the whole image plane. Further we will calculate the derivative of the
objective function with respect to the horizontal and vertical coordinates Py, Poy, -, Pux
and Py, Py, -+, Pyy of the control points Py, P, -+, P,

9] //2 sig(UU) — Liarger)sig’ (UU) ( U ou +Uu ou dx;dy;
Py, 0P, 0P, 1o

] ou ou 2 BT LA
Fky / 2 Slg UU) Iturget)SIg (UU) <U%+U%> dxl-dyz-

The integral is carried out in the image plane. Now we discretize the integrals equidis-
tantly on the image plane by N, x N, sampling points (x}”,y?),mzl,z. .,Ny,n=1,2,...,N,

N, Ny

Y 2(sig (U (e VU (7)) = Do (") ) sig! (U (x7" ) U (377 )

mmn=1
T UGy, oU(y7)
magny L2t/ mony_— N1 7J17 . .
X <u(xi ’yi) apkx +u(xl ’yl) aka )szAylr
NN, (3.21)
Y 2(sig (U (v UG ) = harger (x77) ) i (U (e YU (7 7))
mun=1
— U (x1yr) AU (x,y")
moagmny__ L7 moamy__ A1 It . .
X <u(xi 'yi) aPky +u(xz ’yl) aPky szAyl'

Considering that conjugated functions can be directly transformed into each other, the
problem can be reduced to calculating the explicit expression of dU /9Py, and oU /9 Py,.
We come back to the formula (3.7) that computes the intensity on the image plane

Nr Ng

U(x,yi) = lequ (ei—xbTyi—vb)[Spl,  I(xiy:) = U (x:) | (3.22)
p=1q

In this formula, H and |S,| are related to the coordinates of the control points. The ex-
pression of derivative can be written as

ou (x! ,yz Nr Ng aH(x;-“—qu,y?—ygq)
aka Z Z aka

p=1g=1
AU (xyyr) N e laH(xf”—xé””,y?—yo”)

apky ZZWGQ

p=1q=1

a[Sy|
1S, [4+H (x"—xb 7yt —yb7) TR ] ,

(3.23)

9|Sp|
m__.Pq Pq
aPky |SPH—H(xl Xo ’yl Yo ) ap ]
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The problem can be further reduced to the calculation of the following four derivatives:

9|Sy| 9ISy OH(xi—x)Vyi—yb")  oH(xi—xbTyi—yh)
3P’ OBy’ 3Py ’ 3P,

We start from the calculation of 9|S,|/9dP,9|S,|/0Py,. If we assume that the three
vertexes of the p-th triangle are Ry 4, R, Ry and they have been arranged in counter-
clockwise order, then the absolute value operation in the area formula can be omitted
and it becomes

1

’5;9 |= 2 ((Rp,bx - Rmx) (Rp,cy - Rp,ay) - (Rp,by_ Rp,ay) (RW - Rmx)) . (3.24)

In this way, the derivatives of |S,| become

d ’ Sp ’ 1 aRp,bx aRp,ax aRplcx aRWx
9Pi 7(( 0Pty 0Pk >(RW _R”'“‘J’)_(Rp'by_R”'“y)< Py 0P >>

9P, 2\ MM TP\ 9p, P, Py, 0Py pex—pax) |-

There are six derivatives connecting the vertexes and the control points. Here we illus-
trate the calculation of derivatives using dRp,qx /9P, and dR 4y /0Py, as an example.

(3.25)

As mentioned above, in the process of generating matrix R, we will obtain R=WNP
and connectivity list matrix C. R, gy is the (p,1,1)-th entry in R, which comes from the
(C(p,1),1)-th entry in R. And R4y is the (p,1,2)-th entry in R, which comes from the
(C(p,1),2)-th entry in R. If we note T=WN € RK*", then we can get

ORpax _ Rpay
P 9Py

T(C(p1),k), k=1.2,..n. (3.26)

Similarly, we can obtain

ORppe _ Ry

Rper  ORpey
P 9Py -

T(C(p,Z),k), apkx - apky

T(C(p,3),k), k=12,..n. (3.27)

Now we have finished the calculation of 9|S,|/dPy,, 9|S,|/0P,. Then we consider the
calculation of the last two derivatives. In the preliminary section, we have already ob-
tained the formula of optical system transfer function in Eq. (2.5). Here we also omitted
the”symbol that represents the normalization and we get

H (i 2o i) = Li(2mp) _ T (27'(\/(3(1‘_3(0)24’(]/1‘_]/0)2)‘ (3.28)

P \/(xi_x0)2+(yi_y0)2
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Then the two derivatives can be directly written as

H (i) 1 [ohCp) dp 0 O
akap e 9Py |’

P Pl 9

pl;x ., P P (3.29)
OH(xi—x yi—yo') _ 1 [0h@mp) ¥ ) 3

Py, o am, T aR,

In the formula, terms that we need to further explain are ] (2710)/9p,0p/9Piy,0p/ 0Py
Using the recursion property of the first kind of Bessel function we can get

Jn-1(x) = Jas1(x) =2]; (x).
Then the first term can be directly calculated by

%2;9) =271f}(27tp) = mt[Jo (2710) — J2 (2770))- (3.30)

As for the latter two terms, we can get

do 1 —xrad® 9o yhl—yroylt
0P, N Y 0Py ’ aPky B P apky '

Recall Eq. (3.10), in which we have
X(r)):ll xgi e x(r;zc — <Rp,ax Rp,bx Rp,CX) L (3 32)
Yo Yo v Yo © Rpay Rppy Rpey

It can be derived directly that:

(3.31)

axf,ﬂ axffz angG aRp,ax aRp,bx aRp,cx
aka aka E)ka 0Py 0Py 9Py
) ) v | =1 ar IR IR L. (3.33)
ayh b oyh ¢ p.ay p.by Py
dP, P, 0P, apky apky aPky

Now we have obtained all the derivatives that need to be calculated, and finally ob-
tained the gradient of the original optimization problem. The method can be extended
to multiple separate regions. The only point need to be considered is that the ampli-
tude U should be the sum of amplitude produced by each region, but the derivatives
0U /9Py, 0U /Py, are only influenced by the region that the control points belong to.

4 Algorithm

With the information of 9] /9P,,d]/ BPky, k=1,2,...,n, in fact we have obtained the gradi-
ent information V] of target function | and so that we can solve the optimization problem
by various gradient-based methods, e.g. steepest descent method and conjugate gradient
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method. In this article we apply steepest descent (SD) method to set the descent direction
and golden section method to set the step size ay. The basic iteration formula is

P =Pr—a V] (Py).

One thing needs to be explained in particular is that, in the process of optimization, the
shape of the domain could twist violently, and the mesh will probably intersect. So after
every step, we should regenerate the mesh and corresponding matrices. Based on these
ideas, we introduced the procedure of our method in Algorithm 1.

Algorithm 1. Inverse Lithography Based on Periodic B-splines.
Require:
Maximum number of iterations I,.
Accuracy level €.
Wave length Ay.
Numerical aperture NA.
Lateral magnification M.
Initial control points Py.
Target mask pattern Iy get.
Curve parameter ty,ty,...,ty.
Ensure: Optimized control points P.
Normalize the control points Py by Eq. (2.1).
P <+ Py.
Generate discrete points on the periodic B-spline curve by Eq. (3.11) and obtain Q, N
defined in Eq. (3.12).
CDT and refinement to obtain R,C and W by Egs. (3.13)-(3.18).
Reshape R into R by Egs. (3.19), (3.20).

k1.
while ] = |sig(I) — Liarget||3 > € && k< Iy do
k<—k+1.

Compute V] by Egs. (3.21)-(3.33).
Determine the optimal step size ay.
if a; <e€ then
Inverse normalize P by Eq. (2.2).
Return P.
else if a; > € then
P+P—uaV].
Regenerate N,Q,C,W,R,R.
end if
end while
Inverse normalization P by Eq. (2.2).
Return P.
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5 Numerical results

In this section, we present some numerical examples for a variety of mask patterns to
show the efficiency of our proposed algorithm. We implement Algorithm 1 by Matlab
R2024b. During the numerical calculation, the common parameters that we selected are
a=90,tr=03,M=—1,19=193nm, NA =0.93. In order to ensure that the boundary has
a certain smoothness, the order of periodic B-spline we selected is p=3. The stop criterion
is set by e=1e-4 and I;=100. As we highlighted in Remark 3.1, here we choose a 4 point
triangular Gaussian quadrature formula with precision of degree 3. In order to see the
difference between the target and the output more clearly, in each example, we provide
the information of edge placement error(EPE) which is defined by

EPE = [sig(I) — Lrarget|-

After regarding EPE as a matrix, we can further define the error by Frobenius norm of

EPE
error=||EPE||f.

Example 1. In Fig. 6, we use the simplest square target pattern as our first example. In
this example, we arrange 40 control points on the boundary, 100 discrete points on the
spline curve, and set the image size by 100 x 100 pixels. The resolution in this example is
4nm/pixel. It took 5144 seconds to finish the 100-step optimization process. In Fig. 6(a)
we show the target square pattern. In Fig. 6(b) we show how the objective function de-
creases as the iteration goes on. We can see from the error decreasing graph that an almost
optimal mask can be obtained in about twenty steps, so in fact, we only need to spend
about 1500 seconds to get the optimized mask. Fig. 6(c) shows the initial mask pattern, in
which we indicate the control points, curvilinear mask boundary, and the triangulation
of the initial mask. The initial locations of control points are determined by the boundary
of target pattern. Fig. 6(d) shows the output patterns with initial mask pattern as input. It
is almost a circle, which differs a lot from the target. Fig. 6(e) shows the edge placement
error map of initial mask. Figs. 6(f)-6(h) are corresponding pictures for the optimized
mask. Among them, Fig. 6(f) shows the optimized mask with control points, curvilinear
mask boundary and triangulation. It is quite different from the initial one in Fig. 6(c).
From Figs. 6(g) and 6(h), we can find that the image pattern is better than that in Fig. 6(d)
and the edge placement error is reduced significantly, which confirms the feasibility of
our method.

The arrangements of the following Figs. 7, 8, 9, 10 are similar. For each target pattern,
we present the initial mask along with its output, the optimized mask and its correspond-
ing output. To more comprehensively assess the imaging quality, we also supply the edge
placement error patterns for both the initial and optimized masks. Moreover, we provide
a figure to illustrate the reduction of the error during the optimization process.

Example 2. In Fig. 7 we use a less symmetrical L-shaped pattern as an example to verify
the adaptability of the model to patterns with inside and outside corners. We arrange
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Figure 6: Example of square pattern.

68 control points on the boundary, 100 discrete points on the spline curve, and set the
image size by 100 x 100 pixels. The resolution in this example is 5nm/pixel. It took
7845 seconds to finish the 100-step optimization process. In the initial output, the output
pattern shrinks significantly at each end and the inner corner is smoothed. Our method
improves the imaging performance at each corner and makes the image more similar

to the target pattern, which verifies the adaptability to the asymmetrical pattern of our
method.

Example 3. In Fig. 8, we use a pattern of two separate rectangles as an example. Here
we arrange 40 control points for each region on the boundary, 80 discrete points on each
spline curve, and set the image size by 100 x 100 pixels. The resolution in this example
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Figure 7: Example of L-shape pattern.

is 4nm/pixel. It took 14040 seconds to finish the 100-step optimization process. At each
end, the output pattern of the initial mask shrinks significantly and the position of output
is away from the original design. This means that the initial mask is not suitable for gen-
erating the desired target pattern. After optimization by our method, both the shortening
and offset of the initial mask are compensated. This example means that our method can
be successfully used for multiple regions.

Example 4. In Fig. 9, we use a relatively complex reversal pattern as an example. In this
example, we arrange 171 control points on the boundary, 300 discrete points on the spline
curve, and set the image size by 150 x 150 pixels. The resolution in this example is about
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Figure 8: Example of two rectangle pattern.

6.67nm /pixel. It took 38583 seconds to complete the 100-step optimization process. From
the initial EPE in Fig. 9(e) we can see some obvious shortcomings of the output. At the
top left of the Fig. 9(e), we can see the shortening of the pattern. At the center of the same
picture, we can see a severe narrowing, which is unacceptable in optical lithography.
Here is still some offset at the center part. With the improvement of our method, the
shortcomings mentioned above are noticeably remedied. The shrinkage at each end of
the line is compensated. The severe narrowing of line width at the center of the pattern
is corrected greatly, and the offset of the pattern is also corrected in the final result.

Example 5. In this example we use big-small-feature & corner test mask (BigMaC) [24]
pattern as an example. It is a mask with a large number of features coexisting simulta-
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Figure 9: Example of reversal pattern.

neously, including both large-scale and small-scale features, long-scale and short-scale
features, inner and outer corners, as well as vertical and horizontal features. The de-
tailed results are listed in Fig. 10. Here we extend the size of the pattern to 1.3 times.
The number of control points for the biggest region is 202, discrete points on this spline
curve is 200. And for each small region, we arrange 20 control points on the boundary,
20 discrete points on the curve. We set the image size by 150 x 150 pixels. The resolution
in this example is about 14.39nm/pixel. It took 41765 seconds to complete the 100-step
optimization process. From the results in the last row of Fig. 10, we can find that the opti-
mization algorithm brings a satisfactory improvement on the narrowing, shortening and
offset. This example demonstrates that our method still exhibits excellent optimization

25
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Figure 10: Example of BigMaC pattern.
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capabilities for complex masks and has the potential to be applied to the production of

complex masks.

Example 6. We compare our method with two state-of-the-art methods in this exam-
ple. One of the method is an curvilinear optical proximity correction method using non-
uniform B-spline curves and tabu search algorithm optimizer (we refere to it as NUBTS
in the following), which can be found in [40]. The other is the conventional pixel-based
optimization methods together with regularization techniques in [27]. In order to make
the results comparable, we do not use the symmetric techniques introduced in [40] and
we also pixelate our curve mask in Fig. 11(a). The results are exhibited in Fig. 11. The first
row shows the results of our method, the second row shows the results of method based
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Figure 11: Comparison between different methods. First row: our method; second row: NUBTS method; third
row: pixel based method.

on NUBTS and the third row shows the results based on pixel mask and steepest descent
method. In these cases, the first column shows the optimized masks, the second column
shows the images formed by the corresponding optimized masks, and the third column
shows EPE patterns and the corresponding errors. In the three cases, we all set the mask
size by 100x 100 pixels. The resolution in these examples is 4 nm/pixel. From these
results, we can see that, compared with the pixel-based method and NUBTS method,
without causing significant loss of accuracy, our method has obtained a mask pattern
with a smoother boundary, which is beneficial for mask production. Besides, without

extra symmetric techniques, our method can automatically capture the symmetry of the
image.
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6 Conclusion

In this paper, the curvilinear mask boundary is represented by the periodic B-splines.
The CDT and numerical integration are used to simulate the optical lithography imag-
ing process. We establish an explicit relationship between the integral points and the
control points of the spline curves. Based on the relationship, we further establish an
explicit formula to calculate the gradient of objective functional for inverse lithography,
and propose a steepest descent optimization algorithm based on the gradient. Various
numerical experiments illustrate that our method exhibits excellent adaptability to the
mask optimization problem, regardless of whether the mask has a single connected re-
gion or multiple separate regions. In the future, we will consider how to arrange initial
control points more flexibly to give more freedom to the regions that need to be described
more precisely. This will be helpful in improving the qualities of the inverse lithography
problem.
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